The long-term impact of trade
with firm heterogeneity
G. Ourens
Discussion Paper 2017-4

The long-term impact of trade with firm
heterogeneity*
Guzmán Ourens
September 2016

Abstract
After the emergence and development of heterogeneous firm trade models,
some (most notably Arkolakis, Costinot and Rodriguez-Clare 2012, ACR) have
argue that a family of these models (e.g. a Melitz-type model with Pareto
distributed firms) do not add to the evaluation of welfare eﬀects of freer trade.
In this paper we expand that model in two directions: we introduce a very
simple growth mechanism and we allow for asymmetric countries. Introducing
simple dynamics in the heterogeneous firm model adds new static and dynamic
eﬀects to the well-known decrease in prices that increases welfare in the static
model. The constant level of nominal expenditure is aﬀected as firm selection
changes the average value of firms which modifies consumers’ resource constraint.
The growth rate of real consumption is also aﬀected by firm selection since
greater average eﬃciency means a larger amount of resources are required to
create a new variety. Country asymmetry yields diﬀerentiated results between
countries. We provide a welfare formula comparable to that in ACR to show
how the new mechanisms can interplay in our model and highlight the eﬀects
of firm heterogeneity in this context. In all cases net welfare results depend
on parameter values which highlights how much welfare evaluations depend on
region’s characteristics.

Keywords: firm heterogeneity; expanding varieties; asymmetric countries; welfare.
JEL Classification Numbers: F12, F15, H32, O40.

*I

gratefully acknowledge financial support from Fonds Nationale de la Recherche Scientifique
(Belgium). I am thankful to Raouf Boucekkine, Hélène Latzer, Florian Mayneris, Mathieu Parenti,
Frédéric Robert-Nicoud, Marcel Vaillant, Gonzague Vannoorenberghe, Yasusada Murata, Svetlana
Demidova and participants in seminars at the Université catolique de Louvain, Aix-Marseille School
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Introduction

A standard result in the Heterogeneous Firm Trade (HFT) model is the increase in
welfare of all parties involved following trade liberalization. In Melitz (2003) and
Helpman et al. (2004), openness provides incentives for the most eﬃcient firms in the
industry to export and expand while low-productivity firms are forced-out by tougher
competition, in a process of firm selection. As a result, resources move from the latter
firms to the former, average eﬃciency in the industry increases and welfare rises due
to the subsequent reduction of the price index. The HFT model has been extensively
used over the last decade to account for many previously unexplained facts in trade
literature but a static approach has prevailed.
The present paper shows that welfare conclusions may not be as straightforward
when simple dynamics are introduced in the analysis as new static and dynamic eﬀects
add to the well known reduction in prices. Allowing agents to save resources in any
given moment implies their consuming possibilities can be modified by freer trade if
firm selection aﬀects the activity towards which savings are directed. In the present
model, savings go to the sector that creates knowledge which is demanded by final
producers, so firm selection has an eﬀect over saving returns. Openness produces
dynamic eﬀects as long as it impacts the rate at which new varieties are introduced
in the economy, which determines the rate at which prices decrease over time. In
the present model, firm selection aﬀects the average amount of knowledge required
by firms to develop new varieties, which alters the amount of resources that must
be devoted to research activities and therefore aﬀects the variety growth rate. In
all cases analysed here, net welfare results depend on parameter values representing
countries characteristics, a conclusion often underlined by the empirical research on
welfare eﬀects of trade liberalization.
This paper contributes to a growing literature evaluating the eﬀects of freer trade
in dynamic HFT models. It introduces expanding variety growth as in Grossman and
Helpman (1991) into a North-South setting were firms are heterogeneous. Among
the papers introducing dynamics into the HFT model, the closest to this paper is
Baldwin and Robert-Nicoud (2008) where expanding varieties growth is inserted into
a HFT model la Helpman et al. (2004) in a context of country symmetry. Other
works with similar proposals are Gustafsson and Segerstrom (2010) or Dinopoulos and
Unel (2011). As opposed to these contributions the model in the present paper allows for country asymmetries and introduces a traditional sector that enables resource
reallocation between industries in addition to the usual within-sector reallocation of
the HFT model.1 Previous works allowing for diﬀerences in size and technology between countries are Demidova (2008), Baldwin and Forslid (2010) or Demidova and
Rodrı́guez-Clare (2013) respectively. Models in those works are static so most of the
welfare channels explored in the present paper are absent in them. Indeed, welfare
results in all these papers are completely driven by movements in the price index.
Moreover Baldwin and Forslid (2010) there is no room for welfare losses, while this is
possible in the present model.
Welfare eﬀects of freer trade in the dynamic HFT model proposed here diﬀer
greatly from those in static models, even when countries are assumed symmetric.
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Another stream of dynamic HFT models have adopted a somehow diﬀerent approach. Atkeson
and Burstein (2010) allow diﬀerentiated-good producers to invest in innovations turning growth into
the result of firm’s strategic decisions. This choice, also followed by others like Burstein and Melitz
(2013) or Alessandria and Choi (2014), yields rich firm dynamics that, although interesting, are
unnecessary for the purposes of this work. So far this stream of the literature has not been expanded
to asymmetric countries. This could be subject for future work.
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While in Melitz (2003) all parties experience welfare gains through a price fall, in the
present model this eﬀect is enhanced by an increase in nominal expenditure due to
higher returns from households’ savings. However, firm selection increases the average requirement of knowledge thus increasing the cost of new varieties. The resulting
negative dynamic eﬀect turns long-term welfare outcomes dependant on country characteristics represented here by exogenous parameters. A symmetric setting suﬃces to
highlight that the dynamic features of the present model bring about new channels
for welfare eﬀects absent in static models. Asymmetries in technological development
between countries add an extra layer of heterogeneity that interacts with dynamics in
the model aﬀecting welfare outcomes. A small technological lag in the South relative
to the North still yields positive static eﬀects in both countries but their magnitude
diﬀer, being greater in the North. Moreover, even though growth rates converge to a
lower value in the long term they can diﬀer in the short term. When the technological
gap is large, the South may experience a reversed firm selection that makes prices rise
and nominal expenditure fall. The negative static eﬀect in the South contrasts with a
positive eﬀect in the North. Finally, openness endogenously exacerbates specialisation
in the industry with comparative advantages of each region. The present paper is, to
the best of my knowledge, the first one exploring welfare eﬀects in a dynamic HFT
model with a North-South setting.
The present work is also related to other works evaluating welfare outcomes in
dynamic models with heterogeneous firms as Perla et al. (2015) and Sampson (2016).
In Perla et al. (2015), firms’ entry costs are expressed in terms of labour and when
liberalization raises wages, it pushes up the entry cost which reduces the amount of
varieties available and yields a unequivocally static loss. The dynamic eﬀect in their
model is always positive as openness improves the distribution of potential technologies
firms can have, so the net eﬀect depends on the parametrization of the model. In my
model, entry costs are expressed in terms of knowledge and we show that in this case
the sign of the dynamic and static eﬀects are the exact opposite as those in Perla et al.
(2015). In this sense, the contribution of this paper is to show how the sign of the eﬀects
depend on the way the free entry condition is specified.2 Sampson (2016) explores
welfare eﬀects in the case the productivity distribution of firms is positively aﬀected
by knowledge spillovers. The resulting dynamic selection introduces a new source of
gains from trade previously unexplored. My work can be seen as complementary to
his in that, acknowledging the value of endogenizing the distribution of firms, I show
that introducing simple dynamics, the HFT model presents richer welfare eﬀects than
the homogeneous firm model, even with an exogenous distribution of firms.
Finally, the present paper may also be seen as a contribution to the ongoing
discussion regarding welfare eﬀects in the HFT model. In a recent paper, Arkolakis
et al. (2012)[ACR hereafter] prove that in a class of models with certain characteristics,
gains from trade can be expressed as a function of only two arguments: the importpenetration ratio and the trade elasticity. The Armington model and the model in
Krugman (1980) belong to this family of models along with the HFT model with Pareto
distributed firms. This drives the conclusion that allowing for firm heterogeneity does
not yield new welfare eﬀects. On the other side of the debate, Melitz and Redding
(2014) argue that allowing firms to endogenously decide whether to enter a market or
not provides the HFT model with an extra adjustment margin that is eﬃcient. Then,
if both models are calibrated to yield the same welfare results for a certain level of
trade costs, the extra margin in the HFT model results in greater welfare for all other
2

An evaluation of how both mechanisms interact in theory and which prevails empirically could
be a matter of future research.
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parameter values. The conclusion is that welfare eﬀects of trade can be said to be,
not only diﬀerent, but greater in the HFT model. The present paper contributes to
this debate by showing that expanding that model to include a very simple growth
mechanism or allowing for asymmetric countries, yields welfare eﬀects that are absent
if firms are assumed homogeneous. We present welfare results in terms of the two
observables used in the well-known ACR formula and show in which way the proposed
extensions highlight the importance of firm heterogeneity.
The rest of the paper is organized as follows. Section 2 presents the model identifying the main assumptions made. Section 3 defines the Balanced Growth Path
analysed here and presents closed-form solutions for all endogenous variables under
the assumption that firms’ productivity is Pareto-distributed. Section 4 presents the
long-term welfare results of increasing openness. First, it presents results in a context of firm heterogeneity within a given country but assuming country-symmetry to
contrast these to those arising under firm homogeneity. Then, between-country heterogeneity is allowed for to show how the dynamic feature of the model aﬀects welfare
results when countries are asymmetric. Finally, section 5 concludes.

2

The model

The continuous time model is composed of two economies (North and South) indexed
by i = N, S difering only in size and degree of technological development. Each
economy features two types of final good producers: one sector (denoted M ) produces
diﬀerentiated goods and sells them to consumers in a monopolistic competition market;
the other one (sector C) produces a homogeneous good under perfect competition.
The homogeneous good is freely traded in the world market. This imposes factor price
equalization between countries as long as the C-good is produced in both. Economies
also feature an R&D sector in charge of producing the knowledge (denoted K) that
enables the production of new M -products. Each economy is endowed with a fixed
amount of labour (we assume no population growth) that has to be distributed among
the three productive activities Li = LK,i + LM,i + LC,i .
The timing of production in the M -sector is similar to that proposed in Melitz
(2003). First, diﬀerentiated good producers buy blueprints for a new variety (and
pay a sunk cost). Then they discover the productivity (1/a) they could have if they
engage monopolistic production of that new variety. With this information firms
evaluate whether it is profitable for them to incur in the extra costs of serving the
domestic market or even exporting at a greater cost. The fact that profits increase
with productivity implies that there will always be a firm with marginal selling cost
aD (aX ) that is indiﬀerent between producing for the domestic (foreign) market or
not. This yields three types of firms: firms that exit and do not serve any market (i.e.
those with aD < a), those that only serve the local market (aX < a < aD ) and those
serving both the domestic and the foreign markets (a < aX ).

