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Ghfhpehu 4<<;

Devwudfw

Lq wklv sdshu/ zh suhvhqw d vlpsoh ylqwdjh fdslwdo jurzwk prgho lq zklfk erwk
h{rjhqrxv dqg hqgrjhqrxv  xfwxdwlrqv vrxufhv duh suhvhqw1 Lqghhg/ lw fdq eh vhhq
dv d sduwlfxodu fdvh ri Fdedoohur dqg Kdpprxu +4<<9,*v fuhdwlyh ghvwuxfwlrq prgho/
zlwk wkh dgydqwdjh wkdw dqdo|wlfdo fkdudfwhul}dwlrq ri wkh vkruw uxq dqg dv|pswrwlf
g|qdplfv lv sduwldoo| doorzhg1 Lq sduwlfxodu/ zh vkrz wkdw mre fuhdwlrq iroorzv d
ghod|hg0gl�huhqwldo htxdwlrq zlwk shulrglf frh!flhqwv1 Wkh ghod| lv htxdo wr wkh
rswlpdo djh ri fdslwdo jrrgv/ dqg fdq eh wdnhq dv d phdvxuh ri wkh shulrglflw| ri
wkh hqgrjhqrxv uhsodfhphqw hfkrhv lqkhuhqw wr ylqwdjh prghov1 Wkh shulrg ri wkh
frh!flhqwv lv htxdo wr wkh shulrg ri dq h{rjhqrxv sur�wdelolw| f|foh1 Zh pdwkh0
pdwlfdoo| vkrz wkdw mre fuhdwlrq lv dv|pswrwlfdoo| shulrglf/ zlwk wkh vdph shulrg
dv wkh sur�wdelolw| f|foh1 Ixuwkhupruh xvlqj dq h{solflw qxphulfdo phwkrg/ zh �qg
wkdw uhsodfhphqw hfkrhv jhqhudoo| grplqdwh wkh vkruw uxq g|qdplfv1 Ilqdoo|/ zh
�qg wkdw wkh frpelqdwlrq ri wkh wzr  xfwxdwlrqv vrxufhv idyruv wkh dsshdudqfh ri
dv|pphwulhv lq mre fuhdwlrq dqg mre ghvwuxfwlrq sdwwhuqv1

Nh|zrugv= Hqgrjhqrxv  xfwxdwlrqv/ H{rjhqrxvo| gulyhq  xfwxdwlrqv/ Ylqwdjh
fdslwdo prghov/ Uhsodfhphqw hfkrhv/ Gl�huhqwldo0gl�huhqfh htxdwlrqv/ Iortxhw uhs0
uhvhqwdwlrqv1

Mrxuqdo ri Hfrqrplf Olwhudwxuh= H55/ H65/ R73/ F961

�Zh zrxog olnh wr wkdqn Whg Exuwrq/ Mdfn Kdoh/ Oxlv Sxfk/ Iudqfn Sruwlhu dqg Doskrqvh Pdjqxv iru
wkhlu prvw khosixo dgylfh1 Fruuhvsrqghqfh= Rpdu Olfdqgur/ IHGHD/ f2Mrujh Mxdq 79/ 5;334/ Pdgulg/
Vsdlq1 H0pdlo= olfdqgurCihghd1hv1

4



4 Lqwurgxfwlrq

H{sodlqlqj wkh hfrqrplf  xfwxdwlrqv dvvrfldwhg zlwk wkh exvlqhvv f|foh kdv dozd|v ehhq
rqh ri wkh pdlq frqfhuqv ri hfrqrplf wkhrulvwv dqg sudfwlwlrqhuv1 D glvwlqfwlrq fdq eh
pdgh ehwzhhq wkh vr0fdoohg hqgrjhqrxv f|fohv olwhudwxuh +vlqfh Judqgprqw +4<;8,, dqg
wkh h{rjhqrxvo| gulyhq  xfwxdwlrqv dvvrfldwhg wr wkh wkhru| ri Uhdo Exvlqhvv F|fohv +vlqfh
N|godqg dqg Suhvfrww +4<;5,,1 UEF vwxglhv kdyh ehfrph wkh grplqdwlqj uhvhdufk sur0
judp lq wkh �hog dqg wkh| kdyh surylghg d kljko| vxffhvvixo phwkrgrorjlfdo iudphzrun
iru wkh vwxg| ri hfrqrplf  xfwxdwlrqv1 Wr dqdo|}h wkh suhglfwlrqv ri wkhlu prghov UEF
wkhrulvwv duh pdlqo| frqfhuqhg zlwk yrodwlolwlhv dqg frpryhphqwv ri vrph ghwuhqghg hfr0
qrplf djjuhjdwhv14 Krzhyhu/ sudfwlwlrqhuv kdyh dovr wr eh frqfhuqhg zlwk wkh uhfxuuhqfh
ri exvlqhvv  xfwxdwlrqv= d errp lv qhfhvvdulo| iroorzhg e| d uhfhvvlrq dqg ylfh yhuvd1
Qhyhuwkhohvv/ wkh qhrfodvvlfdo jurzwk prgho/ zklfk lv rq wkh edvlv ri UEF prghov/ grhv
qrw surylgh d jrrg iudphzrun iru wkh dqdo|vlv ri uhfxuuhqw  xfwxdwlrqv/ vlqfh frqyhujhqfh
wr wkh vwdwlrqdu| vroxwlrq lv lq jhqhudo prqrwrqlf15 Wr ryhufrph wklv sureohp/ prghov
jhqhudwlqj shulrglf lqyhvwphqw f|fohv vkrxog eh lqfrusrudwhg wr wklv olwhudwxuh16

Lq wklv sdshu/ zh xvh d vlpsoh prgho wr looxvwudwh wkh srwhqwldo vfrsh ri wklv dssurdfk1
Iru wkh vljql�fdqfh ri rxu vwxg|/ zh fkrrvh dq hfrqrplfdoo| ixqgdphqwdo vrxufh ri hqgrjh0
qrxv  xfwxdwlrqv/ wkh uhsodfhphqw ri wkh revrohwh htxlsphqw1 Dfwxdoo|/ wkh hqgrjhqrxv
 xfwxdwlrqv glvsod|hg e| rxu prgho gr qrw uho| rq wkh dprxqw ri qrq0olqhdulwlhv vlqfh
erwk suhihuhqfhv dqg wkh surgxfwlrq whfkqrorj| duh wdnhq olqhdu1 Wkdw lv wr vd| wkdw wkh
frqvlghuhg hqgrjhqrxv  xfwxdwlrqv duh qrw wkh uhvxow ri dq duwl�fldo pdwkhpdwlfdo dv0
vxpswlrq exw duh udwkhu qdwxudoo| ghulyhg iurp d nh| hfrqrplf ghflvlrq1 Wkh prvw uhfhqw
olwhudwxuh rq hperglhg whfkqlfdo fkdqjh kdv sxw iruzdug wkh uhohydqfh ri wkh vr0fdoohg
uhsodfhphqw sureohp lq hfrqrplf  xfwxdwlrqv +vhh iru h{dpsoh Frroh| hw do1 +4<<:,,=
Fohduo|/ li whfkqrorjlfdo surjuhvv lv hperglhg lq wkh qhz htxlsphqw/ uhsodflqj wkh roghvw
fdslwdo jrrgv e| wkh prvw uhfhqw ylqwdjhv ehfrphv d nh| hfrqrplf ghflvlrq1 Wklv ghfl0
vlrq lv dw wkh edvlv ri wkh vr0fdoohg uhsodfhphqw hfkrhv uhfhqwo| rxwolqhg lq wkh ylqwdjh
fdslwdo olwhudwxuh +vhh Ehqkdele dqg Uxvwlfklql +4<<4, dqg +4<<6,/ dqg Erxfhnnlqh hw do1
+4<<:0d, dqg +4<<;,,1 Dq lqwhuhvwlqj wkhruhwlfdo dqg hpslulfdo lvvxh wxuqv rxw wr eh krz
wkhvh uhsodfhphqw hfkrhv lqwhudfw zlwk h{rjhqrxvo| gulyhq  xfwxdwlrqv1

Lq wklv sdshu/ ylqwdjh fdslwdo dqg dq h{rjhqrxv sur�wdelolw| f|foh duh sxw wrjhwkhu wr
surylgh dq lqvljkw lqwr wklv txhvwlrq1 Wkh frqvlghuhg prgho fdq eh vhhq dv d sduwlfxodu fdvh
ri wkh fuhdwlyh ghvwuxfwlrq prgho exlow xs e| Fdedoohur dqg Kdpprxu +4<<9,1 Dfwxdoo|/
zh uhpryh doo wkh lqjuhglhqwv ri wkh odwwhu prgho h{fhsw wkh ylqwdjh fdslwdo vwuxfwxuh/ wkh

4Lq jhqhudo/ wuhqgv duh uhpryhg xvlqj wkh Kroguln0Suhvfrww �owhu/ zklfk lpsolflwo| uhodwhv exvlqhvv
f|fohv zlwk  xfwxdwlrqv ri d iuhtxhqf| orzhu wkdq hljkwk |hduv1

5Iroorzlqj wkh Frjoh| dqg Qdvrq +4<<8, fulwltxh rq wkh odfn ri sursdjdwlrq phfkdqlvpv lq wkh vwdq0
gdug UEF prgho/ wkh UEF olwhudwxuh kdv sxw pruh hpskdvlv rq wkh vhdufk iru hqgrjhqrxv sursdjdwlrq
phfkdqlvpv1

6Ghdolqj zlwk wkh vdph sureohp/ Zhq +4<<;, kdv uhfhqwo| sursrvhg d wlph0wr0exlog prgho/ voljkwo|
gl�huhqw iurp N|godqg dqg Suhvfrww +4<;5,/ zklfk jhqhudwhv shulrglf lqyhvwphqw f|fohv1
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h{rjhqrxv sur�wdelolw| f|foh dqg d vxusoxv dssursldelolw| sureohp |lhoglqj dq lqh!flhqw
ghfhqwudol}hg htxloleulxp17 Krzhyhu/ rxu remhfwlyhv duh frpsohwho| gl�huhqw iurp wkrvh
sxuvxhg e| Fdedoohur dqg Kdpprxu1 Zkloh wkhvh dxwkruv duh lqwhuhvwhg lq wkh f|folfdo
surshuwlhv ri mre fuhdwlrq dqg mre ghvwuxfwlrq +lq olqh zlwk wkh hpslulfdo olwhudwxuh lq wklv
�hog/ vhh Gdylv dqg Kdowlzdqjhu +4<<5, dqg Gdylv hw do1 +4<<9,,/ zh dlp dw vwxg|lqj
wr zklfk h{whqw mre fuhdwlrq dqg mre ghvwuxfwlrq g|qdplfv duh gulyhq e| wkh h{rjhqrxv
f|foh yhuvxv uhsodfhphqw hfkrhv1 Lqghhg/ Fdedoohur dqg Kdpprxu kdyh fdoleudwhg wkhlu
prgho lq rughu iru wkh h{rjhqrxv sur�wdelolw| yduldeoh wr gulyh wkh f|foh1 E| grlqj vr/
wkh| kdyh plqlpl}hg wkh h�hfwv ri uhsodfhphqw hfkrhv/ uhgxflqj wkhp wr vrph lqqrfxrxv
luuhjxodulwlhv revhuydeoh rq wkh vroxwlrq sdwkv dv phqwlrqhg e| wkh dxwkruv wkhpvhoyhv18

Reylrxvo|/ wklv ylhz lv frqvlvwhqw zlwk wkh remhfwlyhv ri wkh dxwkruv dqg dv vxfk lw lv
qrw fkdoohqjhg khuh1 Zh mxvw dujxh wkdw wkh lqwhudfwlrq ehwzhhq uhsodfhphqw hfkrhv dqg
wkh h{rjhqrxv f|fohv lv pxfk pruh frpsoh{ wkdq zkdw lw lv uhsruwhg lq Fdedoohur dqg
Kdpprxu*v sdshu1 Vrph dqdo|wlfdo dujxphqwv zloo eh suhvhqwhg wr vxssruw rxu fodlp lq
vkdus frqwudvw wr wkh sxuho| frpsxwdwlrqdo vhwwlqj dgrswhg e| wkh odwwhu dxwkruv1

