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1 Introduction
T he recenteconomicgrowth literature has been markedly in‡uenced by the
renewed interestintheembodiedcomponentoftechnologicalprogress onthe
onehandandbythedevelopmentofadoption-basedgrowthmodelsontheother.
G reenwood, H ercowitzandKrussel(19 9 7 ) havefoundthataround60% ofU S
productivitygrowthcanbeattributedtotheembodiedtechnologicalchange.
Embodimentisindeedakeyconcepttounderstandtheeconomicmechanismsat
worksincethe…rstoilshock, asarguedG reenwoodandYorukoglu(19 9 7 ). A fter
that, therateofdeclineoftherelativepriceofcapitalhasbeenhigheronaverage
andtheaccumulationofnewequipmenthasbeenboosted. Bothingredientsare
provingmostusefulinunderstandingandexplainingthemostinterestingand
puzzlingstylizedfactsoftherealeconomies, suchastheproductivityslowdown
andthedeclineintherelativepriceofcapital.1

Some importantadvances have been already accomplished regardingthe
waytechnologyadoptionandthecosts associatedtoitcana¤ectproductivity
growthandthedevelopmentprocess[seethesurveyofG reenwoodandJovanovic
(19 9 8)]:T hekeyaspectoftheanalysisturnsouttobelearning:T hetechnology
adoptionimpliesthedepreciationoftheinitialhumancapitalandaslowlearning
processduringwhichtheeconomyisnotabletorunthenewtechnologyatits
bestproductivitylevel[seeJovanovic(19 9 7 ) andParente(19 9 4)]:Indeed, ifthe
technologicalprogress is embodied in thenewcapitalgoods and innovations
occurcontinuously, thetimingandthenatureofnewtechnologyadoptionrely
moreheavilyontheabilityoftheeconomytolearnquicklyhowtousee¢ciently
thenewcapitalgoods.

D espiteaccumulatingknowledgehas nodirectcostunderlearningbydo-
ing, embodiedtechnologicalchange[as inthecaseofinformationtechnologies]
implies an indirectcostduetotheobsolescenceoftheexistingcapitalgoods.
A nacceleration inembodiedtechnicalchangeis associatedwithadecreasein
therelativepriceofcapital[awellknownpropertysinceSolow(19 60)]. T his
inducesare-assignmentoftheresourcestowardscapitalgoods sectorresulting
inadrop intheconsumption levelfrom thedateofthetechnologyadoption.
T hewelfarecostduetothedrop intheconsumption levelarereferredtoas
theobsolescencecosts inherenttoembodimentandtheyareshowntobenon-
negligible[seeKrussel(1 998);Boucekkine, delR ioandL icandro(19 9 9 ), delR io
(2002)].

Inthispaper;weanalyzetheoptimalpatternoftechnologyadoptionunder
embodimentwhentheplanninghorizonfortheeconomyisfinite. Knowingthat
theheadsofgovernmentsareelectedforacertainperiodoftime, the…xed-term
contracts havepredeterminedterminaldate, somestabilizationandindustrial
developmentprograms are assumed fora …xed time intervaland the patent
protection is guaranteedfora…niteperiodoftime, itproves tobeimportant
toanalyzetheoptimalpatternoftechnologyadoptionwith …nitehorizon as

1B enhabib and R ustichini (19 9 1), G reenwood and Yorukoglu (19 9 7 ) and Krussel(19 9 8 )
aresomeexamples ofthesestudies inthemacroeconomicliterature.
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well. O thercharacteristics ofthe economy are the existence ofexogenously
growingtechnologyfrontierandthetechnologyspeci…clearningbydoingwhich
arecommon inthemacroeconomics literature [see G reenwoodand Jovanovic
(19 9 8), Parente(2000) andM ateos-P lanas (2000)]. T helevelofexpertiseona
technologyevolves with its useas aresultoflearning-by-doing. W ithin each
generationoftechnology, productivityincreasesovertimeandconvergestoits
potentiallevelwithadeceleratinggrowthrate. Incaseofaswitchingtoanew
technology, nopartof thecurrentexpertisecanbetransferredforusetothe
moreadvancedtechnology.

Inthatweconsideroptimalpatternoftechnologyadoptionandlearningby
doingjointly, ourtheoryresemblesworksbyJovanovicandN yarko(19 9 6), Par-
ente(19 9 4, 2000), Iocompetta(2001) and M ateos-P lanas (2000). Inapartial
equilibrium set-up, Jovanovicand N yarko(19 96) assumesaB ayesianlearning
process sothatas longas theeconomicagentsdonotestimatecorrectlysome
productivityparameters, anoutputlossoccurs. Inageneralequilibriumframe-
work, Parente(19 9 4, 2000)andIocompetta(2001)analyzetheoptimaladoption
problem wherethelearningcostsareessentiallyduetothedepreciationofthe
pre-existinghumancapital. T hesepapers studyin…nitehorizonproblemsand
concludethattheoptimaladoptionplansaretypicallycharacterizedbyevenly
spacedpatternoftechnologyadoptions. M oreover, inParente’smodel, asthere
isnopossibilitytosticktoagiventechnology, thereisnoroomtohandletechno-
logicalsclerosiscases. Incontrastwiththese, M ateos-P lanas(2000)incorporates
a…niteplanninghorizonandpredicts anon-stationarityinthesensethatan
optimalplanmayincorporatebothtypesofadoptedtechnologiesthataretobe
learnedandthataretobeskippedwithoutlearning. H owever, itincorporates
asimplediscretelearningprocess andthemodel’s predictions abouthowthe
patternoftechnologyadoptionrespondstothechanges intheparametersare
determinedtobeambiguous ingeneral.

O urcontribution is twofold inthis paper. A technicalcontributionofour
analysis is thatweextendtheanalysis of Tomiyamaand R ossana(19 89 ) to
amulti-stage setting. Tomiyamaand R ossana(19 8 9 ) presents thenecessary
conditions forageneraltwo-stageoptimalcontrolproblem withanadjustable
singleswitchingtimeappearanceinboththeobjectivefunctionandthestate
equation. T hetechniquerecallsthePontryagin’smaximumprinciplefromady-
namicprogrammingperspective. T heapproachhasbeenusedintheliterature
…rstbyTomiyama(19 85), forageneraltwo-stageoptimalcontrolproblem. T he
analysis has been extendedtoan in…nite-horizonmulti-stageoptimalcontrol
problem by M akris (2001). H owever, in Tomiyama(19 85) and M akris (2001),
theproblemswheretheswitch-pointappearsasanargumentoftheintegrands
ineachintegralwhichcompromisethecriterion-indextobemaximized, havenot
beenconsidered.2 Incomparisonwiththese, thenovelfeatureofouranalysis is
toextendthetechniquetoamulti-stage;discountedoptimalcontrolproblem
with…nite-horizon, wheretheswitchingtimesbeingchoicevariables, appearin

2P roblems ofthis variety have also arisen in the exhoustible resource and neoclassical
investmentliterature. SeeM accini (19 7 3) and R ossana(19 85).
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boththeobjectivefunctionandthestateequations. T hetechniqueproves to
beusefulande¢cientwhenonewouldliketoanalyzetheoptimaltimingofany
endogenousregimeswitches.

O urframeworkallows us tobringouta numberofcontributions tothe
optimaladoption literature. Firstofall, the optimalpattern oftechnology
adoptionwillbedetermined, takingintoaccountnotonlytheeventuallearning
costsbutalsothenon-negligibleobsolescencecostsinherenttoembodiment. For
agiveninitialstateoftheeconomy, includingitstechnologicalandskillstates,
wecharacterizetheoptimalnumberoftechnology upgrades andtheoptimal
timingofthem withinagiven…niteplanninghorizon. Incontrastwithmodels
byParenteanditsextensions, weobtainanon-stationarityinthedurationsof
theadoptedtechnologies tobeinuseduetothe…niteplanninghorizon. T he
non-stationaritymainlyarisesatthe…naltechnologyinusebecauseofthefact
thatthedurationleftafterthelasttechnologyupgrademaynotbesu¢cientto
covertheobsolescenceandthelearningcostsofafurtherupgrade. Incontrast
with M ateos-P lanas (2000), optimalplan does notinvolve theadoption ofa
technologywhichwouldbe skippedwithoutgainingenough experience. T he
optimaladoptionplan involves anumberoftechnologyupgrades thatensures
withineachgenerationofadoptedtechnology, theeliminationof theresulting
expertisegap. W eillustratehowtheoptimalpatternof technologyadoption
evolveswithrespecttotheplanninghorizon, thespeedoflearningprocess, the
rateofgrowthoftechnologyandthediscountratethroughnumericalanalysis.

