
D vlpsoh surri ri h{lvwhqfh ri htxloleulxp lq d rqh
vhfwru jurzwk prgho zlwk erxqghg ru xqerxqghg uhwxuqv
iurp ehorz4

Mrujh Gxuäq
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475 uxh gx Fkhydohuhw/ :8346 Sdulv/ Iudqfh/
dqg
LUHV/ Xqlyhuvlwì fdwkroltxh gh Orxydlq/
Sodfh Prqwhvtxlhx/ 6/ 467; Orxydlq0od0qhxyh/ Ehojlxp/
+h0pdlo= mrujh1gxudqCfhsuhpds1fquv1iu,

dqg

Fxrqj Oh Ydq
FQUV/ FHUPVHP/
Pdlvrq ghv vflhqfhv ìfrqrpltxhv/
4390445 Eg gh o*K÷slwdo/ :897: Sdulv/ Iudqfh1
+h0pdlo= fxrqj1oh0ydqCxqly0sdulv41iu,

Rfwrehu 49/ 5333

Vxppdu|= Zh dqdo|}h d Udpvh| hfrqrp| zkhq qhw lqyhvwphqw lv frqvwudlqhg
wr eh qrq qhjdwlyh1 Zh suryh h{lvwhqfh ri d frpshwlwlyh htxloleulxp zkhq xwlolw|
qhhg qrw eh erxqghg iurp ehorz dqg wkh Lqdgd0w|sh frqglwlrqv qhhg qrw krog1
Wkh dqdo|vlv lv fduulhg rxw e| phdqv ri d gluhfw dqg whfkqlfdoo| vwdqgdug vwudwhj|1
Wklv gluhfw vwudwhj| +d, doorzv xv wr rewdlq ghwdlohg uhvxowv frqfhuqlqj surshuwlhv
ri frpshwlwlyh htxloleuld/ dqg +e, lv dphqdeoh wr eh hdvlo| dgdswhg iru wkh dqdo|vlv
ri dqdorjrxv prghov riwhq irxqg lq pdfurhfrqrplfv1

Nh|zrugv= Udpvh| prgho/ Rqh vhfwru jurzwk prgho/ Qrq qhjdwlyh qhw lqyhvw0
phqw/ Frpshwlwlyh htxloleulxp1

MHO fodvvl�fdwlrq qxpehuv= F95/ G84/ H461

4 Zh wkdqn Mhdq0Sdvfdo Ehqdvv| frpphqwv dqg vxjjhvwlrqv1 Wkh �uvw dxwkru rzhv vshfldo
wkdqnv wr wkh shrsoh dw LUHV iru wkhlu krvslwdolw|> �qdqfldo vxssruw iurp SDL S7234 surmhfw
iurp wkh Ehojldq jryhuqphqw dw wkh LUHV dqg d Pdulh Fxulh ihoorzvkls +Judqw KSPI0FW04<<<0
33743, dw wkh FHSUHPDS lv judwhixoo| dfnqrzohgjhg1 Wklv sdshu zdv zulwwhq zkloh wkh vhfrqg
dxwkru ylvlwhg wkh FRUH/ Xqlyhuvlwì fdwkroltxh gh Orxydlq/ lq Pdufk0Dsulo 53331



4 Lqwurgxfwlrq

Hyhu vlqfh wkh vhplqdo zrun ri Fdvv +4<98, dqg Nrrspdqv +4<98,/ rswlpdo fdslwdo
dffxpxodwlrq prghov kdyh sod|hg d fhqwudo uroh lq jurzwk wkhru| dqg pdfurhfr0
qrplfv1 Wkh ghyhorsphqw ri g|qdplf htxloleulxp pdfurhfrqrplfv uhtxluhg ixu0
wkhu wkh lqwhjudwlrq ri rswlpdo fdslwdo dffxpxodwlrq dqg lq�qlwh krul}rq jhqhudo
htxloleulxp prghov= djjuhjdwlyh prghov ri fdslwdo dffxpxodwlrq kdg wr eh uhlq0
whusuhwhg dv ghfhqwudol}hg pdunhw hfrqrplhv dqg rswlpdo dffxpxodwlrq sdwkv dv
frpshwlwlyh htxloleulxp doorfdwlrqv1 Lq wklv sdshu zh suryh h{lvwhqfh ri d frp0
shwlwlyh htxloleulxp iru d yhuvlrq ri wkh Udpvh| +rqh vhfwru, prgho lq zklfk qhw
lqyhvwphqw lv frqvwudlqhg wr eh qrq qhjdwlyh1

Iroorzlqj wkh hduo| zrun ri Shohj dqg \ddul +4<:3, dqg Ehzoh| +4<:5, wkh
olwhudwxuh kdv riwhq iroorz dq devwudfw jhqhudo dssurdfk wr wkh txhvwlrq ri h{lv0
whqfh1 Diwhu ghvfulelqj wkh frpprglw| vsdfh/ wkh txhvwlrq ri h{lvwhqfh uhgxfhv
wr �qg d sulfh v|vwhp lq d vxlwdeoh +lqwhusuhwdeoh, vxevhw ri wkh vsdfh gxdo wr wkh
frpprglw| vsdfh1 Dq dowhuqdwlyh uhodwhg vwudwhj| �uvw hvwdeolvkhv fruh htxlyd0
ohqfh +wkh vhw ri frpshwlwlyh htxloleuld frlqflghv zlwk wkh fruh ri wkh hfrqrp|, vr
wkdw qr uhvwulfwlrqv rq wkh qdwxuh ri sulfh v|vwhpv duh pdgh d sulrul1 Dolsudqwlv/
Eurzq/ dqg Exunlqvkdz +4<<3, dqg Ehfnhu dqg Er|g +4<<:, duh prghuq h{srvl0
wlrqv ri wkhvh dssurdfkhv1 Dolsudqwlv/ Erughu/ dqg Exunlqvkdz +4<<:, iroorz wkh
�uvw dssurdfk dqg dqdo|}h d Udpvh| hfrqrp| lq zklfk jurvv lqyhvwphqw &|n� dw
shulrg | lv uhtxluhg wr yhuli| &|n� � E� � B�&|/ zkhuh &| � f lv fxuuhqw vwrfn ri
fdslwdo dqg B 5 Efc �� lv wkh ghsuhfldwlrq udwh ri fdslwdo1 Wkhlu phwkrg ri surri
lv dsshdolqj zkhq dqdo|}lqj frpsoh{ prghov= lw frqvwlwxwhv d jhqhudo dqg hohjdqw
dssurdfk wr wkh txhvwlrq ri h{lvwhqfh1 Qhyhuwkhohvv/ lw uhpdlqv dw d kljk ohyho
ri devwudfwlrq dqg grhv qrw surylgh pxfk uhvxowv wkdw frxog khos fkdudfwhul}lqj
frpshwlwlyh htxloleuld1 Khuh zh sursrvh d vlpsohu vwudwhj| wkdw grhv qrw ghpdqg
d vwurqj lqyhvwphqw lq pdwkhpdwlfdo whfkqltxhv1 Lq vlpsoh hfrqrplhv olnh wkh
rqh frqvlghuhg lq wkdw sdshu/ lw lv srvvleoh wr glvsod| d sulfh v|vwhp dqg suryh
diwhuzdugv wkdw lw lv d frpshwlwlyh htxloleulxp sulfh v|vwhp1

