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Abstract

This paper is devoted to the problem of aggregation in models with quantity constraints. The
focus is on quantity rationing macroeconomic (QRM) models where the micromarket
outcome can be written as the minimum of several variables and where the diversity of
situations across micromarkets is explicitly recognized. The aggregation result given in this
paper generalizes that of Lambert (1988) to employment functions with more than two
components, and leads to approximate aggregate functions of the CES variety. The
approximation used can accomodate general variance-covariance structures. Simulation
experiments show that the approximation error remains within reasonable bounds (1-4%). It
thus seems that the CES formulation can accomodate a large variety of situations. It remains
in particular valid when the (restrictive) conditions required to obtain the CES function as an
exact result (independently and identically distributed Weibull variables) are not satisfied.



1 I ntroduction

This paper is devoted to the problem of aggregation in models with quantity constraints and
heterogeneous agents. Quantity constraints may play an important role in macroeconomic
analysis, especidly as determinants of unemployment, as illustrated in Barro-Grossman
(1971) and Malinvaud (1977). These early "quantity rationing macroeconomic® (QRM)
models have since then been extended to have representations of the wage and price
formation processes based on sound microfoundations similar to those used in "New
Keynesian Macroeconomics' (monopolistic competition and wage bargaining; see for
instance Sneessens-Dréze, 1986). Quantity constraints may also play a crucial role in other
setups, including credit rationing on imperfect capital markets, stockouts and inventory
behaviours, demand uncertainty and labour and/or capital underutilization, especialy in
imperfect competition setups with real and/or nomina rigidities. The existence of such
guantity constraints may affect significantly the dynamics of the aggregate economy (the
propagation mechanism) in response to external shocks. See for instance Bernanke-Gertler
(1989), and Carlstrom-Fuerst (1997), for credit constraints; Kahn (1987) and Blanchard-
Fischer (1989, ch.6) for stockouts; Fagnart et al. (1997) for capacity utilization.

The focus in this paper is on aggregation over heterogeneous agents when the individual
agent's outcome can be written as the minimum of several variables (for instance,
employment as the minimum of demand and supply). Because different agents may face
different constraints, the minimum rule no longer applies at the aggregate level (asin the early
disequilibrium literature). For example on the labour market, because some micromarkets
may be constrained by demand while others are constrained by supply, excess demand
(vacancies) and excess supply (unemployment) situations will coexist at the aggregate level.
This feature is most interesting, as it allows one to introduce explicitly and rigorously into the
analysis features like the proportion of sales-, capacity-, or labour-constrained firms, as they
appear in business surveys, or like the Beveridge curve.

Thus, quantity constraints play an important role in macroeconomic analysis. However,
constructing macroeconomic models with explicit aggregation over micromarkets was
difficult, before the analysis was facilitated by Lambert (1988). Following early work and
suggestions by Muellbauer (1978) and Malinvaud (1980), Lambert (1988) shows that
aggregates of microeconomic minimums of demand and supply (output, employment) could
be represented by a CES function of aggregate demand and supply. Moreover, the CES
parameter r reflects the degree of microeconomic dispersion, i.e., it can be interpreted as a

parameter of mismatch. This result was later extended to the case with three components (to
allow for capacity shortages; see Sneessens, 1983, and Sneessens-Dreze, 1986). The CES
aggregation function served as a building block of the macroeconomic models used in the so-
caled European Unemployment Programme (see Dréze, Bean et a., 1990); the results
obtained by econometric estimation on data from about ten countries proved the theoretical
and empirical relevance of the CES aggregation for the understanding of Europe's
unemployment problem.

Lambert's result and its extension to the three component case are based on the assumption
that the micro-variables are jointly log-normally distributed; the CES function is then
obtained as an approximation to the true aggregate function. In the mean time, Gourieroux et
al. (1984) had shown that the CES function with two components can be interpreted as an



exact result, provided one starts from Weibull rather than log-normal distributions.2 Building
on this work, Heinesen (1993) has recently shown that the three component case can also be
obtained as an exact result. The conditions needed for this result are, however, very
restrictive. To obtain the ssmplest case where the CES three-component function has only one
structural parameter, the micro-variables have to follow identical and independent Weibull
distributions; the structural parameter appearing in the CES function is tight to the skewness
of the Weibull distribution, which may be too restrictive to alow interesting economic
interpretations.® The two-stage (two-parameter) CES function can also be obtained as an exact
result, but again under very restrictive, economically unappealing restrictions.