T hispaperisorganizedasfollows. Section2 describesthemodelandtheop-
timaltechnologyadoptionproblem. Section3presentsthemulti-stageoptimal
controlproblemasaresolutionprocess. Section4illustratestheoptimalpattern
oftechnologyadoptionandhowitresponds tothechanges intheparameters
ofthemodelwithanumericalanalysis. Finally, section5 concludes.

2 TheM odel
W econsideraneconomyinhabitedbyarepresentativeagentwhosediscounted
stream ofutilityisgivenby:

TZ

0

u(c(t))e¡½tdt; (1)

whereu is increasingandstrictlyconcavefunction, cdenotes the‡owofcon-
sumptionand½ is thetimediscountingparameter. T heplanninghorizonT , is
…nite. T heeconomyproducesacompositegoodwithasimpleAK technology
thatis used eithertoconsumeorto investin physicalcapital. Technologi-
calprogress is investment-speci…cand itonlya¤ects throughthenewcapital
goods. L etY (t);K(t);andI(t)betheoutputproduced, capitalandthegross
investmentrespectivelyattimet. T hen, wehavethefollowingusualresource
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constraintandthelawofmotionofcapitalstock3:

Y (t)=A(t)K(t)=c(t)+ I(t); (2)
¢
K(t)=q(t)I(t): (3)

T hevariableq(t)representstheleveloftechnologyinuseattimet:A nincrease
inq(t)only a¤ects newequipmentbyequation (3) andrepresents embodied
technologicalprogress. Insharpcontrast, anincreaseinthevariableA(t)which
representstheagent’s technology-speci…cexpertise, risesthemarginalproduc-
tivityofallthecapitalstock, independentofits agestructure. Inthis sense,
A is neutralandqis investmentspeci…c. T his simplemodelisareducedform
oftheSolow(19 60) vintagecapitalmodelaspointedoutinBoucekkine, delR io
andL icandro(2000).

A tanytime, theagentmayeitherswitch toamoreadvancedtechnology
thatwillleadtoahigherrateof investment-speci…ctechnologicalprogressor
continuetousethecurrentone. W eassumethattheeconomydoesnotinnovate
andjustadoptthetechnologiescomingfromabroad. FollowingParente(2000),
weincorporateafrontierleveloftechnology, denotedbyqF (t): A ttimet;the
technology used by the agentcannotexceed the frontiertechnology sothat
q(t)· qF (t): T he frontiertechnology is assumed togrowexogenously ata
constantrate ° > 0 ;i:e:;qF (t)=qF (0 )e° t:W ithoutlossofgenerality, qF (0 )is
normalizedto1.

T he levelofexpertiseon atechnology evolves with its useas aresultof
learning-by-doing. L earninginanytechnologyissubjecttodiminishingreturns
and is boundedfrom aboveby1.4 T hefunctionalform oflearning, which is
identicaltoParente(19 9 4), is

¢
A (t)=µ [1 ¡A(t)]; µ > 0 ; (4)

where µ is aparameterofspeedoflearning. D uetothis learninge¤ect, the
technology adoption incurs acostin terms oflostexpertise. In this model,
learning-by-doingistechnology-speci…candtherefore, incaseofaswitchingto
anewtechnologynopartof thecurrentexpertisecanbetransferredforusein
themoreadvancedtechnology.5 T his lostexpertisecannotbesoldorrented.
A stheamountoflostexpertiseandthespeedoflearningdonotdependonthe
productivityofthetechnologytobeadopted, theadoptedtechnologywillalways
bethefrontierinanoptimaladoptionplan. T hetechnologythatis currently
usedin‡uencesthetimeatwhichthenextadoptionwillbeintroducedbuthas
noimpactonthechoiceofwhichtechnologytoadoptatthattime. T hus, the
agent’s choiceconsists ofdecidingatanytimewhethertocontinuetousethe

3N otethatcapitaldepreciation is omitted forsakeofsimplicity.
4B oundedlearningis consistentwiththeempiricalliteratureas in B ahkand G ort(19 9 3).
5 M ateos-P lanas (2000) alsoassumes technology speci…clearning-by-doing. T his is a sim-

pli…cation with respectto Jovanovic and N yarko (19 9 6) and Parente (19 9 4, 2000) without
sacri…cingthespiritofthemodel.
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currenttechnologyortoswitchtothefrontiertechnology.6 Ifanadoptionoccurs
attimet=ts;thenq(t)=qF (ts)=e° ts;untilthenextadoption. B etweenthe
twosuccessiveadoptions, thetechnologicalgap betweenthetechnologyinuse
andthefrontieronewillincrease.

2.1 TheTechnologyA doptionProblem
T he fundamentaldecision tobe taken by a representative agentin such an
economyisasfollows: ForagivenstockofcapitalK0 ;theparametervaluesof
thespeedoflearningµ;technologicalprogress ° , andthetimehorizon T;how
manynumbersofadoptionshas tobemadeandatwhichdates eachofthese
adoptions shouldtakeplaceforthewelfareoftheeconomytobemaximized?

max
fc(t);J;t1 ;t2;:::;tJg

V (T jJ)=
TZ

0

u(c(t))e¡½tdt

subjectto

Y (t)=A(t)K(t) (5)
¢
K(t)=f q(tj¡1)I(t); if tj¡1 ·t< tj; j=1 ;:::;J

q(tJ)I(t); if tJ·t·T (6)

A (t)=f
1 ; if 0 ·t< t1
1 ¡e¡µ(t¡tj¡1); if tj¡1 ·t< tj; j=2;:::;J
1 ¡e¡µ(t¡tJ); if tJ·t·T

(7 )

Y (t)=c(t)+ I(t) (8)

T heintegerj indexthej0thtechnologyadoptedandtherealtj representsthe
timeofthatadoption. N otethatthecostofswitchinglimits thenumberof
adoptions(J)withinagiven…niteplanninghorizon. T hus, therecanbezero,
…niteorcountablyin…nitenumberofadoptions. Incaseinwhichitis zero, no
adoptionoccursandtheagentstickstotheinitialtechnologyinuseleadingto
atechnologicalsclerosis. Inthecasewhereitis…nite, thereexistsatleastone
technologyadoptionbutstickingoccursforsomemoreadvancedtechnology.

3 TheR esolution: M ulti-StageO ptimalControl
Inordertosolvethisoptimizationproblem, weusetheapproachofmulti-stage
optimalcontrolwith…nitehorizonthatrecallsPontryagin’smaximumprinciple
fromadynamicprogrammingperspective, wheretheswitchingtimesappearin
boththeobjectivefunctionandthestateequation.