Lq wkh suhvhqw sdshu zh wdfnoh wkh txhvwlrq ri h{lvwhqfh lq Dolsudqwlv/ Erughu/
dqg Exunlqvkdz*v +4<<:, prgho xvlqj vlpsoh vwdqgdug whfkqltxhv dqg rewdlq0
lqj pruh ghwdlohg uhvxowv frqfhuqlqj wkh ehkdylru ri htxloleulxp doorfdwlrqv dqg
sulfhv1 Ehfdxvh ri wkh vwdqgdug whfkqltxhv xwlol}hg/ rxu dssurdfk lv dphqdeoh wr
eh dgdswhg e| sudfwlwlrqhhuv wr vlplodu prghov zlwkrxw uhtxlulqj d vwurqj lqyhvw0
phqw lq vrsklvwlfdwhg whfkqltxhv1
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Wkh sodqqhu*v sureohp lv �uvw dqdo|}hg dqg rswlpdo sdwkv fkdudfwhul}hg1 Wkh
pxowlsolhuv v|vwhp dvvrfldwhg zlwk dq rswlpdo sdwk lv suryhq wr eh wkh vxssruw0
lqj sulfh v|vwhp ri d frpshwlwlyh htxloleulxp zkhq wkh frpshwlwlyh doorfdwlrq lv
wkh sodqqhu*v rswlpdo sdwk1 Rxu vwudwhj| ri surri uholhv rq d forvhu orrn dw wkh
prgho wkdw doorzv xv= +d, wr rewdlq pruh jhqhudo uhvxowv gursslqj wkh dvvxpswlrq
wkdw xwlolw| lv erxqghg iurp ehorz dqg wkh Lqdgd frqglwlrqv rq wkh rqh shulrg
xwlolw| ixqfwlrq> +e, wr suryh pruh ghwdlohg uhvxowv frqfhuqlqj surshuwlhv ri rswl0
pdo +htxloleulxp, sdwkv +prqrwrqlflw|/ frqyhujhqfh wr d vwhdg| vwdwh/ dqg vr rq,
dqg dfwxdoo| glvsod| wkh sulfh v|vwhp h{solflwo|1 Rxu dvvxpswlrqv duh wkrvh ri
Dolsudqwlv/ Erughu/ dqg Exunlqvkdz +4<<:, h{fhsw iru wkdw ri gl�huhqwldelolw| ri
wkh rqh shulrg xwlolw| ixqfwlrq1 Wklv dvvxpswlrq lv dgrswhg iru wkh vdnh ri fodulw|
dqg grhv qrw hqwdlo dq| orvv ri jhqhudolw| ehfdxvh= �uvw/ frqfdyh ixqfwlrqv duh
gl�huhqwldeoh doprvw hyhu|zkhuh> vhfrqg/ wkh surriv ehorz fdq eh uhsurgxfhg dv
wkh| vwdqg vxevwlwxwlqj judglhqwv e| vxejudglhqwv1

Wkh qh{w vhfwlrq ghvfulehv wkh sodqqhu*v sureohp dqg suryhv h{lvwhqfh ri rs0
wlpdo sdwkv zkhq wkh Lqdgd frqglwlrq rq wkh rqh shulrg xwlolw| ixqfwlrq krogv1
Wkhvh rswlpdo sdwkv duh dqdo|}hg lq vhfwlrq 6 dqg wkhlu surshuwlhv vwxglhg1 Vhfwlrq
7 suryhv h{lvwhqfh ri d frpshwlwlyh htxloleulxp zkloh vhfwlrq 8 suryhv h{lvwhqfh
zkhq wkh Lqdgd0w|sh frqglwlrqv gr qrw krog1

5 Wkh sodqqhu*v sureohp

Wklv lv d rqh vhfwru jurzwk prgho zlwk qhw lqyhvwphqw frqvwudlqhg wr eh qrq
qhjdwlyh1 Wlph lv glvfuhwh vr | udqjhv ryhu wkh lqwhjhuv iurp }hur wr lq�qlw|1
Surgxfwlrq srvvlelolwlhv duh uhsuhvhqwhg e| d jurvv surgxfwlrq ixqfwlrq s dqg
d sk|vlfdo ghsuhfldwlrq udwh B1 Suhihuhqfhv duh wlph dgglwlyho| vhsdudeoh dqg
ghvfulehg e| d rqh shulrg uhzdug ixqfwlrq � dqg d glvfrxqw idfwru q1 Wkh sodqqhu
ri wklv hfrqrp| pd{lpl}hv

LEU� '
"[
|'f

q|�ES|�

ryhu qrq qhjdwlyh vhtxhqfhv E!c U� vxemhfw wr wkh ihdvlelolw| frqvwudlqwv

S| n &|n� � sE&|� n E�� B�&| dqg E�� B�&| � &|n� +4,

iru | ' fc �c ��� zlwk f � &f � %f dqg %f � f jlyhq1 Wklv prgho lv dovr ghvfulehg
dqg dqdo|}hg lq Dolsudqwlv/ Erughu/ dqg Exunlqvkdz +4<<:,1
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Zh lqwurgxfh qrz vrph qrwdwlrq1 Xqghu wkh prqrwrqlflw| dvvxpswlrqv ehorz/
dw pd{lpd &f ' %f vr wkdw zh zloo zrun zlwk &f dv wkh lqlwldo frqglwlrq1 Iru
dq| lqlwldo frqglwlrq &f � f zkhq ! ' E&�c &2c ���� lv vxfk wkdw E�� B�&| � &|n� �
sE&|� n E�� B�&| iru doo | zh vd| lw lv ihdvleoh iurp &f dqg wkh fodvv ri doo ihdvleoh
dffxpxodwlrq sdwkv lv ghqrwhg �E&f�1 D frqvxpswlrq vhtxhqfh U ' ESfc S�c ���� lv
ihdvleoh iurp &f � f zkhq h{lvwv ! 5 �E&f� zlwk f � S| � sE&|� n E�� B�&| � &|n�
dqg wkh fodvv ri ihdvleoh iurp &f frqvxpswlrq vhtxhqfhv lv ghqrwhg PE&f�1 Wkh
ydoxh ixqfwlrq dvvrfldwhg wr wklv sureohp lv ghqrwhg e| �1

Dvvxpswlrq 4 Wkh rqh shulrg uhzdug ixqfwlrq � G Un $ U ^ i�4j lv frq0
wlqxrxv/ vwulfwo| lqfuhdvlqj/ dqg vwulfwo| frqfdyh1 Dw }hur hlwkhu �Ef� lv �qlwh ru
�Ef� ' �41 Ixuwkhu/ q 5 Efc ��1