Lqghhg vroylqj iru wkh htxloleulxp ri wkh hfrqrp| xqghu uhylhz/ zh �qg wkdw wkh
rswlpdo uhsodfhphqw ghflvlrq fruuhvsrqgv wr d frqvwdqw vfudsslqj uxoh/ dqg wkdw mre fuh0
dwlrq lv gulyhq e| d ghod| gl�huhqwldo htxdwlrq +GGH, zlwk shulrglf frh!flhqwv1 Wkh
rewdlqhg GGH doorzv iru d shuihfw ylvxdol}dwlrq ri wkh lqwhudfwlrq ehwzhhq h{rjhqrxv dqg
hqgrjhqrxv  xfwxdwlrqv1 Zkloh wkh ghod| ri wkh +GGH, lv h{dfwo| wkh ydoxh ri wkh rswl0
pdo vfudsslqj/ wkxv uhsuhvhqwlqj wkh iuhtxhqf| ri uhsodfhphqw hfkrhv/ wkh shulrg ri wkh
frh!flhqwv ri wkh GGH lv htxdo wr wkh shulrg ri dq h{rjhqrxv sur�wdelolw| f|foh1 Wkhq/
xvlqj wkh dydlodeoh pdwkhpdwlfdo wkhru| lq wkh �hog +vhh Kdoh dqg Yhugx|q Oxqho +4<<6,/
fkdswhu ;,/ zh dqdo|wlfdoo| vkrz wkdw wkh h{rjhqrxv f|foh grhv qrw jhqhudoo| gulyh wkh
vkruw uxq  xfwxdwlrqv ri mre fuhdwlrq dqg mre ghvwuxfwlrq1 Lqvwhdg vkruw uxq  xfwxdwlrqv
vhhp wr eh jryhuqhg e| uhsodfhphqw hfkrhv1 Lq wkh orqj uxq/ wzr fdvhv duh h{dplqhg1
Lq d �uvw fdvh/ wkh rswlpdo vfudsslqj wlph lv wdnhq wr eh d udwlrqdo pxowlsoh ri wkh sh0
ulrg ri wkh h{rjhqrxv f|foh1 Lq vxfk d fdvh/ wkhuh h{lvwv d vx!flhqw pdwkhpdwlfdo wkhru|
wr frqfoxgh= Iru dq| uhdo0ydoxhg lqlwldo frqglwlrqv/ mre fuhdwlrq frqyhujhv wr d shulrglf
uhjlph zlwk shulrglflw| htxdo wr wkh shulrg ri wkh h{rjhqrxv f|foh1 Wkhuhiruh/ lq vxfk d
fdvh/ uhsodfhphqw hfkrhv jhqhudoo| grplqdwh lq wkh vkruw uxq/ dqg wkh h{rjhqrxv f|foh
lv suhgrplqdqw lq wkh orqj uxq1 Wklv dqdo|vlv vxjjhvwv wkdw rplwwlqj uhsodfhphqw hfkrhv
lq wkh dqdo|vlv ri wkh vkruw uxq  xfwxdwlrqv ri mre fuhdwlrq dqg mre ghvwuxfwlrq pd| eh
plvohdglqj1

Zkhq wkh rswlpdo vfudsslqj wlph lv qrw d udwlrqdo pxowlsoh ri wkh shulrg ri wkh h{0
rjhqrxv f|foh/ zh gr qrw kdyh wkh vx!flhqw wkhru| wr frqfoxgh dqdo|wlfdoo| derxw wkh
dv|pswrwlf ehkdylru ri wkh vroxwlrqv19 Wkhq/ zh kdyh uhvruwhg wr qxphulfdo vlpxodwlrqv

7Lqghhg/ Fdedoohur dqg Kdpprxu*v prgho lv pxfk ulfkhu vlqfh lw frqwdlqv d mre vhdufk sureohp dqg d
vrphzkdw frpsohwh vwru| rq wkh frvwv ri mre fuhdwlrq1

8Vhh Fdedoohur dqg Kdpprxu +4<<9,/ irrwqrwh 4</ sdjh ;531
9Wklv fdvh lv h{wuhpho| gl!fxow wr kdqgoh dqdo|wlfdoo| dv lw zloo eh fohdu lq wkh Vhfwlrq 8 ri wklv sdshu1

Kxdqj dqg Pdoohw0Sduhw*v +vwloo xqsxeolvkhg, frqwulexwlrq +4<<5, lv dprqj wkh yhu| uduh dwwhpswv dw
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xvlqj wkh h{solflw phwkrg ri vwhsv +dv uhfhqwo| dssolhg wr ylqwdjh prghov e| Erxfhnnlqh
hw do1 +4<<:0e,,1 Xvlqj yhu| odujh uhvroxwlrq wlph krul}rqv +derxw vrph wkrxvdqgv ri
shulrgv,/ zh �qg wkdw uhsodfhphqw hfkrhv djdlq gulyh wkh vkruw uxq g|qdplfv zkloh wkh
h{rjhqrxv f|foh vwloo grplqdwhv lq wkh orqj uxq/ dowkrxjk wkh frpsxwhg orqj uxq uhjlph
lv vkrzq wr suhvhqw vrph lpsruwdqw gl�huhqfhv zlwk uhvshfw wr wkh �uvw fdvh1 Wkh dg0
mxvwphqw iurp wkh vkruw uxq �uhsodfhphqw hfkrhv� uhjlph wr wkh orqj uxq �h{rjhqrxv
 xfwxdwlrqv� uhjlph lv dovr vwxglhg lq erwk fdvhv1 Dprqj rxu �qglqjv/ zh srlqw rxw wkh
rffxuuhqfh ri dv|pphwulf mre fuhdwlrq dqg ghvwuxfwlrq sdwwhuqv lq wkh vkruw uxq/ d ihdwxuh
zklfk lv vkrzq wr eh fdxvhg e| wkh vlpxowdqhrxv suhvhqfh ri wkh wzr  xfwxdwlrqv hqjlqhv1

Wkh sdshu lv rujdql}hg dv iroorzv1 Qh{w vhfwlrq ghvfulehv eulh | wkh h{dpsoh prgho
zh frqvlghu1 Vhfwlrq 6 ghulyhv wkh +lqwhulru, rswlpdo vfudsslqj uxoh dqg wkh frqglwlrqv rq
wkh lqlwldo vwdwh ri wkh hfrqrp| xqghu zklfk wklv uxoh lv lpsohphqwdeoh iurp wkh lqlwldo
shulrg1 Vhfwlrq 7 dqdo|}hv wkh g|qdplf rxwfrphv ri wkh prgho lq wkh devhqfh ri wkh
h{rjhqrxv sur�wdelolw| f|foh/ dqg Vhfwlrq 8 vkrzv krz wkhvh rxwfrphv duh dowhuhg zkhq
wkh odwwhu f|foh lv dgghg1 Vhfwlrq 9 frqfoxghv1

5 Wkh prgho

Rxu prgho fdq eh vhhq dv d vshfldo fdvh ri Fdedoohur dqg Kdpprxu +4<<9,*v prgho1 Dv
phqwlrqhg lq wkh lqwurgxfwlrq vhfwlrq/ wkh odwwhu prgho lv uhsuhvhqwdwlyh wr d odujh h{whqw
ri wkh uhfhqw wkhruhwlfdo olwhudwxuh ghyrwhg wr fuhdwlyh ghvwuxfwlrq1 Lw lv hvshfldoo| lqwhu0
hvwlqj ehfdxvh lw lqfoxghv dq h{rjhqrxv  xfwxdwlrq vrxufh dqg wklv doorzv wr wdfnoh rxu
sulqflsdo lvvxh= Krz pd| uhsodfhphqw hfkrhv lqwhudfw zlwk h{rjhqrxvo| gulyhq  xfwxd0
wlrqvB Lqghhg/ h{fhsw iru wkh vshfl�fdwlrq ri wkh h{rjhqrxv  xfwxdwlrq vrxufh/ eruurzhg
iurp Fdedoohur dqg Kdpprxu/ rxu h{dpsoh lv udwkhu d fdqrqlfdo prgho ri fuhdwlyh gh0
vwuxfwlrq zlwk Ohrqwlh� whfkqrorj| dqg jhqhudol}hg Qdvk edujdlqlqj lq wkh oderu pdunhw1
Wklv zloo eh suhww| fohdu khuhdiwhu1

Zh prgho d wzr0vhfwru ghfhqwudol}hg hfrqrp| zlwk rqh surgxfhg jrrg dqg rqh qrq0
surgxfhg jrrg1 Wkh iruphu lv xvhg lq frqvxpswlrq dqg lqyhvwphqw/ dqg wkh odwwhu lv
frqvxphg e| krxvhkrogv dqg hpsor|hg dv dq lqwhuphgldwh lqsxw lq surgxfwlrq1 Dw dq|
wlph |/ wkh hfrqrp| lv hqgrzhg zlwk dq dprxqw 6 ri wkh qrq0surgxfhg jrrg/ zklfk
sulfh lv h{rjhqrxv dqg  xfwxdwhv ghwhuplqlvwlfdoo|1 Wklv lv wkh Fdedoohur dqg Kdpprxu*v
vwru| rq h{rjhqrxv  xfwxdwlrqv1 Wkh uhvw ri wkh prgho lv vlpsoh dqg vwdqgdug1 Wkh
surgxfwlrq whfkqrorj| lv Ohrqwlh� dqg frpelqhv fdslwdo/ oderu/ dqg wkh lqwhuphgldwh lqsxw
lq �{hg sursruwlrqv1 Oderu dxjphqwlqj whfkqlfdo surjuhvv lv frqwlqxrxvo| hperglhg lq
qhz fdslwdo jrrgv/ zklfk |lhogv dq hqgrjhqrxv surfhvv ri fuhdwlrq dqg ghvwuxfwlrq wkurxjk
wkh uhsodfhphqw ri wkh revrohwh pdfklqhv e| wkh qhz +pruh surgxfwlyh, rqhv1 Hdfk fdslwdo
xqlw ri ylqwdjh | surgxfhv rqh xqlw ri rxwsxw dqg uhtxluhv wr eh rshudwhg i T i��|j xqlwv

dgguhvvlqj wkh lvvxhv uhodwhg wr wklv fdvh1 Xqiruwxqdwho|/ lw grhv qrw vhhp wr eh ri ghflvlyh khos dssolhg
wr rxu prgho1
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ri erwk oderu dqg wkh qrq0surgxfhg lqsxw1 Frqvhtxhqwo|/ dw wlph | hdfk xqlw ri oderu
dvvrfldwhg zlwk dq rshudwlqj ylqwdjh � surgxfhv h�� xqlwv ri jrrg iurp rqh xqlw ri wkh
qrq0surgxfhg jrrg1

Li zh ghqrwh e| A E|� wkh djh ri wkh roghvw rshudwlqj pdfklqhv dw wlph | +ru vfudsslqj
wlph,/ djjuhjdwh rxwsxw dqg hpsor|phqw duh uhvshfwlyho| jlyhq e|

+ E|� '

] |

|3A E|�

h��� E�� g�c +4,

dqg

, E|� '

] |

|3A E|�

� E�� g�c +5,

zkhuh �E�� uhsuhvhqwv hpsor|phqw dvvrfldwhg zlwk ylqwdjh � 1 E| gl�huhqwldwlqj +5, zlwk
uhvshfw wr wlph/ zh fdq vhh wkdw dw dq| wlph | fkdqjhv lq hpsor|phqw ghshqg rq mre
fuhdwlrq/ � E|�/ dqg mre ghvwuxfwlrq/ � E|� A E|�� E� � A �E|��1 Dv zh zloo vkrz odwhu/
ixqfwlrq A E|� lv frqvwdqw dw htxloleulxp/ vd| htxdo wr A / lpso|lqj wkdw mre ghvwuxfwlrq dw
| fruuhvsrqgv wr mre fuhdwlrq dw |� A 1

Wkh hfrqrp| frpsulvhv d frqwlqxxp ri djhqwv ri phdvxuh rqh/ zlwk wkh vdph olqhdu
suhihuhqfhv ryhu olihwlph frqvxpswlrq=]

"

f

ESE�� n RE��e��6E��� h34� g� c

zkhuh 4 : f lv wkh vxemhfwlyh udwh ri wlph suhihuhqfh +htxdo wr wkh lqwhuhvw udwh gxh wr wkh
olqhdulw| ri suhihuhqfhv,/ S E�� lv frqvxpswlrq ri wkh surgxfhg jrrg dw wlph � 1 6E�� lv
frqvxpswlrq ri wkh qrq0surgxfhg jrrg/ dqg RE��e�� uhsuhvhqwv lwv pdujlqdo xwlolw|1 Li zh
wdnh wkh surgxfhg jrrg dv qxphudluh/ wkh sulfh ri qrq0surgxfhg jrrgv vkrxog eh RE��e��

dw htxloleulxp1 Wkhuh lv qr glvxwlolw| ri oderu/ vr wkh oderu vxsso| lv h{rjhqrxv dqg zh
qrupdol}h lw wr �1 Djjuhjdwh xqhpsor|phqw dw wlph | lv jlyhq e|

� E|� ' �� , E|� � +6,

AIurp wkh Ohrqwlh� whfkqrorj|/ wkh htxloleulxp frqglwlrqv iru wkh surgxfhg dqg qrq0
surgxfhg jrrgv pdunhwv duh uhvshfwlyho|=

+E|� ' SE|� n h�|�E|�� ~} �
lqyhvwphqw

dqg

6 ' 6E|� n ,E|��~}�
qrq0surgxfhg lqsxwv

�
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Lq rughu wr fuhdwh d mre dw wlph |/ d �up qhhgv wr lqyhvw h�| xqlwv ri wkh surgxfhg jrrg
lq wkh odwhvw whfkqrorj|1: Wkh fruuhvsrqglqj dssursldeoh vxusoxv Z E|� lv

Z E|� '

] |naE|�

|

�
h�| � Eh/ E�� n RE��� h��

�
h34E�3|� g�� +7,

Lw lv htxdo wr wkh suhvhqw ydoxh/ ryhu wkh sodqqhg olihwlph ri wkh mre/ ri lqvwdqwdqhrxv
sur�wv/ zklfk duh gh�qhg dv ydoxh dgghg plqxv zrunhu*v vkdgrz zdjhv1 Qrwh wkdw xqghu
shuihfw iruhvljkw/ wkh sodqqhg olihwlph aE|� lv uhodwhg wr wkh vfudsslqj wlph A E|� e| a E|� '
A E|n a E|��/ ru htxlydohqwo| e| A E|� ' aE|� A E|��1

Wkh rswlpdo olihwlph lv rewdlqhg e| pd{lpl}lqj wkh ydoxh ri d mre zlwk uhvshfw wr aE|�/
zklfk jlyhv wkh frqglwlrq=

