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Motivation




I Proposition [Porst]

If Visa , symmetric monoidal category whose
then

1 Mon(V) is finitary monadic over V and locally presentable;
2 Comon(V) is comonadic over V and locally presentable.
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Question: Under what conditions can we generalize these results to the context of double
categories?

1-object  generalize to
_—

bicategory double category D

monoidal V

(co)monoids in V (co)monads in D
pass to



SECTION 1

Locally presentable double categories
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Subject to the usual axioms and coherence conditions.
Takeaway: A double category D consists of:

® X, Y, Z,..,;

® which we denote as X — Y;

® which we denote as X—+Y; and
® of the form
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In many important examples the tight and the loose arrows are more closely related.

I Definition [Shulman]
A pseudo double category D is called fibrant if (s,t) : D; — D, x D, is a (bi)fibration.

In a fibrant double category, we can thus obtaining a rich
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I Definition [Shulman]
A pseudo double category D is called fibrant if (s,t) : D; — D, x D, is a (bi)fibration.

In a fibrant double category, we can thus obtaining a rich

Takeaway: For any tight arrow f : X — Y we get two loose arrows, its companion f : XY and
its conjoint f : Y +X together with cells
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I Example: the double category of (co)spans
Suppose % is a category with pullbacks.

The double category Span, of spans in 6 consists of , , , and
. A typical cell here is a commutative diagram

x % 7 XY —2Z
fl a lg = fl la lg in €.
X’—é—>Z’ X «—Y — 7

Composition of spans is given by pullbacks, the identities are the evident ones.
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Suppose % is a category with pullbacks.

The double category Span, of spans in 6 consists of , , , and
. A typical cell here is a commutative diagram

x %z XY — Z

e =] e

X’—é—>Z’ X —Y — 7

Composition of spans is given by pullbacks, the identities are the evident ones.

Spang is :any arrow f : X — Y induces the span
f
and the span
Y <f— X — X.

Dually, we can form the double category coSpan,, of cospans in €.



I Example: the double category of relations

If € is also regular, we can form the double category Rel, which consists of objects, arrows,
relations, and inclusions of relations in €:

P
—_—
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Y
a lg — gPf° cQ.
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Compositions and identities are the evident ones.

Theofilos Tsantilas Local presentability of (coymonads in double categories 7/

18



I Example: the double category of relations
If € is also regular, we can form the double category Rel, which consists of objects, arrows,
relations, and inclusions of relations in €:

P
—t

B

Y
a lg — gPf° cQ.

~
N «——

—— W
Q
Compositions and identities are the evident ones.

Rel, is fibrant: any arrow f : X — Y induces two relations, its graph (companion) which is f
viewed as a relation, and its opposite graph (conjoint) f°.
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Suppose V is a monoidal category with small coproducts preserved by ® in each variable.

The double category V-Mat consists of , , with
X,Y sets called V-matrices and . Which means that a cell is a family
of functions
P
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Composition of two V-matrices P : X—+Y and Q : Y+ Z is given by the family {Zyey Q,y® Py,x}.



Suppose V is a monoidal category with small coproducts preserved by ® in each variable.

The double category V-Mat consists of , , with
X,Y sets called V-matrices and . Which means that a cell is a family
of functions
P
X ——

&h
N ¢——

Y
a lg = ey Py = Qepseopaerx
—— W
Q
Composition of two V-matrices P : X—+Y and Q : Y+ Z is given by the family {Zyey Q,y® Py,x}.

V-Mat is : for any function f : X — Y, its companion and conjoint are given by the same
formula,
{I'if f(x) =y and 0 otherwise.}
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I Definition [Aravantinos-Sotiropoulos, Vasilakopoulou]
A fibrant double category D is called locally presentable if:
® Dy, D; are locally presentable,
® s,tare cocontinuous right adjoints, and
® for every object A of D, the functors —® A and A ® — are accessible.

I Examples [Aravantinos-Sotiropoulos, Vasilakopoulou]

1 Spany, is locally presentable as long as % is.
2 Relg,, is locally presentable.

3 V-Mat is locally presentable if V is and ® is accessible in each variable.
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SECTION 2

(co)Monads in double categories




A monad in a double category D is some

A A
X +— X +— X
|

X—Ao—>X

satisfying the usual associativity and unit laws.

equipped with and

1y
X —+— X
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A monad in a double category D is some equipped with and cells

A A 1y
X +— X +— X X —+— X
TS
X—A—>X XT>X

satisfying the usual associativity and unit laws. Given two monads Ay, By, a monad morphism is
acell a: Ay = By that
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A I A R N R I
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A monad in a double category D is some equipped with and cells