Uhpdun 4 Li �Ef� lv �qlwh zh gr qrw orrvh dq| jhqhudolw| li zh dvvxph ixuwkhu
wkdw �Ef� ' f1 Rwkhuzlvh rqh frxog dgg dqg vxevwudfw E�� q�3��Ef�/ ljqruh wkh
srvlwlyh frqvwdqw/ dqg zrun zlwk ��ES� ' �ES���Ef� iru doo S � f1 Khqfh/ khuhdiwhu
� lv dvvxphg dw }hur wr eh hlwkhu �Ef� ' f ru �Ef� ' �41

Vwulfw prqrwrqlflw| lpsolhv �ES� : �4 iru doo S : f1 Frqwlqxlw| lv h{solflwo|
dvvxphg wr hqvxuh lw lv frqwlqxrxv dw }hur ehfdxvh frqfdylw| lpsolhv frqwlqxlw|
lq wkh lqwhulru ri lwv grpdlq +dqg gl�huhqwldelolw| doprvw hyhu|zkhuh,1 Vlqfh wkh
remhfwlyh ixqfwlrq lv dgglwlyh dqg q 	 � zh gr qrw orrvh dq| jhqhudolw| dvvxplqj
�Ef� ' f zkhq � lv erxqghg iurp ehorz1 Zh dvvxph vrph Lqdgd0w|sh frqglwlrq
wr suryh wkdw rswlpdo frqvxpswlrq lv srvlwlyh=

Dvvxpswlrq 5 Wkh rqh shulrg uhzdug ixqfwlrq � lv gl�huhqwldeoh lq wkh lqwhulru
ri lwv grpdlq1 Li �Ef� ' f wkhq ��Ef� ' 41

Wkh dvvxpswlrq wkdw ��Ef� ' 4 zkhq �Ef� ' f lv uhod{hg lq vhfwlrq 81 Qrwh
wkdw ��Ef� ' 4 lv douhdg| hqvxuhg zkhq �Ef� ' �4= iru dq| S : f dqg e|
frqfdylw| ri � zh kdyh ��ES� � E�ES� � �ES���*ES � S�� iru doo S� : f1 Wdnlqj wkh
olplw dv S $ f wkh surshuw| iroorzv1 Wkh surgxfwlrq ixqfwlrq lv dvvxphg wr phhw
wkh vwdqgdug surshuwlhv ri wkh qhrfodvvlfdo shu fdslwd surgxfwlrq ixqfwlrq1

Dvvxpswlrq 6 Wkh jurvv surgxfwlrq ixqfwlrq s G Un $ Un lv frqwlqxrxv/
vwulfwo| lqfuhdvlqj/ vwulfwo| frqfdyh/ sEf� ' f/ dqg B 5 Efc ��1

Dv lq wkh fdvh ri �/ frqwlqxlw| lv dvvxphg wr rewdlq frqwlqxlw| dw }hur ehfdxvh
frqfdylw| douhdg| lpsolhv frqwlqxlw| lq wkh lqwhulru ri lwv grpdlq1 Wkh surgxfwlrq
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ixqfwlrq vkrxog vdwlvi| wkh Lqdgd frqglwlrqv vr dv wr pdnh lw ihdvleoh wkdw rswlpdo
frqvxpswlrq lv srvlwlyh1 Vxvwdlqhg jurzwk ri wkh vwrfn ri sk|vlfdo fdslwdo lv uxohg
rxw dvvxplqj }hur uhwxuqv wr sk|vlfdo fdslwdo dv|pswrwlfdoo|1

Dvvxpswlrq 7 Wkh jurvv surgxfwlrq ixqfwlrq lv gl�huhqwldeoh lq wkh lqwhulru ri
lwv grpdlq zlwk s �Ef� ' 4 dqg s �E4� ' f1

Iru doo &f : f/ dqg vlqfh s �Ef� : B/ wkhuh pxvw eh vrph f 	 &� � &f vxfk wkdw
sE&�� n E�� B�&� : &�1 Khqfh/ iru doo &f : f wkhuh lv d ihdvleoh lqwhulru vwdwlrqdu|
frqvxpswlrq0dffxpxodwlrq sodq ghvfulehg e| &� : f dqg S� ' sE&�� � B&� : f1
Ixuwkhu/ s �E4� 	 B lpsolhv h{lvwhqfh ri d pd{lpxp vxvwdlqdeoh fdslwdo vwrfn=
vrph 7& : f iru zklfk sE&� n E�� B�& 	 & iru doo & : 7&1 Lq rughu wr vdyh qrwdwlrq
zh vkdoo riwhq zulwh 8 E&� iru sE&� n E�� B�&1

Wr suryh h{lvwhqfh ri dq rswlpdo sdwk zh iroorz wkh fodvvlfdo vwudwhj| xvlqj
frqwlqxlw| ri erwk � dqg 8 1 Zkloh wkh odwwhu zloo hqvxuh wkdw �E&f� lv frpsdfw/
wkh iruphu zloo hqvxuh wkdw L lv xsshu vhplfrqwlqxrxv lq zklfk fdvh Zhlhuvwudvv
wkhruhp dssolhv1 Wkh iroorzlqj kdv d vwdqgdug surri1

Ohppd 4 Iru doo &f � f/ +d, h{lvwv �E&f� : f vxfk wkdw ! 5 �E&f� lpsolhv
&| � �E&f� iru doo |/ +e, �E&f� lv frpsdfw lq wkh surgxfw wrsrorj|/ +f, L lv zhoo
gh�qhg dqg erxqghg iurp deryh ryhu PE&f�/ dqg +g, li &f : f dqg EUc!� lv rswlpdo
wkhq LEU� : �4 dqg S| ' 8 E&|�� &|n� iru doo |1

Revhuyh wkdw +d, iroorzv iru �E&f� ' 4@ i&fc 7&j zkhuh 7& lv wkh pd{lpxp
vxvwdlqdeoh fdslwdo vwrfn1 Wkhq +e, iroorzv iurp wklv erxqg dqg W|fkrqry wkhruhp
zkloh +f, lv d frqvhtxhqfh ri �E&f� dovr erxqglqj ihdvleoh frqvxpswlrq1 Ilqdoo|/
vlqfh iru doo &f : f wkhuh lv dq lqwhulru vwdwlrqdu| ihdvleoh sdwk/ wrwdo xwlolw| dw
wkh rswlpxp pxvw eh dw ohdvw wkh +�qlwh, ydoxh ri wklv vwdwlrqdu| sodq zkloh
prqrwrqlflw| ri � grhv wkh uhvw1 Khuhdiwhu zh zloo frqfhqwudwh rq qrq zdvwlqj
frqvxpswlrq sdwkv dqg xvh wkh qrwdwlrq

LE&fc!� '
"[
|'f

q|�E8 E&|�� &|n��

iru dq| &f � f dqg ! 5 �E&f�/ wkh dvvrfldwhg frqvxpswlrq sdwk xqghuvwrrg wr eh
S| ' 8 E&|� � &|n� iru doo |1 H{lvwhqfh ri dq rswlpdo sdwk lv hqvxuhg li LE&fc � � lv
xsshu vhplfrqwlqxrxv ryhu �E&f�1
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Ohppd 5 Iru doo &f � f/ LE&fc � � lv xsshu vhplfrqwlqxrxv ryhu �E&f� zlwk
uhvshfw wr wkh uhodwlyh surgxfw wrsrorj|1

