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A bstract

B y deriving the necsssary anditias fora mul- stege discounted o
timal aatrol prablem where the endagenaus switching instants betineen
regmes gppear a6 an arlgumatit of the dojective function and the state
equatian, we analyze the gptimal patiermn of tednolgy adoptian under
embadmentwith a ..nite plbnning harizon. T he econamy is daracter
ized by the edstence of an exagmasly goning tednology frattier and
tednology sped..c baming by dang W e dotain time varying duratias
Tor the adopted tednologes to be in use due o .. nite planing harizan.
W e analyze numerically the er ects of planning harizan, speed of lkaming
agonth rate of tednology and impatience rate an the gotimal pattemn.
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1 Intoductian

T he raxt eananic gonth kerature hes bean markedly infuenad by the
rarenad intersst in the enbadied aampanant of tednologcal pragess an the
ae hand and by the developmentofadgptian besed gronth modek an the otter:
¢ reawood H erconiz and Kussel (199 7) have found thataraund 6% ofU S
productivity gronth can be attibuted 1© the enmbadied ted nologcal dence
Embadimertis indead akey ancgottio undarstand the eaconamicmednenisms at
waksinethe..istdlshodk essarguedt reennood andY arukodhu (199 7). A fier
that; the rate ofdedline ofthe reltive price ofcepital hes been higeran aerage
and the acaumullation ofneweguipmenthes bean baosted. B oth ingrediats are
proang mast uselul in undarstanding and expENning the mast interesting and
puzzliing stylized s ofthe real econamies, sudch as the praductivity sibadonn
and the dedire in the reltive price of epital!

Sane important achvancs have been alkeedy acocomplished regarding the
vay tedhnology adaption and the assts assodatied 1o it Gan ar ect praductivity
gonth and the develpmeantprocsss[see thesuney oft reawood and Jo.enovc
1998)} T hekey agpectofthe analysis s auttobe bBaming T he tednology
adptian implies the depredation ofthe inftial human pialad asbw arming
proasss during whidh the econamy is notebe 1 run the newted ooy atits
bestpraductivity el [see Joanovic (199 7) andP arate (199 4) § Inded ifthe
tednolagal pragess is eanbadied in the new eegpital goacks ad ilmoatias
oour antinuasly the timing and the nature of nevw tednology adgotion rely
mare heavi ly on the abi ity ofFthe econamy © learn auidkdly hovto use e¢ dantly
the new Gpital goods.

D espite acaumulating knonMedge hes no direct ast under karming by do
ing embadied tednologcal denge [as in the Gse ofinfamatian tsdnologes]
implies an indirect ast due 1o the dosolesoenee of the exdsting Gepital goock.
A N acelratian in enbadied tednical dhange is assodated with a deaeese In
the reltive price of pital [a well knoan property sinee Sobw (19 6)] T his
induass a re assigmeantofthe resourass tonards Gpital goods sactor resuling
in a drp in the asumptian bwel fram the date of the tednodlogy adgption.
T he welfere ast due 1O the drp in the asumption bBel are relerred o as
the dsolesscae asts inherat to enbadimaitand they are shoan to be nan
negigbe[sseKrussel (998); B auaddding celR ioandl icandro(1999), delR io
(2002)1

In this pgper; we analyze the gotimal pattern of tednology adgption under
embodmentwhen the plermingharizon ortheeconamyis finite. Knoningthae
the heads ofgbvermmeants are elecied Toraaartain period oftime, the . >&d term
arracts have predetemined teminal datle same stebi ization and industrial
davelpmeant programs are assumed Tar a . >ed time interal and the patent
prolectian is guarantesd fora ..nite periad of time, it proes 1 be impartait
1O analyze the gotimal pattem of tednology adption with ..ni'te harizon as

1B enhabib and R ustichini (1991), ¢ reermood and Y orukoghu (1997) and Krussel (1998)
are same examp ks of these studies in the macroeconamic Herature.




wvell 0 ther daraderistics of the eanany are the edstaxe of exapenasly
goning tednolagy frattierand the tednology sped.. ¢ leaming by dangwhidh
are amman in the maaoscoanics erature [see 6 reawoad and Jo.enoic
(1998), P arente (2000) ad il atecsP bnes (2000)] T he el oFepertise an a
tedrolgy evolhes with its U a6 a result of bamingbyddng W ithin eedch
oeeration of tednology, productivity inaeesss oer time and anvargss Dis
patential bwel with a decslerating gonth rate. In e afaswtching toanew
tedology no partof the amaitepeartise an be transienred toruse o te
more acvenad tednology.

In thatwe arsidergotimal patiemn of tednalogy adagption and kaming by
dang jantly aurtheory resambles warks by Joenoicandll yarko (199 6, P ar
ente (1994, 2000), looompetia (2001) ad !l atecsP bnes (2000). In a partial
el ibrium sskup, Joanovicad |l yarko (199 § assumes aB ayesian baming
procsss so thatas g as the eaonamic agenits do not estimate aonectly sane
productivity parameters, an autput bss ccaurs. Inagreral equi ibrium frame
work P arente (199 4, 2000) and loaompetia (2001) analyze the gotimal adaptian
prdolEm whare the Baming asts are essatially due 1o the dgpradation of the
pre edsting human cgpital T hese pgpers study in. nite harizan prdolams and
anduce that the gotimal adption plars are typically daracterized by evenly
spacd pattern of tedhnology adptias. || asower; in P arente’s mackel a6 there
is nopassibi Ity tostidk tbagven tednolgy, thareis noroon tohandke tedno
Ig@alsdartsis Geses. Inaresstwith these | ateos P nss (2000) incorporates
a..nite planing harizan and predicts a nanstaticarity in the saee thatan
gotimal plen may incoparate both types of edqpted tednolges thatare tobe
bamad and that are 1o be skipped withaut Eaming H onever; itincoporates
asmpk dsaete baming procsss and the madels predictias ebaut howv the
patiem of tednology adgption respancs 1o the diangss in the parameters are
determinad o be ambiguas in general

0 ur atributian is tAolod in this pagper: 4 tednical antribution of aur
anabysis is that we extand the analysis of T aniyama and R assana (1989)
a mult-stece setting T aniyema and R assama (1989) presants the necssary
adtias ora graal tho stege gotimal anrol prcdblem with an adjustebe
single switching time gppearance in both the dojective Tunction and the stalie
equation. T he tednigue recalk the P atryagin’s maxdmum prindplefran ady
namic progamming pergpective. T he gppraach hes bean used in the eyature
.Sty T aniyama (19 85), Tarageneral tho stage qotimal aontrol pradblem. T he
analysis hes been exdtanded 1O an in.nite harizan muli- stece gptimal anrol
prcdblEm by il adis (2001). H onever; in Tamiyama (1985) and il akais (2001),
the pradbleams where the switd pdntgppears as an argumantof the integrands
in each integralwhidh ampranise the atterian index tobe maximized have not
been aasidered? 1IN aamparison with thesg the novel Bature of auranabysis is
10 extad the tednique to a mult- stege; discouted gotimal aaxrol prdolem
with ..nite harizan, where the switching times bang dhace variebks gppeaxrin

2P rblems of this variety have ako arisen in the exhaustible resaurce and neodssical
inestment iterature. Seell aodni (19 73) and R cssana (19 85).



bath the dojective Tunclion and the state equatias. T he tednigue proes 1o
be el and e¢ dentwhen aewvwaud ke to analyze the gotimal timingofany
endogenals regime switdhes.