RE|n aE|�� n h/E|n aE|�� ' h3�aE|��

Lw fdq eh uhzulwwhq lq whupv ri A E|�=

RE|� n h/E|� ' h3�A E|�� +8,

D mre lv ghvwur|hg zkhq lw ehfrphv sur�wdeoh wr uhdoorfdwh oderu dqg qrq0surgxfhg uh0
vrxufhv wr wkh odwhvw whfkqrorj|1

Lq wkh oderu pdunhw/ wkh uhsuhvhqwdwlyh �up dqg wkh zrunhuv edujdlq ryhu wkh ds0
sursldeoh vxusoxv1 D jhqhudol}hg Qdvk edujdlqlqj vroxwlrq/ zlwk d vkduh q 5 Efc �� ri wkh
vxusoxv jrlqj wr wkh zrunhu dqg E�� q� jrlqj wr wkh �up/ |lhogv wkh iroorzlqj vwdqgdug
htxloleulxp frqglwlrqv=

h/E|� h�| ' � E|�

� E|�
q Z E|� � +9,

dqg

h�| ' E�� q� ZE|�� +:,

AIurp htxdwlrq +9,/ wkh htxloleulxp vkdgrz zdjh h/ E|� i T i�|j vkrxog eh htxdo wr
wkh h{shfwhg xwlolw|  rz uhfhlyhg e| dq xqhpsor|hg zrunhu/ zklfk lv lq wxuq htxdo wr wkh
 rz suredelolw| �E|�

�E|�
ri �qglqj d mre wlphv wkh zrunhu*v vkduh ri wkh vxusoxv1 Htxdwlrq

+:, vwlsxodwhv wkdw wkh �up zloo fuhdwh d mre dv orqj dv wkh frvw ri fuhdwlrq lv htxdo wr lwv
vkduh ri wkh vxusoxv1

Zh duh qrz deoh wr gh�qh dq htxloleulxp iru rxu hfrqrp|=

:Mre fuhdwlrq frvwv duh pxfk ulfkhu lq Fdedoohur dqg Kdpprxu +4<<9,/ vlqfh wkh| lqfoxgh vhdufk dqg
wudlqlqj frvwv lq dgglwlrq wr klulqj frvw1 Lq wklv uhvshfw/ rxu surgxfwlrq whfkqrorj| lv pxfk forvhu wr
wkh vwdqgdug ylqwdjh prgho/ dv ghyhorshg e| Vrorz hw do1 +4<99,/ wkdq wr Fdedoohur dqg Kdpprxu*v
vshfl�fdwlrqv1

9



Gh�qlwlrq 4 Iru d jlyhq sdwk ri wkh h{rjhqrxv sulfh RE|� dqg jlyhq lqlwldo frqglwlrqv
� E|� � fc ;| 	 f/ dq htxloleulxp iru wklv hfrqrp| lv d sdwk iru A E|�/ aE|�/ �E|�/ dqg �E|�/
| � fc wkdw vdwlv�hv wkh v|vwhp ri htxdwlrqv

� E|� ' ��

] |

|3A E|�

� E�� g� c +;,

h3�A E|� � RE|� '
� E|�

� E|�

q

�� q
c +<,

] |naE|�

|

�
�� e3�E|3�nA E���

�
h34E�3|� g� '

�

�� q
c +43,

a E|� ' A E|n a E|�� c +44,

dqg wkh lqhtxdolwlhv f � �E|� � � dqg RE|� 	 h3�A E|�1

Htxdwlrq +;, lv rewdlqhg iurp htxdwlrqv +5, dqg +6, dqg lw vwdwhv wkh uhvrxufh frq0
vwudlqw lq wkh oderu pdunhw1 Htxdwlrq +<, lv rewdlqhg e| frpelqlqj +8,/ +9, dqg +:, vr dv
wr holplqdwh yduldeohv ZE|� dqg h/E|�1 Htxdwlrq +43, lv dq rswlpdo frqglwlrq wkdw uhvwdwhv
+:, xvlqj +7, dqg +8,1 Wkh lqhtxdolw| RE|� 	 h3�A E|� lv uhtxluhg iru htxdwlrq +<, wr krog
zlwk srvlwlyh mre fuhdwlrq dqg xqhpsor|phqw1 Lqghhg/ wklv lqhtxdolw| dovr hqvxuhv wkh
srvlwlylw| ri zdjhv dw htxloleulxp e| +8,1

Wkh qh{w vhfwlrqv duh ghyrwhg wr wkh g|qdplf dqdo|vlv ri wkh ghfhqwudol}hg htxloleulxp
ghvfulehg deryh zkhq wkh h{rjhqrxv sulfh sdwk lv shulrglf ri wkh irup=

RE|� ' Rf n R� t�?ER2 |�c +45,

zkhuh R� duh srvlwlyh uhdo qxpehuv vxfk wkdw Rf � R� wr hqvxuh wkh srvlwlylw| ri sulfhv ryhu
wlph1 Zh ghqrwh e| l ' 2Z

R2
wkh shulrg ri RE|� dqg zh zloo uhihu wr lw dv wkh h{rjhqrxv

shulrg khuhdiwhu1

6 H{lvwhqfh/ xqltxhqhvv dqg lpsohphqwdelolw| ri wkh

rswlpdo vfudsslqj uxoh

Lq wkh uhvw ri wkh sdshu/ zh zloo fkdudfwhul}h h{solflwo| wkh g|qdplfv ri wkh hfrqrp|
ghvfulehg e| wkh htxloleulxp frqglwlrqv vwdwhg lq Gh�qlwlrq 41 Iluvw/ qrwh wkdw dv lq
Erxfhnnlqh hw do1 +4<<:0d,/ rxu htxloleulxp frqglwlrqv vkrz d fohdu uhfxuvlyh iruzdug0
orrnlqj vxe0eorfn/ qdpho| wkh vxe0eorfn iruphg e| htxdwlrqv +43, dqg +44,1 Wklv vxe0
eorfn doorzv wr vroyh iru A E|� dqg aE|� lqghshqghqwo| ri wkh rwkhu hqgrjhqrxv yduldeohv1
Wkh vroxwlrq vfkhph iru wkh iruphu yduldeohv lv yhu| vlplodu wr wkh rqh dgrswhg e|
Erxfhnnlqh hw do1 +4<<:0d,1 Zh dsso| lw khuh/ dvvxplqj wkdw A E|� dqg aE|� duh gli0
ihuhqwldeoh iru doo | � f1

:



614 Wkh rswlpdo vfudsslqj uxoh

Wkh �uvw vwhs ri wkh uhvroxwlrq vfkhph lv jlyhq e| wkh iroorzlqj sursrvlwlrq=

Sursrvlwlrq 4 Htxdwlrqv +43, dqg +44, lpso| wkh h{lvwhqfh ri d ixqfwlrq I+1, vxfk wkdw
iru dq| | � f

A E|� ' 8 Ea E|��

zlwk

8 E%� ' �
�

�
*?

�
��

o � �

�� q
�
�

o
E�� i T i�o%j�

�

surylghg wkdw 8 E%� lv gh�qhg ;% � f1

Jlyhq wkdw a E|� lv gl�huhqwldeoh dw |/ zh fdq gl�huhqwldwh +43, dqg hdvlo| vkrz Sursr0
vlwlrq 4 diwhu vrph hohphqwdu| pdqlsxodwlrqv1 Wr pdnh ixqfwlrq 8 E�� zhoo0gh�qhg iru dq|
srvlwlyh ydoxh/ zh uhvwulfw wkh sdudphwhuv ydoxhv dv iroorzv=

Dvvxpswlrq 4 Sdudphwhuv � / q/ dqg 4 fkhfn wkh iroorzlqj frqglwlrqv=

l, � 	 4

ll, 4 	 �� q

Frqglwlrq l, lv suhww| vwdqgdug lq wkh jurzwk olwhudwxuh= lw lv qhhghg wr jxdudqwhh wkdw
wkh lqglylgxdo*v remhfwlyh lv erxqghg1 Frqglwlrq ll, vwdwhv wkdw wkh �up*v vxusoxv vkduh lv
juhdwhu wkdq wkh lqwhuhvw udwh/ zklfk lv qhfhvvdu| wr jhw srvlwlyh klulqj dw htxloleulxp1 Lw
lv hdv| wr fkhfn wkdw Dvvxpswlrq 4 lv vx!flhqw iru ixqfwlrq 8 E�� ehlqj vwulfwo| lqfuhdvlqj
dqg dgplwwlqj d xqltxh vwulfwo| srvlwlyh �{hg0srlqw1 Lw zloo doorz xv wr xvh d �{hg0srlqw
dujxphqw ã od ydq Klowhq +4<<4,/ h{dfwo| dv lq Erxfhnnlqh hw do1 +4<<:0d,/ lq rughu wr
vkrz wkdw wkh rswlpdo vfudsslqj uxoh A E|�/ dqg frqvhtxhqwo| aE|�/ duh frqvwdqw dqg htxdo
wr wkh �{hg0srlqw ri ixqfwlrq 8 E�� iru dq| | � f1

Sursrvlwlrq 5 Xqghu Dvvxpswlrq 4/ wkh xqltxh gl�huhqwldeoh vroxwlrqv A E|� dqg a E|�/
| � f/ duh gh�qhg e|

A E|� ' a E|� ' A �

zlwk A � wkh xqltxh srvlwlyh �{hg0srlqw ri ixqfwlrq 8 E��1

Wkh surri ri wklv sursrvlwlrq lv lghqwlfdo wr wkh surri ri Sursrvlwlrq 5 lq Erxfhnnlqh hw
do1 +4<<:0d,1 Ehiruh vwxg|lqj wkh ehkdylru ri mre fuhdwlrq/ vrph frpphqwv rq wkh fhqwudo
sodqqhu frxqwhusduw ri wkh prgho fdq eh xvhixo1 Vlqfh �upv gr qrw idfh dq| vhdufk frvw/

;



xqhpsor|phqw sod|v qr srvlwlyh uroh lq rxu prgho= D fhqwudo sodqqhu zkr fduhv derxw
olihwlph frqvxpswlrq vkrxog vhw xqhpsor|phqw wr }hur1 E| gl�huhqwldwlqj htxdwlrq +5,
xqghu ixoo0hpsor|phqw/ mre fuhdwlrq vkrxog eh shulrglf zlwk d shulrg htxdo wr wkh frqvwdqw
rswlpdo vfudsslqj wlph ghulyhg lq Sursrvlwlrq 51 Wklv lv wkh rffxuuhqfh ri uhsodfhphqw
hfkrhv suhylrxvo| srlqwhg rxw e| Erxfhnnlqh hw do1 +4<<:0d,1 Vlqfh uhsodfhphqw hfkrhv
duh hqgrjhqrxv dqg rffxu dw d shulrg htxdo wr A �/ zh pd| fdoo A � wkh hqgrjhqrxv shulrg
lq frqwudvw wr wkh h{rjhqrxv shulrg l1 Wkh fhqwudo sodqqhu frxqwhusduw ri wkh prgho
wulyldoo| |lhogv wkh iroorzlqj uhvxow= Vlqfh xqhpsor|phqw vkrxog eh }hur/  xfwxdwlrqv rq
mre fuhdwlrq duh hqwluho| gulyhq e| uhsodfhphqw hfkrhv/ ghvslwh wkh h{lvwhqfh ri d shulrglf
h{rjhqrxv hqylurqphqw1 Lq wklv vhqvh/ wkh hqgrjhqrxv shulrg A � grplqdwhv wkh h{rjhqrxv
shulrg l1 Lqghhg/ wkh shulrglf h{rjhqrxv sulfh RE|� rqo| d�hfwv zdjhv wkurxjk htxdwlrq
+8,/ zklfk vwloo krogv lq wkh fhqwudo sodqqhu prgho1; Lq wkh ghfhqwudol}hg hfrqrp|/ wklqjv
duh pxfk pruh frpsolfdwhg +vlqfh htxloleulxp xqhpsor|phqw qhhgv qrw eh }hur, exw
zh fdq vwloo dqdo|}h mre fuhdwlrq g|qdplfv dv wkh uhvxow ri wkh lqwhudfwlrq ehwzhhq wkh
hqgrjhqrxv shulrg +uhsodfhphqw hfkrhv, dqg wkh h{rjhqrxv shulrg +sulfh  xfwxdwlrqv,1
Wklv zloo eh fohdu lq wkh qh{w vxevhfwlrq1

615 Mre fuhdwlrq dqg wkh lpsohphqwdelolw| ri wkh rswlpdo vfuds0
slqj uxoh

Rqfh irxqg rxw wkh vroxwlrq ri wkh iruzdug0orrnlqj vxe0eorfn ri wkh htxloleulxp frqglwlrqv/
zh fdq ghulyh wkh vroxwlrq ri wkh uhpdlqlqj vxe0eorfn/ dqg frpsxwh wkh g|qdplfv ri mre
fuhdwlrq dqg xqhpsor|phqw1

Vlqfh wkh frqglwlrq RE|� 	 h3�A E|� pxvw eh fkhfnhg iru doo | +vhh Gh�qlwlrq 4,/ zh
uhvwulfw wkh sdudphwhuv ri wkh iruflqj yduldeoh RE|�/ vshfl�hg lq +45,/ dqg wkh sdudphwhuv
ghwhuplqlqj A J wr fkhfn=

Dvvxpswlrq 5 Rf n R� 	 i TE��A ���

Rq wkh rwkhu kdqg/ zh fdq vroyh iru mre fuhdwlrq xvlqj htxdwlrqv +;, dqg +<,=

� E|� ' &2E|�

�
��

] |

|3A �

� E�� g�

�
c +46,

iru doo | � f/ jlyhq � E|� � f iru doo | 	 f/ dqg &2E|� d shulrglf ixqfwlrq ri shulrg l jlyhq
e|=

