The second Cech homology is
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1 Main theorem [2] (Category of sets)
Forn > 0
Consider 5 »
I F C(f,C)p=Px¢g--xgP={(xg,...,xp) € P | f(xg) == flapn)}
D 1. C 1 X N y J
U (n+1)—factors

where D a Birkhoff subcategory of a semi-abelian category C and consider the comonad G derived from . .
F 4 U such that and for face operators O': C(f,C), — C(f,C),—1 and for the degeneracy operators

nC(f,C)p — C(f,C for0 < i <
l.eq: G(C) — C'is aregular epimorphism for all C' € C; 9 (f; C)n (f;Clnyr:for0<i<n

2. for all C' € C, we have that G(C) is a projective object in C (with respect to regular epimorphisms). 0" (xg, -+ ,xn) = (T0y -+ o, Ti1, Tt ly- -+, Tn)
C is a semi-abelian variety and D a subvariety of C, G is the underlying set/free object 03 (T0; -+ -, Tn) = (T0s - -+, Tjs Tj, Tit1, - - -5 Tn).
comonad.
Proposition Proposition

Ker(](@é)) N Ker([(@ll))
(03)(Ker(1(82)) N Ker(1(95)))

From F' - U satisfying (1)-(2), for n > 0, we can define a comonad G, on Arr"*(C) derived from

Li(D)(f,C) = I(N(C(f,ON) = -
E,

Arc™(C) 1 Arr"™(X) .
U, Proof. Follow from the definition of C'(f, C') and of the functor N. []

where the functors and the natural transformations are defined level-wise.
Furthermore, G,, .= F),,U,, preserves n-extension [6, Proposition 5.6.].

4 Barr-Beck simplical approach to H;

Theorem
Proposition

12

HQ(Ca [>G

Ker([(@é)) N Ker([(@’ll)) ~ C
H@RKer10D) KTy ) H:(C. T)g = MI(G(C)) f(@g?ﬂffé@%fgﬁg%w
0 1 2

12

From (1), we obtain:

’ . ,
2 Barr-Beck’s cotriple homology [1, 4] ) Ker(I(G(82)——I(@(P x ¢ P x e P EENG(P x o P)) 0
Given a (semi)-simplicial object C, we define [(G(35)) 11(G(2})) ](G(ag))l 1(G(82)) [(G(02)| |I(G(82))
o , 0——Ker(I(G(a})) IG(P x¢ P) U 1(c(p)) 0 @
C e5(C) = S E—— — I(G(3}); 1(G(3}) [I<G<f>>
| ] 0——Ker(I(G(/))) 16(P)— 2 — 1(6(C) ——0
+ . 2 2y N
N(C) € Ch(C) Ker(07) N Ker(9;) dS Ker(d}) d§ Co——0 Using results from [6], we can deduce most of the technical results from the above diagram and in particular,
h
Given a comonad G = (G, 4, ) on a category C, we can define a (semi)-simplicial object T
oo I(@%)(Ker([(@%) N Ker([(@%))))=I(88)(Ker(](8%) N Ker([(@%))))é(l)
Di=C e gn-iic)) e l 1(9)
G(C) : GMH(C) G (C) G2(C)—se—G(O)—C (. Ker(1(9y)) N Ker(1(0})) = Ker(1(9y)) Ker(1(})) Ker(I(f))
Ui::Gi((Sgn—l—i(C)) EG(0) i “
Hi(1(G(C))) 3 Ho(Ker(1(G(f)))) —g——Ker(I(f))
and for n > 0, we can define
where
Hn_|_1<C, [>G — Hn(N<I(G<C>))> ((ln SilOI‘t) Hn(l(G(C)>)> . *q 1s the unique morphism such that HO(kGT([(G(f)))) — k@T([(f))q,
e the bottom horizontal sequence 1s a short exact sequence (long exact sequence associated to the bottom row

of (2)) where ¢ 1s “connecting” morphism;

e since / (G(@é)) is the coequalizer of (/ (G(@%)), I (G(@%))) (we use the Remark for the proof), we can deduce
that the middle vertical sequence 1s a short exact sequence.

3 Cech resolution [5 ’ 79 9] By (3 x 3)-Lemma, the left-hand vertical sequence is a short exact sequence and the claim follows by Noether’s
First Isomorphism Theorem:

Definition 1. A Cech resolution of C, denoted C/(f, C), is the augmented complex
Ker(1(9})) N Ker(1(d}))

5 o Ho(C, I)g = HiI(G(C))) = ——3 2 ZNT%
Pxp P xo PP xp P b p f C ](80)(Ker(1(81)) N Ker(1(03)))
82 811
2
Wh>61'§ f: P — C is a projective presentation of C. Hence C(f,C)y = P, C(f,C); = P x P and, for 5 Main consequence of the theorem
n - z,
C(f,C)n = fD XC - XCO Pj The first Cech derived functor of I is well-defined: it is independent of the choice of projective presentation.
(n+1)?actors
1s the n-fold pullback.
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By construction, the cube (1) determines a 3-fold extension. Applying (G, we obtain a cube of simplicial
resolutions which are level-wise 3-fold extension in C.