0 ur framenark allons us 1O bring aut a rumber of aributias O te
gtimal adgotion erature. Fiist of all the gotimal pattermn of tednology
adgptian will be determined tBking into acoountnotanly the evaiual lEaming
acsts butako the na negiigb e dosdlsscance aosts inheranttoembadimant For
agvwen initial state of the eaonamy; induding its tednologcal and ski ll states,
we dnaracterize the gotimal rumber of tedhnology upgradss and the ptimal
timing ofthen within agven ..nite planning harizon. In aatrastwith madek
by P arente and its extersias, We dotain a nanstaticnarity in the duratias of
the adpted tednolges 1o be in use due o tre ..nite plaing harizon. T he
non staticarty mainly arises atthe .. nal tednology in use because of the et
that the duration Eftafterthe Ibsttednology upgrade may notbe su¢ datto
certhe dosolesoence and the Baming assts of a further upgrade. 1N aantiastt
with Il atecsP bnes (2000), gotimal pln doss not invole the adgption of a
tednology whidh would be skipped withaut gaining encudh eerienca T he
gotimal adgotian pln involves a number of ted nology upgrades thatt ensures
within eech generation of adgpted tednology; the eimination of the resuling
epeartise ggp. W e illLstrate how the gotimal patiem of tednology adgptian
avwles with respect 1o the planning harizan, the pesd of Eaming procsss, the
rate of gonth ofF ted nology and the discount rae thrauch rumerical anabysis.

T his pgperis arganized as TOllons. Sectian 2 desaribes the modeland the
timal tednology adgption prdblm. Sectian 3 presents the mulli- stece gotimal
antrolprdblEm as aresoltion procsss. Section 4 ilustrates the qotimal pattemn
of tednolgy adgptian and how it respads 1o the dangss in the parametars
ofthe madel with a numerical analysis. Finally section 5 aondludes.

2 Thel ocHEl

W e asidaran eanany inhebited by a representative agaitwhose discourtted
stream ofutility is gven by

Z
uC®) e )

0

where u is inaessing and strictly aancae fTundian, ¢ danoiss the fowvofFan
sumptian and % is the time discaunting parameter: T he pleninghanizan T, is
~nite. T he econany produass a ampasite goad with asimpke A K tednology
that is used ather 1O asume or  invest in physical epital T ednolag-
al pragess is investmeanksped..c and it anly ar ects thrauch the new cepial
gk, L etY @ KE© ad KD be the autput producsd, epital and the gress
inestment respectively attime t T hen, we have the olloning usual resaure



arstraintand the v ofFmotion of epital stod<:
Y ©=AOKO=®+ K @
K ®=o® K ®

T hevarieble ) ripresants the bel oftiedndlogy inuseattime t A ninaesse
in o® oy ax ects Nnew equipmeantt by eguatian (3) and represarits enbadied
tedrolgal pragess. |nsharp atrsst, an inaesse in thevariebke A @whidh
represants the agpnit’s tedndlogy goad..c eertise  Hsss the margnal produc
tivity of all the pital stods independant of its age struciure. In this saseg
A is nautral ad qis investmentsped..c. T his simplke mackel is a reducsd fam
ofthe Soon(19 ) vintace spital model as parted autin B aucsddne delR io
adl icandro (2000).

A tany time the agat may ather switch 1o a mae acvenad tednolgy
thatwill Eed 1O a hider rate of inestmankespad..c tednologal pragess ar
antine o usetheaunentae W eassume that the econany does notinmowate
and justadptthe technologes aoming from ebraed. Folloning P arente (2000),
we incoparate a fratier bel of tednology denotled by g - A ttime t the
tedolgy usad by the agent carnot exased the fratier tednology so that
b - g © T he frotier ted ooy is assumad 1 gow exaogenasly at a
astaitrae° > 0 ie;q ©=q ()& 4V ithaut bss ofgrerality, g ()is
nomalized O 1.

T he el of eqertise an a tedndlogy evoles with its use a5 a result of
bEaming by dang L eamingin any tednology is subjectto diminishing retums
and is baunded fiam aboe by 14 T he fondticnal Om of kaming whidh is
idntical P arente (1994), is

A®=ul i AL i>0; @

where |1 is a parameter of spead of lkaming D ue 1 this bEaming e ect; the
tedolgy adgptiaon inans a ast in tams of st epeartise 1N this model
baming by dang is tednology spad..c and therefae in ase ofa switching 1o
anawtednolgy no partof the anatteertise an be trarsened Toruse in
the mare achvanced tednology? T his kst eqpertise can not be sod or ranted.
A s the amauntof bstepertise and the pesd of lkearming do notdepaend an the
produciivity ofthe tednology tobe adapted, the adapted tednologywi Blalnays
be the fratier in an gotimal adgption pln. T he tednology thatis aumantly
usd infuancss the time atwvhidh the nextadgptian willl be introduced buthes
No impact an the dydae ochvwhidh tednolgy o adptat thattime. T hus, the
agts daee axsists of deading at any time whether 1o aotinue 1o wse the

3l ote that cepital depredation is anitied for sake of simpldty.

4B aunded aming is ansisteritwith the empirical kerature as in B ahk and 6 ort (199 3).

5 atecsP lnas (2000) ako assumes technology sped...c kaming by-daing. T his is a sim-

pl..cation with respect o Jovanovic and || yarko (199 § and P arertte (1994, 2000) without
sacri..dng the spirit of the madel




aunenttsd nology artoswitch o the fratierted nology:© 1Fan adgption ocours
artimet=t;thenq®=q &)=e %;until the nextadgptian. B etneen the
0 suaessive adptians, the tednologcal g betnean the ted ooy in use
ad the fratieraew ll inaesse

2.1 TheTedyolgyA dogotianP rdokEm

T he Tndamatal dadsian 1 be taken by a represatative egait in sudh an
eaonany is as Tollons. Fara gven stodk of apital K ; the parametervales of
the gped of bkaming |1 ; tednolgal progess ° , and the time havizan T ; how
mary numbers of adgptias hes 1o be made and atwhidh dates eech of these
adoptias shaud tEake plbae Tor the welare of the econamy to be maximized?

z
V QiD= uc®xa

0

max
fo®; 3t 6stg

Y O=AGK® ®
o ¢AGDIO®; TG -t< §5)=1;:35T
KO=T qani®; ifts-t-T ©
13 if 0 -t< ¢
A®O=T! ieiH@i‘iil); if":-iil - t< -|:-i;j=2;:::;J @
1 ieiH@itJ); ifty-t-T
Y ©=c®* 10 )

T heintecerj index the jQh tednology adopted and the real § 1Iepresents the
time of that adption. | ofe that the ast of switching Imits the number of
adoptias (Dwthin agven ..nite plbamning haizan. T hus there aan be zaxg
..nite arauntably in.nite number ofadptias. In e inwhidh itis zerg o
adption aours and the agernitstidss o the iniftial tednology in use kEeding 1o
atedrobga@al sckerasis. Inte aeweareitis . nite thare edsts atkbsstae
tednoloyy adgption but stiddng ocaaurs Torsame mare acheanaed tednology.