2.1

Consumers

Economy i is comprised of Li homogeneous consumers at any t so we assume population does not change over time. Each worker inelastically supplies one unit of work
obtaining a wage wi in country i. Consumers in i have to make three choices. First,
they have to choose how much to consume and save at each moment in time, i.e. they
decide their optimal expenditure level Ei (t). Then, they need to decide how much they
are going to consume of each of the two types of final goods (i.e. chose EM,i (t) and
3

EC,i (t) with Ei (t) = EM,i (t) + EC,i (t)) within each t. Finally, they need to establish
how to split their consumption of M -goods among the diﬀerent varieties available at
each t.
Welfare at t is defined as the present value of future consumption:
∫ ∞
Ui (t) =
e−ρ(s−t) ln (Qi (s)) ds
(1)
t

where ρ > 0 is the rate of pure time preference, Qi (t) = Ei (t)/Pi (t) is real consumption
and Pi (t) is the aggregate price index at t.
At every moment in time, consumers from i maximize (1) subject to the budget
constraint Yi (t) = Ei (t) + Ẇi (t). Here Wi (t) is accumulated wealth and Yi (t) is current
income which is composed by labour income and profits made by domestic firms in any
market, i.e. Yi (t) = wi (t)Li + Πi (t). Equilibrium in the market of financial resources
within each region imposes equality between what consumers get as revenue from their
savings and domestic firms’ profits, i.e. Πi (t) = ι(t)Wi (t) where ι(t) is the domestic
interest rate. The underlying assumption I am making is that firms from country i can
only be financed by households in i. The extent to which this is a realistic assumption
depends strongly on the average size of firms in a country since small firms typically
obtain their resources in local markets.
The Hamiltonian to this problem can be written as
[
]
Ei (t)
−ρt
Hi (t, λ) = e ln
+ λ(t)[wi (t)Li + ι(t)Wi (t) − Ei (t)]
Pi (t)
Remember that Pi (t), ι(t) and wi (t) are exogenous to the consumer so her control variable is Ei (t). The optimality conditions that arise from this problem are a transversality condition and the following Euler equation
Ėi (t)
= ι(t) − ρ
Ei (t)

(2)

Consumers have two-tier preferences with the upper-tier (Cobb-Douglas) dictating
their consumption between the two goods and the lower-tier (CES) determining their
demand for diﬀerent varieties of the M -good. As consequence of their upper-tier
preferences, at each moment in time t, each consumer in i devotes a fraction µ of her
total expenditure to diﬀerent varieties of the M -good and a fraction 1 − µ to purchases
of the C-good. Then EM,i (t) = µEi (t) = QM,i (t).PM,i (t) and EC,i (t) = (1 − µ)Ei (t) =
QC,i (t).PC,i (t). Also, the consumption composite and the aggregate price index in i
are
Qi (t) = QC,i (t)1−µ QM,i (t)µ and Pi (t) = PC,i (t)1−µ PM,i (t)µ B
(3)
where B = (1 − µ)µ−1 µ−µ .
A direct outcome of CES preferences between varieties of the M -sector, the aggregate consumption for the M -good is
[∫

]σ/(σ−1)
1−1/σ

QM,i (t) =

qi (θ, t)

dθ

θ∈Θi (t)

where qi (θ, t) represents the demand in i for variety θ of the M -good, Θi (t) represents
the mass of available varieties in the M -good market of this economy (both produced
domestically and imported) at time t and σ > 1 is the constant elasticity of substitution
4

between any two varieties of the M -good. As shown by Dixit and Stiglitz (1977) the
perfect price index in the market with monopolistic competition can be written as
]1/(1−σ)

[∫
1−σ

pi (θ, t)

PM,i (t) =

dθ

(4)

θ∈Θi (t)

where pi (θ, t) is the price of variety θ at time t in market i.
Using these expressions we can write the optimal consumption for each M -variety
in i:
[
]−σ
pi (θ, t)
qi (θ, t) = QM,i (t)
PM,i (t)
Then expenditure in each M -variety available ei (θ, t) and aggregate expenditure in the
M -good at country i are respectively:
[
]1−σ
∫
pi (θ, t)
ei (θ, t) = EM,i (t)
; EM,i (t) =
ei (θ, t)dθ
(5)
PM,i (t)
θ∈Θi (t)
It must be emphasized that all aggregate variables represent the domestic market but
include products produced both locally and imported. For example Pi is the price
index in economy i and it aggregates prices of domestic and foreign products being
sold in that country.

2.2
2.2.1

Final good producers
C-sector

This sector produces using labour as sole input. Technology of production is the
same in both countries QC = LC . As mentioned before, perfect competition imposes
zero profits in this sector which implies that, at every t, marginal revenues must
equal marginal costs, i.e. PC,i (t) = wi (t). There are no trade costs for the C-good
which imposes PC,i (t) = PC,j (t). Then, as long as there is some production of the
homogeneous good in both countries, factor price equalization holds and wages are the
same in both economies. I can then normalize wages in both economies (w = PC = 1).3
By (3) a direct result from this is Pi (t) = PM,i (t)µ B. Revenues made by C-firms from
country i are RC,i = LC,i . These revenues come from selling in the domestic and
in the foreign markets. Unlike the autarkic or the symmetric country cases where
revenues made by a sector equal domestic expenditure in the goods of that sector,
in an asymmetric world with trade RC,i and EC,i are not necessarily equal. In our
asymmetric country model EC,i equals to a fraction 1−µi of consumers current income
at time t.
2.2.2

M -sector

At each moment in time there is a number of prospective entrants to the M -sector in
country i. Prospective entrants pay the R&D sector a one-time sunk-entry cost fI > 0
to buy a blueprint enabling the production of a new variety indexed by θ. After paying
this sunk cost the firm learns the labour-unit marginal cost a at which it can produce.
3

Notice that when country symmetry is imposed, wages can change over time but they are always
equalized to those in other countries. This allows symmetric-country models as those in Melitz (2003)
or Baldwin and Robert-Nicoud (2008) to set wages as numeraire. In my asymmetric country setting
wages can be set equal to 1 only as long as there is some production of the C-sector.
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Marginal costs are drawn from a country-specific distribution gi (a) over the support
(0, am,i ) with cumulative distribution Gi (a).
As explained in Krugman (1980, p.951) since the cost of diﬀerentiating products is
zero and all varieties enter consumers’ demand symmetrically, there are no incentives
for firms to produce a variety that is already being produced by other firms. Then
each variety is produced by only one firm. The fact that each firm also has a unique
marginal cost a allows me to index goods and firms by θ or a indistinctly. At each t,
firms are hit with a negative shock that is large enough to force them out the market
with exogenous probability δi 4 .
Each M -firm in i uses labour as input and its production function is qi (a, t) =
lM,i (a, t)/a. After paying the sunk cost fI , and knowing the marginal cost at which
it will produce, the firm must decide whether to serve the domestic market, for which
it has to incur in an additional sunk cost of fD > 0, or not. I assume am,i is high
enough to make production non-profitable for the higher values of a’s support. Firms
with too high marginal costs do not produce and make a profit of −fI . Firms with a
marginal cost below a certain cut-oﬀ aD,i chose to produce as future operating profits
allows them to (at least) cover the sunk cost fD . Notice that not all producing firms
have non-negative profits as there are some for which the discounted value of operating
profits are suﬃcient to cover fD but not necessarily fI .
To serve a foreign market, firms have to pay an additional sunk cost fX > 0.
International trade in the M -good also involves per-unit costs, modelled here as iceberg
costs τ ≥ 1, i.e. τ units must be shipped for 1 unit to reach the final consumer in the
foreign destination. Depending on their productivity level some of i’s M -producers
find profitable to export and some others do not. There will always be a firm with
marginal cost level aX,i making zero profits from its foreign trade activities.
Each firm pays its corresponding sunk costs only once, at the beginning of their
activities. As in Baldwin and Robert-Nicoud (2008), all sunk costs are composed by
units of knowledge so their value can be written as fv,i = κv .PK,i for v = I, D, X,
where κv is a fixed amount of units of knowledge and PK,i is the price of knowledge.
I assume the κ’s are the same worldwide while PK,i is country specific (it depends on
the productivity of the local R&D sector). I also assume κD < κX which reflects the
fact that firms find it less costly to sell locally than to engage in business abroad.
Dixit-Stiglitz competition implies that successful firms price their products with
a fixed mark-up of σ/(σ − 1) over their marginal cost, which reflects their market
power. A typical outcome of monopolistic competition with CES preferences, constant
mark-ups imply that higher firm productivity goes entirely to lower prices and, given
demands are elastic, to higher profits as well. I call m the marginal selling cost a firm
with marginal cost a has in a given market. Then, since wages are equal to one in both
countries m equals a for sales to the domestic market and τ a for sales to the foreign
market. This allows us to write the pricing rule in the M -sector as:
p(m, t) =

mσ
σ−1

(6)

Notice we are assuming no diﬀerences in preference parameters ρ and σ between countries. The pricing rule in (6) implies each M -firm has a mark-up over its sales of 1/σ
4

The exogenous exit rate appears as innocuous when evaluating the eﬀects of openness in our
model. However, introducing firms’ exit in a model where all costs are upfront ensures that, in the
long term, the distribution of producing and exporting firms are both truncated at their respective
endogenous thresholds.
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in each market so the operating profits a firm with selling cost m makes in market i is
πi (m, t) =

si (m, t)EM,i (t)
σ

(7)

where si (m, t) is the share that a firm with marginal selling cost of m has in
market i. Aggregate operating profits all firms make from serving i is
Πi (t) =

EM,i (t)
σ

(8)

In the asymmetric-country model this latter concept diﬀers from that denoted as Πi
in section 2.1 which refers to profits made by firms from country i in all markets.
Using (4), (5), (6) and (7) the market share a firm with marginal selling cost m
has in market i can be written as:
]1−σ
[∫
]−1 [
]1−σ
[
m
pi (m, t)
1−σ
1−σ
= m(θ)
(9)
si (m, t) =
m(θ) dθ
=
PM,i (t)
m̆i (t)
θ∈Θi (t)
with
m̆i (t)1−σ = ni (t)m̂1−σ
+ nj (t)νj m̃1−σ
i
i

(10)

νi = Gi (aX,i )/Gi (aD,i )
∫ aD,i
1−σ
m̂i
=
a1−σ dGi (a|aD,i )
0
∫ aX,j
1−σ
m̃i
= ϕ
a1−σ dGj (a|aX,j )