&2E|� ' qf Eh
3�A �

� RE|��c +47,

;Wkh odwwhu surshuw|/ wkh shulrglflw| ri zdjhv/ lv wkh xqltxh uhohydqw gl�huhqfh zlwk uhvshfw wr wkh
sxuho| hqgrjhqrxv  xfwxdwlrqv prgho ri Erxfhnnlqh hw do1 +4<<:0d,/ lq zklfk +ghwuhqghg, zdjhv duh
frqvwdqw1

<



zkhuh qf '
�3q
q
1 Qrwh wkdw &2E|� : f e| Dvvxpswlrq 5/ dq lpsruwdqw surshuw| wkdw zloo

eh xvhg odwhu lq wkh dvvhvvphqw ri wkh vwdelolw| rxwfrphv ri wkh prgho1

Gl�huhqwldwlqj +46,/ zh jhw wkh iroorzlqj gl�huhqwldo0gl�huhqfh htxdwlrq +GGH, lq � E|�

�� E|� ' &�E|� � E|� n &2E|� � E|� A �� c +48,

zkhuh &�E|� lv dqrwkhu shulrglf ixqfwlrq ri shulrg l jlyhq e|=

&�E|� ' �&2E|� n
&

�

2E|�

&2E|�
� +49,

Htxdwlrq +48, lv d GGH zlwk shulrglf frh!flhqwv ri wkh vdph shulrg l/ wkh h{rjh0
qrxv shulrg1 Wkh ghyldwlqj wlph dujxphqw dsshdulqj lq wkh GGH lv h{dfwo| wkh rswl0
pdo vfudsslqj ydoxh1 Dowkrxjk wkh fruuhvsrqglqj mre fuhdwlrq g|qdplfv duh pxfk pruh
frpsolfdwhg wkdq lq wkh +wulyldo, fdvh ri wkh fhqwudo sodqqhu frxqwhusduw ri wkh prgho
phqwlrqhg deryh/ zh fdq vwloo dqdo|}h wkhvh g|qdplfv lq whupv ri wkh h{rjhqrxv shulrg
l/ wkh shulrg ri wkh frh!flhqwv ri wkh GGH/ dqg ri wkh hqgrjhqrxv shulrg A �/ wkh ghod|
ri wkh GGH1 Lqwxlwlyho|/ wklv vrxqgv vwudljkwiruzdug= Ehvlgh wkh h{rjhqrxv  xfwxdwlrqv
vrxufh/ wkh hfrqrp| vkrxog pryh dffruglqj wr uhsodfhphqw lqyhvwphqw dfwlylwlhv/ zklfk
rswlpdoo| wdnh sodfh hyhu| A � xqlwv ri wlph1 Pdwkhpdwlfdoo|/ wklv fdq eh ghgxfhg iurp
wkh GGH vwuxfwxuh lwvhoi dv vkrzq lq wkh iroorzlqj sursrvlwlrq=

Sursrvlwlrq 6 Jlyhq dq lqlwldo ixqfwlrq �E|� ' �fE|� iru | 	 f/ wkh GGH +48, fdq
eh vroyhg rq wkh wlph lqwhuydo dfcn4� dffruglqj wr wkh iroorzlqj iruzdug frqwlqxdwlrq
surfhvv=

Iru dq| ? 5 C/ ? � �/ jlyhq �?3� E|�/ �?E|� ' � E|� rq dE?� ��A �c ?A �� lv wkh vroxwlrq ri
wkh ruglqdu| gl�huhqwldo htxdwlrq=

�� E|� ' &�E|� � E|� n &2E|� �?3� E|� A ��

zlwk

� EE?� ��A �� ' �?EE?� �� A �� ' &2E E?� �� A ��

�
��

] ?A �

E?3��A �

�?3� E� � A �� g�

�
�

Khqfh/ iru dq| ? � �/ �?E|� pd| eh zulwwhq dv=

�?E|� ' >?E|�

�
�? EE?� �� A �� n

] |

E?3�� A �

&2E��

>?E��
�?3�E� � A �� g�

�
c +4:,

zkhuh >?E|� ' i T
�U |

E?3�� A �
&�E�� _�

�
1
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Sursrvlwlrq 6 lv d irupdol}dwlrq ri wkh phwkrg ri vwhsv ghvljqhg iru h{solflwo| vroylqj
GGH zlwk frqvwdqw ghod|v +vhh Ehoopdq dqg Frrnh +4<96,/ iru d ghvfulswlrq ri wklv ghylfh/
dqg Erxfhnnlqh hw do1 +4<<:0e,/ iru vrph h{whqvlrqv ri wkh phwkrg,1 Qrwh wkdw wkh
uhvroxwlrq vfkhph lv h{solflw wr wkh h{whqw wkdw qr lwhudwlyh whfkqltxh lv uhtxluhg1 Wkh
odwwhu surshuw| krogv ehfdxvh wkh GGH lv vroyhg yld vxffhvvlyh uhvroxwlrqv ri ruglqdu|
gl�huhqwldo htxdwlrqv rq wkh vxffhvvlyh lqwhuydov U? ' dE?� ��A �c ?A ��/ d wdvn wkdw fdq eh
w|slfdoo| dfklhyhg zlwkrxw uhvruwlqj wr lwhudwlyh whfkqltxhv1 Htxdwlrq +4:, lv wkh vroxwlrq
lq wkh lqwhjudo irup ri wkh GGH rq dq| lqwhuydo U?/ dqg lw looxvwudwhv shuihfwo| wkh hfkr
sulqflsoh dw zrun lq wkh g|qdplfv ri mre fuhdwlrq= wkh vroxwlrq sdwk rq dq| lqwhuydo U?/ ri
ohqjwk A �/ vwurqjo| ghshqgv xsrq wkh vroxwlrq sdwk rq wkh dqwhulru lqwhuydo U?3�1 Khqfh/
dv dujxhg mxvw deryh/ wkh +hqgrjhqrxv, uhsodfhphqw shulrg A � lv vwloo dw zrun lq wkh fdvh
ri wkh ghfhqwudol}hg hfrqrp|/ lq dgglwlrq wr wkh h{rjhqrxv shulrg l1 Krzhyhu/ xqolnh lq
wkh fhqwudo sodqqhu frxqwhusduw ri wkh prgho/ lw lv qrw fohdu zklfk nlqg ri shulrglflw| zloo
grplqdwh1 Wkh uhvw ri wkh sdshu lv pdlqo| ghyrwhg wr dgguhvv wklv lvvxh1

Ehiruh xqghuwdnlqj wklv wdvn/ vrph whfkqlfdo sureohpv kdyh wr eh wdfnohg1 Wkh �uvw
sureohp frqfhuqv wkh frqwlqxlw| ri wkh vroxwlrq sdwkv1 E| htxdwlrq +46, dqg e| Sursrvl0
wlrq 6/ lw lv fohdu wkdw surylghg wkh lqlwldo ixqfwlrq �fE|� lv frqwlqxrxv/ wkh vroxwlrq sdwkv
duh dovr frqwlqxrxv h{fhsw hyhqwxdoo| dw wkh vr0fdoohg phvksrlqwv/ ?A �/ ? � f1 Rqh fdq
vkrz vwudljkwiruzdugo| wkdw wkh olplwv ri wkh vroxwlrq sdwkv jlyhq e| wkh lqwhjudo h{suhv0
vlrqv +4:, dw wkh phvksrlqwv duh lqghhg htxdo wr wkh ydoxhv ri mre fuhdwlrq �?EE?� ��A ��
uhsruwhg lq Sursrvlwlrq 61 Krzhyhu/ lw lv fohdu wkdw lq jhqhudo wkh vroxwlrq sdwkv vkrxog
h{klelw d mxps dw | ' f zlwk uhvshfw wr wkh lqlwldo ixqfwlrq �fE|�/ vlqfh wkh olplw ri �fE|�
zkhq | jrhv wr }hur qhhgv qrw eh htxdo wr wkh ydoxh ri �Ef� jlyhq e| +46, hydoxdwhg dw
| ' f1 Wkh rffxuuhqfh ri mxpsv dw wkh lqlwldo shulrg lv lqghhg rqh ri wkh prvw shfxoldu
surshuwlhv ri wkh prgho dv lw zloo eh vkrzq odwhu1

Wkh vhfrqg sureohp lv pruh ixqgdphqwdo dqg kdv wr gr zlwk wkh lpsohphqwdelolw| ri
wkh rswlpdo frqvwdqw vfudsslqj uxoh A �1 Lq Gh�qlwlrq 4/ zh kdyh lpsolflwo| dvvxphg wkdw
zh fdq lpsohphqw wkh lqwhulru vroxwlrq A E|� ' A �/ ehjlqqlqj dw | ' f1 Dfwxdoo|/ jlyhq
wkh vwuxfwxuh ri rxu prgho/ wkh lqwhulru vroxwlrq pd| qrw eh lpsohphqwdeoh vwduwlqj dw
| ' f iru fhuwdlq lqlwldo sur�ohv/ l1h1/ iru fhuwdlq lqlwldo ixqfwlrqv �fE|� 1 Iru h{dpsoh/ li
ixqfwlrq �fE|� wdnhv kxjh ydoxhv rq wkh lqwhuydo d�A �c f�/ wkh frqglwlrq ��E|� � f� zloo
eh ylrodwhg dqg zh fdqqrw lpsohphqw wkh lqwhulru vroxwlrq vwduwlqj dw | ' f1 Lw lv qrw
gl!fxow wr vkrz wkdw lq vxfk fdvhv wkh lqwhulru vroxwlrq fdq eh lpsohphqwhg diwhu d �qlwh
wlph dgmxvwphqw shulrg +iru vrph lqvljkw lqwr wklv lvvxh/ vhh Erxfhnnlqh hw do1 +4<<:0d,,1
Jlyhq wkh remhfwlyhv ri wklv sdshu/ zh irfxv rq wkh vlwxdwlrqv zkhuh wkh lqwhulru vroxwlrq
A E|� ' A � lv lpsohphqwdeoh iurp wkh ehjlqqlqj dqg wr wklv hqg/ zh vhw wkh iroorzlqj
frqglwlrq rq wkh lqlwldo glvwulexwlrq ri mrev=

Dvvxpswlrq 6 Wkh lqlwldo ixqfwlrq �f E|� lv srvlwlyh hyhu|zkhuh dqg fkhfnv

f 	

] A �

f

�f E� � A �� g� 	 ��
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E| +;,/ Dvvxpswlrq 6 lpsolhv wkdw f 	 � Ef� 	 �1 Zh vkrz qrz wkdw Dvvxpswlrq 6
lpsolhv wkdw f 	 � E|� 	 �/ ;| � f/ ru htxlydohqwo| wkdw f 	 � E|� 	 &2E|�/ ;| � f/ e|
+;,0+<,1

Sursrvlwlrq 7 Xqghu Dvvxpswlrq 6/ wkh vroxwlrq sdwkv ri wkh GGH +48, fkhfn iru dq|
| � f=

f 	 � E|� 	 &2E|��

Surri = Wkh vwulfw srvlwlylw| lv reylrxv jlyhq wkh dqdo|wlfdo irup ri wkh vroxwlrqv surgxfhg
e| wkh phwkrg ri vwhsv1 Zh suryh wkh rwkhu lqhtxdolw| e| lqgxfwlrq rq wkh vxffhvvlyh
lqwhuydov U?1 Zh zloo vkrz wkdw wkh sursrvlwlrq lv wuxh iru U�/ wkh h{whqvlrq wr wkh srvwhulru
lqwhuydov ehlqj wulyldo e| frqvwuxfwlrq1 Iluvw qrwh wkdw � Ef� 	 &2Ef� e| Dvvxpswlrq 61
Wkh vroxwlrq rq dfc A �o +qrwh wkdw wkh frqwlqxlw| ri wkh vroxwlrq sdwkv doorzv xv wr xvh
forvhg lqwhuydov dqg zh zloo gr vr khuhdiwhu, lv jlyhq e| htxdwlrq +4:, dw ? ' �=

�E|� ' ��E|� ' >�E|�

�
�Ef� n

] |

f

&2E��

>�E��
�fE� � A �� g�

�

zlwk

� Ef� ' &2Ef�

�
��

] A�

f

�f E� � A �� g�

�
c

dqg >�E|� ' i T
�U |

f
&�E�� g�

�
1

Xvlqj +49,/ zh fdq uhzulwh >�E|� dqg �E|� lq whupv ri &2E|� dffruglqj wr

>�E|� '
&2E|�

&2Ef�
i T

�
�
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f

&2E�� g�
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dqg
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&2Er�_r
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�fE� � A �� g�c

zlwk � '
U A �

f
�f E� � A �� g� 1 E| Dvvxpswlrq 6/ zh kdyh f 	 � 	 �1 Pruhryhu/ e|

gh�qlwlrq ri ixqfwlrq &2E|�0 htxdwlrq +47,0 dqg xqghu Dvvxpswlrq 5/ &2E|� : f/ ;|1 Wkxv/
;| lq dfc A �o/] |

f

i T

�
�

] |

�

&2Er�_r
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�fE� � A �� g� 	
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dqg
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zklfk suryhv wkh ghvluhg lqhtxdolw| rq wkh lqwhuydo dfc A �o1 E| frqvwuxfwlrq ri wkh vroxwlrq
sdwk +Sursrvlwlrq 6,/ wkh vdph dujxphqwv fdq eh xvhg wr suryh wkh lqhtxdolw| iru wkh
vxevhtxhqw lqwhuydov1�

Dq reylrxv fruroodu| ri wkh suhylrxv sursrvlwlrq lv=

Fruroodu| 4 Xqghu Dvvxpswlrq 6/ dq| vroxwlrq ri wkh GGH +48, lv erxqghg1

Vlqfh &2E|� lv erxqghg/ Sursrvlwlrq 7 lpsolhv wkdw mre fuhdwlrq vroxwlrq sdwkv vkrxog
eh erxqghg li Dvvxpswlrq 6 lv vdwlv�hg1

7 G|qdplfv dqg dv|pswrwlf surshuwlhv ri mre fuh0

dwlrq xqghu frqvwdqw s+w,

Lw uhpdlqv wr dqdo|}h wkh g|qdplfv ri wkh prgho/ zklfk duh vkrzq wr ghshqg rq wkh ydoxhv
ri wkh hqgrjhqrxv dqg h{rjhqrxv shulrgv/ A � dqg l uhvshfwlyho|1 Vlqfh zh dovr dlp dw
glvfulplqdwlqj vrphzkdw ehwzhhq wkh uhvxowlqj hqgrjhqrxv dqg h{rjhqrxv  xfwxdwlrqv/
zh �uvw vwxg| wkh ghfhqwudol}hg hfrqrp| lq wkh devhqfh ri h{rjhqrxv  xfwxdwlrqv/ l1h1
zlwk RE|� ' Rf/ ;|1 Wkh GGH +48, ehfrphv=

�� E|� ' q� E� E|� A ��� � E|�� c +4;,

zlwk q� d srvlwlyh frqvwdqw htxdo wr qf

�
h3�A

�

� Rf
�
1 Reylrxvo|/ zh fdq xvh dv zhoo wkh

phwkrg ri vwhsv wr ghdo zlwk wklv sduwlfxodu fdvh1 Krzhyhu/ wklv dssurdfk lv rqo| xvhixo
iru ghulylqj wkh vkruw uxq g|qdplfv ri rxu prgho dqg odfnv lqwhuhvw iru wkh dv|pswrwlf
vwdelolw| dqdo|vlv ri wkh vroxwlrq sdwkv1 Wklv wdvn fdq eh hdvlo| xqghuwdnhq xvlqj Odsodfh
wudqvirup whfkqltxhv dv ghwdlohg lq Ehoopdq dqg Frrnh +4<96,/ fkdswhuv 6 dqg 45 +vhh
dovr Ehqkdele dqg Uxvwlfklql +4<<4,/ iru hduolhu dssolfdwlrqv ri wkhvh whfkqltxhv wr ylqwdjh
prghov,1 Wklv dssurdfk lv xvhixo iru dv|pswrwlf vwdelolw| dvvhvvphqw/ ehfdxvh lw frqvlvwv
lq zulwlqj wkh vroxwlrqv dv vxpv ri h{srqhqwldo whupv1 Dsso|lqj wkhvh whfkqltxhv wr wkh
sduwlfxodu GGH +4;,/ lw |lhogv=

Sursrvlwlrq 8 Iru dq| lqlwldo ixqfwlrq �fE|�/ wkh vroxwlrq sdwk ri htxdwlrq +4;, fdq eh
zulwwhq dv wkh vxp ri dq h{srqhqwldo sro|qrpldo h{sdqvlrq ri wkh irup[

Ro E|� hro|c

zkhuh iroj lv dq| vhtxhqfh ri urrwv ri wkh wudqvfhqghqwdo ixqfwlrq=

'Er� ' rn q� � q�h
3rA�

c

dqg Ro E|� lv d sro|qrpldo ri ghjuhh ohvv wkdq wkh pxowlsolflw| ri ro1 Lqghhg=
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l, Wkh urrwv ri ixqfwlrq 'Er� duh doo vlpsoh/ vr wkdw wkh sro|qrpldov RoE|� duh frqvwdqwv
ghwhuplqhg e| wkh lqlwldo ixqfwlrq �fE|�1

ll, H{fhsw wkh wulyldo urrw r ' f/ doo wkh urrwv ri 'Er� kdyh vwulfwo| qhjdwlyh uhdo sduw dqg
qrq}hur lpdjlqdu| sduw1

Surri = Wkh �uvw sduw ri wkh wkhruhp/ wkh h{srqhqwldo sro|qrpldo irup ri wkh vroxwlrqv
lv d gluhfw dssolfdwlrq ri Wkhruhp 617 ri Ehoopdq dqg Frrnh +4<96,1 Surshuwlhv l, dqg
ll, fdq eh ghprqvwudwhg xvlqj wkh iroorzlqj gluhfw surri1< Iluvw/ qrwh wkdw 'Er� fdqqrw
dgplw pxowlsoh urrwv1 D pxowlsoh urrw h{lvwv li dqg rqo| li lw h{lvwv d frpsoh{ qxpehu r
vxfk wkdw 'Er� ' '�Er� ' f/ dqg wklv lv lpsrvvleoh dv orqj dv � n q�A

� i TE� n q�A
�� lv

vwulfwo| srvlwlyh1 Vlqfh q� : f/ doo wkh urrwv ri 'Er� duh vlpsoh1

Wr suryh surshuw| ll,/ zh vhw dv xvxdo r ' %n � + zlwk E%c +� d frxsoh ri uhdo qxpehuv
dqg �2 ' ��1 'Er� ' f lpsolhv

% ' q� e
3% A�

ULtE+ A ��� q�

+ ' q� e
3% A�

t�?E+ A ���

Lw lv wkhq wulyldo wr vhh wkdw % : f lv lpsrvvleoh vlqfh lw lpsolhv h% A �

	 ULtE+ A ��1 Vr/
% � f1 Zh qrz wxuq wr vkrz wkdw wkh xqltxh uhdo urrw lv wkh wulyldo urrw r ' f1 Lqghhg/ li
+ ' f/ zh jhw % ' q�Eh

3%A �

� ��/ zklfk lv lqfrqvlvwhqw zlwk wkh vwulfw qhjdwlylw| ri %1 �

Wkh suhylrxv sursrvlwlrq doorzv xv wr frqfoxgh iru wkh iroorzlqj dv|pswrwlf vwdelolw|
uhvxow=

Fruroodu| 5 Iru dq| lqlwldo srvlwlyh ixqfwlrq �fE|�/

*�4
|<"

�E|� ' �c

zlwk

� '
q�

� n q�A
�
�

Pruhryhu/ frqyhujhqfh wr � lv rvfloodwru|1

Wkh fruroodu| lv d gluhfw frqvhtxhqfh ri Sursrvlwlrq 81 � lv wkh vwhdg| vwdwh ydoxh ri mre
fuhdwlrq dqg � ' �

�nq
�
A �

lv wkh vwhdg| vwdwh ydoxh ri wkh xqhpsor|phqw udwh/ ehlqj erwk

frpsxwhg vlpxowdqhrxvo| irup wkh v|vwhp +;,0+<, hydoxdwhg dw A E|� ' A �/ �E|� ' � dqg
�E|� ' �1

<D gluhfw surri ri surshuw| ll, lv doorzhg khuh ehfdxvh ri wkh vshfldo irup ri ixqfwlrq T+v,/ zklfk lv
lq wxuq gxh wr wkh vshfldo irup ri wkh GGH +4;,1 Iru jhqhudo vfdodu GGH zlwk d vlqjoh frqvwdqw ghod|/
rqh frxog xvh Kd|hv wkhruhp +vhh Ehoopdq dqg Frrnh +4<96,/ sdjhv 4760477,1
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Iljxuh 4= Wudqvlwlrqdo g|qdplfv xqghu frqvwdqw lqlwldo frqglwlrqv dqg frqvwdqw RE|�
Wkh juh| olqh lv wkh h{rjhqrxv sulfh dqg wkh gdun olqh lv mre fuhdwlrq

Sursrvlwlrq 8 dqg Fruroodu| 5 hvwdeolvk wkh h{lvwhqfh ri qrq0prqrwrqlf vroxwlrq sdwkv1
Qrwh wkdw wkh rewdlqhg  xfwxdwlrqv duh sxuho| hqgrjhqrxv vlqfh wkh| uhvxow h{foxvlyho|
iurp lqyhvwphqw uhsodfhphqw dfwlylwlhv1 Iljxuh 4 vkrzv wkh vkruw uxq dgmxvwphqw wr wkh
vwhdg| vwdwh ydoxh � iru wzr frqvwdqw mre fuhdwlrq lqlwldo sur�ohv143 Lq sdqho +d,/ mre
fuhdwlrq zdv uhodwlyho| orz lq wkh uhfhqw sdvw klvwru|/ zklfk lpsolhv wkdw dw wlph }hur
xqhpsor|phqw lv uhodwlyho| kljk1 Dq lqlwldoo| kljk xqhpsor|phqw udwh vwlpxodwhv mre
fuhdwlrq dw wkh ehjlqqlqj1 Wklv lqlwldo errp lv uhsurgxfhg odwhu gxh wr uhsodfhphqw
hfkrhv1 Dv wlph sdvvhv/ hfkrhv whqg wr ydqlvk dqg mre fuhdwlrq whqgv wr lwv vwhdg| vwdwh
vroxwlrq1 Sdqho +e, suhvhqwv wkh rssrvlwh fdvh/ zkhq mre fuhdwlrq zdv uhodwlyho| kljk lq
wkh uhfhqw sdvw klvwru|1

Lw lv zruwk srlqwlqj rxw wkdw/ lq wkh fdvh ri wkh ghfhqwudol}hg hfrqrp|/ wkhvh  xfwxd0
wlrqv ydqlvk lq wkh orqj uxq1 Lq wkh fhqwudo sodqqhu frxqwhusduw ri wkh prgho/ xqhpsor|0
phqw lv }hur dqg rvfloodwlrqv rq mre fuhdwlrq duh hyhuodvwlqj/ h{dfwo| dv lq Erxfhnnlqh hw
do1 +4<<:0d,1 Wklv lv d sx}}olqj uhvxow= Lqh!flhqf| lpsolhv wkdw orqj uxq  xfwxdwlrqv
glvdsshdu1

Zkdw kdsshqv li wkh ghfhqwudol}hg hfrqrp| lv shupdqhqwo| d�hfwhg e| h{rjhqrxv
 xfwxdwlrqvB Li wkh h{rjhqrxv sulfh RE|� iroorzv wkh shulrglf prwlrq +45,/ rqh zrxog
h{shfw wkdw wkh mre fuhdwlrq orqj uxq g|qdplfv zrxog eh shulrglf zlwk shulrgl/ wkh shulrg
ri RE|�/ vlqfh wkh hqgrjhqrxv uhsodfhphqw hfkrhv zloo qrw rshudwh lq wkh orqj uxq dffruglqj
wr wkh uhvxowv ri wklv vhfwlrq1 Lq wkh iroorzlqj zh vwxg| wkh pdwkhpdwlfdo uhohydqfh ri
wklv suhglfwlrq1 Lqghhg/ uhsodfhphqw hfkrhv dqg wkh h{rjhqrxvo| gulyhq  xfwxdwlrqv pd|
lqwhudfw lq vxfk d zd| wkdw wkh uhvxowlqj g|qdplfv duh pxfk pruh frpsolfdwhg wkdq

43Lq doo wkh �jxuhv/ wkh vkruw uxq g|qdplfv lv vroyhg xvlqj wkh phwkrg ri vwhsv irupdol}hg lq Sursrvlwlrq
61 Lq doo rxu qxphulfdo h{shulphqwv/ wkh wlph shulrg lv rqh |hdu dqg wkh sdudphwhuv duh vxssrvhg wr eh
� @ 3=8/ � @ 3=36 dqg � @ 3=38/ zklfk lpsolhv wkdw W r lv durxqg 46=; |hduv1 Lq wklv vhfwlrq/ wkh h{rjhqrxv
sulfh lv vxssrvhg wr eh frqvwdqw dqg htxdo wr 3=39781 Wkh fruuhvsrqglqj ydoxh iru k lv durxqg 3=39781
Iru suhvhqwdwlrq sxusrvhv/ wkh h{rjhqrxv sulfh zdv fkrvhq lq rughu wr kdyh k dssur{lpdwho| htxdo wr lw1
Lq Iljxuhv 4 +d, dqg +e, k3+w, zdv dvvxphg wr eh frqvwdqw dqg htxdo wr 3=39 dqg 3=3:/ uhvshfwlyho|1
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suhglfwhg deryh1 Lq wklv uhvshfw/ wkh udwlr ri wkh hqgrjhqrxv wr wkh h{rjhqrxv shulrg/
qdpho| A

