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A bstract

Inthis paper, thepublicinvestmentprovisiontakes placeinastochasticenvi-
ronnement. T heroleofthegovernmentistoremoveapartoftheuncertaintyfaced
bythe…rm. Ifthegovernmentsimplymaximizes thevalueofthe…rm, thenthe
optimaltaxissmallerunderimperfectcompetitionthenitisunderperfectcompeti-
tionsincemorepubliccapitalreducesthesellingprice. B utifthegovernmentseeks
tomaximizetheconsumersurplus, taxandpubliccapitalprovisionareameanto
correctthemarketandtheoptimaltaxisthenhigher.
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1. Introduction

IntheU S, largepublicexpendituresarecurrentlyundertakenwhichbearalargepartof
themacroeconomicriskwhileintheEuropeanU nionthe”stabilitypact”whichconstrains
publicexpenditures becomes stronglycriticized. B uthowdoes publicinvestmenta¤ect
theeconomicperformance?Suchaquestionhasyetreceivedalargeattentionespecially
sinceithasprovidedawaytoexplaintheproductivityslowdown: thegrowthrateofthe
netstockofcapitalfellfrom4.1% duringtheperiod19 50-19 7 0 to1.6% during19 7 1-19 85
andA schauer[19 8 9 ]showsthatanincreaseof1% inthepublic-privatecapitalratiowould
increaseby0.39 % thetotalproductivityintheeconomy. Thishasgivenrisetoanumber
ofempiricalworks aswellas todebates abouttheproductivityofpublicspending(see
G ramlich[19 9 4]andShioji [2001]).
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B arro[19 9 0]proposes atheoreticalapproach (followingA rrowandKurz [19 7 0]) in
whichpubliccapitalappearsasaproductivefactor. H econsidersanendogenousgrowth
modelwithpublicexpenditures thatentertheproductionfunctionas ‡ows ofservices
andabalancedgovernmentbudgetforeachperiod. G rowthisthenmaximumwhenthe
taxrateequals theelasticityofpubliccapitalwithrespecttooutput. M anyextensions
havebeen proposed: forinstance, G lomm andR avikumar[19 9 4]introducecongestion,
Cashin[19 9 5]considerstheproductivityofthestockofpubliccapitalandnotofthe‡ow
ofits services. M oreover, B urguetandFernàndez-R uiz [19 9 8]relaxtheassumptionon
thegovernmentbudget, allowingforborrowingandanalyzingthepossibilityofpoverty
traps.

A llthis literatureaboutpublicinvestmenta¤ectingprivateproductionremains ina
deterministicframework. Butwhatis theoptimaltaxrate iftheproductivity ofthe
publicgoodisstochasticasitwouldbethecaseinanuncertainenvironment?Turnovsky
(19 9 9 ) includes stochasticfeatures intoan endogenous growth modelwith productive
publicspending. H owever, theauthorneglectsoneimportantcharacteristicofinvestment
decision: theirreversiblenatureofcapitalexpenditure. Itis nowlargelyadmitted(see
D ixitandP indyck[19 9 4]) thattheassumptionofaperfectly‡exibleprivatecapitalisno
longerrealisticinastochasticworld. Investmentdecisionsarethenforsurea¤ectedby
thejoinedfactsthatinvestmentis irreversibleandgeneratesreturnsthatareuncertain.
Infact, a…rmthatmayfacebadnewsandwhichcannotselleasilyitscapitalmayprefer
topostponesomeinvestmentprojects, thatis, toaccumulatelesscapitalforagivenstate
ofnature. T his signi…cantlyalters theproductivityoftheprivatesectorandonemay
wonderhowthepublicsectoris inturna¤ected: whathappens forpublicinvestment,
thatis, fortheoptimaltaxrateandthepubliccapitalprovision?

Inthispaper, weextendusualmodelsonthisliteratureintroducingthestockofpublic
capitalas an inputfortheprivatesector, which seems morerealisticthanconsidering
the ‡owofpublic spendingorthe services provided by thegovernment. T he public
investmenttakes place in astochasticenvironment. Publiccapitalthen increases the
productivityofprivatecapitalwhichisassumedtobefullyirreversible. Implicationsfor
the…rmcanbegeneralizedfortheeconomyassumingarepresentative…rm. This implies
periodswithnoinvestmentattheaggregatelevelwhichisatleastrelevantfordeveloping
countries. A morerealisticmodellingwouldconsiderheterogeneityamong…rmswhich
wouldsigni…cantlycomplicatethemodelwithoutprobablya¤ectthenatureoftheresults
weareinterestedin. T hegovernmenthasanintertemporalbudgetconstraint, i.e. taxes
arecollectedeachperiodtofundthepublicdebt. W eprovideapartialequilibriumanalysis
(asitisstandardinmodelsofirreversibleinvestmentunderuncertainty);we…rstconsider
thecaseofperfectcompetitionandthenturntoissuesaboutimperfectcompetitionwhich
allowfordi¤erentobjectives forthegovernment: itmayseektomaximizethevalueof
the…rmorrathertheconsumersurplus. Evenunderuncertainty, theoptimaltaxrateis
thenconstantanddoesnotdependonthesizeofuncertainty;itisexactlythesameas
theonethatwouldprevailinadeterministicworld. N otethatParkandPhilippopoulos
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(2002)showsthataconstanttaxrateavoidsanyintertemporaldistortionN everthelessthe
optimalprovisionofpubliccapitalisnegativelya¤ectedbyuncertainty. W eshowthatthe
governmenthasaninsurancerolesinceitremovespartoftheuncertaintyfacedbythe…rm.
SucharoleforthegovernmenthasalreadybeensuggestedbyR odrik(19 9 8): observing
thatthepositivecorrelationbetweenopenness ofeconomies andthegovernmentsizeof
theseeconomiesisstrongerwhenterms-of-traderiskishigher, hededucesthatgovernment
spendingmayplayarisk-reducingrole. O urpapercanthereforebeconsidered as an
attempttoshowhowthepublicsectorusespublicinvestmentasarisk-reducingstrategy.

