
M arkov-SwitchingCommonDynamicFactor
M odelwithM ixed-FrequencyD ata

KonstantinA .Kholodilin
kholodilin@ ires.ucl.ac.be

September18, 2001

A bstract
Inthispaperweconsideracoincidenteconomicindicatormodelwith

regime-switchingdynamicsandwiththetimeseriesobservedatdi¤erent
frequencies, forinstance, atmonthlyandquarterlyfrequencies. U ntilnow
theonlysolutionwastodrop thelowerfrequencyseries andtoestimate
themodelbasedonlyonthehigherfrequencyseries. T hisapproachleads
tothesigni…cantinformationlosses. W eproposeanapproachallowingto
overcomethisproblemandtoestimateanonlineardynamiccommonfac-
torwiththemissingobservationstakingadvantageofalltheinformation
available.

Keywords: common dynamic factor, M arkov switching, mixed fre-
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1 Introduction
T he estimation ofacoincidenteconomic indicator(CEI) attheregionaland
nationallevelplaysaveryimportantroleinmeasuringandpredictingthestate
ofa¤airs in agiven region orcountry. T his indicatorcan then be used for
thepoliticalandanalyticalpurposes. T hereforethis coincidenteconomicin-
dicatorshouldbereadilyavailable, reliable, andrepresentativeofthecyclical
movements inthemainsectorsoftheeconomy.

T heCEI shouldsatisfythetwode…ningconditionsofthebusinesscycleput
forwardbyBurnsandM itchellandstressedbyD ieboldandR udebusch(19 9 6)
intheirsurveyofthemodernturningpointsmodeling, namely: comovementof
theindividualmacroeconomicserieswithinthecycleandasymmetricbusiness
cycledynamics, whenthebehavioroftheeconomyduringexpansionsisdi¤erent
fromthatintherecessions.

U ntilrecentlythereexistedaseparationbetweenthemodelcapturingthe
commondynamicsofdi¤erentmacroeconomicvariablesatthebusinesscyclefre-
quencies, ontheonehand, andthenonlinearapproachtreatingdi¤erentphases
ofthebusinesscycleasymmetrically, ontheotherhand. T he…rstapproachis,
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amongothers, prominentlyrepresentedbyStockandW atson(19 88 , 19 89 and
19 9 2)whointroducedacoincidenteconomicindicatormodelaimingatextract-
ingalatent, orunobserved, commondynamicmodel. T hesecondapproachwas
greatlyadvancedbyH amilton’s(19 8 9 ) breakthroughpaper.

H owever, theneedforamodelsynthesizingthesetwoapproachesexpressed
byD ieboldandR udebusch(19 96) calledtoexistenceaM arkov-switchingcom-
mondynamicfactormodel. T hisapproachbecamefeasiblethankstothetech-
niqueintroduced inKim (19 9 4), whichpermits toestimateM arkov-switching
models putinastate-spaceform. A lmostimmediatelyquiteanumberofap-
plications ofthis techniquetoestimatingnonlinearcommondynamicmodels
surged. Chauvet(19 9 8) andKim andN elson(19 9 9 ) appliedittomodelingthe
commondynamicfactorwithM arkov-switchingdynamics, KimandYoo(19 9 5)
extendedthismodeltothetime-varyingtransitionprobabilitiescase.

T his modelallows toestimatesimultaneouslyboththecommonfactor(s),
underlyingcommon dynamics ofseveralmacroeconomictime series, and the
probabilities ofthe recessions correspondingtothis factor. In otherwords,
thisapproachincorporatesnonlineardynamicsinthecommonfactorextraction
bycombiningtheunobservedcomponentmodelofStockandW atsonwiththe
M arkovregime-switchingmethodologyofH amilton.