�

l
/ lv fuxfldo/ dv lw lv ghwdlohg lq wkh qh{w vhfwlrq1

8 G|qdplfv ri mre fuhdwlrq xqghu h{rjhqrxv  xfwx0

dwlrqv

Li RE|� iroorzv wkh shulrglf prwlrq +45,/ mre fuhdwlrq lv jlyhq e| wkh olqhdu GGH +48,/ zlwk
shulrglf frh!flhqwv1 Vxfk htxdwlrqv kdyh ehhq frqvlghuhg lq wkh pdwkhpdwlfdo olwhudwxuh
vlqfh wkh hduo| vl{wlhv +vhh Kdkq +4<94,/ Vwrnhv +4<95,/ dqg ]yhunlq +4<96,,1 Kdoh dqg
Yhugx|q Oxqho +4<<6,/ fkdswhu ;/ surylgh d jhqhudo wuhdwphqw iru shulrglf ixqfwlrqdo
gl�huhqwldo htxdwlrqv/ d fodvv ri htxdwlrqv zklfk lqfoxghv GGHv1 Wkh pdlq lghd dw wkh
edvlv ri wkh uhvroxwlrq vfkhph frqvlvwv lq wkh iroorzlqj revhuydwlrq= Jlyhq �E|� d vroxwlrq
ri +48,/ ixqfwlrq �E| n l� lv dovr d vroxwlrq1 H{sorlwlqj wklv lqyduldqfh surshuw|/ zh
gh�qh wkh ixqfwlrqdo rshudwru N pdsslqj wkh vhw ri vroxwlrqv ri +48, lqwr lwvhoi/ vxfk
wkdw gE��E|� ' �E| n l� iru dq| srvlwlyh |1 Dq hljhqydoxh ri gE�� lv d frpsoh{ qxpehu
b vxfk wkdw wkhuh h{lvwv d ixqfwlrq �E�� fkhfnlqj = gE��E|� ' b �E|�/ ;| � f1 Vxfk d
ixqfwlrq �E�� lv fdoohg dq hljhqixqfwlrq ri gE�� dvvrfldwhg zlwk wkh hljhqydoxh b1 Zh fdq
suryh wkdw wkh vhw ri hljhqydoxhv ri gE�� lv dw prvw frxqwdeoh/ dqg lv d frpsdfw vhw ri
wkh frpsoh{ sodqh zlwk wkh rqo| srvvleoh dffxpxodwlrq srlqw ehlqj }hur +vhh Kdoh dqg
Yhugx|q Oxqho +4<<6,/ fkdswhu ;,1 Lw fdq dovr eh vkrzq wkdw dq| vxevsdfh iruphg e| wkh
hljhqixqfwlrqv dvvrfldwhg zlwk d jlyhq hljhqydoxh +ru hljhqvsdfh, lv �qlwh glphqvlrqdo dqg
lv lqyduldqw xqghu gE�� +vhh dovr Kdoh dqg Yhugx|q Oxqho +4<<6,/ fkdswhu ;,1 Iroorzlqj
d vlpsoh olqhdu dojheud lqwxlwlrq/ rqh frxog wu| wr rewdlq wkh vroxwlrqv ri wkh GGH xqghu
uhylhz dv h{sdqvlrqv zklfk whupv duh wkh surmhfwlrqv ri wkh vroxwlrqv lqwr wkh hljhqvsdfhv
jhqhudwhg e| wkh frpsxwhg hljhqixqfwlrqv1 Xqiruwxqdwho|/ wklv ghfrpsrvdelolw| lvvxh lv
yhu| idu iurp wulyldo dv lw lv pdgh gh�qlwho| fohdu lq Kdkq*v vhplqdo frqwulexwlrq1 Lw fdq
eh uhodwhg wr wkh fodvvlfdo sureohp ri Iortxhw uhsuhvhqwdwlrq dulvlqj lq shulrglf g|qdplf
v|vwhpv +vhh Idundv +4<<7,/ fkdswhu 5,1 Wr xqghuvwdqg wklv/ wkh iroorzlqj sursrvlwlrq lv
xvhixo=

Sursrvlwlrq 9 Dq| qrq}hur hljhqydoxh b fdq eh zulwwhq dv b ' h> l zlwk > d frqyhqlhqwo|
fkrvhq frpsoh{ qxpehu1 b lv dq hljhqydoxh ri wkh rshudwru gE�� li dqg rqo| li wkh GGH
+48, kdv d qrq}hur vroxwlrq �E|� ' ^E|� h> | zkhuh ^E|� lv l0shulrglf1

Wkh iroorzlqj fruroodu| ri wklv sursrvlwlrq zloo eh prvw khosixo odwhu=

Fruroodu| 6 Wkh GGH +48, kdv d qrq}hur l0shulrglf vroxwlrq li dqg rqo| li lw kdv � dv
dq hljhqydoxh1 Wkh l0shulrglf vroxwlrqv ri +48, duh wkh hljhqixqfwlrqv dvvrfldwhg zlwk wkh
xqlw hljhqydoxh1
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Sursrvlwlrq 9 dqg lwv fruroodu| duh wkh vwdwhphqwv ri vrph zhoo nqrzq surshuwlhv +vhh
iru h{dpsoh Ohppd 415/ sdjh 56:/ lq Kdoh dqg Yhugx|q Oxqho +4<<6,/ dqg Fruroodu| :1819/
sdjh 7;9/ lq Idundv +4<<7,, dssolhg wr rxu sduwlfxodu GGH +48,1 b lv vrphwlphv fdoohg d
Iortxhw pxowlsolhu dqg wkh uhsuhvhqwdwlrq �E|� ' ^E|� h>| lv fdoohg d Iortxhw uhsuhvhqwdwlrq1
E| wkh surshuw| ri lqyduldqfh ri wkh hljhqvsdfhv xqghu wkh rshudwru g vwdwhg mxvw deryh/
rqh fdq hdvlo| vkrz wkdw li wkh GGH lv lqlwldol}hg lq dq hljhqvsdfh/ wkh vroxwlrq zloo dgplw
wkh Iortxhw uhsuhvhqwdwlrq jlyhq lq Sursrvlwlrq 91 Zh vd| wkdw wkh uhvwulfwlrq ri wkh
GGH wr hdfk +�qlwh glphqvlrqdo, hljhqvsdfh kdv d Iortxhw uhsuhvhqwdwlrq1 Zkhq wkh
lqlwldol}dwlrq lv wdnhq lq wkh zkroh lq�qlwh glphqvlrqdo vsdfh zkhuh wkh GGH rshudwhv/
rqh pd| frqmhfwxuh wkdw wkh vroxwlrq fdq eh ghyhorsdeoh lqwr d vhulhv zklfk whupv duh
ri w|sh ^E|� h>|1 Zh vkdoo dovr uhihu wr wklv dv d Iortxhw uhsuhvhqwdwlrq1 Xqiruwxqdwho|/
wkh frqmhfwxuh mxvw deryh lv idovh/ d frxqwhu0h{dpsoh lv surylghg e| Kdoh dqg Yhugx|q
Oxqho +4<<6,/ sdjh 5831 Wklv pdnhv h{wuhpho| kdug/ lq jhqhudo/ wkh dqdo|wlfdo vwxg| ri
dv|pswrwlf vwdelolw| ri shulrglf GGHv1 H{fhsw lq wkh fdvh zkhuh wkh udwlr A � lv udwlrqdo
pxowlsoh ril/ dqdo|wlfdo dvvhvvphqw vhhpv d gdxqwlqj wdvn1 Zh surylgh ehorz d wkhruhwlfdo
dqdo|vlv ri wkh �uvw fdvh/ dqg qxphulfdo h{shulphqwv zlwk wkh h{solflw phwkrg ri vwhsv
zloo eh xvhg wr vwxg| dowhuqdwlyh fdvhv1

814 Wkh Fdvh zkhuh W
�


lv lqwhjhu

81414 Orqj uxq g|qdplfv

Vhw A �

l
' &/ & ehlqj dq lqwhjhu wr hdvh rxu h{srvlwlrq1 Lqghhg/ & frxog eh dq| udwlrqdo

qxpehu juhdwhu wkdq rqh vlqfh vrph vwudljkwiruzdug yduldeoh fkdqjhv doorz wr wudqvirup
wkh �udwlrqdo pxowlsoh� fdvh lqwr dq htxlydohqw sureohp zlwk dq lqwhjhu udwlr1 Vxfk d
surshuw| lv surylghg iru h{dpsoh lq Kdkq +4<94,1 Lq rxu fdvh/ wkh hljhqixqfwlrqv dqg
hljhqydoxhv ri wkh rshudwru fdq eh frpsxwhg vwudljkwiruzdugo| xvlqj wkh idfw wkdw/ e|
gh�qlwlrq ri wkh rshudwru g/ �E|n A �� ' g&E��E|�1 Lqghhg/ zulwlqj +48, dw |n A � |lhogv=

�� E|n A �� ' &�E|n A �� � E|n A �� n &2E|n A �� � E|� c

zklfk lpsolhv wkh iroorzlqj fkdudfwhul}dwlrq ri dq hljhqixqfwlrq �E|� dvvrfldwhg zlwk wkh
hljhqydoxh b

b& �� E|� ' b&&�E|� � E|� n &2E|� � E|� c

ru

��E|� ' �bE|� �E|�c

zlwk �bE|� ' &�E|� n b3& &2E|�1 Khqfh/ wkh hljhqixqfwlrqv �E|� kdyh wkh irup=

�E|� ' �Ef� i T

�] |

f

�bE�� g�

�
c +4<,
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dqg wkh dvvrfldwhg hljhqydoxhv/ fkhfnlqj �E|nl� ' b �E|�/ duh wkh urrwv ri wkh wudqvfhq0
ghqwdo ixqfwlrq sEr� jlyhq e|

sEr� ' r� i T

�] l

f

�rE�� g�

�
�

Kdkq +4<94, vkrzv wkdw xqghu fhuwdlq frqglwlrqv/ wkh vroxwlrq ri +48, kdv d Iortxhw
uhsuhvhqwdwlrq1 Zh vwdwh wklv uhvxow dv iroorzv=

Sursrvlwlrq : Dvvxph wkdw wkh urrwv ri ixqfwlrq sEr� duh doo vlpsoh1 Jlyhq wkh lql0
wldo ixqfwlrq �fE|�/ vlqfh &2E|� lv shupdqhqwo| vwulfwo| srvlwlyh xqghu Dvvxpswlrq 5/ wkh
vroxwlrq ri wkh GGH +48, lv ghyhorsdeoh lqwr wkh iroorzlqj devroxwho| frqyhujhqw vhulhv

�E|� '
[
�

S� i T

�] |

f

�b�
E�� g�

�
c

zkhuh S� duh frqvwdqwv ghwhuplqhg e| wkh lqlwldo ixqfwlrq �fE|�/ dqg b� duh wkh urrwv ri
sEr�1

Uhpdun 4= Sursrvlwlrq : lv lqghhg d nlqg ri Iortxhw wkhruhp iru GGHv1 Wklv zloo eh
hyhq fohduhu odwhu rqfh wkh hljhqixqfwlrqv h{solflwo| zulwwhq xvlqj wkh h{dfw h{suhvvlrqv ri
&�E|� dqg &2E|�1

Uhpdun 5= Wkh vwulfw srvlwlylw| ri wkh frh!flhqw d�hfwlqj wkh odjjhg whup ri wkh GGH/
khuh &2E|�/ lv d vx!flhqw frqglwlrq iru wkh devroxwh frqyhujhqfh ri wkh vhulhv1 Vhh Kdkq
+4<94, iru d jhqhudo wuhdwphqw ri wklv sureohp1 Vhh dovr Wkhruhp 616 lq Kdoh dqg Yhugx|q
Oxqho +4<<6,/ sdjh 5831

Uhpdun 6= Qrwh wkdw wkh sursrvlwlrq lv vwdwhg xqghu wkh dvvxpswlrq wkdw doo wkh hljhq0
ydoxhv duh vlpsoh/ zklfk zloo eh vkrzq wr krog lq rxu vshfl�f fdvh1 Lq wkh suhvhqfh ri
pxowlsoh urrwv/ wkh frqvwdqwv S� kdyh wr eh uhsodfhg e| sro|qrpldo whupv lq olqh zlwk
wkh Ehoopdq0Frrnh wkhruhp iru GGHv zlwk frqvwdqw frh!flhqwv xvhg lq wkh suhylrxv
vxevhfwlrq1

Zh qrz wxuq wr vwxg| wkh urrwv ri wkh fkdudfwhulvwlf ixqfwlrq sEr�1 Jlyhq wkh dqdo|wlfdo
irup ri wklv ixqfwlrq/ zh fdq frqgxfw wkh iroorzlqj +wudglwlrqdo, wudqvirupdwlrq sEr� '

r
�
�� r3� e-Er

3��
�
zlwk -E�� '

U l

f

�
&�E�� n �&&2E��

�
g� 1 Khqfh/ wkh urrwv ri sEr� duh wkh

uhflsurfdo }hurv ri �� � h-E��/ ru wkh uhflsurfdo }hurv ri *L}E��n-E��1 Ohw xv irfxv rq wkh
odwwhu ixqfwlrq1 Sxwwlqj � 'h3� ru r 'h�/ zh jhw d pxfk vlpsohu dqg vwdqgdug htxdwlrq

� � Kf � K� h
3&� ' fc

zlwk Kf '
U l

f
&�E�� g� dqg K� '

U l

f
&2E�� g� 1 Xvlqj wkh h{dfw h{suhvvlrqv ri &�E|� dqg

&2E|� dqg wkh shulrglf prwlrq +�2,/ zh jhw

K� ' �Kf ' l qf Eh
3�A � � Rf�c

4;



zklfk xowlpdwho| doorzv wr uhzulwh wkh fkdudfwhulvwlf htxdwlrq dv iroorzv=

� n K� � K� h
3&� ' f�

Wkh odwwhu htxdwlrq kdv dq lghqwlfdo vwuxfwxuh dv wkh fkdudfwhulvwlf htxdwlrq ri wkh GGH
+4;, vwxglhg lq wkh suhylrxv vxevhfwlrq1 Lq sduwlfxodu/ surshuwlhv l, dqg ll, ri Sursrvlwlrq
8 dovr krog= Wkh urrwv � duh doo vlpsoh/ kdyh qhjdwlyh uhdo sduwv dqg qrq}hur lpdjlqdu|
sduwv/ h{fhsw wkh wulyldo urrw � ' f1 Wkhq/ zh fdq frqfoxgh iru wkh iroorzlqj dv|pswrwlf
ehkdylru ri wkh vroxwlrqv=