6Jovanovic and R ob (19 9 7 ) and M ateos-P lanas (2000) also assume the adoption ofthe
frontiertechnology. In P arente (2000), theadoption requires atime-to-builtinvestmentand
howexperta …rm is in the operation anewtechnology depends on howclose the adopted
technology is tothe frontier. T hus, itdoes notalways predictthe adoption ofthe frontier
technology.
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A s a solutionmustdeterminealsotheoptimalnumberofadoptions that
willtakeplacewithin agivenplanninghorizon togetherwith theirtimingas
well, ourresolution process is constituted from twoparts. In the …rstpart,
takinganarbitrarynumberoftechnologyupgradesJandassumingthatthe
economy did the lastswitch attJ;we solve the sub-problem startingattJ
concerningthe…nalstageofourmulti-stageoptimizationproblem. T hen, we
proceedbackwardstakingintoaccounttheoptimalpathsandtheoptimalvalue
functions thatweobtained foreach subsequentstageofourproblem. Every
adoptiontimingwillbechosentakingintoaccountthatsubsequenttimingof
adoptionswillbedecidedoptimallygiventheremainingtime-span. Foragiven
planninghorizon, thearbitrarynumberofadoptionsmaynotbeconsistentwith
theoptimalchoice. T hesecondpartofourresolutionprocedurewillbethento
…ndtheoptimalJ. L etV (T jn)denotethemaximum valueoftheobjective
function, namelythewelfareoftheeconomy, conditionalontheplancontaining
exactlynadoptionswithagivenplanninghorizon. T hentheoptimalJwillbe
thesolutionto

J¤=argmax
n
fV (T jn):n=1;2;3;:::g; (9 )

sothatV ¤=V (T jJ¤)willbetheoptimalwelfareofoureconomy.7

3.1 A uxiliaryProblem (J)
Inordertogivemoreinsightfortheresolutionprocessofthemulti-stageoptimal
controlproblem, weattempttodecomposetheoriginalmulti-stageprobleminto
asequenceofalmostconventionalproblems. T hentheM aximum Principlewill
beusedtoobtain asetofoptimalityconditions. W e startwith anauxiliary
problem correspondingtothe…nalstageofthemulti-stageproblem:

max
fc(t)g

TZ

tJ

u(c(t))e¡½tdt

subjectto

c(t)+ I(t)=
³
1 ¡e¡µ(t¡tJ)́ K(t); (10)

¢
K(t)=q(tJ)I(t); tJ·t·T; (11)
K(tJ)=KJandK(T)free. (12)

N otethatthestartingtimetJandthestartingpointKJforthisauxiliaryprob-
lemareconsideredtobeexogenous. T his impliesthattJismerelyagivencon-
stantandtheappearanceofitintheintegrandoftheutilityfunctiondoesn’t
causeany con‡ictwhen Pontryagin’s M aximum Principle is applied. In this

7 A steriks (¤) is usedtodenoteoptimalquantities.
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problem, acontrolc is said tobeadmissiblewheneverthereexists acorre-
spondingsolutionforthestateequation(11) , thatsatis…estheinitialandthe
…nalconditions(12), andcsatis…esthecontrolconstraint(10). L ettheH amil-
tonianofthisauxiliaryproblem forthe…nalstageHJbede…nedby

HJ(K(t);c(t);̧ J(t);t;tj)=¡ln[c(t)]e¡½t+
¸J(t)q(tJ)

h³
1 ¡e¡µ(t¡tJ)́ K(t)¡c(t)

i
; (13)

whereweassume alogarithmicutility function and ¸ represents thecostate
variable. R ememberalsothatq(t)=q(tJ)=e° tJ;fort2 [tJ;T]:R eferringto
astandardresult8 , theoptimalityconditionsforthisauxiliaryproblem canbe
summarizedbythefollowinglemma, withtheshorthandnotationasfollows:

H¤j =Hj(K¤(t);c¤(t); ¸¤(t); t; tj);

Hj js=Hj(K(s);c(s); ¸(s); s; tj):

L emma1 L etc¤beanoptimalcontrolfunctionforauxiliaryproblem(J).T hen
itis necessarythatthere exists a costate ¸¤such thatK¤and ¸¤satisfythe
canonicalequationstogetherwiththeend-pointcondition, andc¤minimizesthe
H amiltonian:

min
c

HJ(K¤(t);c;̧ ¤
J(t);t)=H¤Jalmosteverywhereon [tJ;T]; (14)

¢
K
¤
(t)=

@H¤J
@¸J

and
¢
¸
¤
J(t)=¡

@H¤J
@K

(15)

¸¤J(T)·0 and lim
t! T

K¤(T )̧ ¤
J(T)=0 : (16)

From theresolutionofthesewellknownconditions, sincetheoptimalpath
ofconsumptionclearlydependsontJandKJ, wehaveV ¤J=V ¤J(KJ;tJ)asthe
optimalvaluefunctionofthisproblem, i.e.,

V ¤J(KJ;tJ)=
TZ

tJ

ln[c¤(KJ;tJ)]e¡½tdt: (17 )

U singV ¤J(KJ;tJ)asde…nedaboveandfollowingadynamicprogramingprinci-
ple, wemovetotheproblemconcerningthestagethatincorporatestheJ¡1 0th
generationofadoptedtechnology.

3.2 A uxiliaryProblem (J-1)

max
fc(t);tJg

tJZ

tJ¡1

u(c(t))e¡½tdt+ V ¤J(KJ;tJ)

8 See forinstance, A thans and Falb (19 66), T omiyama (19 8 5) and Kamien and Schwarz
(19 9 1).
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subjectto

c(t)+ I(t)=
³
1 ¡e¡µ(t¡tJ¡1 )́ K(t); (18)

¢
K(t)=q(tJ¡1)I(t); tJ¡1 ·t< tJ; (19 )
K(tJ¡1)=KJ¡1 andK(tJ)free. (20)

A ssumingthatt¤Jisaninteriorpointin[tJ¡1 ;T]makestheconstrainttJ¡1 ·
tJ·T inactiveandweareleftwithanauxiliaryproblem withfreeendpoint
andfreeterminaltime. H owever, theproblem is stillnotstandardinthesense
thattJ is achoicevariableanditappearsattheupperlimitofintegration, at
theintegrandthroughtheevolutionprocessofcapitalandresourceconstraint
andattheoptimalvaluefunctionofJ0thstage. T heexplicitdependenceof V ¤J
on tJmustbeconsideredcarefully. Inthis problem, tJand(c(t);K(t));t2
[tJ;T]aresaidtobeadmissiblewhenevertJ2 (tJ¡1 ;T)andwheneverthere
exists acorrespondingsolutionforthestateequationthatsatis…es theinitial
andthe…nalconditions andcsatis…es thecontrolconstraint. T heoptimality
conditionsofthisauxiliaryproblem aresummarizedinthefollowinglemma.

L emma2 L etc¤andt¤Jbeoptimalfortheauxiliaryproblem (J-1). T henthere
existsacostatevariable¸¤J¡1 suchthat

¢
K
¤
(t)=

@H¤J¡1
@¸J¡1

and
¢
¸
¤
J¡1 (t)=¡

@H¤J
@K

; (21)

min
c

HJ¡1 (K¤(t);c;̧ ¤(t);t)=H¤J¡1 almosteverywhereon [tJ¡1 ;t¤J); (22)

andK¤;¸¤J¡1 andH¤J¡1 satisfythefollowingmatchingconditions thatensure
thecontinuityandoptimalityoftheproblem att=t¤J:

K¤(t¤J¡)=K¤(t¤J+); (23)

¸¤J¡1 (t
¤
J)=¡

@V ¤J(KJ;t¤J)
@KJ

; (24)

H¤J¡1 jt¤J+
t¤JZ

tJ¡1

µ
@H¤J¡1
@tJ

¶
dt=

@V ¤J(KJ;t¤J)
@tJ

: (25)

Proof. T hederivationoftheoptimalityconditionswithavariationalview
ofthecontrolproblemarelefttoA ppendix.

R emark1 U ndertheconditionthatV ¤J is twicecontinuouslydi¤ erentiablein
KJandtJ, thematchingconditions canbereformulatedbyusingthedynamic
programmingapproachasfollows:

@V ¤J(KJ;t¤J)
@KJ

=¡̧ ¤
J(t

¤
J); (26)

@V ¤J(KJ;t¤J)
@tJ

=H¤Jjt¤J¡
TZ

tJ

µ
@H¤J
@tJ

¶
dt: (27 )
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T hereforewehave

¸¤J¡1 (t
¤
J)=¸¤J(t

¤
J); (28)

H¤Jjt¤J¡H
¤
J¡1 jt¤J=

t¤JZ

tJ¡1

µ
@H¤J¡1
@tJ

¶
dt+

TZ

tJ

µ
@H¤J
@tJ

¶
dt: (29 )

Proof. ItfollowsdirectlyfromTomiyamaandR ossana(19 8 9 ), usingthedy-
namicprogrammingtechniqueandcomputingthepartialderivative @V ¤J(KJ;t¤J)

@tJ
byL eibnitz’rule. T hedetailsareinA ppendix.