In this perspective, the interpretation of the CES function as an approximation rather than an
exact result remains potentially very useful. By smply computing the approximation errorsin
different instances (which can easily be done by simulation experiments), one can check to
what extent the CES function remains a useful tool of anaysis when the variables do not
satisfy the restrictive assumptions imposed by the exact approach based on Waeibull
distributions.

Smolny (1993) has analyzed the quality of the CES approximation in the instance of two
components and has found errors being always less then 0.25%. In this paper, we find errors
of the same order of magnitude for the CES three-component function with only one
structural parameter, whereas in the general case, complex and non-linear relationships
between the approximation errors and the structural parameters emerge.

The purpose of this paper is twofold. We first show (section 2) how Lambert's result can be
extended to the case with three components; we also derive the conditions required to obtain a
CES function with one single structural parameter. In the most general case, no restriction
needs to be imposed on the variance-covariance matrix. In section 3, we examine the quality
of this approximation by the means of simulation experiments. It is shown that in realistic
cases, the approximation error usually remains fairly small (around 1% or 2%). We conclude
with afew remarks in section 4.

2. TheCES-Approximation

We dstart with a two-variable model. It is used to introduce the notation and the main
intuitions. We next generalize to the three variable case and devel op the CES approximation.

2.1 Thetwo-variable case

There exits a continuum of micromarkets indexed by i on the [0, 1] interval. Let us assume
that on each micromarket, transacted quantities are determined by the minimum of demand
and supply. To fix ideas, we will have in mind the example of the labour market, where real
wage rigidities (not modelled here) are assumed to prevent the realization of a full-
employment equilibrium on each micromarket. In this context, employment | on each
micromarket is determined as the minimum of demand x and supply y, i.e.:

2 For asimpler proof, see Heinesen (1995).
3 Thisresult is dightly generalized in Heinesen (1994).



(2.1) li = min(Xi’yi)

We assume that the distribution of the x,'sand y.'s across micromarkets are generated by a
log-normal process. More formally:

(2.2) x = exp(X +u,), with E(x)= X =expgax+ls 20
e 2 g

Y, = exp(y +y,) with E(y)=Y = el +2s ;9

e 2 g

where: (u,v)~ N(0,4)

X andY correspond to aggregate demand and aggregate supply respectively. Aggregate
employment L is then obtained by explicit aggregation over micromarkets, i.e.,:

(2.3 L= E[min(xi Y )] = 6 (‘5 x f (x, y)dydx +Q¥ 5 y f (x, y)dxdy.

Standard manipulations involving changes of variables lead to the following expression:

(2.4) L=XF$(*-ES*9+VF§ x*-ls*g ° XF,+YF, £min()7,\?),
e 2 g e 2 g

s " isthe variance of u- v. Because of the imperfect matching of demands and supplies at
the micro level, aggregate employment is smaller than the minimum of aggregate demand and
aggregate supply. It is worth stressing that, at given values of X andY 4, any change in the
vaues of s?,s2ands ,, that leaves the value of s~ unchanged has no effect on aggregate

employment. In other words, the values of the variances and the covariance of the random
terms u and v cannot be separately identified®. Hence that writing the variance covariance
matrix & as

r
1

8 =528
g.r

[ enly enid

4 Remember that the value of X andY dependson s 2 ands ” respectively.
5 To get theintuition, let us consider the simpler case with normal variates, i.e: |, = min(i +U,y+V, ) .Then

| _iX+u if u-v £y-X,

=7 _ )
iy+v, otherwise ,
which illustrates why it is the variance of (u - V) that matters.



entails no loss of generality. With this notation, the variance of (u- v) isgiven by:
s*2=252%(1-1),

which means that there is still one parameter "too much" (s andr cannot be separately
identified). This notation shows that the correlation between u and v is crucial: if r goesto 1,

s’ goes to zero and there is no heterogeneity across micro markets (no "mismatch"),
whatever the values of s 2 ands Z. In this extreme case, the expression determining aggregate
employment is simply the minimum of aggregate demand and aggregate supply.

2.2 Generalization to three variablest

The previous setup can be extended to have three rather than two variables. Such an extension
may be desirable in several instances. One may wish for instance to distinguish different types
of labour (skilled and unskilled) and leave open the possibility of both skilled and unskilled
labour shortages; or one may wish to alow for capacity constraints. Other examples are
certainly possible. In the rest of the paper, we will rely, to explain the notation and give the
intuitions, on the capacity constraint example.

