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@ McClure-Smith’s proof of Deligne’s conjecture



Hochschild cochain complex and Deligne’s conjecture

Definition

The Hochschild cochain complex Hoch(A) := C*(A, A) of an associative
algebra A is defined as

C"(A, A) := Hom(A®", A),
with differential d : C"(A, A) - C""1(A, A) given by
dp(a1®...®aps1) =a1-P(a2®...® aps1)
+ Zn;(—l)"gb(al ®...®3-3,19®...0ans1)

+(-1)"™p(a1®...®ap) - aps1.
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Theorem (Deligne's conjecture)

The Hochschild cochain complex of an associative algebra admits an
action of (a dg-operad quasi-isomorphic to) the little 2-disks operad.




The operad L, for multiplicative non-symmetric operads

Let Lo be the coloured operad in Set with set of colours N and
Lo(n1,...,nk; n) is the set of (rooted) planar trees with n leaves, k white
vertices with np, ..., n, input edges respectively, and black vertices, such
that there are no edges between two black vertices and no unary black
vertices. Composition is given by inserting a tree inside a vertex then
reordering, contracting edges between two black vertices and deleting
unary black vertices:

£2(2,1;3) x £2(2,0:1) > £2(2,2,0;3)

R
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L5 is the operad for multiplicative non-symmetric operads, that is,
non-symmetric operads O equipped with a map Ass - O.



The category of unary operations of £, is A




The condensation of £,

For k,n >0, let £x(n) be the category whose
@ objects are operations of £, with k white vertices and n leaves,
@ a morphism p — g is given by a k-tuple fi,..., fx of morphisms in A
such that p=qo (f1,...,f):

€%
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For k,n >0, let £x(n) be the category whose
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We get a cosimplicial object in the category of chain complexes:

A i Cat N sSet i> Ch,.

Let Coend(L2)(k) be the totalization of this cosimplicial object. This
defines a dg-operad Coend(L>).



McClure-Smith’s proof

@ Hoch(A) admits a Coend(L5)-action :

A is an associative algebra <= A is an Ass-algebra,
<> there is a map Ass - End,,
<= Endg is an Ly-algebra,
== Hoch(A) is a Coend(L,)-algebra.



McClure-Smith’s proof

@ Hoch(A) admits a Coend(L5)-action :

A is an associative algebra <= A is an Ass-algebra,
<> there is a map Ass - End,,
<= Endg is an Ly-algebra,
== Hoch(A) is a Coend(L,)-algebra.

e Coend(L) is quasi-isomorphic to the little 2-disks operad:
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The Swiss cheese operad and Kontsevich's conjecture

The Swiss cheese operad SC,, is the coloured operad with set of colours
{f,h} and SCy(c1,...,ck; c) is a space of (ordered) configurations of
(non-overlapping) little m-disks and little half m-disks inside the unit half
m-disk if ¢ = h, is a space of configurations of little m-disks inside the unit
m-disk if c=f and ¢; =f for all /, and is empty if c =f and ¢; = h for some
i. Composition is given by plugging an m-disk inside an m-disk or a half
m-disk inside a half m-disk then reordering:

SCa(h,f,h;h) x SCo(f,f;f) = SCa(h,f,f, h;h)

HOMEQO RN
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Theorem (Kontsevich's Swiss cheese conjecture)

For an algebra A over the little m-disks operad, there is a universal object
Hoch(A) such that the pair (Hoch(A), A) admits an SC,.1-action.




Dolgushev-Tamarkin-Tsygan's proof

Let @ be the operad for pairs (O, A), where O is a multiplicative
non-symmetric operad and A is an O-algebra. Then

@ the pair (Hoch(A), A) admits a Coend(@)-action,
e Coend(Q) is quasi-isomorphic to SC».
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Dolgushev-Tamarkin-Tsygan's proof

Let @ be the operad for pairs (O, A), where O is a multiplicative
non-symmetric operad and A is an O-algebra. Then

@ the pair (Hoch(A), A) admits a Coend(@)-action,
e Coend(Q) is quasi-isomorphic to SC».

Note that the operad NOp for non-symmetric operads can be obtained
from Ass by applying the Baez-Dolan plus construction:

Ass™ = NOp.

One can define a Swiss cheese version of the Baez-Dolan plus construction.
The operad @ is obtained from Ass by applying this new construction:

Asst = @.

sC



New results

Theorem (D.)

For a coloured operad P and a P-algebra A, there is Hoch(A) such that
the pair (Hoch(A), A) admits an action of SC(P) := Coend(PL.).




New results

Theorem (D.)

For a coloured operad P and a P-algebra A, there is Hoch(A) such that
the pair (Hoch(A), A) admits an action of SC(P) := Coend(PL.).

Theorem (D.)

There is a weak equivalence of categorical operads SC(K,,) = RKm+1,
where K., is Berger's complete graph operad and RIC,, is Quesney's
extended complete graph operad.




New results

Theorem (D.)

For a coloured operad P and a P-algebra A, there is Hoch(A) such that
the pair (Hoch(A), A) admits an action of SC(P) := Coend(PL.).

Theorem (D.)

There is a weak equivalence of categorical operads SC(K,,) = RKm+1,
where K., is Berger's complete graph operad and RIC,, is Quesney's
extended complete graph operad.

Corollary (Ginot-Tradler-Zeinalian)

The Hochschild-Pirashvili cochain complex of order m of a commutative
algebra admits an action of the little m + 1-disks operad.
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