N otethattheconsecutivestagesofourproblem areconnectedthroughthe
co-statevariable. W eknowthatingeneralthevalueoftheco-statevariableat
theinitialtimeoftheplanninghorizonrepresentsthemarginalvaluationatthe
optimum, duetoamarginalincreaseintheinitialvalueofthestatevariable.
T hen thevalueoftheco-statevariableatthe instantofswitchingtoanew
technologyrepresentstherateofchangeoftheoptimalvaluefunctionV ¤Jwith
respecttothechangeinthecapitalstock. Inotherwords, ¸¤J(t¤J)¡¸¤J¡1 (t¤J)
represents themarginalgain inwelfareterms from amarginalincrease inthe
capitalstockatthe…niteswitchinginstant.

R emark2 IncontrastwithTomiyama(19 85) andM akris (2001), theH amil-
tonians donotmatchatthe switchingtime because ofthe factthatthe state
equationandtheobjectivefunctiondependsontheswitchingtimeexplicitly. If
thisdependenceisremoved, itisclearthattheconditionswouldreducetothose
ofTomiyama(19 85) andM akris (2001).

T heresolutionoftheseconditions leads totheoptimalvalue V ¤J¡1 forthe
auxiliaryproblem (J-1) de…nedasfollows:

V ¤J¡1 (KJ¡1 ;tJ¡1 ;t¤J)=

t¤JZ

tJ¡1

ln[c¤(KJ¡1 ;tJ¡1)]e¡½tdt+

V ¤J(KJ(KJ¡1 ;tJ¡1);t¤J): (30)

R ecallthat, when posingtheauxiliary problem (J-1) wehavetaken the ini-
tialtime and the initiallevelofcapitalstock, tJ¡1 andKJ¡1 respectively,
exogenouslygiven. T hus, theoptimaltimeofswitchingtotheJ0thtechnology
clearlydependsonthis initialtime. t¤Jis assuredtobetheoveralloptimum of
theV ¤J¡1 (KJ¡1 ; tJ¡1 ;t¤J)duetothematchingcondition(25) thatre‡ectsthe
marginalgaininwelfaretermsfromextendingthehorizoninwhichtheJ¡1 0th
technologyinusetothedetrimentoftheJ0thtechnologyone. Ifitisoptimal
toswitchtotheJ0thtechnologyinaninteriorandwell-de…nedinstantoftime,
thenthemarginalbene…tfromextendingtheJ¡1 0thtechnologyhorizontothe
detrimentoftheJ0thoneshouldbeequaltothemarginalswitchingcostatthe
instantofswitching.
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R emark3 U nderthedegenerate cases, where theoptimalswitchingis either
attJ¡1 oratT ;thecondition ( 25) shouldbereplacedwith

att¤J=tJ¡1 ; H¤J¡1 jtJ¡1¸
@V ¤J(K¤(tJ¡1);tJ¡1)

@tJ
and

att¤J=T ; H¤J¡1 jT·
@V ¤J(K¤(T);T)

@tJ
:

T hesecanbeeasilyshownbycheckingthevariationofthevaluefunctionwith
respecttoaperturbation int¤Jatbothpoints.

U p tonow, bymeansofL emma(1) andL emma(2), wehavecharacterized
theoptimaltimeofswitchingtothe J’thtechnology, t¤Jforagiven tJ¡1 : In
ordertocharacterizetheoptimaltimingofswitchingtotheJ-1’thtechnology,
wehavetostudytheauxiliaryproblem oftheJ-2’thstage. t¤J¡1 willthenbe
chosentobetheoveralloptimum ofthe V ¤J¡2

¡
KJ¡2;tJ¡2;t¤J¡1 ;t

¤
J

¢
bymeans

ofmatchingconditions. Continuingtofollowthesameresolutionprocess, by
studyingtheauxiliaryproblemofeachstagebackwards(j=J¡2;J¡3;:::;0 ),
ouroriginalproblemofmulti-stageoptimalcontrolreducestoaalmostconven-
tionalproblem. T heoptimaltimingoftechnologyadoptions, t¤1 ;t¤2;:::;t¤J¡1 ;t¤J
willthenbethesolutionofasimultaneousequationssystem, stemmingfromthe
matchingconditions. Tosumup, wehaveestablishedthefollowingtheoremon
theoptimalityconditionsforhandlingthemulti-stageoptimalcontrolproblem
concernedwiththeoptimalpatternoftechnologyadoptions.

T heorem 1 Supposethat
¡
c¤;t¤1 ;t¤2;:::;t¤J¡1 ;t

¤
J

¢
; 0 < t¤1 < t¤2 < :::< t¤J< T ,

is an optimalpathforourdiscountedmulti-stageoptimization problem withJ
switcheswhereJis a…niterealnumber. Then itis necessarythatthereexist
¸¤j(t);j=0 ;1 ;2;:::;Jsuchthat

i) c¤(t)minimizestheH amiltonians,

min
c

H0 (K¤(t);c;̧ ¤
0 (t);t)=H¤0 a.e. on [0 ;t1) (31)

min
c

Hj
¡
K¤(t);c;̧ ¤

j(t);t
¢
=H¤j a.e. on [tj;tj+ 1); j=1 ;2;:::;J¡1 (32)

min
c

HJ(K¤(t);c;̧ ¤
J(t);t)=H¤Ja.e. on [tJ;T): (33)

ii) canonicalequationsaresatis…edbytheoptimaltrajectory,
¢
K
¤
(t)=

@H¤j
@¸j

; (34)

¢
¸
¤
j(t)=¡

@H¤j
@K

(35)

exceptatpoints ofdiscontinuityofc¤(t)togetherwiththe initialandterminal
conditions

K(0)=K0 and lim
t! T

K¤(T )̧ ¤
J(T)=0 : (36)
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iii)Finally, thefollowingmatchingconditions are satis…edattheswitchingin-
stants

K¤¡t¤j¡
¢
=K¤¡t¤j+

¢
; j=1 ;2;:::;J (37 )

¸¤j
¡
t¤j+ 1

¢
=¡

@V ¤j+ 1
@K

; j=0 ;1 ;2;:::;J¡1 (38)

H¤0 jt¤1 +
t¤1Z

0

µ
@H¤0
@t1

¶
dt=

@V ¤1
@t1

; (39 )

H¤j jt¤j+ 1 +
t¤j+ 1Z

t¤j

µ @H¤j
@tj+ 1

¶
dt=

@V ¤j+ 1
@tj+ 1

; ;j=1 ;2;:::;J¡1 : (40)

R emark4 U nderconditionthatV ¤j is twicecontinuouslydi¤ erentiableinKj
andtj;j=1 ;2;:::;J, thematchingconditions (38), (39 ) and(40) canbemod-
i…edwith

¸¤j¡1
¡
t¤j
¢
=¸¤j

¡
t¤j
¢

(41)

H¤j jt¤j ¡H
¤
j¡1 jt¤j=

t¤jZ

t¤j¡1

µ@H¤j¡1
@tj

¶
dt+

t¤j+ 1Z

t¤j

µ@H¤j
@tj

¶
dt: (42)

R emark5 Ift¤j;j=1 ;2;:::;Jwere…xedsothattheywerenotchoicevariables
thentheconditions(42)wouldhavebeenunnecessary.

Proof. Followsdirectlyfrom L emma(1), L emma(2) andtheR emark(1).
O ntheotherhand, theconditionscanalsobeobtainedthroughthetechnique
ofCalculusofVariations.9 T hederivationoftheseconditionsforageneralclass
ofmulti-stageoptimalcontrolproblem arelefttotheA ppendix.