Sursrvlwlrq ; Iru dq| lqlwldo ixqfwlrq �fE|� � f/ ; | 	 f/ mre fuhdwlrq vroxwlrq sdwkv duh
dv|pswrwlfdoo| l0shulrglf1 Pruh suhflvho|/ wkh vroxwlrq sdwkv frqyhujh wr wkh olplw f|foh
# &2E|�/ zlwk # ' �

&2Ef�
dqg � gh�qhg lq Fruroodu| 51

Surri = E| Sursrvlwlrq :/ wkh vroxwlrq sdwkv duh ghyhorsdeoh lqwr vhulhv zklfk jhqhudo whup

lv S� i T
�U |

f
�b�

E�� g�
�
/ wkh surgxfw ri d frqvwdqw S� ghwhuplqhg e| wkh lqlwldo frqglwlrqv

dqg wkh hljhqixqfwlrq dvvrfldwhg zlwk dq hljhqydoxh b�1 Xvlqj wkh h{dfw h{suhvvlrqv ri
&�E|� dqg &2E|�/ zh jhw] |

f

&2E�� g� ' qf Eh
3�A � � Rf� |n

qfR�

R2
EULtER2|�� ��c

dqg ] |

f

&�E�� g� ' �

] |

f

&2E�� g� n *L}

�
&2E|�

&2Ef�

�
�

Wkxv/ e| gh�qlwlrq ri �b�
E|�/ wkh hljhqixqfwlrq ��E|� dvvrfldwhg zlwk wkh hljhqydoxh b� fdq

eh zulwwhq dv

��E|� ' i TE q2 Eb
3&
� � �� |� ��E|�c

zkhuh q2 ' qf Eh3�A
�

� Rf�/ zklfk lv vwulfwo| srvlwlyh xqghu Dvvxpswlrq 5/ dqg ��E|� d
shulrglf ixqfwlrq ri shulrg l1 Iurp wkh dqdo|vlv ri wkh urrwv ri wkh fkdudfwhulvwlf ixqfwlrq
sEr�/ zh nqrz wkdw h� ' b� vkrxog fkhfn

b3&� ' h3&� ' � n
�

K�
�

Zh fdq frqfoxgh wkdw wkh whup b3&� ��/ dsshdulqj lq wkh h{suhvvlrq ri wkh hljhqixqfwlrqv/
kdv dozd|v d qhjdwlyh uhdo sduw vlqfh doo wkh urrwv � kdyh qrqsrvlwlyh uhdo sduw dqg K� : f1
Khqfh/ wkh hljhqixqfwlrqv ��E|� ydqlvk zkhq | jrhv wr lq�qlw|/ h{fhsw wkh hljhqixqfwlrq
dvvrfldwhg zlwk wkh wulyldo urrw � ' f ru bf ' �1 Lw lv hdv| wr fkhfn wkdw wkh odwwhu
hljhqixqfwlrq �fE|� lv l0shulrglf vlqfh �fE|� lv sursruwlrqdo wr &2E|�1 Wkhuhiruh/ �E|�

4<



vkrxog frqyhujh wr d olplw ixqfwlrq ri wkh irup �f n �� &2E|�/ E�fc ��� 5 -21 Krzhyhu/
mre fuhdwlrq vkrxog fkhfn wkh vwuxfwxudo lqwhjudo htxdwlrq +46,=

� E|� ' &2E|�

�
��

] |

|3A �
� E�� _�

�
c

;| � f/ dqg wklv htxdwlrq lv rqo| frqvlvwhqw zlwk �f ' f dqg �� ' # ' �
&2Ef�

zkhq A � lv d
pxowlsoh ri l1 �

Sursrvlwlrq ; jlyhv wkh dv|pswrwlf ehkdylru ri wkh vroxwlrqv ri wkh GGH +48,1 Qrwh
wkdw e| Fruroodu| 6/ qr vroxwlrq lv l0shulrglf iurp wkh lqlwldo shulrg | ' f h{fhsw wkh
hljhqixqfwlrqv dvvrfldwhg zlwk wkh xqlwdu| hljhqydoxh1 Krzhyhu/ dv lw lv fohduo| vkrzq lq
wkh surri ri Sursrvlwlrq ;/ rqo| wkh hljhqixqfwlrq # &2E|� lv frqvlvwhqw zlwk wkh vwuxfwxudo
lqwhjudo htxdwlrq +46,1 E| gh�qlwlrq ri wkh hljhqixqfwlrqv ri wkh ixqfwlrqdo rshudwru
gE��/ xqohvv wkh lqlwldo ixqfwlrq �fE|� lv vhw htxdo wr # &2E|�/ qr l0shulrglf vroxwlrq fdq
eh rewdlqhg iurp | ' f1 Wkdw lv wr vd| wkdw wkh vhw ri lqlwldo frqglwlrqv uhtxluhg wr jhw
l0shulrglf dgplvvleoh vroxwlrqv iurp | ' f lv ri d qxoo phdvxuh1 Lqghhg/ li wkh lqlwldo
ixqfwlrq grhv qrw fruuhvsrqg wr ixqfwlrq # &2E|�/ dq dgmxvwphqw surfhvv vkrxog rffxu1
Zh vwxg| wklv dgmxvwphqw surfhvv xvlqj wkh h{solflw phwkrg ri vwhsv dv irupdol}hg e|
Sursrvlwlrq 61
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Iljxuh 5= Wudqvlwlrqdo g|qdplfv xqghu frqvwdqw lqlwldo frqglwlrqv

81415 Vkruw uxq g|qdplfv

Lq rxu fdvh vwxg|/ zh �{ l ' A
�

2
1 Zh vhw doo sdudphwhuv dw wkh vdph ydoxhv dv lq Vhfwlrq 7/

vr A � lv durxqg ���H dqg � lv durxqg f�fSeD144 Dvvxplqj wkdw qr h{rjhqrxv  xfwxdwlrqv
kdyh d�hfwhg wkh hfrqrp| lq wkh sdvw/ Iljxuhv 5 +d, dqg +e, fruuhvsrqg wr frqvwdqw lqlwldo
frqglwlrqv orzhu dqg juhdwhu wkdq wkh vwhdg| vwdwh ydoxh �/ uhvshfwlyho|1 Dv h{shfwhg/ wkh
vroxwlrq sdwkv duh qrw l0shulrglf iurp | ' f1 Lqvwhdg/ zh fdq revhuyh d txlwh uhjxodu

44s+w, lv sdudphwhul}hg dv iroorzv= s3 @ 3=3978/ s4 @ 3=34 dqg/ reylrxvo|/ s5 @ 7�

W�
1 Lq Iljxuhv 5 +d,

dqg +e,/ zh dvvxph k3+w, frqvwdqw dqg htxdo wr 3=39 dqg 3=3:/ uhvshfwlyho|1
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ehkdylru dw d iuhtxhqf| htxdo wr A / lpso|lqj wkdw/ dv lq Iljxuh 4/ vkruw uxq  xfwxdwlrqv
duh jryhuqhg pdlqo| e| uhsodfhphqw hfkrhv1 Lqghhg/ lq rxu h{shulphqwv iru A � ' 2 l/ wkh
l0shulrglf orqj uxq uhjlph lv rqo| uhdfkhg diwhu derxw wzr kxqguhgv ri shulrgv1 Zkloh
wkh gxudwlrq ri wkh dgmxvwphqw surfhvv reylrxvo| ghshqgv rq wkh pdjqlwxgh ri fhuwdlq
sdudphwhuv +lq sduwlfxodu/ rq wkh udwlr A

�

l
,/ wkh zkroh frpsxwdwlrqdo vwxg| fohduo| vkrzv

wkh suhgrplqdqfh ri uhsodfhphqw hfkrhv lq wkh vkruw uxq1

Wkhuh duh wzr pdlq gl�huhqfhv zlwk uhvshfw wr wkh hfrqrp| zlwk d frqvwdqw sur�wdelo0
lw| f|foh/ vwxg| suhylrxvo|1 Iluvw/ e| frpsdulqj sdqhov +d, lq Iljxuhv 4 dqg 5/ zh fdq
revhuyh lq Iljxuh 5/ dw wkh hqg ri hdfk A J0shulrg/ d vpdoo f|foh surgxfhg e| wkh uhdfwlrq
ri mre fuhdwlrq wr wkh h{rjhqrxv  xfwxdwlrqv lq sur�wdelolw|1 Dv wlph sdvvhv/ hfkrhv whqg
wr ydqlvk dqg wkh  xfwxdwlrqv dvvrfldwhg zlwk wkh sur�wdelolw| f|foh whqg wr grplqdwh1
Vhfrqg/ e| frpsdulqj sdqhov +d, dqg +e, ri Iljxuh 5/ rqh fdq vhh wkdw mre fuhdwlrq g|0
qdplfv duh vljql�fdqwo| dv|pphwulf1 Dv|pphwulhv duh qrw revhuyhg lq Iljxuh 4 zkhq RE|�
lv frqvwdqw1 Wkxv/ dv|pphwulhv duh gxh wr wkh frpelqdwlrq ri uhsodfhphqw hfkrhv dqg wkh
h{rjhqrxv sur�wdelolw| f|foh1
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Iljxuh 6= Wudqvlwlrqdo g|qdplfv xqghu shulrglf lqlwldo frqglwlrqv

Lq Iljxuh 6 zh vkrz wkh vkruw uxq dgmxvwphqw ri wkh vdph sdudphwul}hg hfrqrp| zlwk
shulrglf lqlwldo frqglwlrqv ri wkh irup �fE|� ' S&2E|�/ S 5 -1 Sdqho +d, fruuhvsrqgv wr
S ' #/ vkrzlqj wkdw li wkh hfrqrp| zdv lq wkh orqj uxq uhjlph ehiruh }hur/ lw vwd|v wkhuh
iruhyhu1 Lq sdqho +e, zh dvvxph wkdw lqlwldo frqglwlrqv duh mxvw 6( odujhu wkdq lq wkh orqj
uxq/ l1h1/ S ' ��f� #1 Wklv vpdoo shuwxuedwlrq pdnhv d elj gl�huhqfh= uhsodfhphqw hfkrhv
hphujh iurp wkh ehjlqqlqj dqg wkh| fohduo| grplqdwh wkh vkruw uxq g|qdplfv1 Vlqfh mre
fuhdwlrq zdv uhodwlyho| kljk lq wkh uhfhqw sdvw klvwru|/ xqhpsor|phqw lv orz dw wkh yhu|
ehjlqqlqj/ zklfk jhqhudwhv d odujh uhgxfwlrq lq mre fuhdwlrq1 D qrq0prqrwrqlf dgmxvwphqw
uhjlph wdnhv sodfh dffruglqj wr wkh vdph sulqflsoh dv lq Iljxuh 5 +e,1 Lw lv yhu| lpsruwdqw
wr qrwlfh wkdw/ wr jhw l0shulrglf vroxwlrq sdwkv dv lq Fdedoohur dqg Kdpprxu +4<<9,/ zh
qhhg yhu| vwulqjhqw lqlwldol}dwlrqv dv lq Iljxuh 6 +d,1 Pruhryhu/ vpdoo shuwxuedwlrqv ri
wkhvh lqlwldo frqglwlrqv fdxvh wkh hfrqrp| wr ghyldwh fohduo| iurp dq l0shulrglf uhjlph
lq wkh vkruw uxq +vhh Iljxuh 6 +e,,1
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815 Wkh fdvh zkhuh W �


	 �

Lw lv hdv| wr xqghuvwdqg zk| wkh vwdelolw| dqdo|vlv lv h{wuhpho| gl!fxow wr xqghuwdnh
zkhq A � lv qr orqjhu d udwlrqdo pxowlsoh ri l1 Zkloh wkh frpsxwdwlrq ri hljhqydoxhv dqg
hljhqixqfwlrqv lv txlwh vwudljkwiruzdug lq wkh fdvh A

�

l
' &/ & 5 � / rqh fdq hdvlo| vhh

wkdw hyhq wklv wdvn lv frqvlghudeo| dugxrxv zkhq wkh odwwhu dvvxpswlrq lv gursshg= Wkh
hohphqwdu| exw h!flhqw dojheudlf whfkqltxhv xvhg wr wklv hqg lq wkh suhylrxv vxevhfwlrq
duh qr orqjhu ydolg1 Dv dujxhg lq wkh lqwurgxfwlrq vhfwlrq/ wkh pdwkhpdwlfdo olwhudwxuh
grhv qrw surylgh vr idu vx!flhqwo| jhqhudo dqdo|wlfdo wrrov wr shuirup wkh vwdelolw| dqdo|vlv
ri rxu GGH +48, iru dq| A � dqg dq| l1 Wr kdyh dq lghd derxw wkh rxwfrphv ri rxu prgho
li A � lv qr orqjhu d udwlrqdo pxowlsoh ri l/ zh h{solflwo| vroyh wkh prgho zlwk & 5

�
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2
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D

�
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Iljxuh 7= Wudqvlwlrqdo g|qdplfv dqg orqj uxq uhjlph zlwk A
J

l
' �

2

0 10 20 30 40
t

(a)

0.07

0.08

760 780 800 820
t

(b)