On each micromarket, employment is determined either by the demand for goods (saes
constraint)’, or by the capacity constraint (capacity-employment) or by the supply of labour.
Assuming again the distribution across micromarkets follows a log-normal process, we will
write these three determinants as:

(26)  demand-determ.empl: % =exp(X+y,), E(x)=X = expdx + %S e
& g

capacity-determ.empl.:  y, =exp(y+v,), E(y)=Y = expée'y + %s 59

é g

lab.supply-determ.empl.: z =exp(z+w ), E(z)=Z = expg% + %s VZVQ

é g

Employment on each micromarket is the minimum of these three quantities:

(2.7) |, =min(x,y,,z)=min(x+u,y+v,z+w)

where (u,v,w)~ N(0,4).

Aggregate employment L is obtained by explicit aggregation over micromarkets, i.e.:

(2.8) L= E[min(xi ' Yin 4 )] =L+ +L

6 This section is based on Sneessens (1983).

7 The demand-determined employment level is often referred to as the Keynesian demand for labour, which may
be a midleading terminology when, in a monopolistic competition setup, the "constraint” actually results from the
price behaviour of the firm rather than anominal rigidity.



where;

¥ ¥ ¥
leéo (‘)X (‘)Xxf(x,y,z)dzdydx, L, :(‘)Oéyéy y f(x,y,z)dzdxdy,

(2.9)

w

N

L, 000 z f(x,y,z)dy dxdz

As in the two-variable case, standard (tedious) manipulations involving several changes of
variables eventually lead to the following expression (see appendix):

(2.10) L=XF+YF,+ZF,

where:
* 1 * * 1 * ~6 e * 1 * 1 * | ~ 6
F.° F¢ 2'552’ X3'553|r1; , onFg'Xz'Esz’ Ys - E 4|I‘2; ,
(2.11) 1 .
& ~ 0
F° FG- X3 - =S, y3-—s4|r3— '
e 2 ]

wherethe F.'s stand for the bivariate cumulative standard normal distribution function
F (| r )where r, isthe correlation between the standard normal variables. The arguments of
the function are defined by:

sf:var(u-v): ar(in(x/y)=s2+s?- 2

uv '

s;2=var(u- w=var(n(x/z))=s2+s2- 25, |,
(212) 52 =var(v- w)=var(n(y/z)=s +sv2V 25,

x, o L n&2 X, —In ilnaezlg

* s, &Xp b o

For further details and a proof see appendix. Remember that X, Y, Z are across-market
averages of x,Y,z respectively. The comments made about the two-variable model apply here
as well, mutatis mutandis. The elements of the original variance-covariance matrix cannot be
separately  identified; only the three combinations s, (varianceof u- v),s,

(variance of u- w)ands , (varianceof v- w) are identifiable. All the heterogeneity across

micromarkets (mismatch) is summarized in these three parameters. As a result, writing the
variance-covariance matrix in the specific form

6ty ol
o __26e u
a=s’a 1 s

g 1g



entails no loss of generality. With this notation, the variances of u- v,u- wandv- w are
given respectively by:

sf :252(1- l’lz)’ S; :252(1' r13)’ 5:12 :252(1' rzs)’

which means that there is still one parameter "too much" (s and the three correlation
coefficients r; cannot be separately identified: only the three s, s are econometrically

identifiable). Still, this notation is convenient because it helps to distinguish between the size
of the idiosyncratic shocks and their correlation structure.®

2.3 Regime Proportions

It can be shown that the weighted proportion of micromarkets in a particular regime (see
Lambert (1988) for a definition) is equa to the ratio between the contribution of that
particular regime to aggregate employment (see equation (2.10)) and aggregate employment
itself. For instance, the weighted proportion of micromarkets in the first regime, defined by:

Ii:Xi:min(XiayUZ);
is given by the formula
_ — — — -1
F F, 0
213 p=2bh-_ XK  _H YFH 2RO
L XF+YF,+ZF, XF XFg

One obtains similarly P, =Y F,/LandP,=Z F,/ L, which, together with (2.10) aways
implies P, + P, + P, =1 as expected. Data are often available on P, P, and P,, while none are
avalable for F, F,, F;. Hence the estimation of relationships like (2.10)-(2.13) is far from
trivial. One possibility is to approximate the double integrals embedded in the F's by easier
analytical expressions.

2.4 Approximatingthe F's

Many aternatives are open. One can for example approximate the normal distribution
function by a Sargan distribution function or by a logistic function. In our context, it is
perhaps more natural to approximate F by P itself. By using (2.11) and (2.12), it can be seen

that both F, and P can be written as functionsof X,Y and Z .