3 TheResolutiat | ule-Stege0 pumal Cawaol

INn adearto sdle this qotimization pradblEm, we use the gppraadh ofmuli- stece
gotimal arrol with .. nite harizan that recalk P atlryegns maxdmum prindple
fram a dynamic pragramming perspective \Where the switdhing times gppearin

Soenovicand R db (1997) and Il atecsP brnes (2000) ako assume the adoption of the
frontier technology. In P arente (2000), the adgption reouires a time o bui ltimvestmertt and
how eqerta ..m is in the gperation a new tedhnology depends an how close the adapted
tedhnology is O the frattier: T hus, it doss not alnays pradict the adoption of the firontier
tedhnology.




A s a solutian must detexrmine alko the gotimal number of adgptias that
will ake plce within a gven plamning harizan tagether with thar timing as
well aur resolition procsss is aasttuied fron to parts. In te st part
1adng an abitrary number of tedology upgradss J and assuming that the
eaxany dd the st snitch at t5; we sole the sub prdolbm starting at t5
anceming the .. nal stege of aur muli- stece gotimization prdblEem. T hen, we
proced badanards tEkinginto acoountthe gotimal paths and the gotimalvalle
Tunctias that we dotained Tor eedh subsequant stece of aur prdolem. Bvary
adgptian timing will be dhcsen t8king into acoount thatt subsacpent iming of
adgptians wi ll be dadded qotimally gven the remaning time span. Faragven
plBmingharizan, the arbitrary numberofadptias may notbe arsistattwith
the gptimal ddce. T he saood partofaur resoltion proasdure will be then ©©
~dtegtmal d L etV ( jn)denote the maximum vale of the dojective
TUnctian, nemely the welexe ofthe econamy; aoditiaal an the plen antaining
ecdtly n adgotias with a gven plbing harizan. T hen the gotimal Jwill be
the soLiion ©©

F=agmaxf ¢ jr):n=1;2;3;:9; ®
sothatV ==V ¢ jI)will be the gotimal welre ofF aureaonamy.’

31 A wdliaxyP rdolem (J)

In adertogvemaeinsigitiorthe resolution procsss ofthe muli- stece qptimal
antrol prdblEm, we attiemptio daacompaose the adg nal mulli- stece prdblkem into
asaguence ofainacstaaventical prablems. T hen thell @dmum P indpkewill
be used O dotain a sst of otimality arnditias. W e siart with an axdiay
prdblam conrespading 1o the .. nal stege of the mul- stege prdolem:

s
max  u (@ () e s
L&)
sbject O
O+ 1O= | | "GO KO; (10)
K©®=a@)I®: t -t - T; @)
K@= KsadK (@) fiee 12)

I ote that the starting time t5 and the startingpant K 5 forthis awd kary prdo
b are aasidered tobe exagaos. T his impliss thatt; is merely agven an
stait ad the gopearance of itin the intlegrand of the uti ity Tonctian dossn’t
e ay arntictwhen Patiyegn’s il admum P indpke is gpplied. In this

) steriks () is used O denote gotimal quartities.




prdblEm, a awrd cis sad 1o be adnissibie wheneer thare exdsts a anre
spading soltian forthe statle equation (11) , thatsatis. es the infial ad the
maladtas (12), ad csatis..es the attol aastant (10). L ettheH amil
tonian of this awd kary prdolem forthe ..ral stece H 3 be de.ned by

HyK©:cO:. s O:E5)= i h[C(th)§ e -

Lo®At ! ieMT KO C(t) as
where we assume a logarittmic utiity fnction ad |, iepresants the astate
\aribke. R enemberabko thatq@®= q@)=¢€ ©; Tt 2 [ty;T R ebning o
astandad resulé, the optimality aonditias or this auxd kary prdokem can be
summarized by the Tolloning Enma, with the sharthand notatian as Tollons:

H'=H (KO; CO; ."O: € §);

H; 3=H; K®); c®); . G); s §):
L emmal L etc e an gotimal catrol function forawd lary prdoem (J). T hen
itis necssary tat tele exisk a astaie |~ such tat K= and |~ safisfy te
anmical egatias toeterwih te end pantandian, and cminimizss te

H amilonian:
mcin HyK=®:c. 5O:;D=H7amcstewerynere an [t3T ]; 14
E 0=5 g T 05
K ©= ad SO= 150 s5)
.50 -0 ad fImK=(¢),50)=0: e

Ao the resolutian of these well knonn aanditians, since the gotimal path
ofaasumption dearly dpencs ntyad K5 wehaeV 5=V Kt te
gotimal vale Tnclian of this prcdblEm, ie,

Z
VIKstD= hEPKstede an
L <]
U singV 5K 3;19) a6 de..ned ebove and Hllbning adynamic programing prind-
pkE wemowe 1o the prablem aonceming the stage thatinaoparates the J j 1 G
ceeration of edapted tednology.

32 A wdliaxyP rdblem (J-1)

.S

Jma uEEX i VFEHT)
tJil

8See forirstance, | thans and Fab (19 @9, T amiyama (1985) and Kamien and Sdwmarz
(1991).



