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Introduction

Definition

Let b € N>p. A subset X of N is b-recognizable if rep,(X) is regular.

It is equivalent to work with 0* rep,(X).
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Let b € N>» and m € N. If X C N is b-recognizable, so is mX.




Let b € N>» and m € N. If X C N is b-recognizable, so is mX.

Theorem [Alexeev, 2004]

The state complexity of the language 0* rep, (mN) is
N-1

N>0 | ged (m, bNV) ged (b7, m)

n=0
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7:0—~01,1—10



7:0—01,1—10 0110100110010110...



Thue-Morse

7:0—01,1—10 0110100110010110...

Definition

The Thue-Morse set is the set

T ={neN:|repy(n)|; € 2N}.
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Thue-Morse

7:0—01,1—10 0110100110010110...

Definition

The Thue-Morse set is the set

T ={neN:|repy(n)|; € 2N}.
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Definition

Let p, g € N>5. We say that p and q are multiplicatively independent
if
pP=qg’=a=b=0.

They are said multiplicatively dependent otherwise.
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Definition

Let p, g € N>5. We say that p and q are multiplicatively independent

if
pP=qg’=a=b=0.

They are said multiplicatively dependent otherwise.

Theorem [Cobham, 1969]
@ Let b, b’ two multiplicatively dependent bases. A subset of N is
b-recognizable iff it is b’-recognizable.
@ Let b, b’ two multiplicatively independent bases. A subset of N
is both b-recognizable and b’-recognizable iff it is a finite union
of arithmetic progressions.
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The result

T ={neN:|repy(n)|; € 2N}

Theorem

Let me N and p € N>y.
Then the state complexity of the language 0* repy,(m.7) is

i

if m = k2% with k odd.

Adeline Massuir State Complexity and Thue-Morse Set 6/20



Automaton | Language accepted

A7 op | (0,0)*repys (7 x N)



Automaton | Language accepted
A7 op (0,0)*repys (7 x N)
20 (0,0)*repye ({(n, mn) : n € N})



Automaton Language accepted
A7 op (0,0)*repys (7 x N)
JZ{m,Z‘P (07 0)* répop ({(n7 mn) tne N})
ﬂfy,zp X dm,z’ (05 0)* répop ({(t7 mt) ‘te y})




Automaton Language accepted
A7 op (0,0)*repys (7 x N)
JZ{m,Z‘P (07 0)* répop ({(n7 mn) tne N})
ﬂfy,zp X dm,z’ (05 0)* répop ({(t7 mt) ‘te y})
T (A7 20 X D 2v) 0* repy, (MT)



(0,0)* {repop(t,n): t € 7,ne N}

(0,0),(0,1),(0,2),(0,3)
(3,0),(3,1),(3,2),(3,3)

1,0),(1,1),(1,2),(1,3)
2,0),(2,1),(2,2),(2,3)



(0,0)* {repp(n, mn) : n € N}

States 0,....m—1
Initial state | O
Final states | O
Alphabet | {0,...,b—1}?
Transitions | 0 (/,(d,e)) =j < bi+e=md+j
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The product automaton % 4 X 7 4
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For me N, p € N>1, we write m = k2% with z odd.

For all n € N, we set

TnI:{ Tifneo

B else.

Definition
For all j € {1,...,k —1}, we set

[, T ={(+kt, Ty): 0<0<27—1}
[, B)] :={(j+ k&, T;):0< <22 —1}.

We also set

[(0, T)] :={(0, T)} and [(0,B)] := {(kl, T¢:0<£<2"—1)}.
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Definition

For all « € {0,...,z — 1}, we set

Coi={(k2* T 4+ k227%,T;) : 0< £ < 2% — 1}

For all 5 € {0,..., E-‘ —2}, we set

[g:= U Co-

ae{fp,....(B+1)p—1}

We also set
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Theorem

Let m € N and p € N>1. Then the state complexity of the language
0* repyp(m.7) is equal to
2k + [Zw
p

if m= k2% with k odd.

2><3+E]:7
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Given any 2P-recognizable set Y (via a finite automaton &7 reco-
gnizing it), it is decidable whether Y = m.7 for some m € N. The
decision procedure can be run in time O(N?) where N is the number
of states of the given automaton 7.
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