Comparingcasesunderperfectcompetitionandunderimperfectcompetition, results
dependon theobjectiveofthegovernment. Ifthegovernmentsimplymaximizes the
valueofthe…rm, theoptimaltaxisthensmallerunderimperfectcompetitionthanunder
perfectcompetitionbecausehavingmorepubliccapitalisnotsogoodforthe…rmbecause
itreducesthesellingprice. B utifthegovernmentseekstomaximizetheconsumersurplus,
taxandpubliccapitalprovisionaremeanstocorrectthemarketandtheoptimaltaxis
thenhigherthanunderperfectcompetition. Sectiontwopresentsthemodelunderperfect
competitionandsectionthreeextends ittoimperfectcompetition.

2.Providingpubliccapitalinastochasticworld

2.1.Theprogramofthe…rm

W econsiderthepubliccapitalas akindofpublicgoodthatis providedbythegovern-
menttothe…rms. Followingtheliterature, an increaseintheamountofpubliccapital
raisesprivateproductivity. Itisapurepublicgoodsothereisnocongestionissue. T he
productionfunctionhasaCobb-D ouglasform1:

Y (t) = A(t)K (t)®Kg¯ (2.1)

with® + ¯ < 1. Kg istheamountofpublicgood;productioniscontinuouslyperturbed
byshockssinceparameterA(t) isstochasticandmovesaccordingtoageometricBrownian
motion:

d A(t)
A(t)

= ¹d t+ ¾ d z (t) (2.2)

with d z = "
p
d twhere"~N (0 ;1);E("i"j) = 08i;jwith i6= j:

T heprivatesectormustdealwithirreversibilityintheinstalledprivatecapital;once
theinvestmentis implementedthereisasunkcost, whichdoesnotallowthemtoreduce

1 L aborcanbeintroducedintheproductionfunction, onecouldinterprettheproductionfunctionin
percapitaterms.
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thetotalstock. T heproblem ofthe…rm2 is tomaximizeitsvalue(thediscountedsum
ofits cash ‡ows) bychoosingtheoptimalstockofprivatecapital, giventhatthere is
uncertaintyandirreversibility:

8
>>>>><
>>>>>:

maxI (t)V (0 ) = E0
R+ 1
0

h
(1¡¿)A(t)K (t)® (Kg)¯ ¡kI (t)

i
e¡rtd t

sc.

¯̄
¯̄
¯̄
¯̄

d A(t) = ¹A(t)d t+ ¾A(t)d z (t)
I (t) = d K (t)¸0
K (t) = 0 8t< 0
Kg and¿ given

(2.3)

W eassumethatthegovernmentandtheprivatesectorpaythesameconstantprice
kforthecapital. r isthediscountrateofbothgovernmentandprivate…rms3. T hegov-
ernmenttaxesthecash-‡owsatarate¿ to…nancethepublicexpenditures. T heprivate
sectortakestaxesandpublicexpenditureasgiventosolvetheproblem.

2.1.1.D erivingthedesiredstockofcapital

T heB ellmanEquationofthisproblem isde…nedasfollows(seeP indyck[19 88]):

rv(t) = (1¡¿)®A(t)K (t)®¡1(Kg)̄ +
E(d v)
d t

(2.4)

withv(t) beingthemarginalvalueofthe…rm. T hesolutionisthen:

v(t) =
(1¡¿)A(t)®K (t)®¡1(Kg)̄

r¡¹| {z }
D iscountedvalueof
futurecash-‡ows

+ (1¡¿)Z K (K (t))A(t)¸| {z }
O ption toinvest

(2.5)

where Z k < 0 is thederivativeof Z (K ) withrespecttoK (t) and ¸ = 0:5¡¹=¾ 2 +p
(¹=¾ 2 ¡0:5)2 + 2 r=¾ 2 > 1 thus, @¸=@¾ 2 < 0 . T hevalueofthelastunitofprivate

capitalisgivenbyequation(2.5). Itencompassesthediscountedpresentvalueoffuture
cash-‡ows given A(t), less the option to investthis unitlatersince havingonemore
marginalunitofcapitalimplies togiveup this option (and thus prevents towaitfor
betterrealizationsofthestochasticvariable). W ewillhavetosolveforZ k andwewill
showitisactuallynegative. N otethatthehighertheuncertainty, thelargerthevalueof
theoptionthe…rmhastogiveuptoinvestinthemarginalunitandthus, thesmallerthe

2W estudythecaseofone…rm, buttheinclusionofnsymetrical…rmswouldnotchangesigni…cantly
ourresultssinceweconsiderapurepublicgood.

3Inadi¤erentsetting, A rrowand L ind(19 7 0) showthatuncertaintyshouldnotpreventfrom using
thesamediscountrateforprivate…rmsandgovernment.
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valueofthemarginalunit. T his is themainconclusionofmodels ofirreversibilityand
uncertainty, andforplausiblevaluesofthemodel’sparameters, thisoptionvaluemaybe
non-negligible, andmaythus signi…cantlya¤ecttheoptimalstockofcapital(again, see
P indyck[19 88]).

