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�&�/,0�C��i)$������V�0�
�C7�MP���!AV #���/ @A�-%Bg=�A���-%~`3 � � �/,0�jM�78AV9C�VA
���! #"�:({�-���$ �@')B%��=�A���-%~;$%�r"@�V�������c�
"4-�A�78 (�0"2�/,0�2M $ A����+b
 #-�AV���VA27�MNF6G�Hckj-��0"2$ �K�/,0��B�-%�/�c��A����! #"�:({�-
��$ ��'�B���=�A��
-�~v$%�<78��B :}��$ '���$�M $%��-��@�2$ � �+Q�Tu-%�0" � T�-%A�78 (�0"�Jr��=�AV #-�AV:}F�G�Hckq3*t�,0�VA��&$%�;-�B��
�z�
��$ '���$�M $��
-����0=�A���-%~4J.78$ ���0$ �}5^� � -%A�78 (�0"�J>�V=�AV #-%AV:LF�G�H^k?-%�0"��.7���$ '���$�M $��
-����0=�A���-%~<$ � � y?Sa-��
-%B B%3

��-^7 -%�0"jw�,078B�7@"�$ B $ � [ \ I�I^k�]�,0-�_`�j-�B%�z7aMV7� @�."C�/,0-����!,0�j���!AV #���! (A�-%B+=�A���-%~}�/,0-���,0-
�
��-%~q���XJ�B%-
���2$ �X9C78���!,�B :?��78$ �0��$�"@�����+$ �0"�$%��-���78A��&��$ �0�
�29;$�"@E%F�G�H�I6�>$��>�078��78�0��E �/$ 9C�<-��0"4�/,� #�
-^"@-�J��r-0�������r"@�V_`�VB%78J0��"�=�:��2-�$0-%�0"2T>�VAVA�78� [ F�G6G�Hc]+M�78AN�/,0�NJ�A��
�z�V�0�
��7�M�9; (B �/$ J�B��0=�A��
-�~`�z3
�2-�$�E
T>�VAVA�78� ���
�����V_`�V�@�! #-%B B :C��-%B��� (B�-����
�&-;�
78AVA�����J078�0"�$ ��'X�
78�0M $�"@�V�0�
�$ �����VAV_`-�B.=�:;9<$ ��$ 9;$ D8$ ��'L�/,0�
�� (9�7�M.�zb
 #-%A��.A�����$%"� #-�B���-�9C78��'K-%B B(J07��z��$ =�B��g�� (=0E%�z-�9;J�B��
�zl

                                                
5  Û]ã é�à�Ý Û]Ý ê à�Ý ê å�ê àbí«Û]àMÚ é�Þ}ç�Ý Ù}Ú¦å Þ}ñ?ë«Û]ßFê à�Þ«ç�Þ}â ñ?Ú Û]ç�Ú àMÝ ê ñ Û]Ý Þ}ß�àbí«Ú â�Þ}ß�Ú�Û]ç«é�Û]â�Ý Ú ß Ú Û]å Ù�Ý ê ñ?Ú¦ë«Þ«ê ç}Ý%Þ«â

ˆ
2 it

π ε
�}èZÙ}ê å Ùhê à¯Ü�ç}í«ê Û]àMÚ é
Ú àMÝ ê ñ?Û]Ý Þ}ß#Þ}â#Ý Ù}Ú%àMÝ Û]ç«é�Û]ß�é
é!Ú ì�ê Û]Ý ê Þ}çhÞ«â#Ú ß�ß�Þ}ß#Ý Ú ß�ñWê çhÛ�ó¯ÿ%ý ú��8ß�Ú ávß�Ú àMàMê Þ}çbÞ«â�Ý Ù}Ú

ê ç}é!ê å Û]Ý Þ«ß
. 
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1

ˆ argmin ( )
i

i T i
T

S
τ

τ τ
< <

=
[ Fck6]

Og,0��A�� )( iTS τ $��r�/,0�<�� (9 7�M��zb
 #-�A��
"4A��
��$�"� #-�B%��M A�789��/,0�4�
���/$ 9C-�����"<9?7�"@��BN$ �v=078�/, �� (=0E

��-�9;J�B�����Og,0�V�?�/,0�g=�A���-%~s$���-%�>�!$ 9?�
iτ
36t�,.�9C��-%��-��0"jG�I�� ��78�0M $%"@�V�0�
�g$ ���c��AV_`-�B+7@M.=@A���-�~