H owever, thepracticalapplicationoftheseapproachis impededbythelack
oftherelevantdatameasuredathigh(say, monthly) frequencies. A lotofvalu-
ableinformationis lostbecausemanyimportanttimeseries areonlyavailable
atthequarterlyorannualfrequencies. Forinstance, theCEI estimatedwiththe
monthlydatadoesnottakeintoaccounttheinformationcontainedintheG D P
series which is availableonlyatquarterlyorlowerfrequencies. T his problem
isespeciallysevereattheregionallevel, sincetheregionalstatisticaldatabases
aremuchmorepoorthanthenationalones.

Fortunately, theproblem ofdiscrepancy in the frequencyofobservations
seemstobesolved. T hesolutionwasrecentlyproposedbyM arianoandM ura-
sawa(2000). T heyconsideramodelwheredi¤erentfrequencies, saymonthly
andquarterly, fordi¤erentvariables enteringthemodelareallowed. T his is
especially usefulifwewantourcoincidentindicatortobeaproxy forsome
aggregateobservablevariable, e.g. G D P. A s aruletheG D P dataarereleased
atmuchlowerfrequencythanindividualseriescharacterizingspeci…csectorsof
theeconomy. T heM urasawaandM ariano’smodelenablesustotakeadvantage
ofthevaluableinformationcontainedinthelower-frequencytimeseries.

O uridea is toapplythis approach tothe M arkov-switchingcommon dy-
namicfactormodelsothattobeabletoestimateCEI which considers both
thecomovementofthemacroeconomicvariablesandtheasymmetryofthedif-
ferentbusinesscyclephaseswithoutlosingtheimportantinformationwhichis
otherwisewastedbecauseofthediscrepancies intheobservationspacing.

T herestofthepaperisstructuredasfollows. Inthenextsectionwediscuss
thetechnicaldetails ofconstruction and estimation ofthe M arkov-switching
common factormodels. In the section threeweconsiderapplication ofthis
methodologytotherealdata. Sectionfourconcludesthepaper. A llthegraphs
andtablesareputintotheA ppendixfollowingthelistofreferences.
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2 Themodelanditsestimation
T hemodelofthecommonfactorwithnonlinear(M arkov-switching) dynamics
astheoneestimatedbyKim andN elsoncanbeexpressedasfollows:

¢ yt=±+ ° (L )¢ ct+ ut (1)

where ¢ yt is then£1 vectorofthe…rstdi¤erences oftheobservedtime
series inlogs;¢ ct is …rstdi¤erenceoftheunobservedcommonfactorhavinga
regime-switchingdynamics;ut isthen£1 vectorofthespeci…c, oridiosyncratic,
componentscharacterizingtheindividualdynamicsofeachoftheobservedse-
ries, and ° (L )isthelagpolynomialinthefactorloadings.

T hecommondynamicfactorismodeledas:

Á(L )¢ ct=¹(st)+ "t (2)

whereÁ(L )istheA R (p)lagpolynomial;¹(st)isthecommonfactorintercept
dependingonthestatevariablestfollowinga…rst-orderM arkov-chainprocess,
and"t»N ID(0 ;¾2(st))¡thus thevarianceofthecommonfactorshockmay
alsobestate-dependent. Inamoregeneralspeci…cationthecoe¢cientsofthe
autoregressivepolynomialÁ(L )maydependonthestatetoo.

T hevectoroftheidiosyncraticcomponentscanberepresentedasfollows:

Ã(L )ut =´t (3)

where ´t » N ID(0 ;§)and both the lagpolynomialÃ(L )and variance-
covariancematrix§haveadiagonalstructure. Eachidiosyncraticcomponent
ismodelledas AR (qi)where i= 1 ;:::;n:Inprinciple, theautoregressiveorder
maybedi¤erentacrossthespeci…ccomponentsandmaybeequaltozero.