T hedesiredcapitalstockisobtainedthrough”valuematching” and”smoothpasting”
conditions thatarestandardintheirreversibleinvestmentunderuncertaintyliterature
(seeD ixitandP indyck[19 9 4]) :

(1¡¿)Z K (K )A(t)¸ +
(1¡¿)A(t)®K (t)®¡1(Kg)̄

r¡¹
= k (2.6)

(1¡¿)̧ Z K (K )A(t)¸¡1 +
(1¡¿)®K (t)®¡1(Kg)̄

r¡¹
= 0 (2.7 )

T heseoptimalityconditions allowtoderivethevalueofthedesiredstockofcapital
K ¤aswellas Z ¤k, foragivenvalueofA(t). Firmsobservethe valueoftheparameterA(t)
andthencanchoosethedesiredstockofcapitalasfollows:

K d (t) =
·̧ ¡1

¸k
(1¡¿)A(t)®K g¯

(r¡¹)

¸ 1
1¡®

(2.8)

Z k(K (t)) = ¡
µ

k
(1¡¿)(̧ ¡1)

¶1¡¸ µ ®K g¯

(r¡¹ )̧

¶¸

K d (t)̧ (®¡1) (2.9 )

@K d (t)
@¿

< 0
@K d (t)
@K g

> 0 (2.10)

@Z k

@¿
< 0

@Z k

@K g
> 0

Itisworthnotingthattaxeswhichnegativelya¤ectthemarginalcash‡owreducethe
desiredcapitalwhiletheamountofpubliccapitalwhichincreases themarginalproduc-
tivityofcapitalleadstoahigherdesiredstockofcapital. N evertheless, moretaxesallow
governmenttoprovidemorepublicgood, butthe…rmdoesnotinternalizetheexternality
generatedbytaxes. T hetaxalsoreducesthevalueofZ k, thereforeitreducesthemarginal
optionvalue;thiscontrastswiththee¤ectofthepublicgoodwhichhasapositiveimpact.

A notherwaytostudytheimpactofthegovernmentintervention is tofocusonthe
levelofthestochasticvariablerequiredtoinvestgivenaninstalledstockofprivatecapital,
K (t). Suchathresholdmayalsobederivedfromthevaluematchingandsmoothpasting
conditions:

A¤(t) =
k

(1¡¿)
(r¡¹)

®K (t)®¡1Kg¯

µ
¸

¸¡1

¶
(2.11)
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E¤ectsofthetaxrateandofthestockofpubliccapitalareconsistentwiththoseon
thedesiredstockofcapitalthathavealreadybeenexamined:

@A¤(t)
@¿

> 0
@A¤(t)
@K g

< 0

2.1.2.D erivingtheinitialvalueofthe…rm

G iventhedesiredcapitalstockderivedbefore, wecanexpressV d (t), thevalueofthe…rm
whentheinstalledstockofcapitalis thedesiredone. Sinceweknowtheexpressionfor
º d (t), themarginalvalueofthe…rmwhentheinstalledcapitalisthedesiredone, V d (t)
maybecomputedasfollows:

V d (t) =
Z + 1

0
vd (K )d K =

ZK d

0

(1¡¿)®A(t)K (t)®¡1(Kg)̄
r¡¹

d K (t)

+
Z + 1

K d
(1¡¿)Z K (K (t))A(t)¸ d K (t)

, V d (t) =
(1¡¿)A(t)K d (t)®Kg¯

r¡¹
(2.12)

+
µ

1
¸ (1¡® )+ 1

¶µ
k

(̧ ¡1)

¶1¡¸ µ®A(t)(1¡¿)Kg¯

(r¡¹ )̧

¶¸

K d (t)¸(®¡1)+ 1

assuming¸(1¡®) > 1 toensuretheconvergenceoftheintegral.
W eassumethatthe…rm has initiallynocapital: itonlystartstoinvestatthetime

t= 0 whenthegovernmentinstallsthecapitalKg. D uetothespeci…cationofthecash
‡ows, thatarepositivewhatevertherealizationofthestochasticvariable, attimet= 0 ,
the…rmwillthenjump forsuretoitsdesiredcapitalstockK d (0 ) > 0 . T hus, theinitial
valueofthe…rm is suchthatgiventheamountofpubliccapitalandtherealizationof
thestochasticvariableattimet= 0 , theinstalledcapitalstockK (0 ) correspondstothe
desiredstockK d (0 ). R eplacingK d (0 )byitsexpressiongivenbyequation(2.8), theinitial
valueofthe…rm isthus :

V (0 ) = V d (0 ) =
µ
A(0 )
r¡¹

¶ 1
1¡®

µ
(̧ ¡1)®

¸k

¶ ®
1¡®

(1¡¿)
1

1¡® Kg
¯
1¡®

·
1 +

®
¸ [(1¡® )̧ + 1]

¸

(2.13)

N otsurprisingly, thisvalueisanincreasingfunctionofthestockofpubliccapitaland
adecreasingfunctionofthetaxrate. T hee¤ectofuncertaintyonthis initialvalue is
givenby:

@V (0 )
@¾ 2

=
@V (0 )
@¸|{z }
> 0

@¸
@¾ 2|{z}
< 0

< 0
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T hereexists twoopposite e¤ects ofuncertaintyon V (0 ). O n theonehand, more
uncertaintyinducesthe…rmstoinstalllesscapital(K d (0 ) is smaller) thus reducingthe
currentcash-‡ow;ontheotherhand, alargeruncertaintyincreasestheoptionvaluepart
ofV (0 )whichrelatestofuturecash‡ows. Clearlyhere, the…rste¤ectprevailsandmore
uncertaintyreducestheinitialvalueofthe…rm.

