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From presheaves of frames to frames in presheaves
Locally compact frames in presheaves

Frames in sheaves from sheaves of frames

Internal frames in presheaves on a small category

Frames L ∈ Frm[Cop, Set] are characterized as presheaves of
frames L : Cop → Frm such that

for all f : b → a ∈ C, there is a left adjoint Σf ⊣ Lf : La → Lb with
Σf (u ∧ Lfv) = Σf u ∧ v and

(when C has finite limits) for every pullback d
h //

k
��

c

f

��
b

g
// a

Ld
Σh // Lc

Lb
Σg
//

Lk

OO

La

Lf

OO commutes.
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From presheaves of frames to frames in presheaves
Locally compact frames in presheaves

Frames in sheaves from sheaves of frames

Internal frames associated with a presheaf of frames.

The forgetful U : Frm[Cop, Set] → [Cop,Frm] has a left adjoint
z ⊣ U given on objects by

zL(a) = {(uf ) ∈
∏

f : b→a

L(b) | ∀g : c → b (L(g)(uf ) ≤ ufg )}

On arrows r : b → a in C, zL(r) : zL(a) → zL(b) sends the tuple
(uf )ϑ1f=a to (vh)ϑ1h=b, where vh = urh.

The left adjoint ΣzL
r to zLr is given by

ΣzL
r (uf ) = (

∨
rf=g

uf )g .
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From presheaves of frames to frames in presheaves
Locally compact frames in presheaves

Frames in sheaves from sheaves of frames

The construction appears in (S. Henry and C. Townsend, Compact
Hausdorff locales in a presheaf topos) as the way to universally
turn a lax transformation into a strict one, for functors with values
in Pos-enriched categories.

They show that the construction can be used to describe the poset
of internal subobjects, as well as ideals on an internal ∨-semilattice
S : Cop → ∨-slat and any specification of sub-posets, determined
by geometric conditions.

In particular
IdlĈ(S)(a) = z(Idl ◦ S)(a)

IdlĈ(S)(a) = {(If ) ∈
∏

f : b→a

Idl(S(b)) | ∀g : c → b (L(g)[If ] ⊆ Ifg )}
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From presheaves of frames to frames in presheaves
Locally compact frames in presheaves

Frames in sheaves from sheaves of frames

Recall that a morphism of internal frames should commute with
internal suprema, hence with the Σ-maps, so that U is not full.

Proposition: For a small category C (with weak pullbacks), the
following are equivalent:

For every internal frame L ∈ Frm[Cop, Set], the unit
ηL : L → zL is a morphism of frames;

For every presheaf of frames L ∈ [Cop,Frm], the unit
ηL : L → zL is an isomorphism;

The forgetful functor U : Frm[Cop, Set] → [Cop,Frm] is fully
faithful;

The forgetful functor U : Frm[Cop, Set] → [Cop,Frm] is an
equivalence of categories;

C is a groupoid.
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From presheaves of frames to frames in presheaves
Locally compact frames in presheaves

Frames in sheaves from sheaves of frames

A frame is locally compact if there exists a string of adjoint maps

↠

(−) ⊣
∨

(−) ⊣↓(−) : L → IdlL

For locally compact L ∈ Frm[Cop, Set] let Λ ⊣ S ⊣ ζ : L → IdlĈ(L)
be this string of adjoints.

In terms of sections we get ζa(u) = (↓Lf (u))f , for I ∈ Idl(La),∨
I = Sa(Lf [I ])f and an extra left adjoint λa : La → Idl(La) as

λa(u) = ⟨
⋃

f Σf (Λau)f ⟩. Hence

Proposition: The sections of an internally locally compact frame
are locally compact. Moreover (with some more effort), for all the
transitions Lg : La → Lb, if w ≪ u ∈ La, then Lg(w) ≪ Lg(u) in
Lb.
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From presheaves of frames to frames in presheaves
Locally compact frames in presheaves

Frames in sheaves from sheaves of frames

This comes close to a characterization of locally compact locales in
presheaves (and for a while thought we had achieved that!)

But there was a subtle error...

The sections of the way-below relation ≪L (a) ⊆ La× La on an
internal frame L

are contained but need not coincide with the way-below relation
≪La⊆ La× La of the sections.

For 2 = {0 ≤ 1} the subobject classifier Ω ∈ [2op, Set] is locally
compact and ≪Ω(1) ⫋ ≪Ω1 .
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From presheaves of frames to frames in presheaves
Locally compact frames in presheaves

Frames in sheaves from sheaves of frames

Frames in sheaves are also Frm-valued sheaves, that are frames in

presheaves: there is a forgetful Frm((̃C, J)) → [Cop,Frm]J .

Proposition: The above functor has a left adjoint Z.

Proof: By the classical (left) adjoint lifting theorem

Frm((̃C, J))

��

// Frm(Ĉ)

��

Shv(Cop, J) // [Cop, Set]
aoo

since the vertical functors are monadic, there exists a lifting F .

Z = F · z · i : [Cop,Frm)]J → [Cop,Frm] → Frm(Ĉ) → Frm((̃C, J))
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From presheaves of frames to frames in presheaves
Locally compact frames in presheaves

Frames in sheaves from sheaves of frames

Ideals in sheaves

The fact that IdlĈ(S) = z(Idl ◦ S) can be explained as follows

Frm(Ĉ)

��

// [Cop,Frm]

��

∨−slat(Ĉ) ∼ // [Cop,∨−slat]

commutes

hence so does the diagram of left adjoints.

Can we transfer this to sheaves?
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Frm((̃C, J))

��

// [Cop,Frm]J

��

∨−slat((̃C, J)) ∼ // [Cop,∨−slat]J

commutes

but is ideals of a sheaf of ∨-semilattices, a sheaf?

Proposition: Let L a sheaf of distributive lattices.

When J is generated by finite coverings Idl(L) is separated.

When J is generated by finite coverings and L is a polyadic
distributive lattice, then Idl(L) is a sheaf, hence

When J is generated by finite coverings and L is a frame in
sheaves, then Idl(L) is a sheaf.
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Frames in sheaves from sheaves of frames

Proof: Let {ri : ci → c | i = 1, ..., n} ∈ J(c), I , J ideals of Lc such
that ∀i Lri [I ] = Lri [J] and u ∈ I . Then

∀i Lriu ≤ Lrivi , for some v1, ..., vn ∈ J.

For v = v1 ∨ ... ∨ vn ∈ J we have Lri (u ∧ v) = Lriu, i = 1, ..., n,
hence u ∧ v = u, i.e u ≤ v ∈ J, so I ⊆ J.

For a compatible family of ideals {Ki |i = 1, ...n}, i.e

Lr iji Ki = Lr ijj Kj , r iji : ci ×c cj → ci

set K = ⟨
⋃

i Σri [Ki ]⟩.

Corollary: For (C, J) finitely generated site, L a frame in sheaves,
Idl

(̃C,J)(L) = Z(Idl ◦ L).
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