N owassume thatdi¤erentseries1 are observable atdi¤erentfrequencies.
Supposethatn1 timeseries (y1 t) areobservedatthelowerfrequencyf, while
therestofthe series n2 = n¡n1 (y2t) aremeasuredatahigherfrequency,
whichwemaynormalizeto1:D enotebyy¤1 ttheunobservedvaluesofthe…rst
n1 measuredatthehigherfrequency. T hentheobservedseriescanbeexpressed
intermsoftheunobservedasfollows:

y1 t=
1
f

f¡1X

i=0

L iy¤1 t (4)

H enceaftertakingthe…rstdi¤erenceoftheobservablelowerfrequencyseries,
thegrowthratesoftheseserieswouldbeas:

1 H ereweconsideronlythecaseofthe‡owvariables.
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(1 ¡L f)y1 t=
1
f
(
f¡1X

i=0

L i)2(1 ¡L )y¤1 t (5)

where(
P f¡1

i=0 L
i)2 =

P 2f¡1
i=0 (f+ 1 ¡ji¡fj)L i orsimpler

(
f¡1X

i=0

L i)2 =1 + L + 2L 2 + 3L 3 + :::+ 3L 2f¡4 + 2L 2f¡3 + L 2f¡2 + L 2f¡1 (6)

T hereforethevectorofthegrowthratesoftheobservedseriesmaybede-
composedas:

µ
(1 ¡L f)y1 t
(1 ¡L )y2t

¶
=±+ ° (L )

Ã
1
f(

Pf¡1
i=0 L

i)2

1

!
(1 ¡L )ct+

Ã
1
f(

P f¡1
i=0 L

i)2

1

!
ut

(7 )

In ordertobeestimated, this modelcan beexpressed in the state-space
form.

T hemeasurementequation:

¢ yt=Ast+ wt (8)

Transitionequation:

st=¹t+ C st¡1 + vt (9 )

where ¢ yt=
¡
(1 ¡L f)y1 t (1 ¡L )y2t

¢0
isthen£1 vectorofobservedvariables indi¤erences;
st=

¡
¢ c¤t ut

¢0isthem£1 statevectorcontainingthecommondynamic
factorvector¢ c¤t=

¡
¢ ct¡1 ¢ ct¡2 ::: ¢ ct¡r

¢0, withr=maxfp;2f¡1g;
andthespeci…ccomponentsvector
ut=

¡
u1 t ::: u1 t¡l ::: unt ::: unt¡qn

¢0;withl=maxfq1 ;2f¡1 g;
¹t=

¡
¹(st) 0 ::: 0

¢0isthevectorofintercepts;and…nally
vt=

¡
"t 0 ::: ´1 t ::: ´nt ::: 0

¢0isthevectorofdisturbances:
T hedimensionofthestatevector, m, isdeterminedas:
m=r+ n1 ¤l+

Pn
i=n1 + 1 qi

T hesystem matriceshavethefollowingstructure:
T hemeasurementn£mmatrix:
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A =

0
BBB@

° 1 i(f)¤ 0
° 2 or¡1 i(f)¤

...
° n iqn

1
CCCA

where¤isthe1 £(2f¡1 )vectorofcoe¢cientsofthe(
P f¡1

i=0 L
i)2;okisthe

k£1 vectorofzeros, and ik is the…rstrowofthek£kidentitymatrix, and
i(f)istheindicatorfunction:

i(f)=
½

0, ift=1h;:::;(f¡1 )h
1, otherwise

whereh=1 ;2;3;:::
T hem£mtransitionmatrix:

C =

0
BBBBBBBBB@

© or 0
Ir¡1

ª1 ol
Il¡1

...
ªn oqn

0 Iqn¡1

1
CCCCCCCCCA

where© and ªi (i = 1 ;:::;n) are the rowvectors ofthe autoregressive
coe¢cients;Ikis thek£kidentitymatrix.

T hen£nvariance-covariancematrixofthedisturbancestothemeasurement
equation:

R =
µ
I(f) O
O O

¶

whereI(f)isthediagonaln1 £n1 matrixwiththeindicatorfunctions, i(f),
onthemaindiagonal.