2.2.Theprogramofthegovernment

U ntilnow, publicexpenditures K g and taxes ¿ are taken as given by the …rm when
decidinghowmuchtoinvest. W emustthenconsidertheproblem ofthegovernment:
howshouldtheleveloftaxesandthestockofpubliccapitalbedetermined?N otethat
themodeldealthere is apartialequilibrium analysis. T hereforetheobjectiveofthe
governmentwillbetomaximizethevalueofthe…rmsubjecttoitsinter-temporalbudget
constraint.

2.2.1.Thegovernmentbudgetconstraint

A tthebeginningoftheprogram, thegovernmentde…nesKg, theoptimallevelofpublic
capitaltobeprovidedonceforall. Expenses arethenkKg withkbeingtheunitprice
ofcapital. T his publicdebtis completelyfunded infuturetaxesonthecurrentpro…ts
ofthe…rms. T herefore, wearesupposingthatthereisa ”R icardianequivalence” inthe
sensethatthepublicdebtis completelyfundedinfuturerevenues4. Sincethemodelis
stochastic, futuretaxrevenues aresubjecttouncertaintyandthebudgetconstraintis
suchthattheexpectedpresentvalueoftherevenuesmustbeequaltotheexpenses in
termsofpubliccapital. M oreover, theexpectedpresentvalueoftherevenuederivesfrom
thetaxrateappliedtotheexpectedvalueofthefuturecash‡owsofthe…rm. Thislatter
stream is given by V (0 ), which is thevalueofthe …rm atperiod 0 . T hegovernment
budgetisthus:

¿V (0 ) = kKg (2.14)

N otethatthis implies aprecise timeschedule in therealization ofprivateand public
investments : attimet= 0 thegovernmentobserves therealizationofthestochastic
variable. Itcanthendeducetheamountofcapitalthe…rmwantstoinstallandtheinitial
valueofthe…rm, dependingonthelevelsoftaxandpubliccapital. U singthisinformation
thegovernmentdecideshowmuchtotaxandhowmuchpublicgoodstoprovide, which
implies (givenk) theinitialamountofdebt.

4H owever, thenameofR icardianEquivalenceismorerelatedwithresultthatthepublicdebtisnot
regardedbytheagentsaswealth. H ere, theterm isusedinthesenseofW alsh(19 9 8)andSargent(19 82).

7



2.2.2.D erivingtheoptimaltaxrate

T heprogramofthegovernmentistochoosethelevelsoftaxandofpubliccapital, that
maximizethevalueofthe…rm:

8
<
:

M axf¿;K ggV (0 ) =
³
A(0 )
r¡¹

´ 1
1¡®

³
(̧ ¡1)®
¸k

´ ®
1¡® (1¡¿)

1
1¡® Kg

¯
1¡®

h
1 + ®

¸ [(1¡® )̧ + 1]

i

sc. ¿V (0 ) = kK g

SubstitutingforKg usingthebudgetconstraint, theproblemofthepublicsectorcan
berestatedas:

M ax¿V (0 ) = ª (1¡¿)
1

1¡®¡¯ ¿
¯

1¡®¡¯ (2.15)

withª =
³

A(0 )
(r¡¹)k(®+ ¯)

´ 1
1¡®¡¯

³
(̧ ¡1)®

¸

´ ®
1¡®¡¯

h
1 + ®

¸ [(1¡® )̧ + 1]

i 1¡®
1¡®¡¯

T he…rstorderconditionoftheproblem isthen(notethatª doesnotdependupon
¿):

@V
@¿

= ¡ ª
1¡® ¡¯

(1¡¿)
1

1¡®¡¯¡1¿
¯

1¡®¡¯ +
¯ª

1¡® ¡¯
(1¡¿)

1
1¡®¡¯ ¿

¯
1¡®¡¯¡1 = 0 (2.16)

M oreover, itcanbeeasilybecheckedthat

@ 2 V
@¿ 2

< 0

T heoptimaltaxrate¿¤p isthus :

¿¤p =
¯

1 + ¯
(2.17 )

T hemodelgivesrisetoaninverselyU -shapedrelationshipbetweentheleveloftaxandthe
valueofthe…rm, as inBarro[19 9 0]andinthesubsequentextensions likeCashin[19 9 5]
andBajo-R ubio[2000]. T hisarisesbecausetaxationplaysanambiguousrolesinceitalso
allowsforaprovisionofpubliccapitalandthereforerepresentsakindofexternality. O n
theonehand, thetaxhasadirectnegativeimpactthrough(1¡¿)

1
1¡®¡¯ , sinceitreduces

theafter-taxvalue. O ntheotherhand, ahighertaxallows formorepubliccapitaland
thishasapositiveimpactonthevalueofthe…rm throughtheparameter¿

¯
1¡®¡¯ . Since

themodelexhibitsdecreasingreturnstothestockofpubliccapital, combiningbothe¤ects
ofthetax, willgenerateaconcaverelationship : thepositivee¤ectinitiallyprevailswhile
fortaxeshigherthan¿¤p, thereverseapplies. Since@¿¤p=@¯ > 0 , thestrongertheimpact¯
ofthepubliccapitalontheproductionofthe…rm, thehighertheoptimaltax. Intuition
isveryclear: thegreatertheimpactofthepublicgoodontheproductionlevel, thehigher
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theprovisionofpublicgoodshouldbe, andthehigherthetaxneededto…nanceit.

M oreover, equation (2.17 ) canbeinterpreted, likein Barro[19 9 0], as anaturale¢-
ciencycondition forthepublicsector, wherethegovernmentis equalizingthepositive
bene…tsofitsactionswiththenegativedistortions itgenerates. H ere, thepublicsector
isequalizingthemarginalbene…tsofthepublicexpenditureswiththemarginalcostdue
totaxation.