(11)

and

0

Here ni (t) denotes the mass of varieties being produced in country i and 0 ≤ ϕ =
τ
≤ 1 is a measure of the importance of variable trade costs in the industry (when
τ → ∞ then ϕ → 0 and when τ → 1 then ϕ → 1). m̂i is the marginal selling cost of
the representative firm producing in i for the domestic market while m̃i is the marginal
selling cost of the representative foreign firm selling in i. νi is the proportion of firms
from i that serve the foreign market j. Then we can think of m̆i as the aggregate
marginal selling costs of firms from both countries serving market i. Equation (9)
shows that the greater the marginal selling cost a firm has, the lower its share in a
given market. A firm’s share also decreases the tougher the competition it faces in
that market (i.e. the lower is m̆).
Notice that (10) implicitly assumes that the set of produced varieties includes
the set of exported varieties in both countries. This is formally stated in Assumption
2. Calling Ni (t) = ni (t) + νj nj (t) the total mass of firms that sell in country i, then
1/σ−1
m̆i Ni
is the marginal selling cost of the representative firm serving that market.5
Finally using (4) and (6) I can write PM,i (t) = m̆i (t)σ/(σ − 1). This expression
shows that the aggregate price of M -goods will be lower in the country where average
selling costs are lower.
1−σ

Expression m̆1−σ
in the present model is the equivalent to Mti φ̃σ−1
in Demidova (2008) and -if
i
ti
symmetry is imposed- to nm̄1−σ in Baldwin and Robert-Nicoud (2008).
5
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2.3

K-sector

This sector produces units of knowledge demanded by firms in the M -sector using
labour as sole input. It has the following production function:
QK,i (t) =

ni (t)
LK,i (t)
aK,i

(12)

where LK,i (t) is the amount of labour devoted to the sector in country i and ni (t)/aK,i
is the productivity of its workers. As in the standard expanding variety model, labour
productivity in the K-sector is composed by an exogenous parameter aK,i and is affected by spillovers from existing blueprints ni (t) (see for example section 3.2 in Grossman and Helpman 1991).
Perfect competition in the market of knowledge imposes zero profits and therefore
aK,i /ni (t) = PK,i (t) where PK,i (t) is the unitary price of knowledge expressed in units
of labour at time t in country i.

2.4
2.4.1

Equilibrium conditions
Cut-oﬀ conditions in the M -sector

Firms from country i discount future operating profits at a rate γi (t), which is specified
later in this section. The present value of operating profits that a firm from country i
and selling cost m gets by serving its domestic market is si (m, t)EM,i (t)/σγi (t) while
selling in the foreign market it gets sj (m, t)EM,j (t)/σγi . After paying the initial fixed
cost fI , firms take producing and exporting decisions comparing these values with the
sunk cost required to engage each activity which must be paid upfront at their country
of origin. I can define the cut-oﬀ conditions for serving market i as:
si (mD,i , t)EM,i (t)
= PK,i (t)κD
σγi (t)

;

si (mX,j , t)EM,i (t)
= PK,j (t)κX
σγj (t)

(13)

where mD,i = aD,i and mX,j = τ aX,j . Notice that the second condition imposes that a
firm aX,j from country j is indiﬀerent between serving market i or not. There are four
conditions for four indiﬀerent firms since in each country there is one firm for which
future profits exactly oﬀset the costs of selling to the local market and another one for
which the same is true regarding exports.
2.4.2

Free-entry conditions in the M -sector

At equilibrium, the ex-ante probability distribution of a’s provided firms are successful
(i.e. they are producing) is the same as the ex-post distribution of producing firm a’s.
Moreover, at any t the ex-ante expected value of operating profits of a firm from
country i equals the ex-post average operating profits of all producing firms from that
country. Using this property and expression (7) I can write:
Vie (t) =

s̄i,i (t)EM,i (t) + νi s̄i,j (t)EM,j (t)
σγi (t)

(14)

where s̄i,j is the average share a firm from country i has on market j. The expected
value at t of a producing firm from country i is composed by the discounted expected
profits the firm would obtain selling to the domestic market plus the discounted expected profits the firm would obtain selling abroad times the probability that a firm
from i accesses the foreign market.
8

Equation (14) shows a very interesting feature of the asymmetric country model.
While under symmetry all firms face the same expected operating profits regardless of
their country of origin the same is not true in the asymmetric country case. Indeed, it
is possible that firms from one country, say N , enjoy larger average shares than firms
from the other country S (e.g. it can happen that s̄N,N > s̄S,S and s̄N,S > s̄S,N ). In
such a case, the present day average operating profits of firms from N is greater than
that of firms from S. If this is the case, the average producing firm from N is more
valuable than its counterpart form S.
Using (9) we can define average shares of firms from i in their domestic and foreign
markets as:
[
]1−σ
[
]1−σ
m̂i
m̃j
s̄i,i (t) =
; s̄i,j (t) =
(15)
m̆i (t)
m̆j (t)
The average share that firms from country i have in their domestic market depends
negatively on their average marginal selling cost (m̂i ) and positively on selling costs of
all firms serving that market (m̆i ). Similarly, the average share that firms from country
i have in the foreign market depends also negatively on their average marginal selling
cost (m̃j ) and positively on selling costs of all firms serving that market (m̆j ).
Let me define di = s̄i,i ni as the total share of market i served by domestic firms
and xi = νi s̄i,j ni as the total share of market j served by firms from i. Then I obtain:
[
[
( )1−σ ]−1
( )1−σ ]−1
nj (t)νj (t) m̃i
nj (t) m̂j
di (t) = 1 +
and xi (t) = 1 +
(16)
ni
m̂i
ni (t)νi m̃j
Using (16) it is possible to prove that di ≥ xi and equality would only hold if aD,i = aX,i
in both countries and ϕ = 1 (see Proof 2 in the Appendix). Firms from country i always
enjoy a greater aggregate share at their domestic market than abroad. By definition
di ≤ 1, xi ≤ 1 and di + xj = 1, ∀i, j = N, S. Then, as long as there is some degree of
openness (ϕ > 0), average shares are lower than 1/ni , i.e. the average share in autarky.
Free entry in the M -sector implies that, at equilibrium, incentives for entry must
be exhausted. The expected value of operating profits Vie must equal the expected
sunk costs firms pay. Using (14) I can write the free-entry condition (FEC) as:
s̄i,i (t)EM,i (t) + νi s̄i,j (t)EM,j (t)
= PK,i (t)κ̄i
σγi (t)

(17)

κ̄i = [κD Gi (aD,i ) + κX Gi (aX,i ) + κI ]/Gi (aD,i )

(18)

where
is the expected sunk cost a producing firm has to pay expressed in units of knowledge.
The left-hand side in (17) can be viewed as the present-day expected stock value of a
firm from country i while the right hand side is the expected replacement cost in that
country (i.e. the cost associated to the creation of a new average producing firm in
i). Then, as in Baldwin and Robert-Nicoud (2008), equation (17) resembles Tobin’s
q = 1 equation. Notice that the only source of country diﬀerence in κ̄i comes from
the ex-ante distribution of a’s since I am assuming no country diﬀerences in the sunk
costs expressed in units of knowledge (the κ’s). The FEC can also be expressed in
aggregate terms:
di (t)EM,i (t) + xi (t)EM,j (t)
= aK,i κ̄i
(19)
σγi (t)
By (14), aK,i κ̄i must equal ni Vie at equilibrium. Then, the aggregate knowledge purchased by firms from i (aK,i κ̄i ) can be interpreted as the expected stock value of all
firms from that country.
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2.4.3

Static equilibrium

The clearing condition in the market for knowledge imposes that, at any t, the production of knowledge must be used in sunk costs of new entrants. This gives:
QK,i (t) = [ṅi (t) + δi ni (t)]κ̄i

(20)

As long as the creation of new knowledge is suﬃciently large, the mass of newcomers
in the M -sector will more than compensate for the exit of firms and variety growth
is positive. The previous equation introduces a major departure from the standard
expanding-variety model with homogeneous firms. Indeed, in such a model all firms
buy the same amount of blueprints and the value of that purchase can then be normalized to one which, in terms of our model equals imposing κ̄i = 1. The fact that
the present model allows for an endogenous and country-specific value of κ̄i implies
introducing an externality in the K-sector that depends on firm selection and links
savings to average eﬃciency in our model. This adds to the usual spillover in the
standard expanding-variety model stemming from the quantity of existing knowledge,
which is usually introduced to ensure positive growth in the long run.
By definition, the rate at which new varieties are introduced in any economy i,
must be positive (i.e. nṅii > 0 ∀i). Then, using (12) and (20), I can express the growth
rate of varieties in country i’s M -sector as:
gi (t) =

LK,i (t)
ṅi (t)
=
− δi
ni (t)
aK,i κ̄i (t)

(21)

Using the cut-oﬀ conditions in (13) we obtain:
aX,j (t)
=
aD,i (t)

(

ϕ PK,i (t)
T PK,j (t)

1
) σ−1

(22)

where T = κκXD > 1 measures how important the supplementary cost to export is
relative to the cost of serving the domestic market. This expression shows that there
exist a relationship between the range of varieties being exported to i and the range
of varieties being produced in i. As in Demidova (2008), this relationship depends
on the degree of openness to trade (in variable and sunk costs), but equation (22)
includes a new determinant of the ratio aX,j /aD,i , i.e. the relative price of knowledge
between countries which introduces firm selection as a relevant factor here too. The
range of exports from j to i, is enhanced by greater openness (i.e. larger ϕ and/or
smaller T ), lower relative price of knowledge in j (larger PK,i /PK,j ) and greater average
costs among local firms which follows from a larger aD,i . Inversely, solving for aD,i the
equation shows that greater openness, a larger relative price of knowledge in i and
a larger average eﬃciency of firms exporting to i (smaller aX,i ), increases average
productivity of domestic firms in i.
At this point we impose the following assumption:
Assumption 1 The distribution of firm’s productivities in the M -sector of country i
follows a Pareto distribution with shape parameter α and scale parameter am,i .
Imposing the Pareto distribution for M -firms allows our model to fit the debate on
the importance of considering heterogeneous firms to evaluate welfare eﬀects of freer
trade. As shown in Arkolakis et al. (2012) a static HFT model like that in Melitz
(2003) with Pareto-distributed firms yields the same welfare results than a similar
model with homogeneous firms as long as the main parameters take the same value in
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both. But, as shown below, a dynamic version of the HFT model is able to account
for new welfare channels, even with Pareto-distributed firms. This paper shows that
these channels are absent if firms are assumed homogeneous.
The use of the Pareto distribution is very convenient analytically as it yields
closed-form solutions for the endogenous variables of the model. Moreover, power
functions of a Pareto random variable are Pareto-distributed with a diﬀerent shape
parameter. In my model, this means that firm sizes and operating profits are Pareto
too. The use of this distribution is customary in the literature although its empirical
validation is not undisputed.6
When firm productivity distribution 1 − Gi (a) is Pareto-shaped, the ex-ante distribution of marginal costs can be written as
Gi (a) = (a/am,i )α
with a ∈ (0, am,i ] and scale parameter am,i in country i resuming information about
the state of the technology in that region. Indeed, for any two countries, prospective
entrants to the M -sector in the country with a lower am have a greater probability of
obtaining a cost level below a certain value a∗ , ∀a∗ ∈ (0, am,i ]. Parameter α > 0 is
the shape parameter for firm productivities and marginal costs. The shape parameter
α
. As in Melitz and Trefler (2012),
for firm sizes and operating profits is then β = σ−1
I impose β > 1 as this is a necessary condition for integrals in (11) to converge. The
average marginal cost, firm size and operating profit are guaranteed to be finite as a
consequence. Then using (13) and (19) I get the cut-oﬀ value for domestic production:
[
aD,i (t) = am,i
where
Zi (t) =