SUbject ©© B

3

cO+ 1O= | i MG K@O:; @s)
K ©=a: )I0; by - t< @)
K @G )=Koi adK @ free (20)

A ssumingthattgis animeriarpdntin[ty;; ;T jnakes thearstaintty;; -
1 - T inective and we are Eftwith an awd lary prdolem with fiee end pant
ad free teminal time. H onever; the prdolam is still notstandad in the sase
that ;5 is a dace variebke ad it gopears at the upper imit ofintegatian, at
the integrand through the evolution procsss of epital and resouree aastrant
and atthe gptimalhvalLe tnction of Jhstece. T heexplidtdependence of V 5
a t5 mustbe ansidared carelully. In this prdolEm, ty and €O KO); t2
[t5;T Jare sad to be adhmisside whenever t5 2 (;: ;7 ) and whenever there
edsts a anespading soution or the state eguatian that satis. es the initial
ad the ..nal aaditias ad csatis..es the atrd aostant T he gotimality
adtias ofthis ad lary prcdblan are summarized in the Blbning Bnma

L emma? L etc™and 3 ke gotimal or te awd kary praokem (J-1). T hen tere
edst aaste \aricbk | 5;, such tat
@H‘?il <« — _@H‘?.
0. 351 ad, 5; O=i 0K 1)
mcin Hs; KT®O:c. "O:D= H3;; amcsteerynwrere an [ty;; ;5% (22)
adK= 5, ad H3;, satisfy te Dllbaing matching andiias tatensure
e atinuity and gotimality of te praokem att=13 :

o=
K ®=

K@ iD=KE @3
- V 5;
5 Jjl = i%j—]’); @9
.01 il
= 3 eH5; 4= TG
H3; kst o 0t = 0ty @)

P roof. T he darmvatian ofthe aptimality aaditias with avaratiaal view
ofthe aard prcblEm are Eft o/ ppandix ®

R emark 1l U ncer e andition tatV 3 is tice aavinuasly dic erentiebie in
K5 ad t5 te makthing andtias an ke reformulaied by using e dynamic
pragyamming gopraach as Tolbns:

V5; -
LD 5 56 o
Zp T
V 5'E5; . H3Y
S

L %]



T herefore e hene

.51 ®D=.5; (28)
LB, . T Zp_ T
HZ j= iH5., == OH5, UnE e » @)
oks 10u k5™ @ty @ty
tJil t:l

P roof. Itiollons directly fram T aniyamaand R assana(19 89 ), ising thedy
namic pragamming tednigue and coﬂpuﬁrglt‘epa*ﬁalobli\aﬁ\,e%@
byl @bnitz’ k. T hedetak areink ppaxdx =

I ote that the aasaautive stegess of aur prdblem are aanedted thrauch the
astaie \aiabk W e knowvthatin general the valle of the ao stake \ariabE at
theinitial time of the plning harizan represants the margnalvalbation atcthe
gotimum, due o amagnal inaesse in the inftial valle of the state variebe
T hen the \ale of the o stake \ariebk at the instat of snitching 1 a new
tsdnoloy represants the rate of daenge ofthe gotimal valle Tinctian V 5'with
respect 0 the dence in the apitalstodk. Inothervards, |, 5@ i .5, @
represents the margnal gain in weliare tams from a margnal inaesse in the
Gpral stok atthe .. nite snitching instant

R emark 2 In antiastwith Tamiyama (1985) and il adis (2001), e H amil

tnians do notmaitth at e swiching ime kecause of te Bt tat te see
equation and e dgective Tunctian dgpends an tte switching time epliatly. IF
this dgeendenee is remove itis diear tattte aondiias woul redue © tose
of T aniyama (1985) andll akais (2001).

T he resolutian of these aonditias kecs © the qptimalvaleV 5;, orte
awd lary prdolm (J-1) de.ned as TOlons

2
V5 ot it D= hEK; st D de+
t:lil

VIEKSK;: 550 D ()

R edll that, when pasing the awd iary prdolben (J-1) we have talen the ini-
tial time ad the initial bal of epital stodk t3;; and Kg;;  respectinvely
expnasly gven. T hus the gotimal time of switching to the Jih tedhnology
ckarly dgpends an this initial ime. 5 is assured 1o be the oerall gotimum of
ﬁev;l Q’(Jil ; tJi1 : t‘j)d,elotl"ematd'lrng‘dllm (25) tatietects the
margnal gain in welfre tams fram exteending the harizan inwvwhidhthe 3 1 G
ted ol in Lee 1o the detrimant of the Jih tedology ae. [ Fitis gotimal
to switch 1 the Jih tednology in an interiarand well de..ned instant of time,
then the margnal bere.. tham extending the J j 1| 9h tednology haizan o the
detrimenttof the Jh ane shauld be equal 1© the margnal switching astat the
instantofsnrtching
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R emark 3 U ncer e daoererae csss, Wete te gotimal switching is eter
atty;; oratT ; te andton (25) shauld ke riplcd with
(UGS ETID A SHD)

0t

attf;:tJil ; H‘?il j:.:m -

' 0ty
T hese @an ke essily sonn by deddng e variation of e vale Tnction with
respct O a perturation in 5 atboth pants.

U p Ionon by mears ofl enma (1) andl emma (2), we have daraderized
the gotimal time of switching 1o the J*th tedrology, t5 Tragven ty;: - In
ader o daracterize the qotimal iming of sartching o the J-1 *th tednology
we hae 1o study the ad lary prdolam oflt‘eiJ-Z‘m steee 15, v¢ill1t‘e”| be
dosen 1o be the oerall gotimum cflt‘ev‘;’iz K‘;.iz;t‘;.iz;tfﬁ,‘i1 ;55 by mears
of matching axditias. Caitinuing 1o Hlbw the same resollition procsss, by
studying the auxd lary praolem ofeech stecepbadanarcds G = J 3 2; 3§ 3;:330)
auraignal prdblem ofmulti- stece gotimal cottrdl reducss toaalmcstaonven
ticnal prabEm. T he gotimal timing of tednology adoptias, 175675515, 585
wi Il then be the solution ofasimultaneous equalians systam, stemming fran the
matchingaaditias. Tosum up, e hae esteblished the Tolloning thearem an
the qptimality aaditias for handiing the mul- stace gotimal conrdl prdolem
aoncamad with the gotimal pattem of tednology adqpotias.

T heorem 1 SLnaoset‘at'c"tt{’:i;’::::;tf;;i1 ;t§¢;0 <TG oI < T,
is an gotimal path Tor aur discounted mulli- stece gpimization prdokem wh J
switdes were Jis a..nite real numler: T hen itis necsssary tat tere exdst

Lj©:)=0;132; 25 3such ta
i) SO minimizes el amilimiars,
| min B KOG, TOD=Hae ol i) @)
min H; IK‘:‘(t);c;bjf:‘(t);t =Hae an[t;:§:: % J=1;2;:53il1 (R)
min Hy K©:c.50O:D=Hjae [t3TX (€2)
i) anoical equatians are satis..ed by the goimal trgjectory,
o= oH;"
K ®©= 0 &
Y}
= oH=
.j ©= i@—KJ ()

exptatpant of dsaontinuity of (O tooetter with te initial and Erminal
andtias

K=K ad ImKC).5¢)=1: @9
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iiFinally, te lbaing makching andtias are satis..ed at te swtching ine
st

K°i1if’i¢— K°i159+ ¢; J=1:2;=53 @n
¢ @S,
.} 1;11 = l@@kl 1=0:1;2;25301 &)
2
o oH" ev,~
=1 ==L 3
TR e ot )
T
. @HG @VJH_ ot
Hjjjc:1+t]c e k= Frowal R T R (40)

R emark 4 U ncer aondiian etV is thice cotinuously dic erentisbke in K
adt;j =1;2;::53 te matching aonditias (3), () and (40) ean ke mad

i.edwth
i ¢ i ¢
S = @)
I R = T fu@ Jilﬂ gllJ@I_|jgﬂ
1;:il 1;:

R emarks5 I =1:2;:5Jwere . >ed so that ey were notdaice \aricbes
ten te adtias @2)woud have ben unnecsssary,.