2.2.3.Theoptimalprovisionofpubliccapital

U singequations (2.14) , (2.17 ) and (2.15), the optimallevelofpubliccapitalcan be
expressedas:

Kg¤p = (1 + ¯)
®¡2
1¡®¡¯ ¯

1¡®
1¡®¡¯

µ
A(0 )

(r¡¹)k

¶ 1
1¡®¡¯

µ
(̧ ¡1)®

¸

¶ ®
1¡®¡¯

·
1 +

®
¸ [(1¡® )̧ + 1]

¸ 1¡®
1¡®¡¯

(2.18)

2.3.E¤ectofuncertainty

2.3.1.E¤ectuncertaintyontheoptimaltaxrate

T hee¤ectofuncertaintyontheoptimaltaxrateisgivenby:

@¿¤p
@¾ 2

= 0 (2.19 )

H enceanincreaseinuncertaintyhasnoe¤ectonthetaxrate, whichisquiteremarkable.
T hishappensbecausetheimpactofthetax(eitherpositive, throughtheamountofpublic
gooditgenerates, ornegativesincereducingthecurrentpro…t) onthecurrentcash‡ow
isthesameasthatontheoptionvaluesincethetaxisleviedoncurrentcash‡owaswell
asfutureoneswhateverthesizeinuncertainty. Sothetaxratewillalwaysrepresentthe
sameproportionofthevalueatanytime. Itsoptimallevelhasthereforenothingtodo
withthesizeofuncertainty. Comparingwiththedeterministiccounterpartofthismodel,
itis clearthattheintroductionofuncertaintydoes notchangetheoptimalleveloftax
sincethetaxrateonlydependsonhowproductiveisthepubliccapital.

Incontrast, withtheresultsfoundbyJones, M anuelli & R ossi [19 9 7 ], theoptimaltax
here is time independentandalsohas nocorrelationwiththeuncertainty ineconomy.
Theresultalsodi¤ersfromthatofH asset& M etcalf[19 9 4], asarguedbyPennings[2000]
theyfoundacounter-intuitiveresultthatahigherpolicyuncertaintywouldleadtohigher
levelofinvestment.
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2.3.2.E¤ectofuncertaintyontheoptimalprovisionofpubliccapital

Contrarytotheoptimaltaxrate, thecorrespondingoptimalprovisionofpubliccapital
is a¤ectedbyuncertainty. Itarises from thefactthattheamountofpublicgoodthe
governmentcanprovide, givenanytaxrate, directlydependsonthefuturetaxrevenues
whicharedeterminedbythefuturecash‡owsofthe…rm (seeequation(2.14)).

@K g¤p
@¾ 2

=
¿
k
@V (0 )
@¾ 2|{z }
< 0

+
V (0 )
k

@¿
@¾ 2|{z}
0

< 0 (2.20)

T hisresultsfromthetwoe¤ectsofuncertaintyontheinitialvalue: aswehaveseenbelow,
thenegativee¤ectofuncertainty(whichappliesthroughthecurrentcash‡ow)prevails.

2.3.3.U ncertaintyandtheroleofthegovernment

T hegovernmenthasaninterestingroleinthismodelsinceitbearstheriskofstochastic
taxrevenues whileo¤eringas acounterpartadeterministic initialamountK g tothe
privatesector.

First, thegovernmento¤erslesspublicgoodinthestochasticworldwhenuncertainty
is larger(see equation (2.20)). T his is due tothefactthatuncertainty generates an
option valuewhich reduces themarginalproductivityofprivatecapitalwhich in turn
negativelya¤ects theproductivityofthepublicgood. second, anysmallergovernment
interventionwouldreducethedesiredstockofprivatecapitalforanyrealizationofthe
stochasticvariable, orsymmetrically, foragiveninstalledstockofcapital, thelevelofthe
stochasticvariablerequiredtoinvestwouldbehigher. T herefore, itcanbearguedthat
themodelgenerates somepositiverelationship betweenthepublicinvestmentandthe
privateinvestment. A s thegovernmentdecidestheprovisionofpublicgoodonceforall
onthebasisoftheexpectedvalueofitsrevenue, theprivatesectorbene…tsfrom akind
ofinsurancescheme: duringbadrealizations (A(t) < A(0 )e¹t) ofthestochasticprocess,
thegovernmentis providingmorepublicgoodthantheexpectedrevenues, butingood
times (A(t) > A(0 )e¹t), thegovernmentcollectsmoretaxesthantheprovisionofpublic
good, thismechanism keepingtheintertemporalbudgetbalanced. T hegovernmenthas
thereforeaninsurancerole.

N ote thatin Barro [19 9 0]publiccapitalpositively a¤ects the economy since itis
…nancedbyataxpaidbyn …rms, soeach…rmonlybearsasmallpartofthecostwhile
thepubliccapitalentirelybene…tstoanyofthem. H ere, thepubliccapitalis…nancedby
onlyone…rm. Sotheroleofthegovernmentisnottoprovideagoodwhichexhibitsthe
specialcharacteristics ofapublicgoodbutrathertoremoveapartofuncertaintyfrom
the…rmtowardsthegovernment.
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3. M arketpowerandpubliccapitalprovisioninastochasticworld

Imperfectcompetition allows consideringtwodi¤erentobjectives forthe government.
Itcouldbeassumedthatthegovernmentsimplymaximizes thevalueofthe…rm, but
underimperfectcompetition, thegovernmentmayratherseektomaximizetheconsumer
surplus. Bothcasesarestudiedinthissection.