κI β − 1
κD Zi (t)

1 − Ω2
1 − ΩRi (t)

]1/α
(23)

(24)

and Ω = ϕβ (1/T )β−1 is a measure of openness in the economy that combines the
importance of variable (ϕ) and sunk (T ) trade costs in a Cobb-Douglas function with
increasing returns to scale. Remember that 0 < ϕ < 1 and T > 1, therefore 0 <
Ω < 1. Then, Zi resumes how the Ricardian comparative advantage, given here by
Ri = [PK,j /PK,i ]β [am,j /am,i ]α , aﬀects firm selection. Indeed, the relatively better the
technology in country i (i.e. the greater am,j /am,j or PK,j /PK,i ) the higher Zi (t) and the
lower aD,i which implies a greater average productivity for local M -firms. Expression
(24) helps put forward that in the present model, Ricardian comparative advantage in
the M -sector comes both from a better productivity distribution for M -firms but also
from better productivity in the K-sector. It is important to notice that under country
symmetry Ri = 1 and so Zi = Zj = Z = 1 + Ω. Notice also that, when economies are
closed (Ω → 0) then equation (23) reduces into its equivalent under autarky (Zi → 1)
and technological asymmetries play no role in firm selection.
6

An incomplete list of papers using this distribution may include Helpman et al. (2004), Melitz
and Ottaviano (2008), Baldwin and Robert-Nicoud (2008), Falvey et al. (2011) or Melitz and Trefler
(2012). Nevertheless, empirical validation of the distribution is not settled. Axtell (2001) shows
that the Pareto distribution is a good fit for sales and employment among US’s firms. Using data
for French firms, Combes et al. (2012) presents empirical evidence suggesting that the log-normal
distribution fits firms’ productivity better. That paper also finds that the main results in Melitz and
Ottaviano (2008) hold unchanged without the need of any specific functional form for the distribution
of productivities.
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In equation (23), the cut-oﬀ cost to produce for the domestic market depends
negatively on the ratio κD /κI reflecting that the greater the cost of domestic production (relative to the initial sunk cost) the narrower the range of varieties the economy
is going to produce. The threshold aD,i also depends positively on am,i reflecting that
a better technology (lower am,i ) necessarily yields greater average eﬃciency in the
economy (lower aD,i ). These results are quite intuitive and resemble what has been
obtained under symmetry. What the asymmetric-country expression helps put forward is the eﬀect that openness and technological diﬀerences have on this threshold.
Indeed, unlike the symmetric country case in which greater openness leads to a monotonic reduction in aD this is not necessarily the case when countries are technologically
asymmetric. This is analysed in detail in section 4.2.
Merging equations (22) and (23) yields two useful expressions for aX,i :
[
[
(
)β ]1/α
(
)]1/α
κI
κI
1
PK,j (t)
1
= am,i
aX,i (t) = am,j Ω (β − 1)
(β − 1) 1 −
κX
Zj (t) PK,i (t)
κX
Zi (t)
(25)
Although a detailed analysis of comparative statics for aX,i is provided below, direct
inspection of these expressions allows to see that the range of varieties that are being
exported by country i depends negatively on the sunk cost to export κX relative to
the sunk entry-cost κI in units of knowledge. Following intuition, if trade costs are at
their highest (Ω → 0) there are no firms eﬃcient enough to export (aX,i → 0).
Abundant evidence supports the intuitive idea that only a fraction of producing
firms export to foreign markets (see for example Bernard and Jensen 1999 or Eaton
et al. 2004). The present model should reflect this and therefore condition aX,i < aD,i
is imposed:
Assumption 2 To ensure that only a subset of producing firms export, assume aX,i <
aD,i ∀i = N, S.
2

As shown in Proof 3, this imposes Zi ∈ [ T +Ω
, 1 + T ] ∀i = N, S. Notice the lower
T
bound for Zi is greater than 1 which means that Zi > 1 ∀i and guarantees aD,i > 0
and aX,i > 0 ∀i = N, S without need of further assumptions.
At the world level the market for final goods clears since the share of a good in
production value equals the share of that good in world expenditure. Finally, there is
no capital account in this model so trade must be balanced at every t. This means
that trade imbalances in the M -sector, which amount to xi EM,j − xj EM,i are exactly
compensated by an imbalance in the C-sector.

3

Balanced Growth Path

3.1

Definition and direct implications

In this paper, we analyse a Balanced Growth Path that follows the next definition7 :
Definition 1 A Balanced Growth Path (BGP) in this model is characterized by a fixed
allocation of labour among sectors (i.e. constant LK,i , LM,i and LC,i ), constant cut-oﬀ
values (aD,i and aX,i ) and aggregate shares (di and xi ), and endogenous variables ni
and Ei growing at a constant rate ∀i = N, S.
7

Using a diﬀerent definition for the BGP yields a diﬀerent result. In particular, removing the
requirement of constant di and xi , it is possible to prove that both variables would asymptotically
converge to 1 for one country while they converge to zero in the other (see Proof 1). Complete
specialization arises at least in one region which violates one of our main assumptions.
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The fact that the cut-oﬀ thresholds must be constant at the BGP implies that
κ̄i , m̂i and m̃i are constant too. Then by (15) I can obtain equations describing the
evolution of average shares:
˙ i (t)
s̄˙ i,i (t)
m̆
= (σ − 1)
s̄i,i (t)
m̆i (t)
where
˙ i (t)
m̆
=
m̆i (t)

˙ j (t)
s̄˙ i,j (t)
m̆
= (σ − 1)
s̄i,j (t)
m̆j (t)

;

ṅi (t)
d
ni (t) i

+

ṅj (t)
x
nj (t) j

1−σ

(26)

(27)

The first expression in (26) shows that the average market share for domestic firms
in market i evolves proportionally to the aggregate marginal cost of firms in that
market. When the aggregate marginal cost of firms serving market i is decreasing
then the share of the domestic average firm decreases as well. The second expression
shows a similar relationship for firms from i serving the foreign market: their share
decreases when the average marginal cost of firms serving market j decreases. It is
s̄˙ i,i
s̄˙
s̄˙
s̄˙ i,j
also straightforward to show that s̄i,i
= s̄j,i
and s̄j,j
= s̄i,j
.
j,i
j,j
Equation (27) shows that the aggregate marginal selling cost decreases in time
since σ > 1 and every term in the numerator is positive. Indeed, the rate at which
aggregate marginal costs of firms serving country i is reduced is a weighted average of
the rates at which countries introduce new varieties, where weights are the importance
that firms from each country have on market i.
s̄˙
=
Constant aggregate shares impose that the BGP is characterized by ṅnii = − s̄i,i
i,i
s̄˙

i,j
− s̄i,j
. This means that average shares of firms from country i in both markets decrease
at the rate at which new varieties are introduced in country i. Using this result I can
n˙
also get nn˙ii = njj = ṅn , which is a necessary condition for aggregate shares to remain
constant over time. Then I can write the following lemma:

Lemma 1 At BGP, the M -sector introduces new varieties at the same rate in both
n˙
countries (i.e. nn˙ii = njj = ṅn ).
By (27) a direct implication of this result is:
˙ i (t)
˙ j (t)
m̆
m̆
=
m̆i (t)
m̆j (t)

(28)

The aggregate marginal selling cost in both economies decreases at the same rate as a
consequence of new varieties being introduced at the same rate in both regions.
Since aK,i is an exogenous parameter then the price of knowledge PK,i = aK,i /ni
decreases at the same rate the mass of varieties increases over time (i.e. gi ). Nevertheless notice that, as a second implication from Lemma 1, the ratio ni /nj is constant
over time which, by (24), implies that Zi is a constant at BGP.
Finally I can obtain the expressions for constant κ̄i , di and xi :
]−1
[
]−1
[
aK,j
aK,j
βκD Zi
−1
(29)
; di = 1 +
(Zj − 1)
; xi = 1 +
(Zi − 1)
κ̄i =
(β − 1)
aK,i
aK,i
A larger knowledge requirement for producing domestically (κD ) pushes up the average
amount of knowledge used by firms in any region (κ̄i ). A greater value of Zi , which
corresponds with a larger average productivity of firms in i (lower aD,i ), also implies
larger requirements of knowledge. In the same line, a larger Zi yields a greater share
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of firms from i selling in the foreign market and a lower share of firms from j serving
their domestic market. The eﬀects of comparative advantages in the knowledge sector,
given by the ratio aK,i /aK,j , on aggregate shares, are also very intuitive: the larger the
exogenous technological advantage of the K-sector of i, the larger the market share
that firms from that region serve in both the domestic and foreign markets.

3.2

Discount factor

Let me find now the expression of the discount factor γi . This is the rate firms use to
evaluate future cash flows at present time. The value at t of future operating profits
for a firm from country i selling in its domestic market and producing with marginal
cost a is
(
)1−σ ∫ ∞
∫ ∞
a
EM,i (t)
−ρ(s−t)
Vi (a, t) =
e
πi (a, s)ds =
e−(ρ+gi +δi )(s−t) ds
σ
m̆
(t)
i
t
t
where last equality follows from (7). Besides selling to the domestic market, a fraction
νi of firms from i export to j. For them, the present value of operating profits from
exporting, which amounts to ϕVj (a, t), must also be added. Using this and (28), the
discount factor for firms from i is
γ = ρ + gi + δi

(30)

The discount factor that firms consider to evaluate future cash flows is the sum of
consumer’s time preference (ρ) and the rate at which new varieties are introduced
in their economy (ṅi /ni = gi + δi ). Since both values are equal between economies it
follows that firms in all regions discount the future at the same rate. As a consequence,
by equation (17), the ratio between firms’ market value and their replacement cost is
the same in both countries at BGP.
Notice that using the previous expressions I can also express the expected value
of a producing firm from economy i as:
∫
1
e
[Vi (θ, t) + νi ϕVj (θ, t)] dθ
Vi (t) =
ni θ∈Θii (t)
∫ aD,i
1
s̄i,i (t)EM,i (t) + νi s̄i,j (t)EM,j (t)
=
[Vi (a, t) + νi ϕVj (a, t)] ni dGi (a|aD,i ) =
ni (t) 0
σγ
where Θii (t) is subset of Θi (t) composed of varieties produced locally.