P roof. Folbns directly fian L anma (1), L enma (2) and theR emark (1).
0 n the atherhand, the aaditias Gan abo be dotained thrauch the tEednigue
ofCaluls ofV ariatias’ T he derivation of these aonditias Toragneral dess
of mult- stege gotimal aa ol prablem are Eftto thed ppandix

FHon the resolutian of these necsssary aanditias we dotain the gotimal
path ofarsumption Tora gven, Jrnumber ofswitdhes as Tollons.

_HK SSAPLIOC LD
CG(D_Q@) [ gm0 T v

EO="14 I @eoeig)i®)  jenesd
a®)! § e ivd ;
G -t Gy j=152:253

YSeell akris (2001) forthe derivation of the gptimality conditians for the in..nite horizon
discourtted tho stage gotimal aatol prablem. H onever; these aonditians can notbe gpplied
for aur pumpacse as the expliat switching pant dependence of the dojective function and the
equation of motion is not aonsidered.
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where
Moy s gieaagd 1 =CTID N Ty
I<j — I<j o 1 i€ e(cﬂ:'i ADIED CRLTID) ul 1 iel“(t‘I i) -
1 - =1 =t ?
1 jei it

J=2;3;:5;3

Al

IO
L e i ommn -

1 jei T

K =K

I otice thatthe cosumption path is discotiruas at s j =1 ;25532 Sinee
a@) > qd ;) ve hae te kel of asumption alog the od tednolgy
regme is higherthen in the new regme in eech of the tednology switdhes. It
is due 1o the Ectthata higer bwel oFenbadied tednical dance is assoaated
with a deaeese in the reltie price of pital wWhidh inaeesss the user ast
of pital by the so called dosokescanae asts. T his is a well knonn property
relied 1 the enbadied tednical denge since Solow (19 &) and shoan o be
nannegligbie?

0 n the aother hand by switching 10 a new tednology \Whidh is alhays the
Tfrontierted ooy in aursekup, the eaonany will eariance an improsanait
in the e¢ dency of epital goods, reerred o as agonth rate achentece. In this
sasg the matching anditias gven in (@) ad (40) will sohe the ttace o
betneen the gronth rate advaritace and the assadated aosts due 1o dosolkesaenae
ad tre Iss in epatie 1N cess where the gronth rake adhvanitage will notbe
Su¢ dent o ampasate Tor the dosolescence and the leaming assts essodated
o switching from an initial tedhnology in use tanewae the econany waud
e atednolgal scerasis.

H aingesteblished the gotimality anditias Torthemul- stece qptimal aan
ol pradbEm fara gven number of snitdhes. nowvwe twim aur atietion to the
gotimal number of switches within a gven planning harizon. A s we have noted
befag the gotimal number of switches willl be determined as a solutiaon 1

J°=agmr.:sxﬁ/ a JnN):n=1;2;3;:x9: “@

A s we are notabke 1o derve the dosed Torm represantation of the qptimal
rumber of switdhes and thus, the gotimal timing of tednology adgptians, we
resart to numerical analbysis!?

4 | umerncali nalysis
In this seciacn, we ilLstrate the pattemn of tednolgy adptias ad howv it
respads 1o the dangss in gronth rate of tednology € ) the speed of iEaming

105ee Krussel (1998) and B auaskking, delR ioand | icandro (2000).
115eeB auaskking Sagkm and V alkée (2002), in which an analytical computation ofgptimal
timing ofa singke tadchnology adoption is presated via tho stage gotimal cotrol
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W ad the dscouitBctor @) W e study the roke of..nite plaming haizan an
the pattem oftednology adgptias. 0 urancam is an honthe gotimal rumber
taurss of the tEedndloges 1 be adpted din er with respect  the dengs
in the plbning harizon. W e knowv that; it the plaing harizan were in.nite
so that the gotimal rumber of switdes were in.nite then a sobtion wauld
have been axsisted of equally spaced adoptias!? 0 ur departure fiam this
a2 bk us o dotain time varying duratias betineen aarseautive edptias.
T hese variatias aaur mainky at the inftial ad the ...nal tednologes in use
D ve o ..nite planing harizan, the duration Eft after the st switch may not
be su¢ datenauch o certhe axsts ofafurtherswitdh that keds toahigher
duration o the ..nal tednolgy o be in use

T he parametars of the macel that we willl assign valles are the discaunt
rate ¥ ; the exagenaus rake of gronth of the tednology fratier? ; the spead of
baming ad .. nally the plningharizon T : T here is avestrumberofstudies
trying 1O asses the \alLe of the spead of Eaming in the Merature'® Joanovic
and |l yarko (1995), shons that the inaeesss in the productivity ofindivicual
plts Olloning theirstart ups are typically bxge and realizad in ashortperiad
oftime Bahk ad( at (199 3), wsing a parel data of new plaits fran 15
dinerent industries, estimates that barming is realized within 6years ad at
each yearl % inaeeese is assodated 1o the inaesse in the autput Ca=istant
with these the spesd of kEaming is calibrated as 0 27 inll atecs P bnes (199 7).
A aaodingly, wesety =0 :7-W eassigedavableofds for° ; tiyingtobeas doe
aspassibke Ol rewwood andY aukoghu (199 7) andD elR 10(2002). ¢ reervwocd
andY aukoghu (199 7) ..nd thattthe dedine ofthe relative price ofecuipmentthat
G be san as a proxy ofthe rate of investment spad .. tednolgcal pragess
hes denged flan 336 4% after1) 74inU S. econamy. Inavery recabnork
D elR i0(2002) ..nck thatinestment sped...c tadnologcal progress amaunts
227 % . Frally we atbittar ly set the planing haizan © 4) years ad te
dscontrae 0 12: T he inftial bwel of pital stok K is nomalized 1O 1:
T he bk just belbwv summarizes the bendmark parameterization we dicse.