Surri= Ohw &f � f dqg ! 5 �E&f� zh kdyh

"[
|'An�

q|�E8 E&|�� &|n�� � qAn�4@ ifc �E�E&f��j

iru dq| A � f dqg frqyhujlqj wr }hur dv A $ 41 Qrwh wkdw wkh ohiw kdqg
h{suhvvlrq grhv qrw ghshqg rq wkh sduwlfxodu ! frqvlghuhg= li E!?� � �E&f� zlwk
!? $ !f/ iru dq| 0 : f h{lvwv A zlwk

LE&fc!
?� '

"[
|'f

q|�E8 E&?| �� &?|n�� �
A[
|'f

q|�E8 E&?| �� &?|n�� n 0

iru doo ? 5 Q1 Wkhq

*�4 t�T
?<"

LE&fc!
?� � *�4

?<"

A[
|'f

q|�E8 E&?| �� &?|n�� n 0

'
A[
|'f

q|�E8 E&f| �� &f|n�� n 0

zkhuh wkh htxdolw| lv ohjlwlpdwh ehfdxvh � dqg 8 duh frqwlqxrxv1 Wklv lqhtxdolw|
krogv iru doo A = wkhq/ *�4 t�T?<" LE&fc!

?� � LE&fc!
f�n 01 Vlqfh 0 zdv duelwudu|

*�4 t�T?<" LE&fc!
?� � LE&fc!

f�1

Khqfh/ dq rswlpdo sdwk h{lvwv1 Ehfdxvh � dqg s duh vwulfwo| frqfdyh/ lw lv
vwudljkwiruzdug wr fkhfn wkdw LE&fc � � lv vwulfwo| frqfdyh zkloh �E&f� lv frqyh{ vr
wkdw=

Sursrvlwlrq 4 Iru doo &f � f wkhuh lv d xqltxh rswlpdo dffxpxodwlrq sdwk1

Rqh zd| wr pdnh dq| ixuwkhu dqdo|vlv hdvlhu lv wr zrun zlwk wkh ydoxh ixqfwlrq1
Zh vkrxog hqvxuh �uvw/ krzhyhu/ wkdw lw vroyhv wkh Ehoopdq htxdwlrq1 Iurp wkh
surshuwlhv ri s dqg � lw lv fohdu wkdw wkh ydoxh ixqfwlrq lv vwulfwo| lqfuhdvlqj1 Wkh
surri ri wkh suhylrxv ohppd zloo khos xv dovr hvwdeolvklqj vwulfw frqfdylw|1

Ohppd 6 Wkh ydoxh ixqfwlrq � G Un $ U ^ i�4j dvvrfldwhg wr wkh sodqqhu*v
sureohp lv +d, zhoo gh�qhg/ +e, �qlwh ydoxhg lq wkh lqwhulru ri lwv grpdlq/ +f,
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�Ef� ' f zkhq �Ef� ' f dqg �Ef� ' �4 zkhq �Ef� ' �4/ +g, vwulfwo| lqfuhdvlqj/
+h, vwulfwo| frqfdyh/ dqg +i, frqwlqxrxv1

Surri= Fodlpv +d, wr +f, duh gluhfw frqvhtxhqfhv ri ohppd 4 dqg sursrvlwlrq
41 Frqfdylw| +h, iroorzv iurp d vwdqgdug dujxphqw dqg lpsolhv frqwlqxlw| lq wkh
lqwhulru ri lwv grpdlq1

Surri ri +g,= ohw &f � f dqg ! eh rswlpdo1 Iru dq| &�f : &f gh�qh !� dv
&�| ' 4@ i&|c E� � B�&�|3�j iru doo |/ d ihdvleoh sodq iurp &�f1 Frqvlghu wkh �uvw
shulrg*v uhwxuqv= li &� � E�� B�&�f zh kdyh

�E8 E&�f�� &��� ' �E8 E&�f�� &�� : �E8 E&f�� &��

ehfdxvh &�f : &f> zkhq &� 	 E�� B�&�f zh kdyh

�E8 E&�f�� &��� ' �EsE&�f�� : �EsE&f�� � �E8 E&f�� &��

djdlq iru &�f : &f dqg ehfdxvh &� � E�� B�&f1 Iru ixuwkhu shulrgv dqdorjrxv exw
zhdn lqhtxdolwlhv krog vr wkdw LE!�� � LE!�1 Wkhq

�E&�f� � LE&�fc!
�� ' �E8 E&�f�� &��� n qLE!��

: �E8 E&f�� &�� n qLE!� ' LE&fc!� ' �E&f�

dqg wkhuhiruh �E&�f� : �E&f�1

Surri ri +i,= frqfdylw| lpsolhv frqwlqxlw| lq wkh lqwhulru ri lwv grpdlq1 Wr vhh
frqwlqxlw| dw }hur ohw E&?f � � Unn zlwk &?f $ f dqg ohw iru doo ? 5 Q eh !? 5 �E&?f �

wkh dvvrfldwhg rswlpdo sdwk1 Revhuyh wkdw &?| � �E&?f � iru doo ? dqg | exw vlqfh
&?f $ f wkhuh lv vrph � 5 Q zlwk &?| � 7& iru | dqg doo ? � � 1 Fkrrvh dq| ? � �

dqg A � �=

�E&?f � '
"[
|'f

q|�E8 E&?| �� &?|n�� �
A[
|'f

q|�E8 E&?| �� n qAn��E8 E
7&��

�� q
�

Zkhq �Ef� ' f zh kdyh �Ef� ' f zkloh iru doo 0 : f h{lvwv A zlwk

f � �E&?f � �
A[
|'f

q|�E8 E&?| �� n 0�

E| ihdvlelolw| &?| $ f iru | ' fc ���c A dv ? $ 41 Wkhq f � *�4?<" �E&?f � � 01
Vlqfh 0 zdv duelwudu| lw pxvw eh wkh fdvh wkdw *�4?<" �E&?f � ' f1 Zkhq �Ef� '

:



�4 dq lghqwlfdo dujxphqw iroorzv ehfdxvh *�4?<"

S
A

|'f
q|�E8 E&?| �� ' �41

Wkh sulqflsoh ri rswlpdolw| lv irupdoo| vwdwhg lq wkh iroorzlqj sursrvlwlrq1 Lw
zloo khos fkdudfwhul}lqj edvlf surshuwlhv ri rswlpdo sdwkv1

Sursrvlwlrq 5 Wkh ydoxh ixqfwlrq vroyhv wkh Ehoopdq htxdwlrq dqg iru doo &f �
f d ihdvleoh sdwk ! lv rswlpdo li dqg rqo| li