3.3

Expenditure and Savings

In this model the only sector with non-zero ex-post operating profits is the M -sector.
Total operating profits earned in any market by firms from country i at a given moment
in time are:
1
(31)
Πi = [di EM,i (t) + xi EM,j (t)]
σ
Notice that by (14) the following equality holds: Vie = nΠiiγ . The expected value of
operating profits for a producing firm equals the discounted average operating profit
firms make in the M -sector.
Remember that in each economy Ei = wi (Li − LK,i ) + Πi , then since wi = 1 and
using (19), (21) and (30) it is possible to reach Ei = Li + ρaK,i κ̄i which is a similar
expression to that obtained by Baldwin and Robert-Nicoud (2008) under country
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symmetry. This means that Ei is constant at BGP since everything in the righthand side of the expression is a constant at equilibrium or a parameter of the model.
Constant expenditure means, by (2), that ρ = ι, so the interest rate is constant at
BGP. This gives the following expression:
Ei = Li + ιaK,i κ̄i

(32)

Equation (32) shows that aggregate expenditure in country i equals income that domestic consumers get from labour (Li ) plus the interests (ι) they get on their savings.
Remember that in this model savings are directed towards the production of knowledge
so the value of the stock of savings equals aggregate knowledge purchased by firms
(aK,i κ̄i ). Then aggregate expenditure equals permanent income in a given country.
This contrasts with static models like Melitz (2003) where, since time is set not to
play a role in the model (ρ = ι = 0), then Ei = Li which means permanent expenditure
is unaﬀected by the static reallocation of resources. More importantly, (32) shows that
permanent expenditure is aﬀected by firm selection as that process aﬀects the expected
value of firms through κ̄i . In a model where externalities in the creation of knowledge
are independent of firm selection (i.e. κ̄i = 1 as in the standard expanding variety
model with homogeneous firms) aggregate expenditure would be greater than Li but
still exogenous. On the contrary, in the present model, externalities stemming from
firm selection and aﬀecting the expected stock value of firms in country i can have an
impact on expenditure levels and therefore welfare in that country.
Having a path for aggregate expenditure means that the path of savings, which
gives us the resources devoted to the R&D sector and therefore the path of LK,i , is
fully determined: LK,i = (γ − ρ)aK,i κ̄i . Allocation of labour in the M -sector is
∫
lM,i (θ)dθ = (σ − 1)γaK,i κ̄i
(33)
LM,i =
θ∈Θii (t)

Then, I can establish the amount of labour used in the C-sector which is: LC,i =
Li − (γσ − ρ)aK,i κ̄i . As is clear from the previous equations the allocation of the
productive resource in this world is constant at BGP but depends on firm selection.
In other words, a shock aﬀecting the relative productivity of sectors would change
the allocation of resources in the economy. In particular, an increase in the average
productivity of the M -sector, which implies a greater knowledge requirement by firms
in that sector (greater κ̄) increases the allocation of labour towards both the M and
K-sectors in detriment of the C-sector.
Finally, notice that EM,i = µEi and EC,i = (1−µ)Ei and so aggregate expenditure
in both sector C and M are a constant fraction of aggregate expenditure at BGP.
Due to Cobb-Douglas preferences between goods, firm selection aﬀecting aggregate
expenditure aﬀects equally expenditure in both final products. A constant EC,i at
BGP yields constant real expenditure in the C sector since the price of the C-good
has been set to one. Given that EM,i is constant, the growth rate of real consumption
˙ i /m̆i = (gi + δi )/(σ − 1) which is the same expression
of the M -good is gQM ,i = −m̆
that arises under country symmetry. The term in the right-hand side is the rate at
which the price index of the M -good decreases over time due to an increasing mass of
varieties.
The economy described here has constant cut-oﬀ values aD,i and aX,i as described
by (23) and (25) at any moment in time. By Definition 1, κ̄i , di , xi , gi , γ, LK,i and
LM,i are also constant at BGP. As previously stated, PK,i and ni are not constant at
BGP but grow at a constant rate which means m̆i and PM,i also do.
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The remaining expressions for the full solution of the model are:
ni (t) = ni (s)e(t−s)gi ;

PM,i (t) =

σ m̆i (t)
;
σ−1

PK,i (t) =

βa1−σ
D,i ni (t)
(β − 1)di
[
]µ
σ m̆i (t)
Pi (t) =
B
σ−1

m̆1−σ
(t) =
i

(34)

aK,i
;
ni (t)

(35)

where ni (s) is the mass of producing firms from country i at time s and the initial
value ni (0) is a parameter of the model. In this expression the growth rate in i is given
by:
[
]
Li
µdi Zi
+ ρ − ρ − δi
(36)
gi =
σ
aK,i κ̄i
All the expressions can be reduced to their counterparts under autarky by imposing Ω = 0. They can also be transformed into their symmetric-country version by
setting i = j (as shown in section 4.1).

3.4

Welfare

Welfare at a moment of time t belonging to the BGP analysed in this paper, is defined
here by equation (1), and is a function of the present value of real consumption. Using
that expression and our solutions at BGP we can write:
[ (
)
]
1
Ei
µgQM ,i
Ui (t) =
ln
+
(37)
ρ
Pi (t)
ρ
Aggregate welfare at t depends on the level of real expenditure at that moment
(Ei /Pi (t)) and its growth over time represented here by gCM ,i since consumption in
the C-good is constant (gQC ,i = 0). When evaluating how freer trade aﬀects the level
of consumers’ welfare, we refer to changes in the former as static eﬀects while changes
modifying the latter are referred to as dynamic eﬀects.
Expression (37) helps disentangling three types of welfare eﬀects of trade in this
model. First, we can have a static eﬀect on prices as freer trade shifts the value of
Pi (t) at t. This is in fact, the eﬀect that most welfare analysis deal with in static
HFT models. Second, there can also be static eﬀects on nominal expenditure when
a change in the degree of openness alters the value of Ei which is constant at BGP.
Finally, due to our choice for the numeraire, the only dynamic eﬀect in this model
comes from changes in the rate at which prices in the M -sector fall over time which is
determined by the rate at which new varieties are introduced in that sector.
The previous expression also highlights that dynamic eﬀects are less important
when consumers assign greater value to the consumption of the traditional C-good
(i.e. µ →0). Intuitively, while the price of the M -good decreases as new varieties are
introduced in the market period after period, the price of the C-good in terms of units
of labour remains constant. Therefore, the more consumers value their consumption
of the traditional product the lower the impact that decreasing prices in the M -sector
have on welfare.

4

The impact of trade openness

This section analyses the eﬀect that freer trade has on welfare over the long term.
In the present model, freer trade can be a consequence of lower iceberg costs (dϕ >
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0), lower sunk-costs for exporting (dκX < 0) or a combination of both. All these
possibilities can be synthesised in an increase in the bundle Ω (dΩ > 0). Therefore,
welfare eﬀects of trade can be found in our model by diﬀerentiating (37) and finding:
[
]
dUi (t)
1 d ln Ei d ln Pi (t)
µ
dgi (t)
=
−
+
(38)
dΩ
ρ
dΩ
dΩ
ρ(σ − 1) dΩ
As shown in Proof 6, comparative static results stemming from an increase in openness
(dΩ > 0) are qualitatively similar to those that arise if only changes in variable costs of
international trade are considered (dϕ > 0). This makes our results comparable to the
literature that mostly considers a reduction of iceberg costs. Analysing the eﬀects of a
reduction in the exporting sunk costs is an additional feature of this work that does not
change the main conclusions of the paper. Whenever the eﬀects of a reduction in κX
yields diﬀerent results to an increase in ϕ, these diﬀerences are explicitly underlined.
To simplify exposition, we compare welfare situations at BGP before and after a
certain shock in Ω and keeping the same initial mass of varieties in both situations.
Although we expect new varieties to be introduced during the transitional period
starting at the moment of the shock and until the new equilibrium is reached, the net
creation (or destruction) of varieties during this period depends on the length of the
adjustment process. By imposing an equal initial mass of varieties we eliminate this
eﬀect from our welfare evaluation. This amounts to setting dni /dΩ = 0, ∀i = N, S in
what follows.
In what follows, I split the analysis in two cases, one with symmetric countries and
another one where country asymmetry is permitted. This allows me to better highlight
the role that dynamic eﬀects play on welfare when firms are diﬀerent between countries.