T hem£mvariance-covariancematrixofthedisturbancestothetransition
equation:

Q =

0
BBBBBB@

¾2(st) 0
...

¾21
...

0 ¾2n

1
CCCCCCA

W e introducethreeidentifyingassumptions in this speci…cation ofmodel.
First, thevariance-covariancematrixQ isdiagonal. Secondly, wemayseteither
° 1 =1 or¾2(st=1)=1 :W echosethe…rstoption.

T heunobservedvaluesofthelower-frequencytimeseriesaretreatedasmiss-
ing. A s M arianoand M urasawa(2000) haveshown, theycanbereplacedby
anyrandom variableas soonas itisnotcorrelatedwiththeparametersofthe
modelwearegoingtoestimate. Inparticular, thesemissingobservationsmay
besubstitutedbyzeros. T hus, the…rstn1 observedvariableswillbeconstructed
asfollows:

y1 t=
½

0, ift=1h;:::;(f¡1 )h
y1 t, otherwise
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Inprinciple, wecandothiskindofsubstitutionnotonlyfortheobservations
betweentheobservedvaluesofthelower-frequencytimeseries, butalsoincase
ofthe series which are shorterthan theothers. In thegeneralcasewemay
de…netheindicatorfunctionas:

i(f)=
½

1, ift2¥
0, otherwise

where¥is thesetofdatesforwhichtheshortesttimeseries is observable.
Forinstance, when the t1 initialobservations aremissing, the set¥willbe
de…nedas:

¥=ftjt> t1 g
Inthecasewhenthesamevariableisalsotheonewhichismeasuredatthe

lowerfrequency, thede…nitionof¥willbeas:
¥=ftjt> t1 andt6=1h;:::;(f¡1 )hg, whereh2 Z
W eestimatethemodelusingmaximum likelihoodmethod. Forthederiva-

tion ofthe approximate likelihood function forthe common dynamicfactor
modelswithM arkovswitchingwereferourreadertoKim andN elson(19 9 9 ).

3 A pplication
3.1 Simulatedexample
First, inordertocheckourmodel, wehavesimulatedasimplecommondynamic
factormodelwithaM arkov-switchingdynamics. T heparametersusedtosim-
ulatethearti…cialtimeseries arepresentedinthesecondcolumnoftheTable
1 ofA ppendix. T herewere…vetimeserieswith540 observationsineachgener-
ated. T henthe…rstserieswaschosentobethelow-frequencyseries. T herefore
therewere”quarterly” observations calculatedas themeans overeach ”quar-
ter”. T hus, forthistimeserieswemayobserveonlythedataaggregatedover
eachthreeobservations, whiletheremainingfourtimeseries areobservedat
the”monthly” frequency.

W eestimatedanonlineardynamiccommonfactormodelwithdi¤erentob-
servationfrequencies, whosestructurereplicates theD G P ofthesimulatedse-
ries. T heestimatesoftheparameterstogetherwiththecorrespondingstandard
errors, andp-values, arecontainedinthecolumns3through5 oftheTable1.
T he estimated parameters, save forthe varianceofthe idiosyncraticcompo-
nentcorrespondingtothequarterlyobservedseries, areveryclosetothetrue
parameters.

Figure1 comparingthetrueandestimatedcommoncomponentaswellas
thetrueregimewith the smoothed conditionalprobabilities ofthe regime 2
(recession), alsoshows strikingsimilaritybetween thetrueandestimated se-
ries. T heconditionalregimeprobabilities sometimes miss therecessionwhen
itsdurationisveryshort.

T hus, ourmodel, when itcorresponds totheD G P oftheseries, estimates
theunknownparametersoftheprocess su¢cientlywell.
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3.2 R ealexample
H avingtestedtheperformanceofourmodelonthearti…cialdata, weapplied
ittotheactualdata. T hedatausedarethesameasinM arianoandM urasawa
(2000) study. T hesearethequarterlyU S realG D P seriesfrom the…rstquar-
terof19 59 tillthelastquarterof19 9 8 andfourmonthlyU S macroeconomic
timeseriesstretchingfrom January19 59 toD ecember19 9 8 , namely: employees
on nonagriculturalpayrolls;personalincomeless transferpayments; indexof
industrialproduction;andmanufacturingandtradeseries2.