A ssumingamonopolisticcompetitionframework(seeD ixitandStiglitz [19 7 7 ]), the
…rm isnolongerpricetakerbuttakes intoaccountthefollowingdemandfunction:

P(t) = bY (t)¡µ (3.1)

withµ < 1 (thepriceelasticityisgreaterthanunity). M oreover, thecash-‡owbecomes:

P(t)Y (t) = bA(t)1¡µK (t)®(1¡µ)K g¯(1¡µ) (3.2)

A s before, thecash-‡owis a¤ectedbyuncertaintythroughtheproductivityparameter,
butnowitisaconcavefunctionoftheuncertainvariable(notethatapowerfunctionof
aG eometricBrownianM otionisagainaG eometricBrownianM otion).

3.1.Theprogramofthe…rm

T heproblemof…rmmaynowbewritten:

maxItW (0 ) = E0
R+ 1
0

h
(1¡¿)A0(t)K (t)®0(Kg)¯

0¡kI (t)
i
e¡rtd t

sc.

¯̄
¯̄
¯̄
¯̄

d A(t) = ¹A(t)d t+ ¾A(t)d z (t)
I (t) = d K (t)¸0
K (0 ) = 0
Kg and¿ given

(3.3)

wheretheA0(t) = bA(t)1¡µ;® 0= ® (1¡µ)and¯0= ¯(1¡µ)
T heB ellmanequationisde…nedas:

rw (t) = (1¡¿)® 0A0(t)K (t)®
0¡1(Kg)̄

0
+
E(d w )
d t

(3.4)

with w (t) beingthemarginalvalueofthe…rm. U singthevaluematchingandsmooth
pastingconditionsleadsto:

K d¤
m c=

·
(̧ 0¡1)
¸0k±

(1¡¿)A0(t)® 0(Kg)¯
0̧

1
1¡®0

(3.5)

with± = r¡¹0, ¸0= 0:5¡¹0=¾02 +
p
(¹0=¾02 ¡0:5)2 + 2 r=¾02 where¹0= (1¡µ)¹ + 1

2 (1¡
µ)µ¾ 2 and¾02 = (1¡µ)2 ¾ 2
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A ftervariables changes, theresultlooks likethepreviousone, exceptthatnow, un-
certaintyappearsattwolevels: as inthecompetitivecase, thereexistsanirreversibility
e¤ect(through ¸0) which is nowcombinedwithaJensene¤ect(through ±). Sincethe
cash-‡owis aconcavefunctionofthestochasticvariableA(t), bothe¤ects play inthe
samedirection, anduncertaintyunambiguouslyleads toasmallerdesiredcapitalstock.
M oreover:

W (0 ) = W d (0 ) =
µ
A0(0 )
±

¶ 1
1¡®0

µ
(̧ 0¡1)® 0

¸0k

¶ ®0
1¡®0

(1¡¿)
1

1¡®0Kg
¯0
1¡®0

:
·
1 +

® 0

¸0[(1¡® 0)̧ 0+ 1]

¸

3.2.Theprogramofthegovernment

W econsidertwodi¤erentobjectivesforthegovernment: maximizingthevalueofthe…rm
andmaximizingtheconsumer’ssurplus.

3.2.1. M aximizingthevalueofthe…rm

Itcanbeseenthattheproblem isveryclosetothepreviouscaseofperfectcompetition

M ax¿W (0 ) = ª 0(1¡¿)
1

1¡®0¡¯0¿
¯0

1¡®0¡¯0

withª 0=
³

A0(0 )
±k(®0+ ¯0)

´ 1
1¡®0¡¯0

³
(̧ 0¡1)®0

¸0

´ ®0
1¡®0¡¯0

h
1 + ®0

¸0[(1¡®0)̧ 0+ 1]

i 1¡®0
1¡®0¡¯0

(3.6)

Thegovernmentmustthenfollowthefollowingoptimalrule:

¿¤m cf =
¯0

¯0+ 1
=

¯(1¡µ)
¯(1¡µ)+ 1

(3.7 )

@¿¤m cf

@µ
< 0 (3.8)

T hehigherthepowerofthe…rm (whichisanincreasingfunctionofµ), thelesse¤ective
thepubliccapital(̄ 0willdrop), andthusthesmallertheoptimaltaxrate. T heeconomic
interpretationisasfollows. A highermarketpowermeansthatthe…rmwantstoproduce
lessatahigherprice, whilepublicexpendituresinducelowerpricesandhigherquantities.
T herefore, thevalueofthe…rmthathasahighermarketpowerismaximizedbyasmaller
governmentintervention(smallertaxrateandless publiccapital). So…nally, imperfect
competitionleadstoasmalleroptimaltax. M oreover,

lim
µ! 0

¿¤m cf ! ¿¤p

12



W henthepowerofthe…rms becomes negligible, theoptimaltaxrateunderimperfect
competition(¿¤m cf) convergestotheoptimaltaxrateunderperfectcompetition(¿¤).