4.1

Symmetric countries

A symmetric country setting simplifies greatly the analysis and provides a benchmark
to better understand results under country asymmetry. It also suﬃces to show some
of the key welfare features in the heterogeneous firm model that are absent when
homogeneous firms is assumed. By country symmetry aK,i /aK,j = 1, am,i /am,j = 1,
R = 1, and so Z = 1 + Ω. The fact that the degree of openness is related to Z in such
a simple way makes welfare analysis very straightforward. Previous analytic solutions
get reduced to:
[
]1/α
[
]1/α
κI (β − 1)
κI (β − 1)
aD = am
; aX = am Ω
(39)
κD (1 + Ω)
κX (1 + Ω)
βκD (1 + Ω)
1
Ω
; d=
; x=
(40)
β−1
1+Ω
1+Ω
[
]µ
[
]
βa1−σ
σ m̆
µ L
1−σ
D n
m̆
=
; P =
B; g =
+ρ −ρ−δ
(41)
(β − 1)d
σ−1
σ aK κ̄
Then, using our previous expressions for prices, nominal expenditure and the growth
rate of varieties I obtain:
d ln E ρaK dκ̄
=
dΩ
E [dΩ
]
d ln P
µ
aD
dd
daD
=
+
(42)
dΩ
aD (σ − 1)d dΩ
dΩ
dg
µL dκ̄
=−
dΩ
σaK κ̄2 dΩ
κ̄ =
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In order to highlight the importance of firm heterogeneity, what follows contrasts
welfare results in the symmetric country version of the current model to those that
arise in a context where firms are homogeneous as in Krugman (1980) or its dynamic
version in Grossman and Helpman (1991). If all M -firms have the same exogenous
marginal cost a∗ , then they all make the same producing and exporting decisions. To
keep international trade flows, let me assume they all produce and serve the domestic
and foreign market (aX = aD = a∗ ). Having the same marginal costs, all firms in the
M -sector of country i enjoy the same share in their home market si,i = s̄i,i = (a∗ /m̆)1−σ
and foreign market si,j = s̄i,j = ϕ(a∗ /m̆)1−σ , they all hire the same amount of labour,
make the same operating profits and pay the same sunk costs, so κ̄ = κI + κD + κX . A
version of the cut-oﬀ conditions still operate since, although all firms are the cut-oﬀ firm
for domestic production and exporting, it is still true that the value of both activities
must equal the sunk cost to engage in it. This yields the condition Ω = ϕ = T . Finally,
the free-entry condition (19) still holds but now its right-hand side is only composed
by exogenous parameters κ̄ and aK .
What are the implications of imposing firm homogeneity for welfare eﬀects of
trade? With homogeneous firms the average amount of knowledge bought by firms
(or what is equivalent, the value of the stock of savings) is independent of openness,
i.e. dκ̄/dΩ = 0. By (42), this means there can be no static eﬀect from trade on
permanent expenditure level. Similarly, trade policy does not have any impact on the
growth rates of varieties (dg/dΩ = 0) and therefore on the rate at which prices on
the M -sector decrease over time. Notice also that in this setting labour allocation
between sectors is unaﬀected by freer trade. The sole welfare eﬀect of freer trade when
firms are homogeneous in the model presented here, is a static eﬀect on prices. A
one-time decrease in trade costs permanently reduces the prices of imported goods.
Everything else constant this lowers the average price consumers pay and rises welfare.
In (42) this shows as a decrease in d which is the only thing changing in P . Indeed,
even when all firms compete with the same number of local and exporting firms as
before, the reduction in trade costs reduces the price at which foreign firms sell and
this increases their market share in detriment of local firms. In other words, the price
index is reduced by both a lower price of imports and a greater weight of those imports
in domestic purchases.
The previous result for the model with homogeneous firms holds both in a static
context (ρ = g = δ = 0) and when dynamics are allowed. I can then conclude that
the introduction of dynamics does not qualitatively change welfare eﬀects from trade
in the homogeneous firm model since no new eﬀects come from the dynamic aspects
of the model. The fact that the only welfare eﬀect of freer trade is a decrease in the
price index, is a feature in which the homogeneous firm model resembles the static
HFT. Indeed, in Melitz (2003) welfare gains from trade are also channelled exclusively
through a fall of the price index. I can summarize the previous conclusions as follows
Result 1 In a version of our model with homogeneous firms, the dynamic feature of
the model plays no role on welfare eﬀects. In such a model, welfare eﬀects of freer
trade are channelled entirely through the price index which resembles what is obtained
in static versions of the model with homogeneous or heterogeneous firm.
When firm heterogeneity is allowed many new eﬀects come to life. A one-time increase
in the degree of openness between two economies generates a well-known firm selection
eﬀect in both. The reduction of international trade costs reduce aD meaning that the
least eﬃcient domestic firms cannot compete with foreign exporters and are forced-out
of the market. This also yields a reduction in the share of the domestic market served
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by local firms (d). Lower costs to send products abroad increases export opportunities
and therefore the threshold marginal cost to do so (aX ) is larger. It is easy to see that
the share of a market served by foreign firms (x) increases. Average productivity in
the M -sector rises as a direct consequence of firm selection. As a combination of the
increase in average productivity and the enhanced export possibilities, surviving firms’
expected profitability increases which rises in the average sunk cost paid by firms κ̄.
The reduction of foreign prices present with homogeneous firms, is also there
when firms are heterogeneous but its eﬀect on the price index is enhanced by the
increase in average eﬃciency in the domestic M -sector (daD /dΩ < 0). Both forces
drive the reduction of the price index. Moreover, a static positive eﬀect appears
on the permanent level of aggregate expenditure. The rise of the stock of knowledge
purchased by M -firms aK κ̄ increases households’ disposable income and therefore their
expenditure level. Finally, the positive static eﬀect on real expenditure is accompanied
by a negative dynamic eﬀect. The fact that a greater amount of knowledge is required
by the average firm means that it is more costly to create a new variety. This results
in a lower rate of creation of new varieties which yields a lower rate of price reduction
over time. The anti-growth feature of firm selection was first signalled by Baldwin and
Robert-Nicoud (2008)8 while its impact on welfare was pointed out by Ourens (2016).
I can summarize the previous findings as follows:
Result 2 In the dynamic HFT model proposed here, the sign of the net welfare eﬀect of
openness in the long run depends on the magnitude of opposing forces even considering
symmetric countries. The well-known price decrease driving welfare results in the static
model is enhanced by a positive static eﬀect on expenditure but opposed by a negative
dynamic eﬀect on growth.
Results in this section resonate with the debate on the importance of firm heterogeneity
to evaluate welfare eﬀects of freer trade. In an influential paper, Arkolakis et al.
(2012, ACR hereafter) argue that welfare eﬀects of trade in a Melitz-type model with
Pareto distributed firms are a function of two observables: the share of expenditure in
domestic goods (which we have donoted d) and the elasticity of imports to changes in
international trade costs (which is −α). The well known ACR welfare formula can be
written as:
−1 d ln d
d ln U
=
dΩ
α dΩ
The fact that the same formula is shared by models with homogeneous firms suggests
that firm heterogeneity in such context plays no role in determining welfare eﬀects
from trade.9 What our results show is that, while the debate is valid comparing static
models with symmetric countries, introducing a simple dynamic mechanism into the
HFT model is enough to make firm heterogeneity relevant for the evaluation of the
impact of trade on welfare. To see this more clearly, notice that our results for welfare
8

While firm selection means M -firms have a greater knowledge requirement and this is a force
slowing down variety growth in Baldwin and Robert-Nicoud (2008), the authors show that when
productivity in the K sector is modelled in a more complex way, the net growth eﬀect of firm
selection can be positive.
9
A very interesting continuation of that debate can be found in Melitz and Redding (2015).
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eﬀects can be re-written in terms of these two observables, obtaining:
d ln E ρaK βκD
=
dΩ
E(1 − β)
d ln P µ(1 + β) d ln d
=
dΩ
α
dΩ
dg
µL d ln d
=
dΩ σaK κ̄ dΩ

(43)

Two conclusions stand out from the previous expressions. First, notice that the
static eﬀect on prices is comparable to the ACR formula. In fact, ignoring parameter µ
(which in ACR is set to 1 as there is no outside good), our result for the static eﬀect on
prices is exactly the total welfare eﬀect in ACR, scaled up by a factor 1 + β (remember
that β > 0). The reason for this diﬀerence is that, in the present model, the mass of
varieties (n) is determined by history so a change in trade costs does not immediately
aﬀect it. In ACR, on the other hand, greater openness increases import competition
which reduces the mass of existing firms. This eﬀect attenuates the reduction of prices
in the Melitz model with Pareto distributed firms. Proof (4) in the appendix shows
that shuting-down the growth mechanism in our model gives the same results as in
ACR.
Second, our expressions in (43) highlight the role that the dynamic feature of
our model plays when considering welfare eﬀects. Only if the parametrization of the
model is such that the dynamic eﬀect exactly oﬀsets the static eﬀect on expenditure
we would have similar results to those in ACR.

4.2

Asymmetric countries

Country asymmetry adds another layer of heterogeneity among firms and allows for
welfare results to diﬀer among countries. In a static context Demidova (2008) finds
that, if the technological gap between countries is small both countries experience
welfare gains from trade, but if the gap is too large then the laggard economy can
experience losses. Her static model features no externalities and all welfare eﬀects are
channelled through the price index. This eﬀect is also present in the current model
but it is accompanied by other eﬀects that can oﬀset or enhance its impact on both
economies.
Without loss of generality let me assume the North is the technologically advanced
country and therefore has a natural comparative advantage in the production of M goods. In the present model this is imposed by setting RN > RS . Comparative
advantage in the M -good can come from a better technology in the M -sector itself
(i.e. am,N < am,S ), a better technology in the K-sector (aK,N < aK,S ), greater spillovers
from learning (nN > nS ) or some combination of them.10 Joining this with Assumption
2 and expressions (23) and (25) immediately yields aX,S < aX,N < aD,N < aD,S for
every level of openness (Ω).
The diﬀerent welfare eﬀects that might arise in the asymmetric version of the
10
Remember that setting am,N < am,S implies that the support of the distribution of marginal
costs in the North excludes the highest values compared to that of the South. M -firms from the
North have a greater probability of getting a marginal cost below any threshold than those from the
South.
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model are depicted by the following:
d ln Ei ρaK,i βκD dZi
=
dΩ
Ei (β − 1) dΩ
[
]
d ln Pi (t)
β d ln di
1 dZi
=µ
−
dΩ
α dΩ
αZi dΩ
[
]
dgi µdi d ln di Ei Zi
dZi
=
+ρ
dΩ
σ
dΩ aK,i κ̄i
dΩ

(44)

As is clear from the previous expressions the eﬀect that freer trade has on welfare in
i depends on how openness (Ω) aﬀects firm selection in that country, which according
to (23), depends to a great extent on dZi /dΩ. Then it is important to consider the
following lemma (see proof 5 in the Appendix):
Lemma 2 dZN /dΩ > 0 holds for all parameter values, but dZS /dΩ > 0 ⇔ RS >
R∗ = 2Ω/(1 + Ω2 ) and dZS /dΩ < 0 otherwise.
Since the threshold R∗ depends positively on Ω then for a certain gap level RS an
infinitesimal increase in Ω from an initially small value may increase ZS , while a similar
change from an initially larger value may reduce ZS . A case in which technological
asymmetries are not strong (i.e. RS > R∗ ) is then characterized by dZN /dΩ > 0
and dZS /dΩ > 0. This means greater trade openness reduces threshold aD,i in both
countries increasing average eﬃciency. Firm selection operates in both economies in
the same direction as in the symmetric country case. New export opportunities make
it easier for firms from both countries to engage in foreign trade which translates
into a reduction of aX,i ∀i = N, S. In aggregate terms di decreases and xi increases
for both regions as can be deduced from (29). The average sunk cost paid by firms
from country i (κ̄i ) increases due to increased profitability in the M -sector in both
countries. As in the previous section, a greater value of the stock of knowledge implies
that consumers get greater income from their savings which generates a positive static
eﬀect on expenditure. The increased eﬃciency due to firm selection plus the lower
costs to imports make the price index fall. Therefore, as in the symmetric country
case, greater openness has a positive static eﬀect on real consumption in both countries.
What distinguishes the asymmetric country case is the fact that the positive eﬀect is
relatively greater in the North. This is easy to prove noting that dZN dΩ > dZS dΩ.
In what respects to the eﬀect that freer trade has on variety growth, it must
be pointed out that, as in the symmetric country case the greater requirement of
knowledge by M -firms in both countries is a detrimental force to variety-growth. This
makes the growth rate at the new BGP lower than the value before the shock. In the
short-term however, growth rates in each country may jump in diﬀerent directions.
Proof 7 shows that if firms from the North are able to expand their share in the foreign
market relatively more than their counterparts from the South, a positive growth rate
of northern varieties is possible.11
Result 3 A small technological gap can yield asymmetric welfare results. Both countries experience a positive static eﬀect on real expenditure but this eﬀect is relatively
larger in the North. For both countries the long-term dynamic eﬀect is negative, but
gN and gS can take divergent paths in the short-term before reaching the new BGP. In
particular a rising gN in the short-term is possible.
11