A A 1y
X +— X +— X X —+— X
TS
X—A—>X XT>X

satisfying the usual associativity and unit laws. Given two monads Ay, By, a monad morphism is
acell a: Ay = By that

A A A A 1x 1y
X +— X +— X X X +— X X —+— X X —+— X
slasl e e Ly b
B B A 1y
Y +—Y —+Y = X —— X X —|—> X = Y —1+-Y
I A A A T
Y —1'3—> Y Y _1'3—> Y Y _é_) Y Y —]o3—> Y
Monads and monad morphisms assemble into a category, . Dually, we get comonads and

comonad morphisms which assemble into the category
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unitn,: 1, =>A identity X, — X,
monad morphism internal functor

Comonads in Spany, are just arrows; the counit implies equality of the legs.
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Dually,

gives
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RR CR < Ris transitive
Ay CR & Ris reflexive
order preserving morphism

family of objects A, , in V
morphisms A, v ® Ay v = Ay v
I —>A,

V-functors



SECTION 3

Local presentability
of Mnd(D) and Cmd(D)




There are obvious forgetful functors
Mnd(D)
Ay
(XX, ta, na)
and
Cmd(D)

CY
(Y_'_)Y’ 5C’ EC)

End(DD)

Ax
XX

End(D)

Y+Y



There are obvious forgetful functors
Mnd(D) — End(D)
Ay Ax
XX, usna) — XX
and
Cmd(D) — End(D)
C,
(Y_'LY,(Sc,Ec) — Y+Y

Then, we proved that !
©® there is a (co)free (co)monad,
® (co)monads are (co)monadic over End(ID) as soon as the free (co)monad exists, and
®
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Mnd(D) is a full subcategory of Alg(F) closed under limits and filtered colimits. Thus, by the
Reflection Theorem, Mnd(D) is also locally presentable. O

The above theorem cannot be dualized.



I Theorem (Aravantinos-Sotiropoulos, T., Vasilakopoulou)

Suppose and the functors . If further-
more, D has , then Cmd(D) is locally presentable.



I Theorem (Aravantinos-Sotiropoulos, T., Vasilakopoulou)

Suppose and the functors
more, D has , then Cmd(D) is locally presentable.

Proof. Consider the F-coalgebras for the endofunctor

F: End(D) — End(D)
Cx — (Cx ©Cx) x 1y,

that is some Cy : X—+X in End(D) equipped with a structure map

Y1:Cx = Cx ©Cy

Y:Cx >FCy <= 7:Cx=>(Cx0Cx) X1y <
Yo :Cx = 1y

. If further-



I Theorem (Aravantinos-Sotiropoulos, T., Vasilakopoulou)
Suppose and the functors
more, D has , then Cmd(D) is locally presentable.

Proof. Consider the F-coalgebras for the endofunctor
F: End(D) — End(D)
Cx — (Cx ©Cx) x 1y,
that is some Cy : X—+X in End(D) equipped with a structure map

Y1:Cx = Cx ©Cy

Y:Cx >FCy <= 7:Cx=>(Cx0Cx) X1y <
Yo :Cx = 1y

F is finitary .
End(D) is locally presentable since D is } = Cenlg i) b lowllly sreseislls.

. If further-



I Theorem (Aravantinos-Sotiropoulos, T., Vasilakopoulou)

Suppose and the functors . If further-
more, D has , then Cmd(D) is locally presentable.

Proof. Consider the F-coalgebras for the endofunctor
F: End(D) — End(D)
Cx — (Cx ©Cx) x 1y,
that is some Cy : X—+X in End(D) equipped with a structure map

Y1:Cx = Cx ©Cy

Y:Cx >FCy <= 7:Cx=>(Cx0Cx) X1y <
Yo :Cx = 1y

F is finitary .
End(D) is locally presentable since D is } = Cenlg i) b lowllly sreseislls.

Cmd(D) is contained in Coalg(F) but for F-coalgebras, their structure maps are neither globular
nor do they need to satisfy any coassociativity and counitality conditions.
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First we

Consider the full subcategory Coalg(F) of Coalg(F) spanned by F-coalgebras with globular struc-
ture maps.

Coalg(F) is closed under all colimits, thus cocomplete

=B = Coalg(F) is locally presentable.
Coalg(F) is closed under all subobjects (!) hence accessible } 8(F) yP
Now we

Cmd(ID) can be described as an equifier

U U U

Coalg(F) { ¢1,%1 End(D) Coalg(F) U ¢3¢, End(D) Coalg(F) U ¢s,%3 End(D)

U\ End(D) /(;3 U\ End(D) /—\61(_) U\ End(D) /1\(_)6—

All functors are accessible, therefore Cmd(D) is accessible and cocomplete, hence locally pre-
sentable. m|
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Thank you for your attention!
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