One can then easily check the following properties: (i) the derivatives of
F and P withrespecttoX,Y andZ have the same signs, (i) the limits of
F and P for X,Y and Z going to zero or plus infinity are identical. These properties suggest
asituation like the one depicted in Figure 1 for the particular casei =1and X = Z.In

8 One should also remember that changing the values of, say, S uz changes the value of X .



Figure 1: The approximation of F,
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practice, it will probably be true in most cases that X,Y and Z are not too far apart; that is,
most values of F, P will probably take place around the particular values:
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One may thus want the approximation of Fby P to be correct at that point. This is achieved
by using®

(214) F| = Fi)(1+ri)/ri r.30

where r,= In b
In(f, +f, +f,)

In that way, one obtains a correct approximation at the point X =Y =Z without losing the
two sets of properties listed above.

9 Bierings-Muysken (1988) have suggested an aternative approximation formula with:
F,@R""", and

F @P1+r1/r1y (F)2+F)C’:)m1
! ! (Pzrzlrl_'_%rz/rl)l/H

which alows them to obtain two-stage (two-parameter) CES functions. The same two-stage CES function has
been justified by Smolny (1993) on the ground that the minimum of two log-normally distributed variables is
itself approximately log-normally distributed.”

, 1=2,3




Combining (2.13) and (2.14) implies:

N

X0
2.15 P=c—=
( ) 1 ng

which in turn implies via equations (2.10) and (2.14):

Lol ) 3

(2.16)

QIIO,
QIIO,

There are three "mismatch" parameters. r,,r,andr ,, corresponding to the variances

%
[SHERe:

s,,s,ands ;. In the particular case where s, =s, =s, =s ', the pairwise correlaion
coefficients between u,vandwaredl equal :r,, =r,, =r,, =r, which is sufficient to imply
that f, =f,=f,. In this particular case, al r'sareequal: r,=r,=r,=r, and the
approximation (2.16) giving aggregate employment boils down to a CES function with one
single approximation coefficient (corresponding to the single mismatch parameter s *):

(217) L:[Y'f_'_v-r_'_z_r]-ﬂr

2.5 Remark

In  the  twovariable  case f,=f,=F(s"/2),  which  implies
p,=p,=05andr, =r,=r . In other words, in the two-variable case, there is single

approximation coefficient (corresponding to the single mismatch parameter s ') and the
approximate transaction (employment) function is always in the form of an explicit CES
function with one parameter r . The final result is thus similar to that in Lambert (1988)

though ist derivation and the definition of r isdifferent:

_ L 2ts72) InF(-s"/2)

TR ) T  n2enF(s /2)

wheref is the standard normal density.

10



3. Approximation Errors: Numerical Examples
3.1 Design of the Experiment

We consider micromarkets with three components x , y; and z:

Inx =X +u,
Iny, =y+v,
Inz =Z+w,

where (u,v,w) ~ N(0,S) . Defining the expected values of the components as X, Y and Z,
our analysis starts with the computation of the expected value of the minimum condition (see

(2.10))

(31) L =E(min(X,,Y.2)) = Xk, +YF, + ZF,,

where F,, F, and F, are calculated according to (2.11), and by applying the GAUSS function

CDFBVN (bivariate standard normal cumulative distribution function).

Below, the true expected value (3.1) will be compared with its CES approximation. We use
the approximation (2.16) instead of the usual CES function (2.17) because it is more genera
and it can be extended to the analysis of situations with three different values r,r,,r ;. The

approximation errors are reported as
(3.2 error = S- 1,

where we define the sum of regime proportions

G X0 @6 s
Els &Ly &Ls

according to (2.16).

It should be stressed that this approach represents a conservative test.

approximation (2.17)

C=(X+v+z )™

the error would be much closer to zero. This can be seen by calculating

implying
(3.3) L=L>xs",

Defining the proportional error as "errorl'= (L- E)/ L, we obtain

(3.4 errorl=1- S,

Using the

11



With r ranging between 15 and 601°, the error in terms of employment becomes much
smaller, at least by afactor 10. For example, S=1.05, r = 15yields "error1l" = 0.003 instead
of "error" = 0.05.

We define the variance-covariance matrix as
&l P r13@
(3.5 S=s’R, R= grlz 1 Iy
érls e 16

r,, s and r,, are the correlation coefficients between the components In X;, In Y and In Z,.