0.0645

0.065

Iljxuh 8= Wudqvlwlrqdo g|qdplfv dqg orqj uxq uhjlph zlwk A
J

l
' �

D

45Wkh rwkhu sdudphwhuv duh wkh vdph dv lq wkh suhylrxv vxevhfwlrqv1 Wr jhqhudwh Iljxuhv 7/ 8 dqg 9/
zh wdnh k3+w, @ 3=39=
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Iljxuh 9= Dgmxvwphqw wr wkh orqj uxq uhjlph= +d, A
J

l
' �

2
dqg +e, A

J

l
' �

D

AIurp Iljxuhv 7 dqg 8 zh fdq ghgxfh wkh iroorzlqj revhuydwlrqv1 Iluvw/ iurp erwk
sdqhov +d,/ wkh vkruw uxq  xfwxdwlrqv uhjlph vhhpv wr eh lqghshqghqw ri wkh h{rjhqrxv
f|foh1 Dfwxdoo|/ wkh vroxwlrq sdwkv lq erwk sdqhov duh yhu| vlplodu wr wkh rqh sorwwhg lq
Iljxuh 4 +d, zkhq wkh sur�wdelolw| f|foh lv nhsw frqvwdqw ryhu wlph1 Khqfh/ hvshfldoo|
lq wklv fdvh/ uhsodfhphqw hfkrhv djdlq gulyh wkh vkruw uxq g|qdplfv1 Wklv lv lqghhg wkh
prvw urexvw �qglqj ri rxu qxphulfdo h{shulphqwv1 Vhfrqg/ zkloh wkh orqj uxq  xfwxdwlrqv
duh djdlq l0shulrglf/ vrph fohdu gl�huhqfhv dsshdu zlwk uhvshfw wr wkh orqj uxq uhjlph
lq Vxevhfwlrq 8141 Lqghhg lq wklv fdvh/ wkh vpdoohu lv &/ wkh vpdoohu lv irxqg wr eh wkh
pdjqlwxgh ri orqj uxq  xfwxdwlrqv/ vhh Iljxuh 7+e, dqg Iljxuh 8+e,1 Wklv lv d elj gl�hu0
hqfh zlwk uhvshfw wr wkh fdvh & 5 � / zkhuh wklv pdjqlwxgh lv lqghshqghqw ri &1 Dqrwkhu
lpsruwdqw gl�huhqfh uhvlghv lq wkh idfw wkdw zkhuhdv wkh orqj uxq l0shulrglf vroxwlrq lv
shuihfwo| qhjdwlyho| fruuhodwhg zlwk wkh h{rjhqrxv f|foh +vhh Iljxuh 6+d,,/ wklv surshuw|
grhv qrw krog zkhq & 	 � dv lw fdq eh lqihuuhg iurp Iljxuhv 7+e, dqg 8+e,1 Ilqdoo|/
wkh dgmxvwphqw surfhvv odvwv pxfk pruh wlph zkhq & 	 �1 Iru h{dpsoh/ wkh dgmxvwphqw
surfhvv lv derxw wkuhh wlphv orqjhu lq wkh fdvh & ' �

D
zlwk uhvshfw wr & ' 21 Pruhryhu/

xqolnh lq Vxevhfwlrq 814/ h{wuhpho| luuhjxodu sdwwhuqv fdq hphujh gxulqj wkh dgmxvwphqw
wr wkh orqj uxq uhjlph +vhh Iljxuh 9,1

9 Frqfoxvlrq

Wkurxjkrxw wklv sdshu/ zh kdyh wulhg wr dqdo|}h krz gr lqwhudfw hqgrjhqrxv dqg h{0
rjhqrxv  xfwxdwlrqv lq d fdqrqlfdo prgho ri fuhdwlyh ghvwuxfwlrq |lhoglqj dq lqh!flhqw
ghfhqwudol}hg htxloleulxp1 Zh dqdo|wlfdoo| vkrz wkdw mre fuhdwlrq iroorzv dq hfrqrplfdoo|
yhu| dsshdolqj ghod| gl�huhqwldo htxdwlrq +GGH, zlwk shulrglf frh!flhqwv= Wkh ghod| ri
wkh GGH lv vkrzq wr eh htxdo wr wkh rswlpdo vfudsslqj wlph/ wkh iuhtxhqf| ri hqgrjhqrxv
 xfwxdwlrqv/ dqg wkh shulrg ri wkh frh!flhqwv lv htxdo wr wkh shulrg ri dq h{rjhqrxv suri0
lwdelolw| f|foh1 Zkloh dydlodeoh/ zh xvh wkh Iortxhw wkhru| exlow xs iru GGHv wr dqdo|}h
wkh dv|pswrwlf ehkdylru ri wkh vroxwlrqv1 Zkhq wkdw lv qrw srvvleoh/ zh xvh wkh phwkrg ri
vwhsv wr qxphulfdoo| vroyh vrph frpsohphqwdu| h{shulphqwv1 Diwhu doo wkhvh pdwkhpdwlfdo
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dqg qxphulfdo h{huflvhv/ zh kdyh eurxjkw rxw wkuhh pdlq frqfoxvlrqv1 Iluvw/ uhsodfhphqw
hfkrhv vhhp wr sod| d ixqgdphqwdo uroh lq wkh vkruw uxq g|qdplfv ri mre fuhdwlrq dqg
mre ghvwuxfwlrq= wkh| fohduo| grplqdwh wkh h{rjhqrxv sur�wdelolw| f|foh1 Vhfrqgo|/ lq wkh
orqj uxq/ wkh vroxwlrq sdwkv duh gulyhq e| wkh h{rjhqrxv f|foh1 Zh pdwkhpdwlfdoo| suryh
wklv surshuw| zkhq wkh rswlpdo vfudsslqj wlph lv d udwlrqdo pxowlsoh ri wkh shulrg ri wkh
h{rjhqrxv f|foh1 Zh �qg qxphulfdoo| wkdw wklv surshuw| dovr krogv lq vrph dowhuqdwlyh
fdvhv1 Ilqdoo|/ wkh dgmxvwphqw iurp wkh uhsodfhphqw hfkrhv vkruw uxq  xfwxdwlrqv uhjlph
wr wkh h{rjhqrxv orqj uxq  xfwxdwlrqv uhjlph lv vkrzq wr glvsod| d qxpehu ri lqwhuhvwlqj
fkdudfwhulvwlfv +dv|pphwulhv dqg kljko| luuhjxodu sdwwhuqv,1

Lqflghqwdoo|/ wkh zkroh dqdo|vlv frqgxfwhg lq wklv sdshu vkrzv krz phujlqj h{rjhqrxv
dqg hqgrjhqrxv  xfwxdwlrqv pd| uhvxow lq ulfk dqg hfrqrplfdoo| lqwhuhvwlqj g|qdplfv1
Dowkrxjk wkh uhtxluhg pdwkhpdwlfdo wuhdwphqw lv qrw olnho| wr eh hdv|/ wkh srwhqwldo jdlq
iurp wklv dssurdfk ghvhuyhv frqvlghudwlrq/ dv lw r�huv d vrolg eulgjh ehwzhhq h{rjhqrxvo|
gulyhq f|fohv/ dv lq wkh UEF olwhudwxuh/ dqg wkh prvw uhfhqw Vfkxpshwhuldq vhw0xsv1

Uhihuhqfhv

Ehoopdq/ U1 dqg O1 Frrnh +4<96,/ Gl�huhqwldo0Gl�huhqfh Htxdwlrqv1 Dfdghplf Suhvv=
Qhz \run1

Ehqkdele/ M1 dqg D1 Uxvwlfklql +4<<4,/ �Ylqwdjh Fdslwdo/ Lqyhvwphqw/ dqg Jurzwk�/ Mrxu0
qdo ri Hfrqrplf Wkhru| 88/ 656066<1

Ehqkdele/ M1 dqg D1 Uxvwlfklql +4<<6,/ �Ylqwdjh Fdslwdo Prgho ri Lqyhvwphqw dqg Jurzwk=
Wkhru| dqg Hylghqfh�/ Lq Ehfnhu U1 hw do +hgv1,/ Jhqhudo Htxloleulxp/ Jurzwk dqg
Wudgh1 LL Wkh Ohjdf| ri Olrqho Z1 Pfnhq}lh1 Dfdghplf Suhvv= Qhz \run1

Erxfhnnlqh/ U1/ P1 Jhupdlq dqg R1 Olfdqgur +4<<:0d,/ �Uhsodfhphqw Hfkrhv lq wkh
Ylqwdjh Fdslwdo Jurzwk Prgho�/ Mrxuqdo ri Hfrqrplf Wkhru| :7/ 666067;1

Erxfhnnlqh/ U1/ R1 Olfdqgur dqg F1 Sdxo +4<<:0e,/ �Gl�huhqwldo0Gl�huhqfh Htxdwlrqv lq
Hfrqrplfv= Rq wkh Qxphulfdo Vroxwlrq ri Ylqwdjh Fdslwdo Jurzwk Prghov�/ Mrxuqdo ri
Hfrqrplf G|qdplfv dqg Frqwuro 54/ 67:06951

Erxfhnnlqh/ U1/ P1 Jhupdlq/ R1 Olfdqgur dqg D1 Pdjqxv +4<<;,/ �Fuhdwlyh Ghvwuxfwlrq/
Lqyhvwphqw Yrodwlolw| dqg wkh Dyhudjh Djh ri Fdslwdo�/ Mrxuqdo ri Hfrqrplf Jurzwk/
iruwkfrplqj1

Fdedoohur/ U1 dqg P1 Kdpprxu +4<<9,/ �Rq wkh Wlplqj dqg H!flhqf| ri Fuhdwlyh Gh0
vwuxfwlrq�/ Txduwhuo| Mrxuqdo ri Hfrqrplfv 444/ ;380;841

Frjoh|/ W1 dqg M1 Qdvrq +4<<8,/ �Rxwsxw G|qdplfv lq Uhdo0Exvlqhvv0F|foh Prghov�/
Dphulfdq Hfrqrplf Uhylhz ;8/ 7<508451
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Frroh|/ W1/ M1 Juhhqzrrg dqg P1 \rurnrjox +4<<:,/ �Wkh Uhsodfhphqw Sureohp�/ Mrxuqdo
ri Prqhwdu| Hfrqrplfv 73/ 78:07<<1

Gdylv/ V1 dqg M1 Kdowlzdqjhu +4<<5,/ �Jurvv Mre Fuhdwlrq/ Jurvv Mre Ghvwuxfwlrq/ dqg
Hpsor|phqw Uhdoorfdwlrq�/ Txdwhuo| Mrxuqdo ri Hfrqrplfv 43:/ ;4<0;971

Gdylv/ V1/ M1 Kdowlzdqjhu dqg V1 Vfkxk +4<<9,/ Mre Fuhdwlrq dqg Ghvwuxfwlrq1 Wkh PLW
Suhvv= Fdpeulgjh1

Idundv/ P1 +4<<7,/ Shulrglf Prwlrqv1 Vsulqjhu0Yhuodj= Qhz \run1

Judqgprqw/ M1P1 +4<;8,/ �Rq Hqgrjhqrxv Frpshwlwlyh Exvlqhvv F|fohv�/ Hfrqrphwulfd
86/ <<8043781

Kdkq/ Z1 +4<94,/ �Rq Gl�huhqfh Gl�huhqwldo Htxdwlrqv zlwk Shulrglf Frh!flhqwv�/ Mrxu0
qdo ri Pdwkhpdwlfdo Dqdo|vlv dqg Dssolfdwlrqv 6/ :304341

Kdoh/ M1 dqg V1 Yhugx|q Oxqho +4<<6,/ Lqwurgxfwlrq wr Ixqfwlrqdo Gl�huhqwldo Htxdwlrqv1
Vsulqjhu0Yhuodj= Qhz \run1

Kxdqj/ \1V1 dqg M1 Pdoohw0Sduhw +4<<5,/ �Wkh Lq�qlwh Glphqvlrqdo Yhuvlrq ri wkh Iortxhw
Wkhruhp�/ Plphr/ Eurzq Xqlyhuvlw|/ Surylghqfh1

N|godqg/ I1 dqg H1 Suhvfrww +4<;5,/ �Wlph wr Exlog dqg Djjuhjdwh Ioxfwxdwlrqv�/ Hfrqr0
phwulfd 83/ 46780:31

Vrorz/ U1/ M1 Wrelq/ F1 Yrq Zhl}vdfnhu dqg P1 \ddul +4<99,/ �Qhrfodvvlfdo Jurzwk zlwk
Il{hg Idfwru Sursruwlrqv�/ Uhylhz ri Hfrqrplf Vwxglhv 66/ :<04481

Vwrnhv/ D1 +4<95,/ �D Iortxhw Wkhru| iru Ixqfwlrqdo Gl�huhqwldo Htxdwlrqv�/ Surfhhglqjv
ri Wkh Qdwlrqdo Dfdghp| ri Vflhqfhv 7;/ 4663046671

ydq Klowhq/ R1 +4<<4,/ �Wkh Rswlpdo Olihwlph ri Fdslwdo Htxlsphqw�/ Mrxuqdo ri Hfr0
qrplf Wkhru| 88/ 77<07871

Zhq/ \1 +4<<;,/ �Lqyhvwphqw f|fohv�/ Mrxuqdo ri Hfrqrplf G|qdplfv dqg Frqwuro 55/
446<044981

]yhunlq/ D1 P1 +4<96,/ �Rq wkh Frpsohwhqhvv ri wkh Hljhqvroxwlrqv ri dq Htxdwlrq zlwk
Odjv dqg Shulrglf Frh!flhqwv�/ Wuxg| Vhplqdud 5/ <704441
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