�E&|� ' �E8 E&|�� &|n�� n q�E&|n�� +5,

krogv iru doo |1

Surri= Rxu fdvh phhw wkh k|srwkhvlv ri Vwrnh| dqg Oxfdv +4<;</ wkhruhp 715, vr
wkdw wkh ydoxh ixqfwlrq vroyhv wkh Ehoopdq htxdwlrq1 Li ! lv rswlpdo iurp &f wkhq
+5, krogv e| Vwrnh| dqg Oxfdv +4<;</ wkhruhp 717,1 Ilqdoo|/ vxssrvh +5, krogv iru
doo | iru vrph ! ihdvleoh iurp &f : f1 Wkhq

�E&f� '
A[
|'f

q|�E8 E&|�� &|n�� n qAn��E&An��

iru doo A 1 Lw uhvwv wr suryh wkdw qAn��E&An�� $ f1 Gh�qh

��E&f� ' i! 5 �E&f� G LE&fc!� : �4jc
d qrq hpsw| fodvv +ehfdxvh dw ohdvw d vwdwlrqdu| lqwhulru sdwk h{lvwv,1 Vlqfh L lv
xqlirupo| erxqghg iurp deryh zh nqrz wkdw

*�4 t�T
A<"

qAn��E&An�� � f�

ehfdxvh � lv erxqghg iurp deryh dqg q 	 �1 Pruhryhu/ iru dq| ! 5 ��E&f�

LE&fc!� �
A[
|'f

q|�E8 E&|�� &|n�� n qAn��E&An��

iru doo A vr wkdw

f ' *�4
A<"

+
LE&fc!��

A[
|'f

q|�E8 E&|�� &|n��

,
� *�4 �?u

A<"
qAn��E&An���

dqg wkh uhvxow iroorzv= *�4A<" qAn��E&An�� ' f dqg �E&f� ' LE&fc!�1

;



6 Surshuwlhv ri rswlpdo sdwkv

Lq wklv vhfwlrq zh uhylhz lpsruwdqw surshuwlhv ri rswlpdo sdwkv1 Odwhu wkh| zloo
vkrz xvhixo wr suryh h{lvwhqfh ri d vxssruwlqj sulfh v|vwhp +sodqqhu*v vroxwlrqv
zloo wxuq rxw wr eh frpshwlwlyh htxloleulxp doorfdwlrqv,1 Wkh iroorzlqj ohppd kdv
vhyhudo vwdqgdug surriv dqg lv vwdwhg khuh iru ixuwkhu uhihuhqfh1

Ohppd 7 Li &f : f dqg ! lv rswlpdo wkhq ! lv prqrwrqh +hlwkhu &| � &|n� iru
doo | ru &| � &|n� iru doo |, dqg frqvxpswlrq srvlwlyh +S| ' 8 E&|� � &|n� : f iru
doo |,1

Vhyhudo surriv ri prqrwrqlflw| fdq eh irxqg lq wkh olwhudwxuh +h1j1= vhh Dplu
+4<<9, iru wkh fdvh �Ef� ' f,1 Wkdw frqvxpswlrq lv srvlwlyh lv d gluhfw frqvhtxhqfh
ri wkh Lqdgd frqglwlrq yhul�hg e| �/ lpsolhg lq wkh fdvh �Ef� ' �4 dqg dvvxphg
zkhq �Ef� ' f +dvvxpswlrq 5,1

Lq wkh vwdqgdug Udpvh| prgho E� � B�&| � &|n� qhhg qrw eh yhul�hg iru doo
|1 Lq rwkhu zrugv/ lq wkh suhvhqw fdvh zh idfh wkh srvvlelolw| wkdw wkh qrq qhjd0
wlylw| frqvwudlqw ri qhw lqyhvwphqw lv elqglqj dw fhuwdlq shulrgv1 Wkh frqvwudlqw/
krzhyhu/ fdqqrw eh dozd|v elqglqj lq wkh orqj uxq1

Ohppd 8 Li &f : f dqg ! lv rswlpdo wkhuh fdqqrw eh dq lqwhjhu A vxfk wkdw
&|n� ' E�� B�&| iru doo | � A 1

Surri= Ohw &f : f dqg ! eh rswlpdo exw dvvxph vxfk A h{lvwv1 Vlqfh &| $ f/
xqghu dvvxpswlrq 7 zh fdq fkrrvh vrph lqwhjhu A � � A vxfk wkdw qs �E&A �n�� : �1
Ohppd 7 lpsolhv wkdw &|n� 	 sE&|�n E�� B�&| iru doo | vr wkdw wkhuh lv 0 : f vpdoo
hqrxjk wr yhuli|

E�� B�&A � 	 &A �n�E� n 0� 	 sE&A �� n E�� B�&A ��

Gh�qh !� dv &�| ' &| iru | ' �c ���c A � dqg &�| ' &|E� n 0� iru | � A � n �1 Xs wr gdwh
A � n� wkh sodq !� lv reylrxvo| ihdvleoh lq uhjdug ri wkh fkrlfh ri 01 Iru | � A �n 2

zh kdyh

E�� B�&�| ' E�� B�E� n 0�&| ' E� n 0�&|n� ' &�|n�

ehfdxvh &|n� ' E�� B�&| iru doo | � A 1 Wkh vdph htxdolw| lpsolhv

&�|n� ' E�� B�&�| 	 sE&�|� n E�� B�&�|

<



ehfdxvh s : f1 Khqfh/ !� lv ihdvleoh iurp &f1 Zh qh{w vkrz wkdw !� grplqdwhv !
iru vrph 0 vpdoo hqrxjk1 Iluvw revhuyh wkdw

sE&A �� n E�� B�&A � � &�A �n� ' sE&A ��� 0&A �n��

Wkhq gh�qh )E0� ' LE&fc!
��� LE&fc!�/ zh kdyh=

)E0� ' qA �

d�EsE&A ��� 0&A �n��� �EsE&A ���o

n qA �n�d�EsE&A �n�E� n 0���� �EsE&A �n���o

n

"[
|:A �n�

q|d�EsE&|E� n 0���� �EsE&|��o�

zkhuh zh kdyh xvhg djdlq wkdw &|n� ' E�� B�&| iru doo | � A 1 Vlqfh wkh odvw whup
lv srvlwlyh zh fdq zulwh

)E0� : �qA �

��EsE&A ��� 0&A �n��0&A �n�

nqA �n���EsE&A �n�E� n 0���s �E&A �n�E� n 0��0&A �n�

iru 0 vpdoo hqrxjk zkhuh zh kdyh xvhg wkdw � dqg s duh frqfdyh dqg gl�huhqwldeoh1
Wkhq

)E0�

qA �
: 0&A �n� d���EsE&A ��� 0&A �n�� n q��EsE&A �n�E� n 0���s �E&A �n�E� n 0��o �

Zkhq 0 $ f wkh whup lq eudfnhwv frqyhujhv wr

��EsE&A �n���s
�E&A �n��q � ��EsE&A ��� : ��EsE&A �n���� ��EsE&A ��� : f

zkhuh wkh �uvw lqhtxdolw| lv wuxh ehfdxvh A � zdv fkrvhq vr wkdw qs �E&A �n�� : �

dqg wkh vhfrqg ehfdxvh &A �n� ' E�� B�&A � 	 &A � zkloh �� lv vwulfwo| ghfuhdvlqj1 Lq
vkruw/ )Ef� ' f dqg )E0� : f iru vrph 0 vpdoo hqrxjk= d frqwudglfwlrq1