Toselectthelagorder, weappliedA kaikeinformationcriterion(A IC) and
SchwarzBayesianinformationcriterion(SB IC) computedasfollows:

A kaikeinformationcriterion:

AIC =2log[L (µ)]¡2[n1p+ n2q] (10)

where L (µ)is thelikelihoodfunctionvalueatmaximum;n1 numberofthe
low-frequencyseries (inthiscasewehaveonlyonesuchtimeseries - quarterly
G D P );n2 is thenumberofthehigh-frequencyseries;pandqaretheordersof
theA R polynomialsofthelow- andhigh-frequencyseries, respectively.

SchwarzB ayesianinformationcriterion:

SB IC =2log[L (µ)]¡[n1 p+ n2q]log(T) (11)

whereT isthenumberofobservations.
T hevalues ofthelog-likelihoods forthevarious autoregressiveordercom-

binations(p;q)aswellasthetwoinformationcriteriaarepresentedinTable2
oftheA ppendix. T heA IC chooses (3,3) whileSB IC selects (1,2) combination
astheoptimalone. W earegoingtousethelattercombinationasamorepar-
simonious. T his isthesamecombinationwhichwassuggestedbytheSB IC in
thelinearcase(seeM arianoandM urasawa(2000)).

W erepresenttheestimates oftheparameters ofthelinearcommonfactor
model(takenfromM arianoandM urasawa(2000))andourownestimatesofthe
commonfactormodelwith M arkovswitchingintheTable3oftheA ppendix.
T heestimatedparametersforthelinearandnonlinearmodelsareverysimilar,
with the exception ofthe autoregressive parameterofthe common dynamic
factorwhichis slightlysmallerwhentheM arkovswitchingis introduced.

Basedon theparameterestimates ofthenonlinearcommon factormodel
withdi¤erentobservationfrequencies, wecalculatedtheestimateofthecommon
factorinthesamewayas itisdoneinKim andN elson(19 9 9 ), thatis,

2T hedataweredemeanedandnormalizedtohaveunitvariance. T heywerekindlyprovided
tous by Y .M urasawa.
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ct=ct¡1 + ¢ ct+ ± (12)

where± isthemeanofthecommonfactorcomputedasinStockandW atson
(19 88).

Figure2 showstheevolutionofthecommonfactorandtheconditionalre-
cessionprobabilitiesobtainedfromtheestimationofourmodelplottedagainst
the N B ER recession dates, where the latterare represented by the shading.
T he smoothedrecession probabilities exactlycorrespondtothe N BER reces-
sionchronology, theonlydi¤erencebeingtherecessiondetectedbyourmodel
intheverybeginningofthesampleandmissedbytheN BER .

4 Summary
InthispaperweintroduceaM arkov-switchingcommondynamicfactormodel
withmissingobservations. U ntilnowonlythedataofthesamefrequencyand
withthesamelengthwereusedtoestimatethelatentcommonfactormodels
withM arkov-switchingdynamics. B uildingontheextensionofthelinearcom-
monfactormodeltothecaseofthedatawithdi¤erentobservationfrequencies
proposedbyM arianoandM urasawa(2000), weo¤erasolutiontotheproblem
ofmissingobservations inthenonlinearcase.