From theresolution ofthesenecessary conditions, weobtain theoptimal
pathofconsumptionforagiven, Jnumberofswitchesasfollows:

c¤(t)=
½K0

q(0 )
e(q(t0 )¡½)(t¡t0 )

1 ¡e¡½T
; 0 ·t< t¤1

c¤(t)=
½Kj

q(tj)
1

1 ¡e¡½(T¡tj)
e(q(tj)¡½)(t¡tj)¡

q(tj)
µ

³
1¡e¡µ(t¡tj)́ ;

tj·t< tj+ 1 ; j=1;2;:::;J

9 SeeM akris (2001) forthederivationofthe optimalityconditions forthein…nitehorizon
discountedtwo-stageoptimalcontrolproblem. H owever, theseconditions cannotbeapplied
forourpurposeas theexplicitswitchingpointdependenceoftheobjectivefunction and the
equationofmotion is notconsidered.
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where

Kj=Kj¡1

µ
1 ¡e¡½(T¡tj)

1 ¡e¡½(T¡tj¡1)

¶
e(q(tj¡1)¡½)(tj¡tj¡1)¡

q(tj¡1)
µ

³
1¡e¡µ(tj¡tj¡1 )́ ;

j=2;3;:::;J

K1 =K0

µ
1 ¡e¡½(T¡t1 )

1 ¡e¡½T

¶
e(q(0 )¡½)t1 :

N oticethattheconsumptionpathisdiscontinuousatt¤j;j=1 ;2;:::;J:Since
q(tj)> q(tj¡1), wehavethe levelofconsumption alongtheold technology
regimeishigherthaninthenewregimeineachofthetechnologyswitches. It
isduetothefactthatahigherlevelofembodiedtechnicalchangeisassociated
with adecrease in therelativepriceofcapital, which increases theusercost
ofcapitalbythesocalledobsolescencecosts. T his is awellknown property
relatedtotheembodiedtechnicalchangesinceSolow(1960) andshowntobe
non-negligible.10

O ntheotherhand, byswitchingtoanewtechnologywhich is always the
frontiertechnologyinourset-up, theeconomywillexperienceanimprovement
inthee¢ciencyofcapitalgoods, referredtoasagrowthrateadvantage. Inthis
sense, thematchingconditions given in (39 ) and (40) willsolvethetrade-o¤
betweenthegrowthrateadvantageandtheassociatedcostsduetoobsolescence
andtheloss inexpertise. Incaseswherethegrowthrateadvantagewillnotbe
su¢cienttocompensatefortheobsolescenceandthelearningcosts associated
toswitchingfromaninitialtechnologyinusetoanewone, theeconomywould
faceatechnologicalsclerosis.

H avingestablishedtheoptimalityconditionsforthemulti-stageoptimalcon-
trolproblem foragivennumberofswitches, nowweturnourattentiontothe
optimalnumberofswitcheswithinagivenplanninghorizon. A swehavenoted
before, theoptimalnumberofswitcheswillbedeterminedasasolutionto

J¤=argmax
n
fV (T jn):n=1 ;2;3;:::g: (43)

A swearenotabletoderivetheclosedform representationoftheoptimal
numberofswitches andthus, theoptimaltimingoftechnologyadoptions, we
resorttonumericalanalysis.11

4 N umericalA nalysis
In this section, we illustratethepatternoftechnologyadoptions andhowit
respondstothechanges ingrowthrateoftechnology(° ), thespeedoflearning

10SeeKrussel(19 9 8 ) and B oucekkine, delR ioand L icandro(2000).
11SeeB oucekkine, Saglam andValée(2002), inwhichananalyticalcomputationofoptimal

timingofasingletechnologyadoption is presentedviatwo-stageoptimalcontrol.
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(µ)andthediscountfactor(½). W estudytheroleof…niteplanninghorizonon
thepatternoftechnologyadoptions. O urconcernisonhowtheoptimalnumber
ofswitches andthus theduration between twoconsecutiveones, namelythe
tenures ofthetechnologies tobeadopted, di¤erwith respecttothechanges
in theplanninghorizon. W eknowthat, iftheplanninghorizonwere in…nite
sothatthe optimalnumberofswitches were in…nite then a solution would
havebeen consisted ofequally spacedadoptions.12 O urdeparturefrom this
caseleadsus toobtaintimevaryingdurationsbetweenconsecutiveadoptions.
T hesevariations occurmainlyattheinitialandthe…naltechnologies inuse.
D ueto…niteplanninghorizon, thedurationleftafterthelastswitchmaynot
besu¢cientenoughtocoverthecostsofafurtherswitchthatleadstoahigher
durationforthe…naltechnologytobeinuse.

T he parameters ofthemodelthatwewillassign values arethediscount
rate½;theexogenousrateofgrowthofthetechnologyfrontier° ;thespeedof
learningµ and…nallytheplanninghorizonT:T hereisavastnumberofstudies
tryingtoassesthevalueofthespeedoflearningintheliterature.13 Jovanovic
and N yarko(19 9 5), showsthattheincreases intheproductivityofindividual
plantsfollowingtheirstart-upsaretypicallylargeandrealizedinashortperiod
oftime. Bahkand G ort(19 9 3), usinga paneldataofnewplants from 15
di¤erentindustries, estimates thatlearningis realizedwithin 6years and at
eachyear1 % increaseis associatedtotheincreaseintheoutput. Consistent
withthese, thespeedoflearningis calibratedas 0 :7in M ateos-P lanas (19 9 7 ).
A ccordingly, wesetµ=0 :7:W eassignedavalueof4% for° ;tryingtobeasclose
aspossibletoG reenwoodandYorukoglu(19 9 7 )andD elR io(2002). G reenwood
andYorukoglu(19 9 7 )…ndthatthedeclineoftherelativepriceofequipmentthat
canbeseenasaproxyoftherateofinvestmentspeci…ctechnologicalprogress
haschangedfrom3.3% to4% after19 7 4inU .S.economy. Inaveryrecentwork,
D elR io(2002) …ndsthatinvestmentspeci…ctechnologicalprogressamountsto
2.27 % . Finally, wearbitrarilysettheplanninghorizonto40 years andthe
discountrateto 0 :0 2:T he initiallevelofcapitalstockK0 is normalizedto1:
T hetablejustbelowsummarizesthebenchmarkparameterizationwechose.

Table1 :Parametricvaluesasabenchmark

° ½ µ T K0

0.04 0.02 0.7 40 1

G iventheseparametervalues, incaseofasingleswitchthemaximum wel-
fare levelthatcan been attained is V ¤(T j1 )= 470 :663. A llowingforonly
twoswitches, weobtainthattheresultingoptimalwelfarelevelis V ¤(T j2)=
496:698: T hree switches within 40 years time lead tothe optimalwelfare of
V ¤(T j3)= 499:975:T heoptimalpatternoftechnologyswitches aregiven in

12SeeParente(19 9 4, 2000) and Iacompetta(2001).
13Forageneralsurvey, seeJovanovic(19 9 7 ) and G reenwoodandJovanovic(19 9 8 ).
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Table2. N otethat, uptothreeswitchestheoptimalsolutionineachcasefea-
tureslearningofeachtechnologythatwillbeadopted. H owever, whenwecheck
theoptimalpatternoftechnologyadoptions incorporating4ormoreswitches,
thesolutionexhibitsthatsometechnologiesmaybeskippedwithoutlearning.
Insuchcases, onlythetechnologiesthataretobeadoptedearliertogetherwith
the…naltechnologywillhaveenough respitetobelearned. Forinstance, in
caseof4 switches theoptimaltimeofadoptions are t¤1 = 9:72;t¤2 = 1 9:53;
t¤3 =29:84 andt¤4 =31 :97:T hisleadstoawelfareofV ¤(T j4)=490 :393:N ote
thatV ¤(T j4)< V ¤(T j3):T hisactuallymeansthatifwecheckforthecorner
solutionincaseof4switcheswheret¤4 =T ;wewillendupwithahigherlevelof
welfarethanV ¤(T j4). T his isduetothefactthattheresultingimprovement
inthee¢ciencyofcapitalgoodssectorisnotenoughtocovertheobsolescence
costandthelossinexpertiseforfourormorenumberofswitcheswithinagiven
duration ofplanninghorizon. T hus, forourbenchmarksetting, weconclude
thattheoptimaladoptionplanfeaturesthreeadoptions (J¤=3).