The fact that short-term growth rates of both economies are aﬀected diﬀerently by a one-time
shock in openness highlights the importance of the study of transitional dynamics towards the BGP
in order to quantify net welfare eﬀects in both countries. This should be a subject of future work.
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When the technological gap is large enough to make dZS /dΩ < 0 (i.e. RS < R∗ ),
trade-induced movements of most endogenous variables go in diﬀerent directions for
the North and South. An increase in openness pushes down aD,N increasing average
eﬃciency in the North but rises aD,S so average eﬃciency in the laggard economy
decreases. The possibility for this inverse firm selection in the South was first documented in Demidova (2008). Our analytic solutions allows us to point the exact reason
why this reverse firm selection can take place in the South, which is actually the result
of two opposing eﬀects. On the one hand, as under country symmetry, new export
opportunities push aX,i up and tougher competition by foreign firms pulls aD,S down.
But on the other hand, as shown in (22), the cut-oﬀ value to produce in the domestic
market in one country is linked to the cut-oﬀ value to export in the other. Inspection
of (22) allows us to see that when the technological lag is large, the second eﬀect is
strong in the South while is weak for the North.
Reducing barriers for trade of the M -good in such a context promotes the expansion of firms from the North in both markets. By Proof 6, aX,N , dN and xN rise
while aX,S , dS and xS fall.12 Moreover, by (33), the case in which the technological
asymmetry is large is the only one that yields an unambiguous reallocation of labour
towards the M -sector in the North while the opposite happens in the South. This
gives the following result:
Result 4 Unlike the case where countries are technologically close, when technological
diﬀerences are large enough, the North increases its specialization in the M -good while
the opposite happens in the South.
Increasing specialization in a context of firm heterogeneity in not a new result. In
a Heckscher-Ohlin setting, Bernard et al. (2007) finds that when countries diﬀer in
their relative factor abundance, trade openness reinforces each country’s comparative
advantage. Since in my model comparative advantages come from diﬀerences in relative productivities, the previous result can be considered the Ricardian version of
that conclusion and shows that for comparative advantages to be reinforced by freer
trade in a Ricardian model, technological asymmetries must be larger than certain
threshold.13
In what respects to welfare outcomes, the case of large technological gap is characterized by an unambiguously divergent static eﬀect on nominal expenditure. As
established in Proof 6, having dZS /dΩ < 0 and dZN /dΩ > 0 implies that the average
amount of knowledge used by producing M -firms increases in the North while decreases in the South. This means that returns on savings increase in the North rising
the constant consumption level while the opposite happens in the South.
Unlike previous cases, the direction of price movements is not straightforward
when technological diﬀerences are large. Given the expression for prices in (35), inspection of (10) reveals that the eﬀect freer trade has on the price index in country i
is a combination of the eﬀects it has on (a) the average selling costs of domestic firms,
(b) the average selling costs of foreign firms exporting to i, and (c) the proportion of
12

By Proof 6 a case in which aX,S rises is possible even in the case of a large technological gap.
This is the case if the increase in Ω is to a large extent an outcome of reduction in κX . However, this
does not aﬀect the results that follow.
13
This result is independent to the dynamic feature of my model and also arises if growth is assumed away. Okubo (2009) reaches a similar conclusion in a static Ricardian model with a somewhat
diﬀerent setting. In his model with multiple homogeneous-good sectors, some sectors have comparative advantages in one country and some other sectors feature advantages in the other. The result of
freer trade is that sectors with Ricardian advantages expand relatively more than the others, but no
sector shrinks.
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foreign firms that reach market i. In the case where countries are symmetric, lower
trade costs make aD fall and rises aX in both countries which yields a reduction of
prices from local firms and an increase in the proportion of firms reaching the foreign
market. The eﬀect on the average price exporters charge is ambiguous since on the
one hand firms with higher marginal costs reach the foreign market but on the other
hand all exporters face lower trading costs. This means that (a) and (c) tend to reduce
prices while (b) is indeterminate. However it is easy to show that, since β > 1, the net
eﬀect (b)+(c) makes prices fall. This drives the well-known result that, under country
symmetry, trade liberalization unambiguously reduces the price index. As it is easy to
see, the same result is obtained if there is a small technological gap as all endogenous
variables move in the same direction. But when the technological asymmetry is large,
the eﬀect freer trade has on the price index is not determined in both countries. In
the North, domestic producers sell at a lower average price, but the eﬀect stemming
from foreign firms is not straightforward. While the average selling price of foreign
firms is lower (both because of greater eﬃciency and lower tariﬀ costs) the proportion
of exporters among foreign firms gets reduced. In the South the picture is the exact
opposite but the eﬀect is still ambiguous. Unlike the case of a small gap, analytical
solutions do not show one eﬀect prevailing over the others when the technological gap
is large. Proof 8 shows that price movements in both countries depend on parameter
values.
Finally, a one-time increase in openness in a case of large technological asymmetry undoubtedly pushes growth rates in diﬀerent directions in the short-term. The
immediate response of gS is to fall while gN rises (see Proof 7). As in the previous
cases both rates converge in the long-term to a common value, smaller than its value
before the shock.
The following result summarizes welfare conclusions for the case with a large
technological gap.
Result 5 Country asymmetry characterized by a large technological gap yields very
diﬀerent welfare results between countries. The movement on prices is not determined
by the model but while the North experiences a positive static eﬀect on nominal expenditure and a positive dynamic eﬀect in the short-term, the South faces the exact
opposite. In the long-term however, the dynamic eﬀect is negative in both countries.

5

Conclusions

The basic HFT model with symmetric countries yields very straightforward welfare
conclusions, i.e. a reduction of trade costs makes prices fall and welfare increases.
This paper shows that introducing very simple dynamics into the model can change
welfare considerations. The model presented here features expanding varieties and
allows consumers to save a part of their income. A symmetric-country version of
the model shows that besides the reduction of the price index, an increase in average
productivity due to tougher competition by foreign firms pushes up the average amount
of knowledge required by firms. Since all savings are devoted to the production of
knowledge, firm selection increases households’ revenues from savings. The static
increase in welfare in the present model is therefore driven both by a reduction of prices
and an increase in nominal expenditure. However, the positive static welfare eﬀect is
accompanied by a negative dynamic eﬀect stemming from the fact that, because of
the greater need for knowledge, more resources are needed in the creation of new
varieties and therefore openness may slow down variety growth. The long-term net
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welfare eﬀect of freer trade is therefore ambiguous and depends on which of these
eﬀects prevails.
Allowing countries to diﬀer in their degree of technological development yields
diﬀerent welfare results between them. When the technological gap is small, both
countries experience a positive static eﬀect on real expenditure as in the symmetric
case. Nevertheless, I show that the static welfare gain is relatively larger in the North.
For both countries, the long-term dynamic eﬀect is negative, but growth rates of
varieties can take divergent paths in the short-term. The short-term dynamic eﬀect
in the North can even be positive under certain conditions.
When technological asymmetries are large, welfare results diﬀer greatly between
countries. Firm selection increases eﬃciency in the North but an inverted process
causes the opposite in the South. This yields a positive static eﬀect on nominal expenditure in the former country and a negative eﬀect in the latter. The net static eﬀect
on real expenditure is not straightforward since the combination of greater eﬃciency in
the North and lower eﬃciency in the South along with lower trade costs between markets and changes in market shares, induces an indeterminate price movement in both
economies. The technological advantage of the North pushes its economy to increase
its specialization in the production of the diﬀerentiated good while it is reduced in the
South. Finally, the North experiences a jump in its growth rate due to the activity
increase in its M -sector. This is not permanent as growth rates in both regions are
equal in the long-term.
Previous conclusions can be seen as an argument for the view of HFT models as
a step forward in the development of tools to evaluate welfare eﬀects of freer trade.
As shown in Arkolakis et al. (2012), a family of models that includes a version of the
heterogeneous firm trade model in Melitz (2003) with Pareto distributed firms, yields
the same welfare outcomes as a similar model with homogeneous firms, when the
two main parameters are equally calibrated. Our conclusions show that, expanding
the original model in at least two directions (i.e. introducing a very basic growth
mechanism and allowing for asymmetric countries), highlight the importance of firm
heterogeneity as selection can create externalities aﬀecting welfare that are overlooked
if firms are assumed homogeneous.
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Appendix

Proof 1 Imposing constant aggregate shares in the BGP analysed here is a requirement for the model not to degenerate into one with full specialization
Assume the BGP follows the next definition instead of Definition 1:
Definition 2 A Balanced Growth Path (BGP) in this model is characterized by a fixed
allocation of labour among sectors (i.e. constant LK,i , LM,i and LC,i ), constant cut-oﬀ
values (aD,i and aX,i ) and endogenous variables ni and Ei growing at a constant rate
∀i = N, S.
Notice that the only diﬀerence between the BGP in Definition 1 and that in Definition
2 is that the latter allows for d˙ ̸= 0 at some moment in equilibrium. It is possible to
proof that a BGP characterized by Definition 2 yields a situation where firms from
one country take over the entire global M -market (i.e. if d˙i > 0 ⇒ di → 1, xi → 1,
dj → 0 and xj → 0). In such a situation, at least one of the regions of the model
becomes fully specialized.
First, notice that if d˙i > 0 at some t(at BGP,) then di → 1. This follows from
ṅ
merging (26) and (27), which give d˙i (t) = ṅnii − njj (di (t) − di (t)2 ). The solution for
the previous Bernoulli diﬀerential equation is as follows:
1

