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Definition of a Heyting semilattice

A Heyting semilattice is an algebra X = (X, A, —, 1) such that
Q (X, A,1) is a meet-semilattice with largest element 1:
O (xXAY)ANz=xA(yA2)
@ xXNy=yAXx
O xXAXx=x
QO xN1=x

Q Forall x,y,ze X
z<x—y < xNz<y

or equivalently:

x—=x=1

XAN(x—=y)=xAy
yA(x—=y)=y
x=>(yANzZ)=(x=y)A(x— 2)
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Examples of Heyting semilattices
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Equationally linear Heyting semilattices

ELHSL (equationally linear Heyting semilattices) is the variety of HSL
satisfying the term equation
(x—=y)=2)A((y = x) > z) =z

It can equivalently also be defined as:
@ the variety of Heyting semilattices generated by finite chains

@ the class of Heyting semilattices not containing the following Heyting
semilattice as a subalgebra:
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Subvarieties of ELHSL

For n € N, ELHSL,, is defined as the subvariety of ELHSL satisfying the
additional term equation

\/(X,‘ — X,'+1) =1.

i=1

It can equivalently be defined as the subvariety of ELHSL generated by the
chain of length n (see Theorem 3.4 in Nemitz and Whaley [8]).
For n € ZT, we will denote C,, for the chain of length n.
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Examples of equationally linear Heyting semilattices
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In a pointed variety, a subalgebra N of an algebra X is said to be normal if
N = ker(f) for some homomorphism f : X — Y.

The following result is well-known regarding Heyting semilattices, and can
be seen in Nemitz [7].

A subalgebra N of a Heyting semilattice X is normal if and only if it is a
filter of X (upclosed and closed under meets).
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Bergman’s Double Projection Theorem

Theorem (Bergman's Double Projection Theorem for Heyting
semilattices)

Let n € N and consider Heyting semilattices Xi,...,X,. Let A1, A> be
subalgebras of X1 x Xo x --- x X,. Then Ay = A if and only if

mij(A1) = mj(A2) for all i,j € {1,2,...,n} where mj; is the projection onto
X,' X )(1

If X € ELHSL and X is finite, then X is a subalgebra of a product

Ciy X -+ x Cg, (using X's subdirect representation).

Hence, if A1, Ay are subalgebras of X then A; = A if and only if

mij(A1) = mj(A2) for all i, j € {1,2,..., n} where 7 is the projection onto
Ck,- X ij.
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Normalizers

The notion of a normalizer is well known in a group: given a subgroup H
of a group G, the normalizer of H in G is defined as the largest subgroup
Ng(H) of G such that H is normal in Ng(H), and is given by the formula

Ng(H) ={g € G |gHg ' = H}.

The notion of a normalizer has been defined in any pointed category (see
Gray [5]), and in particular, a normalizer is defined as follows in a pointed
variety:

Definition

Let V be a pointed variety and consider an algebra X € V. The normalizer
of a subalgebra S of X (if it exists) is defined as the largest subalgebra
Nx(S) of X such that S is normal in Nx(S).

A variety V has normalizers if Nx(S) exists for all subalgebras S of
algebras X € V.
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ELHSL3 is the largest subvariety of HSL that has normalizers.

Proof.
@ Show ELHSL3 has normalizers:
e Verify ELHSL3 has normality of unions
@ Show that if a subvariety V of HSL has normalizers, then
V C ELHSL;.

In a pointed variety, the existence of normalizers is equivalent to normality
of unions (see Gray [5]).

Let C € ELHSL3 and let A and B be subalgebras of C such that
AV B = C. Let S be a normal subalgebra in A and B. Then S is a normal
subalgebra in C.
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Proof for normalizers in ELHSL;

Proof outline:

@ Consider when C is finite

o Let s=AS

@ We want to show that S =1 s so that S is a filter
@ Trivially S Ct's

@ Use Bergman's Double Projection Theorem:

e Show 7;(1 s) C m(S)

e Show (1 s) C m;(S): Consider (x;,x;) € mjj(T s)

o Case 1: x;=1
o Case 2: x; #1

@ Hence, S =1 s so that normality of unions hold when C is finite

@ Extend to the case when C is not finite (here we use the fact that
HSL is locally finite)
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For case 1, we assume for contradiction that (x;,1) ¢ m;;(S). We can show that
there will exist a maximal element x € A with m;j(x) = x;. This will lead to us
deducing that m;;(A) will have to exclude the following elements indicated in red:

(1,1) (1,1)

(1, 1) (1, 1)
(0,1) (0,1)
(1) mj(x) = (1, 0) (2) mi(x) = (1, 1)

(1,1) (1,1)

(1, 1) (1, 1)
(0,1) (0,1)
(3) mii(x) = (0,0) (4) mi(x) = (0, )
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So that 7j;(A) will be contained in the following subalgebras of C3 x C3 indicated
in blue.