Table2: D eterminationoftheoptimalnumberofadoptions

J t¤1 t¤2 t¤3 t¤4 t¤5 V ¤(T jJ)
1 1 5:57 470 :663
2 1 1 :0 9 22:54 496:698
3 9:1 4 1 8:29 27:61 499:975
4 9:72 1 9:53 29:84 31 :97 490 :393
5 1 0 :93 22:1 9 23:95 25:82 27:84 466:490

IncontrastwithM ateos-P lanas (2000), theadmissibleadoptionplansthat
incorporateswitchingtoabettertechnologywithoutgainingenoughexperience
withtheoldonearenotoptimal. O urmodelleadstoasolutionthatincorporates
anoptimalnumberofswitcheswhichletseachadoptedtechnologytobelearned.
T hisismainlyduetothefactthatthegainintherateofembodiedtechnological
changeisassociatedinourframeworkwithareductionintherelativepriceof
capital. T his gain is accompaniedbyan increase inthepriceofconsumption
goodswithrespecttothepriceofcapitalgoods. T his leadstoare-assignment
oftheresources oftheeconomytowards thecapitalgoods sectorsothatthe
consumption shoulddrop from thedateofeach switch. A s notedbefore, we
refertothiscostastheobsolescenceinherenttotheembodiment.

T heobsolescencecosttogetherwiththecostduetotheloss inexpertiseof
atechnologyswitchputanupperboundonthenumberofswitcheswithina
…niteplanninghorizon. Itisclearfrom Table2 thattheoptimalwelfareshows
a¤¡shapedrelationshipwithrespecttothenumberofswitches. Foragiven
durationofplanninghorizon, as thenumberofadoptions increases, thetime
requiredfortheearlyadoptionstooccurdecreasesuntiltheoptimalnumberof
switches is reachedandthen itincreases. T his increaseoccurs becauseofthe
impossibilityoflearningeachadoptedtechnologywithinagiventimehorizonso
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thatitisoptimaltoincreasethetenureofthetechnologieswhichareendowed
withmorelevelofconsumption.

Figure1: T hee¤ectofchanges inJonthepatternoftenures
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Forthebenchmarkvaluesoftheparameters, notethattheoptimaladoption
planexhibitsalmostastationarypathoftenuresexceptthanthe…naltechnology
inuse.Figure1 ;illustratesthisclearly. T hetenuresofthe…rstthreetechnologies
inusehaveaslightlyincreasingpathandarearound 9:1 4 years, whereas the
tenureofthe…naltechnologyis 1 2:39 years. A s theloss inexpertisefollowing
atechnology switch is notpermanentandtheeconomy is supposedtolearn
thenewtechnologyas timeelapses, the duration leftshould be su¢cientto
asymptoticallyeliminatethis expertisegap. H owever, theduration leftafter
thelastswitchatt¤3 =27:61 isnotsu¢cientenoughtocoverthesecostsdueto
obsolescenceandtheloss in experienceofafurtherswitch. T hus, in contrast
withParente(19 9 4, 2000), anon-stationarityinthedurations oftheadopted
technologiestobeinusearisesduetoa…niteplanninghorizon.

Followingfrom Boucekkine, SaglamandValée(2002), weknowthattheop-
timaladoptiondelayintheinteriorsolutioncaseofasingletechnologyswitch
problem, isnaturallyincreasingwithrespecttothetimehorizon. Itis proven
thatalongertimehorizongives moreopportunities totakeadvantageofthe
growthrateadvantage, sothatdelayingadoptionmoreinordertotakeadvan-
tageoftheconsumptionleveladvantageoftheoldregimeisindeedoptimal. In
linewiththese, whenweconsiderthee¤ectofanincreasein T thatdoesnot
altertheoptimalnumberofswitches, leadstoadelayintheadoptionofthenew
technologiessothatthetenuresofeachadoptedtechnologyincrease. T hee¤ects
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ofchanges inT ontheoptimalnumberofswitchesandthusonthedateswhen
theseswitcheswilloccuraregiveninTable3. Comparedwiththebenchmark
setting, increasingthetimehorizonto45 yearsdoesnotaltertheoptimalnum-
beroftechnologyadoptionsbutthedurationbetweentwoconsecutiveswitches
increases. Increasingfurtherthetimehorizonto50 years, increasestheoptimal
numberofswitchesandnotsurprisinglyreducesthetenuresofthetechnologies
inusewithrespecttothoseinthecaseofT =45:Itmustbealsonotedthat, if
theplanninghorizonisshortenough(T < 20 ), theeconomywouldsticktothe
initialtechnologyinuseandendupwithatechnologicalsclerosis.

Table3: T hee¤ectofchanges inT

T J¤ t¤1 t¤2 t¤3 t¤4 t¤5 V (T jJ¤)
20 1 8:95 1 0 6:0 62
25 1 1 0 :1 5 1 75:1 44
30 2 9:0 6 1 8:1 8 261 :849
35 2 9:94 20 :1 5 370 :30 0
40 3 9:1 4 1 8:29 27:61 499:975
45 3 9:91 1 9:86 30 :1 3 653:1 80
50 4 9:21 1 8:42 27:69 37:1 8 832:0 21
55 4 9:93 1 9:82 29:80 40 :1 1 1 0 36:82
60 5 9:29 1 8:56 27:85 37:23 46:85 1 272:71
65 5 9:98 1 9:89 29:79 39:78 50 :1 1 1 537:82

W henweanalyzethebehavioroftheadoptionpatternwithrespecttotime
discounting, we observe thata higherimpatience rate tends todelay adop-
tion. Inotherwords, itincreasesthedurationbetweentwoconsecutivetechnol-
ogyadoptions. T hetenuresoftheearlyadoptedtechnologies tendtoincrease
whereasthetenuresofthelateadoptedtechnologiestendtodecrease. Figure2
illustratesthisclearly. Evenaneconomythatisimpatientenoughmayobservea
decreaseintheoptimalnumberofadoptions. T hedelayinadoptionofthemore
advancedtechnologiesas½ increases isduetotheincreases intheobsolescence
costs. H owever, as itis provedforasingleswitchcasein Boucekkine, Saglam
andValée(2002), theremayexistanopposinge¤ectthattends toaccelerate
adoptionsinceitwouldleadtheeconomytostarttolearnthenewtechnology
soonerandrisethegrowthrateadvantageduetotechnologyswitching. Inour
set-up, withourparameterizationthee¤ectduetoobsolescencecostsdominate
the e¤ects due togrowth rate advantage as ½ increases. T his is because of
thefactthatwe incorporatean exogenouslygrowingtechnologyfrontierand
technologyspeci…clearningbydoingthattendtoincreasethee¤ectoftheob-
solescencecosts andtheexpertiseloss incaseofatechnologyswitch. Forour
parameterization, thee¤ectofthetimediscountingonthepatternoftechnology
adoptionissummarizedinTable4.
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Table4: T hee¤ectofchanges in½

½ J¤ t¤1 t¤2 t¤3 V (T jJ¤)
0.01 3 9 .06 18.16 27 .46 665.838
0.02 3 9 .14 18.29 27 .61 49 9 .9 7 5
0.04 3 9 .34 18.63 27 .9 9 288.49 5
0.08 3 9 .96 19 .69 29 .28 106.465
0.16 2 11.7 8 23.33 22.340