J07�$ �����P�� ('�'*�������
"L=�:4��-%$�E Tr��AVA�78�X�������P-�A��456�VJ����V9;=0�VA4F�G6H�o � �J�AV$ B�F�G�H�o6{�yC78_q��9;=0�VAKF�G�H����
M�78A �+Q�Tr{%Jr�V=@AV .-%AV:vF6G�Hck � �� (�0�KF6G�H \ {|� (') #���PF6G�H�G���M�78A � T�-��0" Jr�V=�AV #-%AV:vF�G�H 	 � � (') #���
F�G�H \ { �� (B : F�G�G�����M�78Av5^� �+3Nt�,0�K9C�
-��0��-�A�� -�B 9C7����P$�"@�����!$%��-%B2��7X�/,0�?��$ ��'�B��4=�A��
-�~pJ078$ ���
"@���������c�
"$ �<�/,0�g�
78AVA�����J078�0"�$ ��'K�z��AV$��
�� #��$ ��' � -%B�"g�c�
����3

��.78�!,0��As-%B ���VAV�0-%�!$ _`�����
����{�Og$%"@�VB :s #�z�
"s$ �R�/,0�&B $ �c��A�-��/ (A��L7�M�_`78B�-%�!$ B $ �!: [ M�78A&$ �0���c-%�0���
{
5^��7���~X-%�0" � -����z78�0{ \ I6I \ F � AV_�$ �0��-%�0"�5(��,� (,0{ \ I�Ick�]�Og,0���j�/,0�+=�A��
-�~KJ078$ ����$��0~6�07�Og�0{�$��0��7
"�$ A������!B :4���
���+�/,0�4�
b
 #-�B $ �/: 7�MN9C��-%�0��-%�0"4_`-�AV$%-��0�
����7�M�� (=0E%�z-�9;J�B��
�r=0�
MV7�A��4-%�0" -
M ���VA<F6G�Hck`{
M�78A2Og,�$���,XQ�TrW [ \ I�I6Ic]P"@���c�
�V�P-<78�0�
E �/$ 9?��=�A���-%~j$ � de;Tr3@t�,0�
�z��A����� (B �c�&-�A���A��VJ078AV���
"4$ �
t2-%=�B��;F636t�,0�;�
78B  (9;�0���/OP7?-��0"CM�78 (AA���J�A������V������� Y����^��8 Yc� 8 N�M�78B B%78Og$ ��'v-+�078AV9?-%Bg"�$%���/AV$ =� (�/$�78�
-%�0"��	� Y����
� 8 Y�� 8 N.M�78B B�78Og$ ��'
�0X CZ` H C �

\�"�$����/AV$ =� (�!$%78�}M�78Ar9C�
-��0�g-��0"&_`-%AV$�-��0�
���z{mA�����J0�
�V�/$ _`��B :@3 CZ` -��0"
C
�
A��VJ�A��
�z�V�����/,0�P��$ D����27�M+�
-
��,a�� (=0E%�z-�9;J�B��
3�t�,0� �rE _q-%B  #�
���� (')'*�
�����!,0-%��_`-%AV$�-��0�
���7�M+-%B B>M $ _`�

���VAV$��
�&-%A��<��$ ')��$%M $��
-����/B :C"�$�M�M��VA�������78_`�VA��/OP7<J0��AV$�7�"@��-%�0";�/,0�A��
"� #�V�/$�78�C$ �?_`78B�-%�/$ B $ �!:P$���9?7����
��_�$�"@������$ �pd�e;Tr{ �+Q�Tr{`-%�0" � Tr3�t�,0�r9?�
-��0��7�Mq�/,0�
�z���z��AV$��
�-�A��r�078���z7�"�$%M�M��VA��V����78_`�VAr�/OP7
J0��AV$�7�"@����i`�
�VJ����!,0-%�>M�78A �+Q�Tr3

� � -
"@"�$ �!$%78����7� (��$ _`-�AV$�-%���X���
���c��{2OP� -%B��z7��c�
���p-��0" ��78�0���/AV #���j_q-%B $%"���78�0M $%"@�V�0�
�
$ �����VAV_`-�B%�sM�78A<�/,0�?"@-%�c�?7�M;-C��$ ��')B%�<=�A��
-�~p$ ��9< (B �/$ _q-%AV$�-%�c�;�/$ 9?�C�z��AV$��
�LM�78B B�78Og$ ��'X9C�V�/,07�"@�
"@��_`�VB%78J0��"�=�:��2-�$%{ �# (9C�z"@-�$ �0��-��."L5^��7��V~ [ ,0�VA��
-
M ���VA�� �+56{|F�G�G�Hc]c3mt�,0��� �r5��������#$��q=0-^�z��"478�
-+��:@�����V9 ��b
 #-��/$�78�

1 11 1
( )( )

p p

t j t j t t j t j t tj j
y A y X d k B y Xµ λ ε− − − −= =

= + + Γ + + + Π +
� � [ F�n^]

Og,0��A�� @ B { W*{��){(-��0"/V B -%A�� C × E -%�0"   � "6-%�0"  �� � "6-%A�� C × C F�� B X * \ �aI�M�78A� ≤ * -��0"
� B X * \ �aF�M�78A
� � * F`-��0"���B6$%�2-+9C-��/AV$ iX7�M+���c-%�!$%78�0-�AV:�_`-�AV$�-%=�B��
�z3 ��b
 #-��/$%78� [ F�nc]���-%�C=0�gOgAV$ �/�c���C$ �C9C-��/AV$ i
M�78AV9

' '( ) ( )( )t t t t ty V I d k V Iθ δ ε= ⊗ + ⊗ + [ F��^]

Og,0��A�� '
tV
G X EDH @�� B _ ` H�� H @�� B _ � H ��� B _ ` \m{ θ ���&� N [ W H  ` H�� H  � H �0]�{ δ ����� N [ � H � ` H�� H � � H�� ]�{

-%�0" �.$���- C × C $%"@�V���/$�M :9C-��/AV$ i�3
t�,0�-�=078_`��
b
 #-��/$�78�?��J0�
�V$%M $%����-gM  (B B#���/AV #���! (A�-%B#�V,0-��@'��.$ �<�/,0-��
$ �>-�B B�78OP��-�B B#��7��
M�M $��V$%�V�����*��7<��,0-���'*��3KJ`A�789hQ�TrW [ \ I�I6Ic]�-��0" ��-
7;-%�0"gw�,078B�7�"�$ B $ � [ \ I�I^k�]�{cOP�
~��078Of�/,0-%��78��B :�-��� (=0�z�V��7�M>��7��
M�M $���$��V������� #��,R-
�0�/,0�r$ �����VA��
�VJ���{)$�M`OP�&-�A��r��-%B ~�$ ��'C-�=078 (�N�/,0�
���VAV$��
�}7�M?�
78�0"�$ �/$%78�0-�B;_`-�AV$�-%�0���
{,0-^�}-p���/AV .���/ (A�-�BP=�A���-�~`3+t�,.�VA���M�78A��
{P-jJ0-�AV�/$%-�BC���!AV #���! (A�-%B
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��,0-���'*��$��9C78A��s-�J�J�A�78J�AV$%-�����3�� �+5 [ F�G�G�Hc]4-�B���7jJ078$ ���478 (�2�/,0-����c�
�����<M�78A�J0-�AV�/$�-%B����!AV #���! (A�-%B
��,0-���'*�
�0Og$ B B*,0-�_`�>=0���/�c��A>J078OP�VA>�/,0-��s�/,07��z�&M�78A&M  (B B����/AV #�V�/ (A�-�B���,0-���'*����3�t�,�$��g��7��0��$�"@��A�-��/$�78�
OP78 (B%"'*���0�VA�-����g-#J0-%AV�!$%-�B#���/AV #�V�/ (A�-�B#��,0-���'*�.9C7�"@�VB

[ F 	 ]
Og,0��A�� � $%�-&�z��B������/$�78��9C-��/AV$ i?��78����-%$ ��$ ��'CI�� �-%�0"sF�� �-��0"�,0-%_�$ ��'CM  @B B`A�78O�A�-%��~q3 � �c�#A�-���~<$��
�
b
 #-�B���7}�/,0�L�� (9;=0�VAX7�MK�
7���M�M $���$������c�P�/,0-%�?-%A��X-�B B�78OP�
"X�c7���,0-���'*��3*Jr78AX-K=�A��
-�~a$ ���/,0�
$ �����VA�����J��>78��B :@{ � G X Y

⊗
� \�Og$ �!,/Y7� [ F6{6I�{��f{6Ic]c{^OP�.,0-%_`�

[ F�H^]

Og,0��A��
' ' ' '( ) (( ), ( )( ) )t t t tZ k V I d k V I S= ⊗ ⊗

-��0"
' ' '( ,( ) )Sβ θ δ=

3@� �r5;�c�
����M�78A4-=�A���-%~�$ �

�/,0�<��7��
M�M $���$��V�����&-�A���=0-
�z�
" 78� �/,0�;�z��b
 #���0���;7�M��+E%����-��/$%���!$%��� [ � �V]r�c�
���/$ ��'
Sδ �hI�{#M�78A * G

