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The Average Consensus

Problem description

o V, a set of n agents.
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e Each u € V has output x,(t).
@ Goal: consensus around 0, 05

0 :=s/n, with s:= %" /0, @ @

~ x,(t) € [0 —e,0 + €]
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Properties of the algorithm R

O (n) convergence
O (loglog n) space use
no global knowledge

no bidirectional links

no stability of the topology
no identifiers

Builds on the works of Mosk-Aoyama and Shah (2006), and Kuhn et alii
(2010).
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Communication assumptions

In each round t, the graph G(t):

@ has a self-loop (u, u) for each
vertex u e V

@ is strongly connected

o

wG(t)o---0G(t+n—1) =Ky
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Randomization and Quantization for average consensus Model

E.g., computing the minimum

Input: 0, € R

Xy < 0,
fort=1,2,... do
Send x,.
Receive x,,...,x,, from
neighbors.
Xy = min{Xy,,..., Xy}
end for
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E.g., computing the minimum

Input: 0, € R

Xy < 0,

fort=1,2,...do
Send x,,.

Receive x,, ..., X, from

neighbors.

Xy < min{xy,, ..

end for

S X b

17

17

17

17

O

17

~» Converges in at most n — 1 rounds.
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Randomization and Quantization for average consensus Model

Impossibility result (Hendrickx and Tsitsiklis, 2015)

In this model, deterministically computable functions are order- and
multiplicity-independent in the input values,
unless the agents have either:
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Randomization and Quantization for average consensus Probabilities

Exponential random variables

X1 ~ EXP()\l),

<> independent

Xk ~ Exp(Ak)
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Randomization and Quantization for average consensus Probabilities
First idea

E[X~ Exp(\)] =1/A
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Randomization and Quantization for average consensus Probabilities

Exponential random variable (continued)
Xi ~ Exp(A),

() i,

X ~ Exp())
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Randomization and Quantization for average consensus Probabilities

Exponential random variable (continued)

Xl ~ EXP()\)a

() i,

X ~ Exp())

Pr [ 7 3
Lo
<9 -

(Cramér-Chernoff bound)

X+ + X 1‘>a]
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Randomization and Quantization for average consensus Probabilities

Exponential random variable (continued)

Xl ~ EXP<)\>5

()

X¢ ~ Exp(})

Xi+--+X
14

|

o
>
=5
2
< 2exp <—£§>

/

U = U N

=
o O O
o

~ s s s

(Cramér-Chernoff bound)
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Randomization and Quantization for average consensus Contribution

The algorithm R
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The algorithm R
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Contribution
The algorithm R

)

(pointwise minimum)
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The algorithm R
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Randomization and Quantization for average consensus Contribution

Convergence of the algorithm R,

0?
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Randomization and Quantization for average consensus Contribution

Convergence of the algorithm R,

(= {3(2 +e)(Ind —Inp)(b—a+ 1)2/52]
Theorem:

oVt>n—1,x,=x"
oPrix¢[0—c,0+c¢]] <n
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€
Relevance of the algorithm R

e Sampling from U([0, 1]), agents generate random identifiers, unique
with probability 1.
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Relevance of the algorithm R

e Sampling from U([0, 1]), agents generate random identifiers, unique
with probability 1.
o Via flooding, we compute the exact average.
However...
@ With finite memory, random IDs collide with non-null probability.

@ Generating unique identifiers w.h.p. requires agents to know a bound
on n to circumvent the birthday paradox.

@ The algorithm R does not require global information.

@ Does it degrade gracefully when real numbers cannot be used?
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Rounding and quantization

We can adapt the algorithm R so that it requires finite memory and
bandwidth.
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Rounding and quantization

We can adapt the algorithm R so that it requires finite memory and
bandwidth.

By appropriately rounding each O'L(,i) and I/L(,i), this new algorithm R uses

O ((—logn/<*)(log (log n — log ) — loge))

bits of memory/bandwidth,
at the cost of making ¢/ < Kl samples.
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To sum up

@ Our Monte Carlo algorithm computes a good approximation of the
average 0
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average 0
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Randomization and Quantization for average consensus Summary

To sum up

Our Monte Carlo algorithm computes a good approximation of the
average 0

Fast: n—1 rounds
Efficient: O (loglog n) bits of memory/bandwidth
Completely distributed: no identifiers, no global information

Works with any strongly connected communication topology

Can be used to decide rather than simply stabilize
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Thank you
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Logarithmic rounding

ra(x) :== (1 + 5) [logy 5%
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Logarithmic rounding

ra(x) :== (1 + 5) [logy 5%

X1~ EXP()‘)a

() id.

Xk ~ Exp(A)

|

rg(Xl)—i-"'-i-rﬁ(Xg) 1‘>OA+,3+065:|

¢ DY A

2
< 2exp <—£§>
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Convergence of the algorithm R

™

/(6+¢e)(b—a+1)

5:
0= [3(4+ )28 —Iny)(b—a+ )/6]

- 1
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Summary

Convergence of the algorithm R

B=¢e/(6+e)(b—a+1)
0= 34+ )(lns—lnn)(—a+)/s]

—I

Theorem:
oVt>n—1,x,=x"
o Prix*¢ [0 —e,0+¢]] <n/2
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Quantization levels

Each a,g), V,(,i) can be represented
over @ = O (£ (logn — logn — loge)) quantization levels,

with probability at least 1 — /2.
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Quantization levels

Each a,g), V,(,i) can be represented
over @ = O (£ (logn — logn — loge)) quantization levels,

with probability at least 1 — /2.

~~ memory /bandwidth in
O ((—logn/e?)(log (log n — logn) — loge)) bits.

P. Lambein-Monette (LIX) Randomization and Quantization for ... Reachability Problems 2019 22/22



	The Average Consensus
	Randomization and Quantization for average consensus
	Model
	Probabilities
	Contribution
	Summary