Figure2: T hee¤ectofchanges in½ onthepatternoftenures
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Incontrastwiththee¤ectofanincreaseinthediscountingrate, anincrease
intheexogenousgrowthrateofthefrontiertechnologyleadstoanacceleration
in adoptingthe newtechnology. T his is farfrom surprisingbecause ofthe
associatedincreaseinthegrowthrateadvantagethatdominatestheincreasein
thecostsduetoobsolescenceandthelostexperience. Figure3 depictsthee¤ect
ofachangein° ontheoptimalpatternoftechnologyadoptions. A s ° increases,
thedurationbetweentwoconsecutiveadoptionswillbereducedandaccordingly
thetenuresoftheadoptedtechnologiesexceptthanthe…naltechnologywillbe
lowered. A su¢cientincreasein ° wouldalsoincreasetheoptimalnumberof
adoptionswithinagivenplanninghorizon. T his leadstoafurtherdecreasein
thedurationbetweentwoconsecutiveadoptions. Table5 reports theoptimal
numberofswitches andtheoptimaldates ofswitchingfordi¤erentvalues of
technologicalprogress.
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Table5: T hee¤ectofchanges in °

° J¤ t¤1 t¤2 t¤3 t¤4 t¤5 V (T jJ¤)
0 :0 1 1 1 8:24 380 :332
0 :0 2 2 1 2:63 25:27 40 5:229
0 :0 4 3 9:1 4 1 8:29 27:61 499:975
0 :0 5 3 8:90 1 7:80 26:93 570 :20 4
0 :0 6 4 7:45 1 4:84 22:30 29:92 660 :51 2
0 :0 8 5 6:28 1 2:47 1 8:73 25:0 7 31 :57 922:624

Finallyahighervalueforµmeansafasterlearningprocess, whichrisesthe
incentives toswitch. Table6reports theoptimalnumberofswitches andthe
associatedoptimaldatesofswitchingtonewtechnologiesfordi¤erentvaluesof
µ: A n increaseinµ accelerates theadoptionsothatthedurationbetweentwo
consecutiveadoptionswoulddecrease. Inotherwords, ittendstodecreasethe
tenures oftheearlyadoptedtechnologies and increasethetenureofthe…nal
technologytobeused. N otsurprisingly, asu¢cientincrease in the speedof
learningwouldleadtoan increase intheoptimalnumberofadoptions as the
timedurationrequiredtocompensatefortheloss inexpertiseofatechnology
switchingwillbereduced. Insuchcases, theoptimalsolutionfeaturesafurther
decrease in the duration between twoconsecutive technology adoptions and
thus, a highertenure forthe …naltechnology tobe used. Figure 4 depicts
theseclearly. A partfrom these, underourbenchmarkparameterizationwhere
° = 0 :0 4;½ = 0 :0 2 and T =40 ;forsu¢cientlylowvaluesofspeedoflearning
(µ < 0 :2), theeconomyneverswitchestoabettertechnologyandsimplysticks
totheinitialtechnologyfacingatechnologicalsclerosis.

Table6: Thee¤ectofchanges inµ

µ J¤ t¤1 t¤2 t¤3 t¤4 t¤5 V (T jJ¤)
0 :2 1 1 7:95 40 6:498
0 :4 2 1 2:20 24:36 454:837
0 :6 2 1 1 :29 22:88 486:70 0
0 :7 3 9:1 4 1 8:29 27:61 499:975
0 :8 3 8:88 17:82 27:0 0 51 0 :877
1 :0 4 7:46 1 4:93 22:44 30 :0 7 527:541
1 :2 4 7:1 7 1 4:37 21 :65 29:1 6 541 :586
1 :4 5 6:26 1 2:52 1 8:81 25:1 3 31 :56 552:21 1
1 :6 5 6:0 7 1 2:1 6 1 8:28 24:47 30 :85 561 :778
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Figure3: T hee¤ectofchanges in ° onthepatternoftenures
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Figure4: T hee¤ectofchanges inµ onthepatternoftenures
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5 Conclusion
In this paper, wehaveappliedmulti-stageoptimalcontroltechniques toana-
lyzetheoptimalpatternoftechnologyadoptionunderembodimentwhenthe
planninghorizonis …nite. W ehave…rstpresentedthenecessaryandoptimal-
ityconditions formulti-stageoptimalcontrolproblem inwhichtheadjustable
switchingtimesappearasanargumentofthestateequation. O nthecontrary
totheexistingliterature, wehavetakenintoaccountnotonlythelearningcosts
associatedtoatechnologyupgradebutalsotheobsolescencecosts inherentto
embodiment. W e have shown thatthe optimalnumberofswitches and the
timingofthem dependsonhowthegrowthrateadvantagecompares tothese
learningandobsolescencecosts. W ehaveshownthatthe…niteplanninghori-
zoninducesanon-stationarityinthetenuresoftheadoptedtechnologies. T he
non-stationarityarisesmainlyatthe…naltechnologyinuseasthedurationleft
afterthelastswitchmaynotbesu¢cientenoughtocovertheobsolescenceand
thelearningcosts ofafurtherswitch. W ehavementionedthattheoptimal
adoptionplan involves su¢cienttenures foreachtechnologyadopted inorder
toeliminatetheexpertisegaps thatemergeafterswitches. T hatis tosay, the
adoptionoftechnologieswhichwouldbeskippedwithoutgainingexpertise is
notoptimal. W ehaveprovidednumericallythee¤ectsoftheplanninghorizon,
growthrateoftechnology, discountingparameterandthespeedoflearningon
theoptimalpatternoftechnologyadoptions.

W ebelievethatthismodelprovides arichstructurethatcouldbeusedto
examineseveralothertypesofoptimalchoiceandtimingproblems. O ngrowth-
relatedissues, adecentralizedequilibriacouldbeconsideredinordertoanalyze
thetechnologicalleapfroggingamong…rmsandindustries. Itcouldbeextended
toanalyzethee¤ects ofcapitalmarkete¢ciency, theroleofuncertaintyand
themarketstructureontechnologyadoption. T heseareinourresearchagenda.

6 A ppendix
W ewillconsiderageneralform ofmulti-stageoptimalcontrolproblem where
theswitchingpointsappearattheintegrandoftheobjectivefunctionandatthe
equationofmotionexplicitlywhenpresentingtheproofs.

max
fc(t);t1 ;t2;:::;tJg

t1Z

0

F 0 (K(t);c(t);t1 ;t)dt+
t2Z

t1

F 1 (K(t);c(t);t1 ;t2;t)dt+ :::

::: +
tJZ

tJ¡1

F J¡1 (K(t);c(t);tJ¡1 ;tJ;t)dt+
TZ

tJ

F J(K(t);c(t);tJ;t)dt
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subjecttothesystem equations,
¢
K = f0 (K(t);c(t);t1 ;t); 0 ·t< t1 ; (A .1)
¢
K = fj(K(t);c(t);tj;tj+ 1 ;t); tj·t< tj+ 1 ;8j=1 ;2;:::;J¡1 (A .2)
¢
K = fJ(K(t);c(t);tJ;t); tJ·t·T ; (A .3)

controlconstraints,

c(t) 2 ª0 a.e. on 0 ·t< t1 ; (A .4)
c(t) 2 ªj a.e. ontj·t< tj+ 1 ; for8j=1 ;2;:::;J¡1 (A .5)
c(t) 2 ªJa.e. ontJ·t·T (A .6)

andtheboundaryconditions,

T given, K(0)=K0 givenandK(T)free, (A .7 )

whereF j andfj;j=0 ;1 ;:::;Jareassumedtobeatleastcontinuouslydi¤eren-
tiableinthestatevariableK;timevariabletandtheswitchingpointsthatthey
dependonandcontinuousinthecontrolvariablec:c(t)ismeasurableon [0 ;T]
anditsvalueisconstrainedtoclosedsubsetsof1¡dimensionalEuclideanspace
E 1 ;suchthatª½E 1 ;presentedin(A .4)-(A .6). c(t)andtj;j=1 ;2;:::;Jare
saidtobeadmissiblewhenever0 < t1 < t2 < :::< tJ¡1 < tJ< T andwhen-
everthereexists acorrespondingsolutionforthestateequationthatsatis…es
theboundaryconditionsandcsatis…esthecontrolconstraint.
ProofofL emma2. A uxiliaryproblem (J-1) canbewrittenintheformof:

max
fc;tJg

VJ¡1 =
tJZ

tJ¡1

F J¡1 (c;K;t;tJ)dt+ V ¤J(K(tJ);tJ)

subjectto
¢
K(t)=fJ¡1 (c;K;t;tJ); tJ¡1 ·t< tJ; (A .8)