* � O EDH � H I � * � {
Og,0��A�� * � $���-#�/AV$ 9;9<$ ��'�_`-�B  #��3KJqA�789��!,�$%��J07�$ ���>M�78AVOP-%A�"@{^J�A�7����
"� @A��
��7�M@� �+5
���
����-�A��P��$ 9;$ B�-%A+�c7P�/,07����+$ �j (��$ _`-�AV$�-%�c��-��0-%B :(��$��z3)��78�/,j�������c��"@�����������/,0�+J.7��z��$ =�B%�+=�A��
-�~KJ078$ ���
=�:h9?-%i�$ 9<$ Dm$ ��' � -�B�"�����-��/$%���!$%����78A��/,0��B�78'*-�AV$ �/,�9 7�MC�!,0�a��0"�A��VOP�zE T`B�78=0��AV'���A [ F�G�Gck6]
��i)J078�0�V���/$�-%B#����-��/$����/$��

{ [ F�G^]

3 [ \ I^]

Og,0��A���� � A���M���A8�g��7R-%�R$ �@$ �/$�-�B�M A�-^�V�/$�78��7�M>�/,0�L�z-�9;J�B���Og,�$%�V,}$%�g�/AV$ 9;9C��"@3|t�,.�&=�A��
-�~`E J078$ ���
�
���/$ 9C-���78A.$���"@��M $ �0�
";-^�*�!,0�.9C78���/,<�/,0-%�`9C-�i)$ 9;$ D����*�/,0�.B $ ~`��B $ ,07�7�";M  (�0���!$%78�?7@M [ F 	 ]�78A [ F�Hc]

1

ˆ ˆ ˆargmax ( , ( ), ( ))
k T

k L k k kβ
≤ ≤

= Σ { [ \ F^]

$%�*�!,0�._`-%AV$�-��0�
��E%�
78_q-%AV$�-%�0���.9C-��/AV$ iK7�M@�/,0�g�VAVA�78A.���VAV9C�z3
t2-%=�B�� \ A���J078AV�����c�
���qA��
�� (B ����M�78AN (��$ _q-%AV$�-%�c�0�/,�A�78 ('�,?b
 #-��/AV$ _`-�AV$%-����0�/$ 9C��z�VAV$%����-��0-%B :@��$��

-%9?78�@'}M�78 (A�9C78���/,�B :C��7�$ �0�V$%"@�V���r$ �0"�$��
-���78A��z3@t�,0�=�A���-%~�J078$ �����&7�M0 (��$ _`-�AV$�-%�c�g� �+5���������-%A��
��$ 9;$ B�-%A���7��/,07��z�2M A�789��2-%$�E Tr��AVA�78�K���
���+M�78AN9< (B �!$ J�B��N=@A8�
-�~�J078$ �����>-��0"��/,07��z��M A�789 ��0"�A��VOP�zE
T`B�78=0��AV'���AN���
���rM�78A��$ ��'�B��.J078$ ����3
t�,.���78�0M $%"@�V�0���.$ �����VAV_`-�B%��M A�7�9 �/,0�0� �r5g�������r-�A��0Og$%"@�VA0�/,0-��
�/,07��z��M A�789���-%$�E Tr��AVA�78�a�������c{>-%�0"�,0-%_q��A���B�-%�!$ _q��B :}�
-�AVB $%�VA�B�78OP��A�-%�0"� (J�J0��A�B $ 9<$ �!$ ��'�"@-����
�z3
�q$ ~`� ��-^7K-%�0"2w�,078B�7�"�$ B $ � [ \ I�I^k�]�{@���/AV #�V�/ (A�-�B�=�A��
-�~�$���9C7����r��$ ')��$%M $��
-����q$ � �+Q�TR-%�0"��/,0��� � T>{

' ' '( ) ( )( )t t t t ty V I d k V I S Sθ δ ε= ⊗ + ⊗ +

'

'

( ) ( )