TabE1l -P arametric\alless as abaxdmak

P kg T K|
[004 002 07 4 1 |

6 iven these parameter\alles, in cee ofa single switth the maxdmum wel
e b that can been atlained is V 2 j1) = 47 663. 4 Ibaing Tor anly
o switthes we dotain that the resulting qotimal welexe belisV ([ j2)=
496698 : T hree switdhes within 40 years time kEed 1o the qptimal welese of
V20 3J3)=499975: T he gotimal patiemn of tednology switdhes are gvan in

125ee P arerite (199 4, 2000) and lacompetia (2001).
13Fora gereral suney, see Jovanovic (199 7) and ¢ reervoad and Joenovic (1998).
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Tebk?2. o that, up 1 three switdes the gotimal solition in eedh aee Ba
tures lEamingofeach tednology thatwi llbeadpted. H onever; whenwe dadk
the gotimal patiemn of tedndlogy adgptians inaxpaating 4 or mare swtdes,
the solLition exhibits that sane tednologes may be skipped withaut Baming
Insudh aess anly the tednologes thattare 1o be adqoted eariatagetherwith
the ..nal tednology will hae enauch repite o be bamed. Farirstence in
e of 4 switdhes the gotimal time of adptias are t7 = 9:72; & = 1953;
'=2984 and t7'=31 97: T his kacs hawelfre ofV = J4)=490 393: oe
thatV = j4)< V =0 J3):T his acually mears thatifwnwe dak forthe aamer
solution in ee of4 snitdhes where =T ; wewi lled up with ahiger bwel of
wele thenV = j4) T hisis due to the ot that the resultingimproanait
in the e¢ dency of epital goods sedtaris notenauch 1o aver the dosolessaanae
astand the bss in egeartise Torfiourormare numberofswitdes within agven
duration of planing harizon. T hus, Tor aur bend mark setting we aandude
that the gotimal adgption plen eatures three adptias (J7=3).

Tabk2: D etermination of the gotimal number of adptias
(3 € € € € € Vo(iD|

1 1557 47 663
2 1199 2254 496 698
3 914 1829 276l 499975
4 9772 1953 2984 3197 490 393
5 1093 2219 2395 2582 2784 466490

In antrastwith Il atecs P nes (2000), the admissible adgption plas that
incoparate switching o a better tednology Without galning enauch experience
with the dd aearenoctgptimal 0 urmadel leds tasolition thatinaaporates
an gotimal rumberofswitdes whidh Ets eedh adqpted ted nology tobe lkarmed.
T his is mainly due 1o the Ectthat the gain in the rate ofembodied tednolog cal
dence is assodated in aur framenak with a reductian in the reltive price of
cpital T his gain is acoompanied by an inaeese in the price of arnsumptian
goocks with respect 1o the price of spital goods. T his ads tha re sssigmeant
of the resaurass of the econamy tonards the Gpital goods sector so that the
asumption shaud drp fram the date of eech switch. A s noted before we
reer 10 this ast as the dosolesaance inherent to the enbadimeant

T he dosolkescanee asst tooether with the astdue 1o the bss in eertise of
a tednolbgy switdh put an upper baund an the number of switthes within a
..nite plaming harizan. Itis dearfram T abk 2 that the qptimal welare shons
a o j shgpad reltiaship with respect to the number of switdhes. Faoragven
duration of plbning harizan, es the number of adptias inaeesss the time
recui ried o the early adptians 10 ocoour daaesses until the gotimal numberof
switdes is readhed and then itinaessss. T his inaesse oaaurs because of the
impassibi ity of learning eech adgoted tednology within agven time harizan so
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thatitis gotimal o inaeese the taure of the tedhnologes whidh are endoned
with mare kel ofasumption.

Fguae l: T he e ectofdangess in Jan the pattemn of taures

18 1 J=2
16 -
14 -
12 -

10 |
8 | J=4

tenure

6
4 4

1 2 3 4 5
j'th technology

Forthe bendmark\ales of the parameters, note thatthe gotimal adqotian
plnetibits aimcstastatiaary path oftaures exagptthen the..nal tednology
inwse Fgure! ;ilbstrates this deardy. T hetarures oftte.. 1stthree tednolages
in use hae a siditly inaessing path and are araund 914 years, wheress the
taure oftre ..nal tedology is 1239 years. 4 s the Iss in eartise Tolloning
a tedoloy switch is not pemanent and the econamy is suppased 1 Eam
the new tedrology s time elgpses, the duration Eft shauld be su¢ dait o
asymptotically eiminate this eertise ggp. H onever; the duration Eft afier
the Bstswitth atg'=275! is notsut dertencuch 1 cover these assits due 1O
dosolbescanee ad the s in earienae of a Turther sntch. T hus, in aotrest
with P arerite (1994, 2000), a nostatiaarty in the duratias of the adgoted
tedologes o be in use arises due o a..nite planing harizan.

Follbning from B auaakddne Saglam and V alée (2002), we knowvthat the o
timal adgptian delay in the interiar soluitiaon ceee of a singe tednology switth
prdolEm, is naturally inaessing With respect to the time harizon. Itis proen
that a loger time harizan gves more gpportunities to teke adhvarntace of the
gonth rate acventace, so that delaying adgption mare in aderto teke achen
1eoe ofthe arsumption el achantace ofthe dd riegmeis indeed gptimal. In
e with these when we aasider te eeectofan inaeese in T thatdoes not
alterthe gptimal rumberofswitdhes, keds thadeby in the adgption ofthe new
tednologes sothatthe tenures ofeadh adqoted tedolgy inaesse. T heer ects
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ofdangs inT an the gotimal number ofswitches and thus an the dates when
these switdhes will oaurare gven in T ebke 3. Campared with the bendmark
setling inaesesing the time harizan 10 45 years does notalerthe gotimal num-
inaessss. |naessing Turther the time harizan 150 years, inaeesss the qotimal
rumber ofswitdhes and notsurprisingly reducss the tauress of the tednologes
in usewth respectothoe in e ase of T =45: Itmustbe abkonoted that; it
the plning harizan is sharteauch (T < 20), the econany wauld stidk o the
initial tednolagy in use and ed up with a tedolgcal sclrasis.

Tebk3 TheaatofdangsinT
(T F © € € € € VJiD)]

20 1 895 1061062
25 1 1015 175144
3 2 996 1818 261 849
35 2 994 2015 370 300
40 3 914 1829 276l 499975
45 3 991 1986 3013 653180
S0 4 921 1842 2769 3718 832921
55 4 993 1982 2980 4011 1036382
60 5 929 1856 2785 3723 4685 127211
65 5 998 1989 29°@ 398 5011 153782

W henwe analyze the bdhaiar of the adqotion pattermn with respectto time
discounting we dosene that a higer impatiace rate ek to delby adp
ton. Inothennords, itinaessss the duratian betineen tho arsaadtive ted ol
agy adgptias. T he tenures of the early adpted tedndlges t&ed o inaesse
wheress the tarures of the e adpited tedndloges ted o deaesse. Figare 2
i ILstrates this cearly. Bven an econamy thatis impatientenauch may dosenea
deaeese in the gotimal numberofedgptias. T he delay in adqotion oftremare
advencd tednolages a6 Y inaeeses is due 1o the inaeesss in the dosdlessaeanee
asts. H oneer; ss itis proed Tora singe switth Geee in B auaskkineg Sagiem
and V ake (2002), there may edst an qppasing e ect that tends o acebrate
adgption sinee itwould Ied the econamy o start 1o kam the new tednology
sogerand rise the gonth rate achentace due 1o tednolgy switching Inaur
setup, with aur paraneterization the er ectdue 1o dosoleseence aosts daminatie
the eects die 1O gonth ratke achentece a6 % inaeesss. T his is because of
the &t that we inaompaate an exagenasly goning tednolbgy frattier and
tedoloy soad...¢ laming by dang that ted o inaesse the er ect of the d>
solesaeanee asts and the exartise Ioss in Gee of a tednology switdh. Foraur
parametsizatian, the e ectofthe time discourting an the patierm ofFtedhnology
adptian is summarized in T ebk 4.
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Tebk4 T heeectofdiangss in¥
[ F & € € VJiD)|