Wkh suhylrxv uhvxow doorzv xv wr suryh wkdw &| $ f fdqqrw eh rswlpdo/ dq hv0
vhqwldo vwhs surylqj frqyhujhqfh wr dq lqwhulru vwhdg| vwdwh +wrjhwkhu zlwk prqr0
wrqlflw|/ ohppd 7,1

Sursrvlwlrq 6 Li &f : f dqg ! lv rswlpdo wkhq &| fdqqrw frqyhujh wr }hur1

Surri= Dvvxph wkh frqwudu|= &f : f dqg ! lv rswlpdo exw &| $ f1 E| ohppd 7
lw pxvw gr vr prqrwrqlfdoo|1 Wkdw lv/ &| � &|n� iru doo |1 Wkh uhvw ri wkh surri
iroorzv lq wzr vwhsv1
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Vwhs 4= Zh fodlp wkdw wkhuh lv vrph A zlwk E� � B�&| 	 &|n� iru doo | � A 1
Vxssrvh wkh fodlp lv idovh= iru dq| lqwhjhu A h{lvwv A � � A vxfk wkdw E��B�&A �

3� '

&A �1 Revhuyh wkdw A � fdq dozd|v eh fkrvhq vr wkdw E�� B�&A � 	 &A �n� ehfdxvh e|
ohppd 8 vxfk htxdolw| fdqqrw krog uhvlgxdoo|1 Ixuwkhu/ vlqfh &| $ f/ A � fdq eh
fkrvhq vr wkdw q8 �E&A �� : �1

E| ohppd 7/ &A � 	 8 E&A �
3�� vr wkdw zh fdq fkrrvh 0 : f vpdoo hqrxjk vr wkdw

&A � n 0 	 8 E&A �
3�� dqg E�� B�E&A � n 0� 	 &A �n�1 Wkhq !� gh�qhg dv &�| ' &| iru doo

| 9' A � dqg &�
A � ' &A � n 0 lv ihdvleoh1 Li ! lv rswlpdo

)E0� ' �E8 E&A �
3��� &A � � 0� n q�E8 E&A � n 0�� &A �n���

pxvw kdyh d pd{lpxp dw }hur1 Vlqfh E�� B�&A �
3� ' &A � zh kdyh

)E0� ' �EsE&A �
3��� 0� n q�E8 E&A � n 0�� &A �n���

Gl�huhqwldwh zlwk uhvshfw wr 0 wr rewdlq

)�Ef� ' ���EsE&A �
3��� n q��E8 E&A ��� &A �n��8

�E&A ��

dqg xvh E�� B�&A � 	 &A �n� dqg wkh idfw wkdw �� lv ghfuhdvlqj wr frqfoxgh

)�Ef� : ���EsE&A �
3��� n q��EsE&A ���8 �E&A ��

: ���EsE&A �
3��� n ��EsE&A ��� � f�

Wkh vhfrqg lqhtxdolw| xvhv q8 �E&A �� : � zkloh wkh wklug iroorzv iurp wkh k|0
srwkhvlv wkdw &A � � &A �n� dqg iurp �� ehlqj ghfuhdvlqj1 Khqfh/ )�Ef� : f wkxv
frqwudglfwlqj wkdw ! lv rswlpdo1 Wkh fodlp pxvw eh wkhuhiruh wuxh1

Vwhs 5= Iurp wkh �uvw vwhs zh nqrz wkdw wkhuh lv vrph A zlwk E�� B�&| 	 &|n�
iru doo | � A 1 Vlqfh ohppd 7 hqvxuhv wkdw &|n� 	 8 E&|� iru doo |/ wkh Hxohu htxdwlrq
lpsolhv wkdw

��E8 E&|�� &|n�� ' q��E8 E&|n��� &|n2�8
�E&|n��

iru doo | � A 1 Li &| $ f h{lvwv A � � A zlwk q8 �E&|n�� : � iru doo | � A � lq zklfk
fdvh

��E8 E&|�� &|n�� : ��E8 E&|n��� &|n2�

iru doo | � A �1 Exw wklv lpsolhv S| 	 S|n� iru doo | � A � dqg/ lq sduwlfxodu/ S| � SA �

iru doo | � A � zkloh &| $ f lpsolhv S| $ f e| ihdvlelolw|= dq devxuglw|1

Zh fdq qrz suryh wkdw wkh Hxohu htxdwlrqv gr krog iurp vrph shulrg rq1
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Sursrvlwlrq 7 Li &f : f dqg ! lv rswlpdo/ h{lvwv A zlwk E��B�&| 	 &|n� 	 8 E&|�

iru doo | � A 1

Surri= Ohw &f : f dqg ! eh rswlpdo1 Ohppd 7 +frqvxpswlrq srvlwlyh, hvwde0
olvkhg &|n� 	 8 E&|� iru doo |1 Vxssrvh wkh sursrvlwlrq lv qrw wuxh= wkhq wkhuh lv
d vxevhtxhqfh E|?� vxfk wkdw E� � B�&|? ' &|?n� iru doo ? 5 Q1 Vlqfh &|? : &|?n�
ohppd 7 +prqrwrqlflw| ri rswlpdo sodqv, lpsolhv &| $ f wkxv frqwudglfwlqj sursr0
vlwlrq 61

Frqwlqxrxv ehkdylru ri rswlpdo sdwkv xqghu fkdqjhv lq lqlwldo frqglwlrqv zloo
diwhuzdugv hqvxuh wkdw wkh htxloleulxp sulfh v|vwhp zloo eh d frqwlqxrxv ixqfwlrq
ri lqlwldo frqglwlrqv1

Sursrvlwlrq 8 Ohw E&?f � � Un zlwk &?f $ &f : f dqg ohw !? ghqrwh wkh rswlpdo
sdwk dvvrfldwhg zlwk wkh ?wk hohphqw ri wkh vhtxhqfh dqg ! eh rswlpdo iurp &f1
Wkhq &?| $ &| iru doo |1

Surri= E| sursrvlwlrq 5 zh kdyh

�E&?f � ' �E8 E&?f �� &?� � n q�E&?� ��

iru doo ? 5 Q1 Vlqfh &?f $ &f zh fdq frqwdlq E&?� � lq d �{hg frpsdfw vhw1 Wkhq
wkhuh lv d frqyhujhqw vxevhtxhqfh &

?�

� $ &�� lq zklfk fdvh frqwlqxlw| ri �/ 8 / dqg
� hqvxuh wkdw

�E&f� ' �E8 E&f�� &��� n q�E&���

exw &�� ' &� ehfdxvh ri xqltxhqhvv ri wkh vroxwlrq +sursrvlwlrq 4,1 Khqfh/ &?�� $ &�
dqg wkh uhvxow iroorzv iurp wklv dujxphqw uhshdwhg iru doo shulrgv1

Wkh odvw uhvxow xvhv wkhvh surshuwlhv ri rswlpdo sdwkv/ vshfldoo| prqrwrqlflw|/
wr suryh frqyhujhqfh ri rswlpdo sdwkv wr d vwhdg| vwdwh