K(tJ¡1)=KJ¡1 andK(tJ)free, (A .9 )

H erecis assumedtobeunconstrainedsothatc¤is aninteriorsolution. U sing
thenotionofL agrangemultipliers, wehave:

tJZ

tJ¡1

¸J¡1 (t)
µ
fJ¡1 (c;K;t;tJ)¡

¢
K(t)

¶
dt=0 : (A .10)

A ugmentingtheobjectivefunctionbythisintegralin(A .10)doesnota¤ectthe
solution. Thus, wecande…nethenewobjectivefunctionas

¤J¡1 ´
tJZ

tJ¡1

·
F J¡1 (c;K;t;tJ)¡¸J¡1 (t)

µ
fJ¡1 (c;K;t;tJ)¡

¢
K(t)

¶¸
dt

+ V ¤J(K(tJ);tJ): (A .11)
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T hesubstitutionoftheH amiltonianfunctionthatwehavede…nedas

HJ¡1 (c;K;t;tJ;̧ J¡1)=¡F J¡1 (c;K;t;tJ)+ ¸J¡1 (t)fJ¡1 (c;K;t;tJ)

into(A .11), weobtain:

¤J¡1 =
tJZ

tJ¡1

2
4¡HJ¡1 (c;K;t;tJ;̧ J¡1)¡

tJZ

tJ¡1

K(t)
¢
¸J¡1 (t)

3
5 dt

+ ¸J¡1 (tJ)K(tJ)¡¸J¡1 (tJ¡1)K(tJ¡1)+ V ¤J(K(tJ);tJ): (A .12)

T hevalueof¤J¡1 dependsonthetimepathschosenforthevariables, c;K;
¸J¡1 andthevalueschosenfortJaswell. L et(c¤(t);K¤(t))beanoptimalpath
foreveryt2 [tJ¡1 ;tJ)andt¤Jisaninteriorpointin [tJ¡1 ;T]:Ifweperturbthe
c¤(t)pathbyaperturbingcurveu(t);wecangenerateadmissible”neighboring”
controlpaths, c(t)= c¤(t)+ "u(t);oneforeachvalueof": A ccordingtothe
equationofmotion, therewillthenacorrespondingperturbationintheK¤(t)
paththatcanbewrittenasK(t)=K¤(t)+ "x(t)togetherwithtJ=t¤J+ "¢ tJ
andK(tJ)=K(t¤J)+ "¢ K(tJ):N otethattheseimplydtJ

d" =¢ tJanddK(tJ)
d" =

¢ K(tJ): N owwecan express ¤J¡1 in terms of"and apply the …rst-order
condition d¤J¡1

d² j"! 0=0 ;asfollows:

d¤J¡1
d²

=

tJ(")Z

tJ¡1

¡
·µ

@HJ¡1
@c

u(t)
¶
+

µ
@HJ¡1
@K

+
¢
¸J¡1 (t)

¶
x(t)

¸
dt

+
µ
¸J¡1 (tJ)+

@V ¤J(K(tJ);tJ)
@K

¶
¢ K(tJ)

+

0
B@ @V ¤J(K(tJ);tJ)

@tJ
¡HJ¡1 jtJ¡

tJ(")Z

tJ¡1

@HJ¡1
@tJ

1
CA ¢ tJ=0 : (A .13)

In(A .13), theintegralcontains arbitraryperturbingcurvesu(t)andx(t),
andtheothertwocomponents oftheequation involvearbitrary ¢ K(tJ)and
¢ tJ:Inordertohave(A .13) satis…ed, eachcomponentofthisderivativeshould
besetequaltozero. B ysettingtheintegralcomponentequaltozero, wehave
thefollowingtwoconditions:

¢
¸
¤
J¡1 (t)=¡

@H¤J¡1
@K

(A .14)

@H¤J¡1
@c

=0 (A .15)

Equation(A .14) togetherwith
¢
K¤(t)= @H¤J¡1

@¸J¡1 , 8t2 [tJ¡1 ;tJ)thatwededuce
from (A .8) constitutes thecanonicalequations. Equation(A .15), representsa
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weakerversionofthemin
c
HJ¡1 when itis predicatedontheassumptionthat

HJ¡1 isdi¤erentiablewithrespecttocandthereisaninteriorsolution. Setting
thetwoothercomponentsofthederivative(A .13) equaltozeroandnotingthe
continuityofthestatevariableleadstothematchingconditions.¥
ProofofR emark1.

dV ¤J(K(tJ);tJ)
dtJ

=
d
dtJ

TZ

tJ

F J(c¤;K¤;t;tJ)dt

=
d
dtJ

TZ

tJ

[F J(c¤;K¤;t;tJ)+ ¸¤J(t)(
¢
K(t)¡fJ(c;K;t;tJ))]dt

= ¡F ¤JjtJ+
TZ

tJ

·
@F ¤J
@tJ

¡¸¤J(t)
µ
@f¤J
@tJ

¶¸
dt

= ¡F ¤JjtJ¡
TZ

tJ

µ
@H¤J
@tJ

¶
dt: (A .16)

A partfrom this,
dV ¤J(K(tJ);tJ)

dtJ
=

µ
@V ¤J(K(tJ);tJ)

@K(tJ)
dK(tJ)
dtJ

¶
+
@V ¤J(K(tJ);tJ)

@tJ

= ¡̧ ¤
J(tJ)f

¤
JjtJ+

@V ¤J(K(tJ);tJ)
@tJ

(A .17 )

T herefore, combiningthetwoequations(A .16) and(A .17 ) endstheproof.¥
ProofofTheorem1. T hesetofcanonicalconditions, (34)and(35), together
withtheinitialandtheterminalconditions (36) andtheminimizationofthe
H amiltonians, (31), (32) and(33) aredirectconsequences ofL emmas (1) and
(2) duetotheapplication ofwell-known Pontryagin’s M aximum Principleto
theauxiliaryproblem oftheeachstage. U ndertheconditionthatV ¤j is twice
continuouslydi¤erentiableinKj and tj;j = 1 ;2;:::;Jthereplacementofthe
matchingconditions (38), (39 ) and (40) with those in (41) and (42) follows
from R emark1. T hederivation oftheseconditions through thetechniqueof
Calculus ofVariations is straightforwardbutratherlengthyandthereforewe
willconcentrateononlythematchingconditions.

U ndertheconditionthatV ¤j is twicecontinuouslydi¤erentiableinKj and
tj;j = 1;2;:::;J;derivethe…rstordervariation, ±D;forproblem (G): A fter
standardcalculations, weobtain

±D =
X

j2f1 ;2;::;Jg

2
64H¤j jt¤j ¡H

¤
j¡1 jt¤j ¡

t¤jZ

t¤j¡1

µ@H¤j¡1
@tj

¶
dt¡

t¤j+ 1Z

t¤j

µ@H¤j
@tj

¶
dt

3
75 ±tj

+
£
¸¤j

¡
t¤j
¢
¡¸¤j¡1

¡
t¤j
¢¤
±Kj; (A .18)

24



inwhich ±tj and±Kj areanyadmissibleperturbationsintheswitchinginstant
t¤j and inK¤

¡
t¤j
¢
respectively. ±D · 0 mustbe satis…ed foranyadmissible

paththatisclosetotheoptimalone. Considerthepaththatsatis…es ±tj =0 ;
j=1 ;2;:::;Jthenitisclearthatwemusthavethecondition(41)asanecessary
one. O ntheotherhand, supposethattheadmissiblepaths satisfy ±Kj = 0 ;
j = 1 ;2;:::;J. T hen, giventhat0 < t1 < t2 < :::< tJ¡1 < tJ < T;wehave
thecondition(42). Finally, ift¤j;j=1 ;2;:::;Jwere…xedsothattheywerenot
choicevariables, wehavethat±tj = 0 ;j = 1;2;:::;J: So, R emark(5) follows
directly.¥
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