( )
t t t t

t t

y V I d k

Z k

θ λ ε
β ε

= ⊗ + +

= +

* *( ,1 )
: sup ( )TSup W F

τ τ τ
τ

∈ −
−

*

*

1 1
: ln{ exp{ ( )} }

2 TExp W F d
τ

τ
τ τ

−
−

�

ˆ ( )kΣ
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B%���z����$ '���$�M $%��-��@�>$ �a5^� �f-%�0"P$ �0��$ ')��$%M $��
-�����$ � � yCS>36t�,�$���78A�"@�VAgAV (B��
���/,0�gA��
�� (B ���N$ �j=�$ _`-�AV$%-����
�/,�A�78 ('�, b
 #-%�!AV$ _q-%AV$�-%�c� �/$ 9C� �z�VAV$%���zl�/,0�v=�A��
-�~�J07�$ ���R-��0"h��78�0M $%"@�V�0�
� $ ���c��AV_`-�BC7�M �+Q�T
"@789;$ �.-����K�/,07��z�v7�M4��7�9<=�$ �0-��/$�78�0��7�M �+Q�ThOg$ �!,u78�/,0��AL�/,�A��
�K$ �0"�$%��-%�c78A��#F0�!,07���� 7�M � y?S
OP78 (B%"�"@789;$ �0-����f$ ��� �
789<=�$ �0-��/$�78��Og$ �!, 5
� � -��0" � y?S�FX5^� � OP78 (B�" "@789;$ �0-%�c��$ ���
�
789;=�$ �0-��/$%78�LOg$ �/, � yCSp78��B :(38�;�r-NA����� (B �c{�=@A���-�~�"@-�����-%�0"4�
78�0M $�"@���0���N$ ���c��AV_`-�B0M A�789�-%B B0M�78 (A
9C78���/,�B :C��78$ �0�V$%"@�V���r$ �0"�$���-%��78A��&-�A��_`�VAV:C�VB%7��z���7<�/,07��z�P7�M �+Q�Tr36t�,.�VA���M�78A��
{(� �+5����
���>,0-
�
"@���������c�
"p-s��$ ')��$%M $��
-����K���/AV #���! (A�-%Br=�A���-�~ 78�pyC78_`�V9;=0�VAsF�G�H6o4$ �R_q78B%-��/$ B $ �/:}7�M�M�78 (As�V (AVA��V���
�
78$ �0��$�"@�����>$ �0"�$��
-���78A���Og$ �!,aG6I�� �
78�0M $�"@���0���g$ �����VAV_`-%Bg-�A�78 (�0" � �� (�0��F6G�H \ {6�J�AV$ B+F�G�H�n ��3 � �
�/,0���?-%J�J�B :g�/,0�g"�:��.-�9;$��gM�-
���c7�A09C7�"@�VB(Og$ �!,C���/AV #�V�/ (A�-�B(=�A��
-�~`�*�c7�/,0�.9<$ i���"@E%M A���b
 #���0�V:P"@-%�c-^3

�!���� � �  �;� �� ��"%�
� �>,0-�_`�������/$ 9C-����
"s��$ i;�!:
J0���g7�M�"�:
�0-�9;$���M�-^�V��78A�9?7�"@��B��#Og$ �!,LA���')$ 9?�2��Og$ ���V,�$ ��'*3mt�,0�
�z��QR5
9C7�"@��B���-�A��g"@�
M $ �0��"g=�:P��b
 #-%�!$%78�0� [ Fc]�78A [ F�Fc]>-��0" [ \ ] � [ �c]>-%�0";�z78AV���
";-^�zl

[ -%]Pe;:��0-%9<$%� M�-
���c78A49C7�"@�VBOg$ �!, �07 ���/AV #�V�/ (A�-�B=@A���-�~R=0-
����"�78����$ ��'�B��
E%M A��
b
 #�V�0��:
"@-%��-
{mOg,�$%�V,L$��#$%"@�V���/$��
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Three Single-Frequency Models Three Mixed-Frequency Models

(a ) Base (2) (b) MF (2)

(c) ReSF (4) (d) ReMF (4)

(e) UnSF (4) (f) UnMF (4)
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Smoothed Probabilities of Low Growth: Four-Regime Switching Models

(a) Restricted Single-Frequency Model (b) Restricted Mixed-Frequency Model

(c) Unrestricted Single-Frequency Model (d) Unrestricted Mixed-Frequency Model
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Smoothed Probabilities of Low Variance: Four-Regime Switching Models

(a) Restricted Single-Frequency Model (b) Restricted Mixed Frequency-Model

(c) Unrestricted Single-Frequency Model (d) Unrestricted Mixed-Frequency Model
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Smoothed Probabilities of Low Growth and Low Variance

(a) Restricted Single-Frequency Model (b) Restricted Mixed-Frequency Model

(c) Unrestricted Single-Frequency Model (d) Unrestricted Mixed-Frequency Model