Itisalsopossibletoderivethestockofpubliccapital:

Kgm cf =
µ

(̄ 0)1¡®0

(1 + ¯ 0)2¡®0

¶ 1
1¡®0¡¯0

µ
A0(0 )
±k

¶ 1
1¡®0¡¯0

µ
(̧ 0¡1)® 0

¸0

¶ ®0
1¡®0¡¯0

(3.9 )

:
·
1 +

® 0

¸0[(1¡® 0)̧ 0+ 1]

¸ 1¡®0
1¡®0¡¯0

(3.10)

3.2.2. M aximizingtheconsumerSurplus

Inanimperfectcompetitionsetup, thegovernmentmayseektomaximizetheexpected
lifetimeconsumersurplus. Itis abettermeasureforwelfarethanthesolevalueofthe
…rms. Butsinceweare in a stochasticworldwith irreversible investment, theexact
expectedlifetimeconsumersurpluscannotbecomputed. N evertheless, itcanbeapprox-
imatedusingtheexpectedlongterm consumersurplus, giventheobservedrealizationof
theuncertainvariable. T heproblemofthegovernmentbecomesthen:

M axf¿;K ggSLT (0 )
sc. ¿W (0 ) = kKg

Itcanbeshown(seetheappendix) thattheproblemcanberewrittenas:

M ax
¿

SLT (0 ) = Á(1¡¿)
¯0+ ®0

(1¡®0¡¯0)¿
¯0

(1¡®0¡¯0) (3.11)

where: Á =
³
®0(̧ 0¡1)
±ķ 0

´ ®0
1¡®0

³
½(1¡®0)

½(®0¡1)+ ®0
´¡ µ

1¡µ
¢
A0(0 )

1
1¡®0

¡ª 0
k

¢ ¯0
1¡®0

T he…rstorderconditiongives:

¿¤m cs =
¯

® + 2 ¯
(3.12)

@¿¤m cs
@µ = 0 @¿¤m cs

@¾ 2 = 0 (3.13)

O bservethatthetaxratedependsneitherontheuncertaintynoronthedegreeofmarket
imperfection. A s intheperfectcompetitioncase, theoptimaltaxrateis relatedtothe
elasticityofpubliccapital;nevertheless, itnowdependsontheelasticityofprivatecapital
as well: themoree¢cienttheprivatecapital, the smallertheoptimaltaxrate. T his
comesfromthefactthatthegovernmentconsiderstheconsumersurplusastheobjective;
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itthus implementsataxratethatleadstothemaximum productioneachperiod, given
its budgetconstraint(indeedwehave: @Y (t)=@¿j¿= ¿¤m cs

= 0 ). T hegovernmentmust
thereforetakeintoaccountthenegativee¤ectofthetaxes onthecurrentproduction;
thisiswhytheoptimalvalue¿¤m cs dependsontheelasticityofprivatecapital. M oreover,
theoptimaltaxrate is higherthan in theperfectcompetitionmodelwhateverofthe
degreeofimperfection.

T heoptimalamountofpubliccapitalisde…nedas:

Kgm cs =

"µ
A0(0 )
±k

¶µ
(̧ 0¡1)® 0

¸0

¶®0·
1 +

® 0

¸0[(1¡® 0)̧ 0+ 1]

1̧¡®0
Ã
(® + ¯)¯ 1¡®

0

(® + 2 ¯)2¡®
0

! # 1
1¡®0¡¯0

(3.14)

3.3.Comparingthethreecases

L ookingattheoptimaltaxratesunderperfectcompetition, underimperfectcompetition
withthe…rm’svaluemaximization, andunderimperfectcompetitionwiththeconsumer
surplusmaximization, weget:

¿¤m cs > ¿¤p > ¿¤m cf (3.15)

G overnmentintervention generates a correction ofin the levelofimperfection in the
market: highertaxrevenuesimplyhigherpubliccapitalwhichinduceshigherproduction.
Equation(3.15) thereforeexpressesthefactthatifthegovernmentmaximizesthevalue
ofthe…rmunderimperfectcompetition, theoptimaltaxrateislowerthanunderperfect
competition, whereasifthegovernmentmaximizestheconsumersurplus, theoptimaltax
rateishigherthanunderperfectcompetition, inducingacorrectionofimperfectioninthe
market. M oreover:

Kgm cs > K gm cf (3.16)

Theprovisionofpubliccapitalishigherwhenthegovernmentmaximizestheconsumer’s
surplus. In this lattercasemoreover, as faras theoptimallevelofprivatecapitalis
concerned, thepositivee¤ectduetoahigherpubliccapitalprevailsonthenegativee¤ect
ofahighertaxation:

K d¤
m cs > K d¤

m cf (3.17 )

Ifthegovernmentmaximizes theconsumer’s surplus, outputis higheras well. U nder
imperfectcompetition, thegovernmentcanthereforeinduceahigherproduction, through
ahighertaxationandahigherprovisionofpubliccapital.
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4.Conclusion

Inthispaper, wehavestudiedtheissueoftheoptimalprovisionofpubliccapitalunder
uncertainty. W hateverthecompetition inthemarket, thetaxratewillnotdependon
thedegreeofuncertaintybutonlyontechnologicalparametersandmarketpower. N ev-
ertheless, theoptimalstockofpubliccapitalwillbenegativelya¤ectedbyuncertainty.
T hegovernmenthasaninsurancerolesinceitcollectstaxesfrom futurecash-‡owsthat
arestochasticandprovidesaninitialamountofpubliccapital.

U nderimperfectcompetition, twocases havebeen studied, the…rstkeeps thevalue
ofthe …rm as theobjective function ofthegovernment, while in the second casethe
governmentmaximizes theconsumersurplus. Forthe …rstcase, theoptimaltaxrate
depends on thetechnologicalparameters and on themarketpowerofthe …rms. T he
higherthepowerofthe…rm, thelessthetaxrate, sincemorepublicgoodinducesmore
productionandasmallersellingprice. B utinthesecondcasetheoptimaltaxrateishigher
thanunderperfectcompetitionsinceitisameantocorrectthemarketimperfection.