(1,1) (1,1)
(1, 1) (1, 1)
(0,1) (0,1)
(1) mii(x) = (1, 0) (2)mi(x) = (1, 1)
(1,1) (1,1)
(1,1) (1,1)
(0,1) (0,1)
(3) mii(x) = (0,0) (4) mij(x) = (0, )
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Similarly so for m;j(B). Since AV B = C, we have
€ mj(C) = mj(AV B) = mjj(A) V mjj(B) which should be contained in one
of the blue elements. However, this does not happen in any of the examples.

(1,1) (1,1)
(1,1) (1,1)
(0,1) (0,1)
(1) mij(x) = (1,0) (2)mji(x) = (p, pr)
(1,1) (1,1)
(1,1) (1,1)
(0,1) (0,1)
(3) mii(x) = (0,0) (4) mi(x) = (0, )
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Why is ELHSL3 the largest subvariety of HSL with normalizers? The
following lemma is explained in Kohler [6]:

Let V be a subvariety of HSL. Then V C ELHSL or céa eV.

Hence, if V. ¢ ELHSL3: C4 € V or c&: e V.
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The example on the left is given in Garcia-Martinez et al. [3] to show that HSL
does not have normalizers. It also shows that if C4 € V, then V will not have
normalizers, since the subalgebra on the left would then also be in V.

The example on the right is a Heyting semilattice that is a subalgebra of

é: X @ . Hence, if & €V, then V does not have normalizers.
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A formula for the normalizer

Proposition

Let X be a Heyting semilattice and S a subalgebra of X. Let x € X be such that
(S—>x)—>xCSand(S—x)—>SCS.

Then we have that S is normal in the algebra (S, x).

If the normalizer exists for a subalgebra S in a given Heyting semilattice X, then
the normalizer Nx(S) is given by

Nx(S)={xeX|(S§—x)—>xCSand(S—x)—SCS}
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In ELHSL, this formula can be simplified:

If the normalizer exists for a subalgebra S in a given equationally linear
Heyting semilattice X, then the normalizer Nx(S) is given by

Nx(S)={xe X |foralls€ S,(s—x) = x€S and(s— x)—>seS}
={xeX|forallse€S,(s—+x)—>x€Sand(x—s)—>secS}
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In Garcia-Martinez et al. [3], a formula for centralizers in Heyting
semilattices is given.

Groups ELHSL3
When subalgebra  Vx € X, xSx" € S Vx € X,(S = x) =+ xC S
S normal in X?
&(5) (xeX|VseSxsx =5} {xeX|vseS, Lot
Nx(S) {x e X| xSx~ ! = S} {xeX| szds E(s:s)_?sEESS}
— xSx~tCs
- {X €X | and x~15xCS
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The amalgamation property

Definition (Double extension)

A double extension in a class K of algebras is a quintuple (A, f, B, g, C) with
A B,CeKandf:A— Band g: A— C embeddings.

Definition (Amalgam)

An amalgam in a class K of algebras of a double extension (A, f,B,g,C) is a
triple (f',g’, D) with D € K and f': B — D, g’ : C — D embeddings, satisfying
flfof =g'og.

@ We say that a variety V satisfies the amalgamation property if every double
extension (A, f, B, g, C) in V has an amalgam in V.

@ We say that a variety V satisfies the amalgamation property for normal
monomorphisms if every double extension (A, f, B, g, C) in V with f and g
normal monomorphisms, has an amalgam in V.
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A variety V is said to have hereditary subdirectly irreducible algebras if for any
subdirectly irreducible algebra A € V, we have that all subalgebras of A are
subdirectly irreducible or trivial.

Theorem (Theorem 3 in Gratzer and Lakser [4])

Let V be a variety that satisfies the Congruence Extension Property and that has
hereditary subdirectly irreducible algebras. Then V satisfies the amalgamation
property if and only if every double extension (A, f,B, g, C) with A,B,C € Vg,
has an amalgam in V.

An ideal-determined variety is one which is 0-regular (every congruence is
determined by its 0-class) and in which all ideals are normal. (see G. Janelidze
and Ursini [2] for further explanation).

Proposition

Let V be a variety that satisfies the Congruence Extension Property and that is
ideal-determined. Then V satisfies the amalgamation property for normal
monomorphisms if and only if every double extension (A, f,B, g, C) with
A,B,C € Vg and f, g normal monomorphisms, has an amalgam in'V.
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Some examples of varieties that are both ideal-determined and satisfy the
Congruence Extension Property are rings (without unity) and Heyting semilattices.

Let V be a subvariety of Heyting semilattices. Then V satisfies the amalgamation
property for normal monomorphisms if and only if every double extension

(A, f,B,g, C) with A, B, C € Vg and f, g normal monomorphisms, has an
amalgam in'V.

Let V be a subvariety of Heyting semilattices with V C ELHSL. Then V satisfies
the amalgamation property for normal monomorphisms.
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Theorem 6.5 from Borceux, Janelidze, and Kelly [1] tells us that if a
semi-abelian variety V satisfies the following properties:

@ amalgamation property for normal monomorphisms
@ has normality of unions,

then V is action representable.
This allows us to deduce that ELHSLj3 is action representable.
Now we can ask:

@ What do actions look like in ELHSL3?
@ How is the functor Act(—, X) representable?
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