(

di (t) =

−

1 + me

ṅ
ṅi
− nj
ni
j

)
t

where m ∈ R. Our equilibrium conditions impose constant
d˙i
di

ṅj
nj

so the only way we
˙

> 0 at some t at BGP is if
>
at that t, which yields ddii > 0∀t at
BGP. By definition di = 1 − xj ⇒ d˙i = −ẋj , so if di → 1, then xj → 0. Finally, notice
˙
d˙
that the same condition for ddii > 0 at some t gives djj < 0 at that t and following a
similar reasoning this gives dj → 0, then xi → 1.
According to this result, a situation in which the stability condition does not hold
at some t of the BGP, is characterized by divergent dynamics between countries in
the M -sector. Without loss of generality assume d˙N > 0 at some t which can only be
s̄˙
true if constant rates of expanding varieties in each country fulfil nṅNN > | s̄N,N
|. Then
N,N
M -producers from the N monotonically increase their aggregate market shares in both
countries, in detriment of producers of that industry from the S until, in the limit, the
latter are practically expelled from production.
can have

ṅi
ni

ṅi
∀i,
ni
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Proof 2 di ≥ xi ∀i
[ ]1−σ
[ ]1−σ
m̃i
1 m̂i
By their definitions in (16), di ≥ xi ⇔ νj m̂
≥
.
νi m̃j
j
[ ]1−σ
∫ aD,i 1−σ
∫ aD,i 1−σ
a
dG (a|a )
dG (a|a )
a
m̂i
By (11), m̃
= ∫0 aX,i 1−σ i D,i = νϕi ∫0aX,i 1−σ i D,i .
j
ϕ

0

a

dGi (a|aX,i )

0

a

dGi (a|aD,i )

Notice that, since a1−σ > 0 ∀ a > 0 and assuming aX,i < aD,i (see Assumption
[ ]1−σ
m̂i
2), then m̃
= νϕi M with M > 1.
j
Following a symmetric reasoning the condition for di ≥ xi can be written as
∫ aD,i 1−σ
∫ aX,j 1−σ
a dGi (a|aD,i )
a
dG
(a|a
)
1
j
D,j
≤ ∫0aX,i 1−σ
ϕ ∫0aD,j 1−σ
ϕ 0 a dGi (a|aD,i )
a dGj (a|aD,j )
0
This condition always holds as the left-hand side is lower or equal than one while the
right-hand side is greater or equal than unity. The previous condition shows that strict
equality holds only if aD,i = aX,i ∀i and ϕ = 1. 
2

Proof 3 aD,i > aX,i ⇔ Zi ∈ [ T +Ω
, 1 + T ] ∀i = N, S
T
Using (23) and (25) it is easy to see that aD,i > aX,i ⇔ Zi < 1 + T ∀i = N, S.
Without loss of generality let us assume it is the North that reaches a maximum level
max
such that ZNmax = 1 + T . Solving for such
of Ricardian comparative advantage RN
2
+1)
T +Ω
max
= Ω(T
value I obtain RN
which by definition yields RSmin = Ω(T
. By definition,
+1)
T +Ω2
2

this value for RSmin yields ZSmin = T +Ω
.
T
2
Ω(T +1) T +Ω2
Then Ri ∈ [ T +Ω2 , Ω(T +1) ] and Zi ∈ [ T +Ω
, 1 + T ] ∀i = N, S.
T
Proof 4 Eliminating growth from our model with symmetric countries gives welfare
results as those in ACR
First, notice that imposing no growth in our model (i.e.g = 0 and ρ = 1) eliminates
the static eﬀect on expenditure and the dynamic eﬀect so the static eﬀect on prices
in the only one remaining. Then, notice that this setting yields an endogenous mass
of varieties. Indeed, further ignoring the outside sector in our model, which does not
exists in ACR (i.e. setting µ = 1 and LC = 0), we can reach L = σδaK κ̄ from our
expression of LC . Assuming PK = 1 to better fit the specification in ACR, we obtain
by definition that aK = n. Combining these results we obtain:
n=

L
σδκ̄

Finally, merging that result with our expressions of κ̄ and m̆ in the symmetric country
case we get:
[
] 1
σ
σδκD σ−1
P =
aD
σ−1
L
The above expression for prices matches the inverse of the welfare expression in Melitz
(2003) and therefore gives the same welfare results as in ACR. Indeed, given that the
static price eﬀect on prices is the only active in the current setting, we can rewrite
(38) as:
d ln P
d ln aD
1
−1 d ln d
dU
=−
=−
=
=

dΩ
dΩ
dΩ
α(1 + Ω)
α dΩ
Proof 5 Proof of Lemma 2
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The eﬀect that trade openness (Ω) has on Zi can be expressed by
2Ω). Since 0 < Ω < 1 and Zi > 0, then:

dZi
dΩ

=

1
(Ri Zi
1−ΩRi

−

dZi
> 0 ⇔ Ri Zi > 2Ω
dΩ
dZi
< 0 ⇔ Ri Zi < 2Ω
dΩ
dZi
2Ω
= 0 ⇔ Ri Zi = 2Ω ⇔ Ri = R∗ =
dΩ
1 + Ω2
Notice that under country symmetry, R = 1 and Z = 1 + Ω so the condition for
> 0 is reduced to 1 + Ω > 2Ω and holds for both countries. Under country asymmetry RN > 1 and RS < 1. Since the left-hand side in the condition is monotonically
N
> 0.
increasing in Ri it holds for N and therefore dZ
dΩ
As shown in to Proof 3, Assumption 2 imposes a lower limit to RS given by
+1)
RSmin = Ω(T
. It is easy to show that T > 1 implies RSmin < R∗ . Then for values of
T +Ω2
S
the technological gap that set RS to the range [RSmin , R∗ ) we are going to have dZ
< 0,
dΩ
dZS
∗
while when RS is in (R , 1] we are going to have dΩ > 0.
dZi
dΩ

Proof 6 Comparative statics of trade eﬀect
Using (23)-(34) it is possible to derive the eﬀect of greater openness upon each of the
main variables. In what follows I consider rises in the degree of openness (dΩ > 0)
stemming from both a reduction of the variable cost (dϕ > 0) or in the fixed cost
(dκX < 0) indistinctly.
−aD,i dZi
αZi dΩ



daD,i
dΩ



dκ̄i
dΩ

=



ddi
dΩ

= −d2i aK,j
K,i



dxi
dΩ

=

=

κ̄i dZi
Zi dΩ
a

dZj
dΩ

x2i
aK,j dZi
(Zi −1)2 aK,i dΩ

Changes in the degree of openness aﬀect aX,i diﬀerently whether they stem from a
reduction of the variable cost (dϕ > 0) or in the fixed cost (dκX < 0). Indeed,


daX,i
dϕ



daX,i
dκX

=

aX,i βΩ dZi
αZi (Zi −1)ϕ dΩ

=

−aX,i
ακX

[

(β−1)Ω dZi
Zi (Zi −1) dΩ

]
+1

i
From these expressions it is clear that dZ
> 0 is a necessary and suﬃcient condidΩ
daD,i
daX,i
da
ddj
dκ̄i
dxi
tion for dΩ < 0, dΩ > 0, dΩ < 0, dΩ > 0 and dϕ
> 0. The condition for dκX,i
<0
X

is

dZi
dΩ

>

Zi (1−Zi )
(β−1)Ω

with

Zi (1−Zi )
(β−1)Ω

< 0, so

dZi
dΩ

> 0 is suﬃcient but not necessary.

Proof 7 Comparative statics of trade eﬀect on the growth rate of varieties
The eﬀect that a one-time increase in openness (Ω) immediately has on the growth
rate of country i (gi ) is given by the following expression:
[(
)
]
µdi Ei
Li dZi
aK,j dZj
dgi
=
1−
− di Zi
dΩ
σaK,i κ̄i
Ei dΩ
aK,i dΩ
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dZ

i
The growth rate of local varieties in country i depends on the signs of dZ
and dΩj .
dΩ
i
Tracing back the origins of these two eﬀects it is possible to notice that dZ
is there
dΩ
for two reasons. One (a) is that the growth rate of varieties produced in i is aﬀected
by the market share that firms from i cover in the foreign market (represented here by
i
1 dZ
). The other (b) is that, by (29), the average knowledge required by new firms κ̄i
dΩ
Li dZi
Li
changes with freer trade (represented here by E
). By (32), 1 − E
> 0 which means
i dΩ
i

dZ

that the first of these eﬀects is always greater than the second. The fact that dΩj is
in the previous expression too is related to the fact that (c) freer trade can hinder
growth in i if foreign firms increase their market share in i in detriment of local firms.
a
dZ
i
When countries are symmetric dZ
= dΩj and di Zi aK,j
= 1 so the previous expression
dΩ
K,i
reduces to (42) and g decreases with Ω due to the increase in κ̄ in both countries. By
symmetry, (a) and (c) perfectly oﬀset each other. But when countries are asymmetric
that might not be the case and that enables gS ̸= gN . Since by Lemma 1 both rates
must converge to the same value at the new BGP any divergence must happen only
in the short-term. By Lemma 2 we can separate two cases:
i
 The technological gap is relatively small and therefore dZ
> 0 ∀i = N, S. It can
dΩ
be shown that the net eﬀect on growth is negative for the South while for the
North its sign depends on the size of the technological gap.
N
S
 The technological gap is relatively large and therefore dZ
> 0 and dZ
< 0.
dΩ
dΩ
In such a case it is easy to see that the growth rate in the South is negatively
aﬀected by openness while the growth rate in the North unambiguously increases
with freer trade.

Proof 8 Comparative statics of trade eﬀect on the price index
By (35) and (34), the eﬀect that a one-time increase in openness (Ω) immediately has
on the price index of country i (Pi ) is given by the following expression:
[
]
µPi dZi
dPi
aK,j dZj
=−
+ βZi di
dΩ
αZi dΩ
aK,i dΩ
This shows how in cases where technological asymmetries are not large (which by
i
Lemma 2 implies dZ
> 0 ∀i = N, S) the price index unequivocally decreases with
dΩ
freer trade. However, when the technological gap between countries is large (which
N
S
> 0 and dZ
< 0) the eﬀect freer trade has on prices is determined by the
means dZ
dΩ
dΩ
following conditions:


dPN
dΩ

<0⇔

dZN
dΩ



dPS
dΩ

<0⇔

dZS
dΩ

a

K,S
> βZN dN aK,N

dZS
dΩ

and

a

dZN
and
< βZS dS aK,N
K,S dΩ

dPN
dΩ

dPS
dΩ

> 0 otherwise,

> 0 otherwise.

By Proof 5, a case of a large technological is one where RS ∈ [RSmin , R∗ ) and when
S
RS → R∗ then dZ
→ 0. By the previous conditions, this implies it is possible to have
dΩ
falling prices even in a situation where the technological gap is large.
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