001 3 .06 1816 2746 G583
002 3 914 1820 27@ AIIT5
004 3 1A 18.a8 2799 288 .45
008 3 996 19'6 29.28 1046
016 2 11.78 2333 22.340

Fguae 2: T he e ectofdiengss in%: an the pattermn of terures

17 r=0.16

tenure

j'th technology

In antrastwith the e ect of an inaesse in the discounting rate, an inaeese
in the exaganas gonth rate of the fratier tednology ads o an acebratian
in adgting the new i &drolgy: T his is far fram suiprising because of the
assodated inareeee in the gronth rate acheantace thatdominaties the inasese in
the asts due to dosdkessaenee and the bstepearience. Figuare 3 dgpidcs theer ect
ofadencein® anthe gotimal pattermn of tednology edptias. A s° inaeesss,
the duratian betnean tho cosaautive adgotias wi ll be reduced and acoadingly
the teuress ofthe adqoted tednodlges exaptthen the .. nal tednology will be
bnered. A sud¢dentinaesse in° would abo inaresse the gotimal rumber of
adptias within a gven plbaning harizon. T his aeds to afurther deaeese in
the duration betnean t0 ansaautive adptias. Tabke 5 rparts the gotimal
rnumber of switches and the gotimal daties of switching for dic ererit valbes of

tedrolgal pragess.
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Tebk5: Theeactofdangs in®
[~ F € & € € € VJi»n]

091 1 1824 380 332
002 2 1263 2527 405229
004 3 914 1829 276l 4999°hH
005 3 890 1780 2693 5N 204
006 4 745 1484 2230 2992 660 512
008 S5 628 1247 18483 2597 3157 922624

Finally a hidhervale o mears a Bster lbaming procsss, whidh risss the
incEntives o switdh. T abE 6reparts the gotimal number of switdes and the
assadated gotimal dates of switching 1o nevw tedhnologes Tordic eratvalles of
H: A ninaeese in ) acelrates the adgption so that the duratiaon betnean 10
aasaaUtive adptias would deaesse. [n otherwards, ittands o deaeese the
Taures of the early adpted tednologes and inaesse the terure of the ..nal
tBdnoloyy 1o be usad. | ot surprisingly a sut dent inaesse in the sped of
Eamingwaid ked 1 an inaeese in the gotimal number of adptias as the
time duration required 1o ampasate T the bss in eeartise of a tednology
switchingwi llbe reduced.  Insudh Geees, the gotimal soluition eatures a further
deaeeese in the duration betneen tho aasaautive tedolgy adptias ad
thus, a higer taure Tor the ..nal tedolgy o be used. Figure 4 dgids
these dearly. A partfrom these under aur bend mark parameterization where
° =094;%=002 andT =40 ; Torsu¢ datly lbo/vvales ofsped of laming
< 02), the saaamy Nneverswitdhes 1o a better tednology and simply stids
1o the inftial tednology dng a tedhnologcal scercsis.

Tabk 6 Theaectofdangs inp
e F © v € ¢ € VJi»]

02 1 1795 406498
04 2 1220 2436 454837
0l 2 1129 2288 486:A 0
07 3 914 1829 276l 499975
08 3 888 1782 2710 510 877
19 4 746 1493 2244 3017 527541
12 4 717 1437 2165 2916 541 586
14 5 626 1252 1881 2513 3156 552211
16 5 607 1216 1828 2447 3085 561778
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Figie 3 Theaeectofdangs in® an the patten of terures
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Figure 4 T he e ectofdangss in 1 an the patiemn of terures
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5 Caxdbsea

In this paper; we hae goplied mult- stege gotimal anrol tednigues o ana

lze the gotimal pattern of tednology adgption under embadimattwhen the
pbming haizanis .nie. W e hae .. istpresanied the necsssary and gotimal

ity aditias o muli-stage gotimal aarol prdolEem in whidh the adjustebe
swiitching times gppear s an arlgumant of the state eguation. 0 N the aantraxy
O theedsting araiure we hae taken into accountnotanly the bBamingasts
assodated 1o a tedhnology upgracke but also the dosolescanae assts inherent o
enbadmait W e hae shonn that the gotimal rumber of switdhes ad the
timing of them depends an how the gonth raie advanitage ampares o thee
laming and dosokesaanee asts. W e have shonn that the .. nite planning hori-

zan induass a N staticarnty in the taures of the adpted tedrolges. T he
n staticanty arises mainly atthe . nal tednology in use s the duration Eft
afer the stsnitd may nottbe sut dertenauch to coverthe dosolkesaanae ad
the baming asts of a further switdh. W e hae matianad that the gotimal
adgptian pln involes sud dent Eernuress Tar eech tednology adapted in ader
1o eiminate the eartise ggps thatanae afterswitdes. T hatis tosay the
adptian of tednolges whidh wauld be skipped withaut gaining expertise is
notgotimal W e have proidsd numerically the e ects of the planning harizon,

gonth rate of tednolgy, discounting parameter and the spead of Baming an
the gotimal pattermn of tednology adptians.

W e believe that this madel provdess a ridh structure that cauld be used o
eanine saeral other tpes ofgotimal dxdae and timing prdblEms. 0 n goonthy
relied issues, adacattralized e ibria cauld be aasidered in aderto analyze
the tednodlogal igpiroggngamang . ims and industries. 1taould be extended
1O analyze the e ects of pital market et dawy, the roke of uncrtanty ad
the marketstruciure on tednology adption. T hese are in aur research agenca

S A ppadx
W ewll asider a general am of multi- stece gotimal aonrdl prcdblEm where
epLation ofmotian e iatlyvwhen presariting the prook.
y. 4 2
Fo KO;cO6; 0+ F1 KO;cO:6 60+ =
%
<) a

=t Foun KOCOL;: /GO FoKO:cO LD

t:lil tJ

max
fO(t);tl;fe;::::l;:(_:l0
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subject o the system equatias,
<