Let us denote our control variable by P (think of demand and supply depending on prices).
Defining X° Pandy° d- P, wemay write:

InX. =P+u
(3.6) InY =d- P+v
InZ =Z+w.

Then, varying P according to P = 0.8, 0.82, ..., 0.98, 1.00, 1.02, ..., 1.18, 1.20 (i.e. P = 0.8
+(a - 1)0.02, a =1,..., 21) and assuming d = 2, we cover 21 different situations symmetric to
the equality of XandY aaP=X=y=1 The ratio of expected values,
XY =exp(X- y) (fors2=s?2; see(3.1)) ranges from 0.67 to 1.49. It is important to note

that the accuracy of the approximation depends on these ratios only, and not on levels, as can
be seen by looking at the equations for Fj, Pj, i = 1, 2, 3, and L (cfr equations (2.10)-(2.13)).

Hence, presented results do cover general situations and not just special cases. To fully
determine the simulation experiments, it remains to vary z and fix the values of the variance-
covariance matrix. We first consider the case with identical correlation coefficients between
pairs of variables.

3.2 Assuming ldentical Correlation Coefficients

In the following, in afirst group of experiments, we assume
a@arro
S=s2% 1 1.,
ér r 1g
i.e. the variances of (Iog)x, y, and z must be equal and the pairwise correlations must also be

equal. On these conditions, we have

(3.7) s;’=25°(1-r), =234

10 see the work of the "European Unemployment Programme” (Dréze et al., 1990) where most estimates of
SURE ["structural unemployment at equilibrium", see also below], which are based on 1 , range between 1%
and 7%.

12



In the limiting case r ® 1 the mismatch disappears (perfect proportionality of x,yandz
across micro markets) and both (2.10) and (2.17) converge to the aggregate min-condition.

Figures 2 to 4 illustrate how "error” depends on the parameters X,y,Z,s and r. The value of
the control variable P (which determines the ratio X /Y') is measured along the horizontal
axis. Each figure corresponds to a different value of the correlation coefficient r (r = 0.00,
0.50, 0.90); each is made of six panels, corresponding to different values for z(z= 0.50, 0.80,

0.95, 1.00, 1.05, 1.20 respectively). We obtain in this way situations below, at, and above the
general equilibrium X =y =Z =1 Each panel furthermore reproduces the approximation error

for four different values of the variance s°? (s ? =0.005,0.01,0.02, 0.04).
s and r determines ©, i =2,34, which in turn determines r (see (2.14)). r can be more

economically expressed in terms of SURE ("structural underutilization rate at equality”, see
Sneessens and Dréze, 1986). Considering the situation of a hypothetical equilibrium
X =Y =Z, which leads to L=3" X, and defining the rate of underutilization,
UR, asUR=1- L/ X, weobtain

(3.8) SURE =1- 3",

Increasing correlation gives increasing r and, hence, a decreasing dispersion on
micromarkets, i.e. a decreasing SURE. For instance, s® = 0.005, 0.01, 0.02, 0.04 and r = 0
lead to SURE = 0.059, 0.083, 0.117, 0.163, respectively (see also Figure 2), whereas the same
variances and r = 0.9 lead to SURE =0.012, 0.027, 0.038, 0.053 (confer also Figure 4).11

Before we discuss the figures more closdly, it is worth summarizing the results by computing
average errorsover all P'sand Z's. Thisis donein Table 1. The approximation errors are very
small. Recall that "error" gives the discrepancy between the sum of approximate regime
proportions and its true value 1. "Error%" is defined as "error" * 100. "Error 1%", defined as
"errorl" * 100, gives the approximation error in percent of actual employment L. The average
values range from a minimum of 0.002 % to a maximum of 0.12 % (see Table 1a). The
maximal error over all replications (for the unrealistic case of SURE % = 16,3 %, based on
r=0ands?=004)isequal to 0.41 % (see Table 1b).

The figures give a more detailed information on "error". Figure 2 describes zero correlation,
Figure 3 and Figure 4 assume r =0.5and r = 0.9, respectively. The graphics revea a highly
nonlinear relationship between the parameters under consideration. Most important, however,
isthe very low level of approximation errors which remain below 0.04 (4%) even in the worst
case.l2 There are too many cases to comment all of them in detail, but some genera
conclusions can be drawn. Starting with the situation of equilibrium (z =1), we first confirm

the theoretical result of a correct approximation at equilibrium (see Section 2). Moving away
from the equilibrium (considering P <1, P >1), we observe first growing and then decreasing
errors. If r is high enough (compare Figures 2-4), we can observe a recurrence towards zero
approximation errors even in the close neighbourhood of the general equilibrium X =y =7Z.
Likewise, the range of almost zero approximation errors is getting smaller when s (SURE)
decreases.