A morerealisticmodellingwithheterogenous…rmsshouldnowbeconsideredinorder
toavoidperiodswithnoinvestmentinthecountry;nevertheless, thereisnoreasonfor
theinsuranceroleofthegovernmenttodisappearinsuchaframework. M oreinteresting
wouldbetoallowforsuccessivepublicinvestments.
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6.A ppendix: derivingtheexpectedconditionalconsumer’s sur-
plus(followingB ertola[19 9 8])

T heconsumersurplus isde…nedas:

S(t) =
Z Q (t)

0
bq(t)¡µ:d q¡P(Q (t))Q (t) =

·
b

1¡µ
q(t)1¡µ

Q̧ (t)

0
¡bQ (t)1¡µ

=
b

1¡µ
Q (t)1¡µ¡bQ (t)1¡µ =

bµ
1¡µ

Q (t)1¡µ =
bµ
1¡µ

£
A(t)K (t)®Kg¯

¤1¡µ (6.1)

=
µ

1¡µ
A0(t)K (t)®

0
Kg¯

0
(6.2)

withA0(t) = bA(t)1¡µ;® 0= ® (1¡µ)and¯0= ¯(1¡µ).
>Fromtheoptimalityconditionsforthe…rmweknowthat:

® 0A0(t)K (t)®
0¡1Kg¯

0
=

±ķ 0

(1¡¿)(̧ 0¡1) (6.3)
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with: ± = r¡¹0+ 1
2 µ(1¡µ)¾ 2 and¸0= 0:5¡¹0=¾02 +

p
(¹0=¾02 ¡0:5)2 + 2 r=¾02 where

¹0= (1¡µ)¹ + 1
2 (1¡µ)µ¾ 2 and¾

02 = (1¡µ)2 ¾ 2 . whichgivestheexpressionofthedesired
capitalstock.

L etusde…nethemarginalcash‡owX (t):

X (t) = ® 0A0(t)K (t)®
0¡1Kg¯

0

T hemarginalcash-‡owthus follows aregulated Brownianmotion. T hatis, whenthe
…rm is notinvesting, X (t) follows ageometricBrownianmotionwithmean M = (1¡
µ)¹ ¡µ(1¡µ)¾ 22 andvariance§ = (1¡µ)¾. W henthe…rm is investingthemarginal
cash-‡owequalsthentheright-handsideofequation(6.3)whichisconstant: X (t) = c
withc= ±ķ 0=(̧ 0¡1)

D e…ning"(t) = lnX (t), then

d "(t) =
d X (t)
X (t)

¡1
2
d 2 X (t)
X (t)2

) E [d "(t)]= M ¡1
2
§ 2 > 0 , ¹ >

¾ 2

2
(6.4)

whichensuretheexistenceofadensityfunctionwhoseexpressionis:

w ("(t)) = ½e½("(t)¡lnc) (6.5)

with½ = 2 M
§ 2

L etusexpressS(t)asafunctionofX (t) :

S(t) =
µ

1¡µ
A0(t)K (t)®

0
K g¯

0
= z X (t)

®0
®0¡1 (6.6)

) S(t) = z :e"(t)
®0

®0¡1 (6.7 )

) "(t) = ln

2
4
µ
S(t)
z

¶®0¡1
®0

3
5 = g(S(t)) (6.8)

where: z = µ
1¡µ

£
(® 0)®0A0(t)Kg¯0

¤ 1
1¡®0

A variablechangeallowsthentodeducethedensityfunctionofS(t)whenknowing
thatofX (t) (seeB ertola[19 9 8]orB entolilaandBertola[19 9 0]):

f(S(t)) = ¡w [g(S(t))]@g(S(t))
@S(t)

(6.9 )

=
µ
½(1¡® 0)

® 0

¶
z
½(1¡®0)

®0 c¡½S(t)
½(®0¡1)

®0 ¡1 (6.10)
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W ethencan…ndtheexpectedlong-termvalueoftheconsumersurplus:

ELTS(0 ) =
Z 1

S(0 )
f(S(t))S(t)d S(t) =

Z 1

S(0 )

µ
½(1¡® 0))

® 0

¶
z
½(1¡®0)

®0 c¡½S(t)
½(®0¡1)

®0 d S(t)

whichconverges if® 0< ½(1¡® 0);then:

ELTS(0 ) =
·µ

½(1¡® 0)
½(® 0¡1)+ ® 0

¶
c¡½ z

½(1¡®0)
®0 S(t)

½(®0¡1)
®0 + 1

1̧

S(0 )
(6.11)

=
µ

½(1¡® 0)
½(® 0¡1)+ ® 0

¶
c¡½

µ
S(0 )
z

¶½(®0¡1)
®0

S(0 ) (6.12)

=
µ

½(1¡® 0)
½(® 0¡1)+ ® 0

¶
c¡½X ½(0 )S(0 ) (6.13)

=
µ

½(1¡® 0)
½(® 0¡1)+ ® 0

¶
S(0 ) (6.14)

= ÂA0(0 )
1

1¡®0Kg
¯0
1¡®0 (6.15)

withÂ =
³
®0(1¡¿)(̧ 0¡1)

±ķ 0

´ ®0
1¡®0

³
½(1¡®0)

½(®0¡1)+ ®0
´¡

µ
1¡µ

¢

T heintertemporalconstrainttothegovernmentis:

¿W (0 ) = kKg (6.16)

Butweknowthatthevalueofthe…rm isgivenby:

W (0 ) = ª 0(1¡¿)
1

1¡®0¡¯0¿
¯0

1¡®0¡¯0 (6.17 )

combiningbothequations:

Kg =
ª 0(1¡¿)

1
1¡®0¡¯0¿

1¡®0
1¡®0¡¯0

k
(6.18)

SubstitutingKg foritsexpressionintheexpectedlong-termconsumersurplusgivesequa-
tion(3.11) inthetext.

18