T his wouldallowtopreventthelosses ofvaluableinformation concerning
theevolution ofthecommondynamicfactorwhichmaybecontained in the
lower-frequencytimeseriesand, ingeneral, inthetimeserieswithanytypeof
missingvalues.
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5 A ppendix
Table1. Simulatedexample: trueandestimatedparameters

Parameter True Estimated St. error p-value
p1 1 0.9 5 0.9 3 0.02 0.0
p22 0.84 0.8 7 0.03 0.0
¹1 0.4 0.43 0.03 0.0
¹2 -0.6 -0.68 0.05 0.0
° 2 0.5 0.44 0.05 0.0
° 3 0.8 0.81 0.02 0.0
° 4 2.0 2.01 0.06 0.0
° 5 1.7 1.7 3 0.05 0.0
Á 0.6 0.56 0.03 0.0
Ã 1 -0.5 -0.61 0.16 0.0
Ã 2 0.6 0.59 0.04 0.0
Ã 3 -0.1 -0.06 0.05 0.12
Ã 4 -0.2 -0.17 0.06 0.0
Ã 5 -0.8 -0.84 0.02 0.0
¾21 0.25 0.9 9 0.16 0.0
¾22 0.36 0.38 0.02 0.0
¾23 0.16 0.16 0.01 0.0
¾24 0.49 0.53 0.05 0.0
¾25 0.81 0.81 0.06 0.0
¾2c 0.16 0.15 0.02 0.0

Table2. L agselectionanalysis

(p,q) L ogL ik A IC SB IC
(0,0) -1643.52 -328 7 .04 -328 7 .04
(0,1) -1605.68 -3221.36 -3242.82
(0,2) -1565.85 -3151.7 -319 4.62
(0,3) -1555.9 5 -3141.9 -3204.48
(1,0) -1626.37 -3254.7 4 -3259 .03
(1,1) -158 9 .8 9 -319 1.7 8 -3217 .53
(1,2) -1550.31 -3122.62 -3169 .83
(1,3) -1539 .81 -3111.62 -317 8.37
(2,0) -1625.38 -3254.7 6 -3263.34
(2,1) -158 9 .3 -319 2.60 -3222.64
(2,2) -1549 .68 -3123.36 -317 4.86
(2,3) -1539 .81 -3113.62 -3184.54
(3,0) -1625.29 -3256.58 -3269 .10
(3,1) -158 9 .26 -319 4.52 -3227 .8 9
(3,2) -1545.7 3 -3117 .46 -317 1.69
(3,3) -1534.41 -3104.82 -317 9 .9 1
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Table3. R esultsofestimationoflinearandM arkov-switchingmodels
Parameter L inear¤ N onlinear

Coe¢cient Coe¢cient St. error p-value
p1 1 - 0.9 7 0.01 0.0
p22 - 0.83 0.13 0.0
¹1 - 0.06 0.02 0.0
¹2 - -0.39 0.11 0.0
° 2 0.48 0.49 0.04 0.0
° 3 0.83 0.83 0.06 0.0
° 4 2.10 2.10 0.13 0.0
° 5 1.7 1 1.7 2 0.11 0.0
Á 0.56 0.35 0.07 0.0
Ã 1 1 -0.02 -0.04 0.10 0.36
Ã 1 2 -0.7 8 -0.7 9 0.11 0.0
Ã 21 0.11 0.10 0.05 0.01
Ã 22 0.45 0.45 0.05 0.0
Ã 31 -0.04 -0.05 0.05 0.17
Ã 32 0.02 0.02 0.08 0.43
Ã 41 -0.03 -0.02 0.07 0.41
Ã 42 -0.06 -0.06 0.07 0.21
Ã 51 -0.44 -0.44 0.05 0.0
Ã 52 -0.22 -0.22 0.05 0.0
¾21 0.19 0.19 0.04 0.0
¾22 0.02 0.02 0.00 0.0
¾23 0.10 0.10 0.01 0.0
¾24 0.26 0.27 0.03 0.0
¾25 0.60 0.60 0.04 0.0
¾2c 0.08 0.06 0.01 0.0

* T heestimatesoftheparametersforthelinearmodelaretakenfrom M ar-
ianoandM urasawa(2000).
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True and estimated common dynamic factor
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US coincident indicator, 1959:1-1998:12
Common dynamic factor
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