11 Note from (3.7) that changing (1- r) or changing S 2 may give the same result. Such cases are covered in

Tablelwith r =0 andr =05.
12 Remember that in terms of levels approximation errors are much smaller (see Table 1).
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If Z>1, the error is getting negative at X =y =1, being about -0.04 at its minimum. For the
other regions, we observe the same result as before: when either the correlation coefficient is
high and/or the variance is low, the error approaches zero for P>1, P<1 Things are less
obvious for Z <1In this case, at the equilibrium, we find both, errors approaching zero and
moving away from zero. The direction depends on r, s, and the proximity to the general

equilibrium X=y=Z=1. For instance, at Z=0.8, we see that the curve is bending
downward (approaching zero) when either s issmall and /or r is high enough (see Figures 3

and 4).

Table 1: Summary of Approximation Errors

a) Average values of absolute errors: |error%|/|errorl%

r=0 r=0.5 r=0.9 r=0.98
s? =0.005 1.00/0.055 0.85/0.033 0.48/0.008 0.27/0.002
(5.9) 4.2) (12) (0.8)
s?2=0.01 1.06/0.084 1.00/0.055 0.62/0.015 0.36/0.004
8.3) (5.9) 2.7) (12)
s?=0.02 1.00/0.112 1.06/0.084 0.79/0.07 0.45/0.007
(11.7) 8.3) (3.9) (L7)
s2=0.04 0.77/0.123 1.00/0.112 0.95/0.047 0.57/0.013
(16.3) (11.7) (5.3) (2.4)
b) Maximal absolute errors: max(|error %)) / max(jerror1%))
r=0 r=05 r=09 r=0.98
s? =0.005 3.9/0.22 3.9/0.16 3.9/0.07 3.9/0.03
(5.9) 4.2) (12) 0.8)
s?=0.01 3.7/0.3 3.9/0.22 3.9/0.1 3.9/0.04
8.3) (5.9) 2.7) (12)
s?=0.02 2.9/0.33 3.7/0.3 3.9/0.14 3.9/0.06
(11.7) 8.3) (3.9) (L7)
s2=0.04 2.5/0.41 2.9/0.33 3.9/0.19 3.9/0.09
(16.3) (11.7) (5.3) (2.4)

Note: Averages and extreme values according to equations (3.2) and (3.4) measured in
percentage points; for each rands, we average over all
Pandz. Upper vaue: "error%" /" errorl%", in parentheses: SURE %.
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Figure 2: Approximation errors. Vaues of "error” for r
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Figure 3: Approximation errors. Vaues of "error” for r = 0.5.
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Figure 4: Approximation errors. Values of "error” for r = 0.9.
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3.3 The Approximation Biasin the Case of Different Correlation Coefficients

Up to now we assumed identical correlation coefficients and relied on the CES approximation
formula. Equation (2.16) alows one to consider cases with more general variance-covariance
structure, by introducing three different parameters, r,, r,, r,. We now repeat our simulation
experiments in this more general setup. Our experiments are designed in the same way as
before (see Section 3.1). Without loosing too much information, we restrict ourselves to the
case Z=1, butwevary P (measured along the horizontal axis) as before. Thus, we still
consider situations in equilibrium and disequilibrium.

As before, approximation errors are measured by "error%" and "error1%". Since there are
different r . , no explicit solution of L exists. Instead, we present "error1%" using implicit
numerical approximate solutions of equation (2.16). Thus, wefind L as

~ | aXo )
(39) L= arg ml*n 1- 8?5 - gf— - gF—

L

With respect to the correlation between the three components, we distinguish three different
situations. First, a situation with low and relatively homogeneous correlation coefficients, all
being less than 0.5, second, a situation with high and relatively homogeneous correlation
coefficients, all being larger than 0.5, and, finaly, a situation with heterogeneous correlation
coefficients.

The more general S requires a new way to calculate SURE: Using the result
"o E(min(Xi ,Yi,Zi)|)? =Y = Z) = )?(Fl-'- F,+ |:3)

of equilibrium employment, SURE can be computed as

(3.10) SURE =1- %:1- F-F-F,
where F, 1=123 aredefined according to (2.11).