Sursrvlwlrq 9 Wkhuh lv vrph &r : f zlwk 8 E&r��&r : f dqg q8 �E&r� ' � vxfk
wkdw iru doo &f : f/ li ! lv rswlpdo/ wkhq &| $ &r1

Surri= Ohw &f : f dqg ! eh rswlpdo1 E| ohppd 4 wkh vhtxhqfh ! lv erxqghg iurp
deryh/ e| sursrvlwlrq 6 lv erxqghg dzd| iurp }hur/ dqg e| ohppd 7 lv prqrwrqh1
Lw pxvw wkhuhiruh frqyhujh wr vrph &r : f1 E| frqwlqxlw| ri �/ 8 / dqg � dqg e|
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sursrvlwlrq 5 lw pxvw eh wkh fdvh wkdw

�E&r� ' �E8 E&r�� &r� n q�E&r��

Khqfh/ sursrvlwlrq 5 dovr lpsolhv wkdw wkh vwdwlrqdu| sodq hyhu| shulrg htxdo wr
&r lv rswlpdo iurp &r lq zklfk fdvh 8 E&r�� &r : f lv d frqvhtxhqfh ri ohppd 71
Sursrvlwlrq 7 lpsolhv wkdw wkh Hxohu htxdwlrq krogv dorqj wkh vwdwlrqdu| sdwk vr

��E8 E&r�� &r� ' q��E8 E&r�� &r�8 �E&r�

dqg wkhuhiruh q8 �E&r� ' � ehfdxvh f 	 ��E8 E&r�� &r� 	 41

7 H{lvwhqfh ri d frpshwlwlyh htxloleulxp

Lq wkh vwdqgdug Udpvh| prgho/ zkhq qhw lqyhvwphqw lv qrw frqvwudlqhg wr eh qrq
qhjdwlyh/ htxloleulxp sulfhv duh jlyhq e| wkh ydoxdwlrq ri rxwsxw lq wkh pdujlq
dw hdfk shulrg1 Wkdw lv/ wkh Duurz0Gheuhx sulfh ri rxwsxw lq shulrg | uhodwlyh wr
shulrg }hur lv jlyhq e| R| ' q|��ES|� zkhuh U lv wkh htxloleulxp frqvxpswlrq doorfd0
wlrq1 Vxfk uhodwlrq ehwzhhq suhvhqw ydoxh sulfhv dqg glvfrxqwhg pdujlqdo xwlolw|
vkrxog frqwlqxh wr krog lq wkh suhvhqw fdvh> wkh uhdvrq lv wkdw wkh frqvxphu*v
pd{lpl}dwlrq sureohp lv qrw gluhfwo| d�hfwhg e| wkh qrq qhjdwlylw| frqvwudlqw1
Zkdwhyhu kdsshqv wr wkh �up*v sureohp/ wkh frqvxphu*v ghflvlrq uhpdlqv xqdo0
whuhg1 Wklv lqwxlwlrq lv irupdol}hg lq wklv vhfwlrq surylqj wkdw vxfk sulfh v|vwhp lv
lqghhg dq htxloleulxp sulfh v|vwhp zkhq U lv wkh sodqqhu*v rswlpdo frqvxpswlrq
fkrlfh1

Lq wkh ghfhqwudol}hg hfrqrp| wkh krxvhkrog rzqv wkh �up dqg wkh lqlwldo vwrfn
ri vdylqjv %f1 Li ^ : f ghqrwhv wkh sulfh ri wkh lqlwldo jrrg*v pdunhw dqg Z wrwdo
ehqh�wv iurp wkh �up wkh krxvhkrog*v lqfrph lv jlyhq e| ^%f n Z1 Wkh sulfh ri
rxwsxw lq doo shulrgv zloo eh d vhtxhqfh T 5 �n� � ifj vr wkdw wkh krxvhkrog*v
sureohp lv

4@ 
"[
|'f

q|�ES|� v1w1
"[
|'f

R|S| � ^%f n Z

zkhuh wkh pd{lpxp lv wdnhq ryhu �n
"
1 Wkh �up*v sureohp lv wr pd{lpl}h sur�wv

Z ryhu surgxfwlrq sodqv E&fc!� 5 Un � �n
"

vxemhfw wr wkh ihdvlelolw| frqvwudlqwv=
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lw vroyhv

4@ Z ' �^&f n
"[
|'f

R|E8 E&|�� &|n�� +6,

v1w1 E�� B�&| � &|n� � sE&|� n E�� B�&| iru doo |1

D frpshwlwlyh htxloleulxp lv d froohfwlrq frpsrvhg ri= dq lqlwldo vwrfn %f : f/ d
frqvxpswlrq sodq U 5 �n

"
iru wkh krxvhkrog/ d surgxfwlrq sodq E&fc!� 5 Un � �n

"

iru wkh �up/ dqg d sulfh v|vwhp E^cT� 5 Unn � �n� � ifj vxfk wkdw pdunhwv fohdu

%f ' &f

S| n &|n� ' 8 E&|� iru doo |c

wkh sodq U vroyhv wkh krxvhkrog*v sureohp dw sulfhv E^cT�/ dqg wkh surgxfwlrq
sodq E&fc!� vroyhv wkh �up*v sureohp dw sulfhv E^cT�1 Zh fodlp wkdw wkh sodq0
qhu*v vroxwlrq lv lq idfw d frpshwlwlyh htxloleulxp doorfdwlrq zkhq sulfhv duh jlyhq
e| glvfrxqwhg pdujlqdo xwlolw|1 +Revhuyh wkdw wklv fkdudfwhul}dwlrq ri htxlole0
ulxp sulfhv lv wkh vdph dv lq wkh vwdqgdug Udpvh| prgho= wkh qrq qhjdwlylw|
frqvwudlqw rq qhw lqyhvwphqw rqo| d�hfwv wkh �up*v sureohp> wkh krxvhkrog vwloo
pdnhv ghflvlrqv htxdol}lqj uhodwlyh sulfhv wr wkh pdujlqdo udwh ri vxevwlwxwlrq1,
Pruh irupdoo|=

Sursrvlwlrq : Ohw %f : f/ wkhq &f ' %f/ EUc!� rswlpdo iurp &f/ T gh�qhg dv
R| ' q|��ES|� iru doo |/ dqg ^ ' Rf8

�E&f� lv d frpshwlwlyh htxloleulxp1

Wkh uhpdlqlqj ri wklv vhfwlrq lv ghyrwhg wr wkh surri1 Iluvw revhuyh wkdw S| : f

dqg S| $ Sr ' 8 E&r� � &r : f e| ohppd 7 dqg sursrvlwlrq 9 uhvshfwlyho|1 Wkhq
��ES|� : f lv xqlirupo| erxqghg iurp deryh vr wkdw f 	 q 	 � lpsolhv T 5 �n� �ifj1
Ixuwkhu/ vlqfh Rf : f zh kdyh ^ ' Rf8