K = fKO:cO:L:D; ) -t< &; ¢ 1
K = i KO:CcO:G:4:1;0: G - t< G40 =1:2;:5Til ¢ 2)
K = HKOceOLD: b -t-T; ¢ 3
antol arstrants,
c®® 2 FHaemnl -t §; ¢ D
c® 2 Fjae nt -t G, ; TG =1;2;:5T 41 ¢ 5)
c®® 2 JFjae anty-t-T ¢ 6
and the bandary caoditias
T gwen KO=K gvenad K() freg ¢.nD

wheref ; and f5; J =0 ;1 ; =5 Jare assumed o be at ksst arntinuasly dic exen
tisbkin testatearisbE K; ime variable tand the switching parts thatthey
degpend an and aotinuacs in the aotrdl variebke ¢ c@®is messurabE an [0 ;T ]
and is\abe is astranad 1o dosad subsets of!l jdmasiaal Eudidean spae
El;sudhthat=%E! jpresatied in ¢ 4)-¢ 9. c®ad ;] =1;2;5Jae
sad o be adnissidewaaer) < § < § < < g < < T adwen
aa thare edsts a anespading solution 1or the state eouation that satis. es
the baundary aditias and csatis..es the aatrdl aastrant

P roofofl. emma?2. 4 wdlary prdolem (J-1) can bewitien in the form of:

>
maxV;.il = FJi1 (C;K;ttJ):t"' V;Q'((tJ);tJ)
o tg oo
subject o
<
KO="f GKtW; Ly - < 15 ¢ 8)
K @;: )= Ko; ad K @) fieg ¢ 9

H ere cis assumed 1o be unaastrained so that c™is an interior solutian. U sing
the notion ofl. agrange multipliers, we hae
. <] 81 < q
I © T CKEW i KO A=0: ¢ 10)
LT
A ugnerting the dojective TUnction by this integralin (¢ .10) does notar ectthe
solutian. T hus, we aan ce..ne the new dojective Tunction es
X - 81 < qT.
Qg Fait GKEWi.0: ® 15 CKEtWiKO
LS

+ VK @D:t): ¢ 11)
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T he substitution oftheH amiltonian onaion thakewe have ce.ned as

Ho; GKS B, 551 )= if 05 GK G+ | 55 Of5; ©K )
imMo @ .11), we dotain

z, 2 Z 3

[
ayy = 4 iHon GKEt, 0 )i KO, & a
n LS M

+ 35 @K@ . 3i @i K G+ VKD ): ¢ 12)

T henabe ofay;; dgpends an the time patihs dosen Tartheariebks, ¢ K;
. 3;1 andtevabessdsen oty ssvell L et @ ®; K= @®)be an gotimal path
oraay t2[ty;; ;tyad tgis aninmeriorpdntin [ty;: ;T § Iwne perturb the
C ®path by aperturbing aurne u®); we an ganerate admissibke ’nagbaring’
aontrol paths, c@®= O+ "U @®; ae Toreach valle of ** i axoding o the
equatian ofFmotian, there will then a conespading perturbatian in the KE@®
path thatan bewitien ss K = KO+ "XOtoestterwith =15+ 't t5

adK @D=K ®)r 't K:! cetatteeimply 2 =¢ tyad L2 =

¢ KE): I ovwe ean eress ay;; in tams of ' and gpply the .. iskader
aodition 2% j, =0 ; &5 Pllons
2 -p T u T .
day, Has; H- «
Tow- g Tue o+ TR o xoa
t:lil
: O 5K D"
t Lon @ ek ¢t K&
0 1
V 5 o 1Z)@H
MEELWN O AL ST LR =0: ¢ 19
0ty o 0t

In (¢ 13), the integral aaiains abitrary perturbing aures u @® and xX@®
and the other t\0 aaompanas of the ecuation invole arbitary ¢ K @) ad
¢ 3 Inadatohae (¢ 13) satis.ed eadch aampaentofthis derivative shauld
be setequal 1 zero. B y s=tting the integral caompaantequal b zerg we hae
the TAlbning tho aditias

& HS.

T ©= i ¢ 19
@H‘?il —
— gL =0 ¢ 15)

(o =
Equation (¢ .14) toogetherwith K= ©= @@)%‘_‘%, 8t 2 [ty; ;1) thatwe deduce
fian (¢ 8) astitutes the anonical equatias. Equation (¢ .15), represents a
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weskervarsion of the mcinHJi1 when itis predicated an the assumption that
H;1 is dir erentisbe with respecttocand there is an interiorsolution. Setting
the th\o other aampanents of the derivatine (¢ .13) equal 1O zero and noting the
arttiruty ofthe state varicbke eds 1o the matching andiias. ¥

P rooF of R emark 1.

2
dKED:t) _ d o
—(1‘] = (1‘] FJ(&K ,tt‘]):t

d ¢
= oG [F 5€KSE | SOK © i THECK G
L]
Z - (SR | I
_ s OF5 . = of5
- lF J_I:J+ @tJ [} >J¢) @tJ

s
= Hs =y i u—@H‘?ﬂ
ifgks1 0ty

L %]

o ¢ 16

A partfran this

IS _ "V SKOOWDK®' |, O IKGIW
d; K& a5 @ty
= L5@Sk,+ I E N ¢ 17
J
T herefore aambiningthe twoequatias (¢ .16 ad (¢ .17) ends the proot ¥
P roofof T heoram 1. T he sstofcanmicalarnditias, (34) ad (36), toether
with the initial ad the terminal anditias (3§ and the minimizatian of the
H amilitnias, (3), () ad (R) are direct asapencs ofl enmas (1) ad
(2) due o the goplication of well knoan P atiyegns |l axdmum P rindpke to
the awdiary prablem of the eech stege. U nder the condition thattV ;™ is thice
atinuosly dicerentieble in Ky and §; j =1 ;2; 5.3 the replbaamentof the
matching aanditias (3), (@) ad (40) with those in (41) and (42) ollons
flan Ranark 1. T he denvation of these aoditias throudh the tednigue of
Calubs of YV ariatias is straidtiormnard but rather gty and tharelae we
will conaanrate an anly the matdhing aanditias.
U nder the aondition thattV ;™ is thice cotinuausly dic erenisble in K and
;] = 1;2;:553 danve te . istaderariatian, =D ; forprdobem (G X A fler
standard alulatias we dotain

2 3
A T Fopo
X H= H=
+D = gngj;: iHjQilj;_c i @@—::_"1 aj %—1; Cgﬂi
28253 1;3“ 1:‘;’

£.i.¢ . 1
LR TP VR (1))
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inwhidh +§ afd(ng are any admissibk perturbatias in the switchinginstant
G ad in KT repectinvely. tD - | must be satis..ed for any admissibe
path thatis dose 1o the gotimal ae. Casider the path thatsatis.es 2 =10 ;
J =1;2;:::;3 thenitis daarthatwe musthave the coditian (41) as anecsssary
ae. 0 n the other hand suppase that the admissibke patts satisfy +K; =0 ;
J=1;2;:53.Then gventat( < € < © < < T < o< Trwvwehae
the condiion (42). Finally, if7 j =1 ;2; 5 Jwere . xed so that they were not
ddce vaericbks we have thattty =10;J =1;52;::55 SqQ R anark (5) ollons
directly. ¥
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