In the following, we consider three experiments using the following variance-covariance
matrices:

&l 04 025 &l 08 05 &l 08 050
R=%04 1 01., R=%08 1 06., R=208 1 025
éo.z 01 1o éo.s 06 1o éo.s 025 1 o
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Given R, s?=0.005, 0.01, 0.02, 0.04 implies SURE% = 5.2%, 7.3%, 10.2% and 14.3%,
respectively. Table 2.a) revedls that average errors are about 1% ("error%"), resp. 0.1%
("errorl%"). r ,,r , andr , (computed asin (2.14)) do not differ much.13

Secondly, we assume R, . Table 2.b) confirms the small errors found in Table 2.8). "error1%"
remains at the very low level and ranges between 0.03% and 0.2%, "error%" is about 2%.

Table 3.c) reveals that the heterogenous case R, leads to somewhat higher errors than for
homogenous correlation coefficients. Nevertheless, even in the worst case, with SURE being
at the very high level of 11.2%, "error%" is 3.9%. In term of levels, i.e. in term of "error1%",
this would mean 0.5%.

13 Preliminary estimates on Belgian data suggest that nhs andr 5 arein fact not significantly different
from one another. See Nilles (1991).
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Table 2: Summary of Approximation Errors: General Correlation Structure

s?=0.005 s?=0.01 s?2=0.02 s?=0.04

a) Small and homogenous correlation coefficients: R

r, 22.2 15.6 10.9 7.6
r, 20.9 14.7 10.3 7.2
r, 19.1 13.4 9.4 6.5
SURE% 5.2 7.3 10.2 14.3
mean of |error % 1.0 1.0 11 1.0
mean of |error1% 0.1 0.1 0.1 0.1

b) High and homogenous correlation coefficients: R,

ry 30.8 21.7 15.2 10.7
r, 35.6 25.0 17.6 12.4
r, 259 18.2 12.8 8.9
SURE% 35 5.0 7.0 9.9
mean of |error % 14 1.7 2.0 2.2
mean of |error1% 0.03 0.1 0.1 0.2

c) Heterogenous correlation coefficients: R,

r, 35.4 24.9 17.6 12.3
r, 25.7 18.1 126 8.8
rs, 215 15.1 10.6 1.4
SURE% 4.0 5.7 8.0 11.2
mean of |error % 25 3.1 3.7 39
mean of |error1% 0.1 0.2 0.3 0.5
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Figure 5 displays the approximation errors ("error%") for the different correlation matrices
R,1=12,3 Asis proved in the theoretical part of the paper, "error" is zero at the genera
equilibrium X =y =Z. The other regions reveal errors not being much higher than in the
previous case r,=r,=r,. The largest deviations can be observed for
P»1.1 (whichimplies X /Y =1.22) in the case with heterogenous correlation coefficients
(R3), where "error%" is about —7%.
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4. Concluding Remarks

This paper is concerned about the estimation of aggregate employment functions in QRM
models, when the diversity of situations across micromarkets is explicitly recognized. The
aggregation result given in the paper generalizes that of Lambert (1988) to employment
functions with more than two components, and leads to approximate aggregate functions of
the CES variety. The approximation used can accomodate general variance-covariance
structures. The simulation experiments have shown that the approximation error remains
within reasonable bounds (1-4%). It thus seems that the CES formulation can accomodate a
large variety of situations, much less restrictive than those corresponding to the exact case
with Weibull distributions.
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5. Appendix

L= E[min(x, Y, z)]

with

J— 1 e

= e E =X = Lo - 2U

x=e (x) exp%x+25ug

— 1 e

= E =Y = o - 2U

y=e (v) eXp%y+28V¥

5 _ 1 .

=e E(z2)=7 zexpt 7+ 25 2Y

z=e (2) exp%z+25Wg

(u,v,w) ~N(0,S)

Wehave L=L +L,+L,, where

¥ ¥ ¥
L=Q Q @ xf(xy.z)Jdzdyax
¥ ¥ ¥
L=0 O O yflxyz)dzdxdy
¥ ¥ ¥
L,=Q 0 O z f(x,y,z)dy dxdz
(xy2)" by ael 6l
Assume  f(x,y,2)= 23’y2—|s|”2 expi 'E(UVW)S G, %

! éwrab |

Proceed to the following change of variable:

Au fu fu ¢

aNXxo aXo %IO gﬂx iy ﬂZ: 1006

(;lny__(;y_ (; V=, J:gﬂﬂﬂ_:goylo_

Inzg ézz W ¢tk Ty 9z - €0 0z?
Giw fw fw* € 2}
g‘ﬂx v fzo

Hence
¥ _
L= e g(u, v, w) dw dv du

\¥ \¥

Q.. Q
¥ ¥ _

Q‘ X+v Q Z+v e g(u Vs W) dw du dv
¥ ¥ _

0. 0. €"gluv,w)dvdudw



L i ol ou
G o

— expi - > (u vw)S?

s éwa'o

L, isthen further transformed as follows (the same procedure will apply to L, and L,):

where g(u,v,w) =

¥ é 1

¥ ¥
=€’ ¢ e 6———€ —(e'S’e- 2u udwdvdu
Q£ Q y+u Q—Z+u §2p3/2|5| pl 2( ) g
20 83 0
One can verify that e'S'e- 2u=(e- €)'S'(e- €)-s? where €= SEO-—(;swf
goﬂ esuwg
Indeed
(e- e)si(e-e)=e'Sle- 22'Sle+e'S'e
éo éo
=e'S'e- 2'S S@O +(1oo)s@o_.
&0 &0
=e'S'e- 2u+s’
Hence

¥ ¥ é 1

N

é—
Q— y+u Q Z+u ézp 3>/2|S|]J2

¥
X+S /2 hY
L =e :

expi- %(e- €)'s(e- é)uédwdvdu

We again proceed to a change of variables: h =e- é:[(u- s ﬁ) (Vv-s,)(w-s UW)]'

¥ ¥

— 2 ‘¥ N ~
SOthat Ll:eXSU/ZQ Qy+h +sﬁ S Q2+h +52-Suw h(h) dh3dh2 dhl

where h(h) = 1 — exp}- Eh'S'lh{é

2p 3/2|S| | 2
and hence

L = >7Pr{(h2>i- y+h,+s2-s,,)N(hs>X- z+h, +s2- suw)}

:)?Pr{(hl- h,<-X+y-s2+s uv)n(hl- h,<-X+2Z- sﬁ+suw)}

The following change of variable has to be used:
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eh o0
h' =¢h,-h,.=Ah,  h'»N(0,ASA)
é]l- hsa
with
?5 S.- S w Sﬁ_ S uw 9
A=S1 -1 0., ASA=G = Si+tSo-25, Si-S,-S,*S,..
él 0-1p c +
8* * S’+s2-25,. @
It follows that
— ¥ Xy s2+s ‘-i+z-s§+swv ol « . . .
L =X, §, o) h'(h")dh’dh ,dh;
T N\ X+y-s S+5 wooN X+Z-s S+5 uw * * * * *
=XQ, o, H'(h}.h})dh’dn,
with H'(hy.h3) =g, h(h)ah; -
Next let us normalize:
ah’, ¢ . _&®2+sl-2s, si-s,-s,+s,0
¢ =»N(ov'),  vi=g ¢ 7 L *
eh,o e s ts,-2s, @
ah,o ah,0 ®/2+s2-25 0 6 &y 00
gﬁz;:Pﬂzg 2t P=¢ ., +=¢ ° T
39 éh,o ] 0 s;+s,-2,9 €0 s;g
0 ~ ~ @B 1,0
Therefore, §22~N(0,V), V=EfRf)=c. ‘=
30 rlo
& Sﬁ_suv_suw-'-svw :ES;2+S;2_S;2

with

r1: * *
\/sﬁ+s§-25uv\/sﬁ+s§V-ZSUW 2 S,S;
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Therefore

=Xg ¢ Q ﬁ(l ) df, o, HT, ) =s s H (7, 7,)
g p@X*Y-si+s, -X+2-si+s,, -0
=XF g s ’ s, |r15
st bt T
= g S; ’

. ()_(+85/2)+(Z+SVZVS/?)- [s2+s2- 2suw)/2| 0
3
XF(-s5/2%-s5/2|F,)

IR LA HTL: M VAL NN (S K AL HE
s, s
Also, S3% :InV‘Y, sy =InZ|X .

Similarly one can obtain L, =Y F(- X-S,12, yy-5,12] FZ)

with
sp=siesi-n,
r’." _S\?_Suv_svw-'-suw_1S;Z_S;2+S:12
2 S5, 2 s.s,
_(>‘<+sj/2)- (y+sf/2) y*_-(y+sf/2)+(z+sfv/2)
1= * 1 3 = *
S, S,
and L=ZF(-X-55/2, - y,-5,/2|T,)
2 g*2 4 o*2
with Fszlwl
2 S.S,
Also, S.Ys=INZ /1Y =8, - S5, .
Finaly, L= E[min(x, y,z)] =XF+YF,+ZF,.
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