�E%f� : f1 Lw lv vwudljkwiruzdug wr vhh wkdw li
E&fc!� vroyh wkh �up*v sureohp/ wkhq U vkrxog pd{lpl}h xwlolw| ryhu doo vhtxhqfhv
U� zlwk

"[
|'f

R|S
�

| �
"[
|'f

R|S|� +7,

Wr vhh wkdw wklv lv wkh fdvh ohw U� 5 �n
"

yhuli| +7, dqg xvh frqfdylw| ri � wr zulwh
"[
|'f

q|E�ES|�� �ES�|�� �
"[
|'f

q|��ES|�ES| � S�|� '
"[
|'f

R|ES| � S�|� � f�

Lq vkruw/ wkh sodqqhu*v frqvxpswlrq sdwk vroyhv wkh frqvxphu*v sureohp dw sulfhv
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E^cT� zkhq E&fc!� vroyhv wkh �up*v sureohp1 Lw rqo| uhvwv wr suryh wkdw wkh
surgxfwlrq sodq lqghhg vroyhv wkh �up*v sureohp1

Iurp sursrvlwlrq 7 wkhuh lv vrph A iru zklfk E�� B�&| 	 &|n� 	 8 E&|� iru doo
| � A 1 Vlqfh ! lv rswlpdo/ E&�c ���c &A � pxvw vroyh

4@ 
A[
|'f

q|�E8 E&�|�� &�|n��

v1w1 E�� B�&�| � &�|n� � 8 E&�|� iru | ' fc ���c Ac

&f dqg &�An� ' &An� jlyhq1

Dvvrfldwh wkh pxowlsolhu 4| wr wkh frqvwudlqw E��B�&�| � &�|n� dqg �| wr &
�

|n� � 8 E&�|�

iru | ' fc ���c A 1 Vlqfh &An� 	 8 E&A �/ wkh Vodwhu frqglwlrq lv yhul�hg= wkhuh lv d
vhw ri pxowlsolhuv 4|c �| � f iru | ' fc ���c A vxfk wkdw E&|c 4|c �|�

A
|'f pd{lpl}hv wkh

dvvrfldwhg Odjudqjldq1 E| ohppd 7 zh nqrz wkdw �| ' f iru doo | ' fc ���c A 1
Khqfh/ Nxkq0Wxfnhu �uvw rughu frqglwlrqv duh

� q|��E8 E&|�� &|n�� n q|n���E8 E&|n��� &|n2�8
�E&|n�� n 4| � 4|n�E�� B� ' f +8,

iru | ' fc ���c A � � zkloh wkh Hxohu htxdwlrqv krog

� q|��E8 E&|�� &|n�� n q|n���E8 E&|n��� &|n2�8
�E&|n�� ' f +9,

iru | � A 1 Iru dq| !� 5 �E&f� dqg dq| A � � A gh�qh

)EA �c!�� '
A �[
|'f

R|E8 E&|�� &|n��� R|E8 E&
�

|�� &�|n��

'
A �[
|'f

q|��ES|�dE8 E&|�� &|n��� E8 E&�|�� &�|n��o�

Li ! vroyhv wkh �up*v sureohp dw sulfhv E^cT� lw pxvw eh wkh fdvh wkdw *�4A �
<" )EA �c!�� �

f1 Iluvw qrwh wkdw 8 lv frqfdyh vr wkdw

)EA �c!�� �
A �[
|'f

q|��ES|�d8
�E&|�E&| � &�|�� E&|n� � &�|n��o�

Uhduudqjlqj whupv zh fdq zulwh

)EA �c!�� � ��ESf�8
�E&f�E&f � &�f�� ��ESf�E&� � &���

nq��ES��8
�E&��E&� � &���� q��ES��E&2 � &�2�
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111

nqA �

��ESA ��8 �E&A ��E&A � � &�A ��� qA �

��ESA ��E&A �n� � &�A �n��

dqg wkhuhiruh

)EA �c!�� � d���ESf� n q��ES��8
�ES��oE&� � &���

nd�q��ES�� n q2��ES2�8
�ES2�oE&2 � &�2�

111

nd�qA �
3���ESA �

3�� n qA �

��ESA ��8 �ESA ��oE&A � � &�A ��

�qA �

��ESA ��E&A �n� � &�A �n���

Iru | � A wkh Hxohu htxdwlrq +9, krogv vr wkdw whupv ehwzhhq A dqg A � ydqlvk
zkloh +8, doorzv xv wr zulwh

)EA �c!�� � �qA �

��ESA ��E&A �n� � &�A �n�� n
A3�[
|'f

E�4| n 4|n�E�� B��E&|n� � &�|n���

Uhduudjlqj whupv

)EA �c!�� � �qA �

��ESA ��E&A �n� � &�A �n��

�4f&� n 4�E�� B�&� n 4f&
�

� � 4�E�� B�&��

�4�&2 n 42E�� B�&2 n 4�&
�

2 � 42E�� B�&�2
111

�4A3�&A n 4A E�� B�&A n 4A3�&
�

A � 4A E�� B�&�A

exw &�|n� � E� � B�&�| � f dqg &|n� � E� � B�&| � f e| ihdvlelolw| zkloh lq wklv
h{suhvvlrq wkh| dsshdu zlwk qhjdwlyh vljq dqg pxowlsolhg e| 4| � f1 Khqfh/ wkh
lqhtxdolw| lv qrw dowhuhg li zh vxssuhvv wkhvh whupv=

)EA �c!�� � �qA �

��ESA ��E&A �n� � &�A �n��

�4f&� n 4f&
�

� n 4A E�� B�&A � 4A E�� B�&�A �

Vlqfh &� ' E� � B�&f dqg &�� ' E� � B�&f/ dgg dqg vxevwudfw 4fE� � B�&f dw wkh
uljkw kdqg vlgh ri wklv lqhtxdolw| dqg qrwh wkdw 4A ' f ehfdxvh &An� : E�� B�&A
wr frqfoxgh wkdw

)EA �c!�� � �qA �

��ESA ��E&A �n� � &�A �n�� � �qA �

��ESA ��&A �n�

exw ��ESA �� dqg &A �n� duh erxqghg iurp deryh zkloh qA � $ f1 Wkhq )E4c!�� � f
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dv zdv wr eh vkrzq1

8 H{lvwhqfh zlwkrxw wkh Lqdgd0w|sh frqglwlrq

Wkh Lqdgd0w|sh frqglwlrq rq wkh xwlolw| ixqfwlrq duh qrw qhfhvvdu| iru wkh h{lvwhqfh
ri dq htxloleulxp1 Lq wklv vhfwlrq zh vxevwlwxwh dvvxpswlrq 5 e|=

Dvvxpswlrq 8 Wkh rqh shulrg uhzdug ixqfwlrq � lv gl�huhqwldeoh lq wkh lqwhulru
ri lwv grpdlq1 Ixuwkhu/ �Ef� ' f dqg ��Ef� 	 41

Il{ vrph w 5 Efc �� dqg iru doo 0 : f gh�qh �0ES� ' �ES� n 0Sw iru doo S � f

vr wkdw �0 frqyhujhv srlqwzlvh wr � dv 0 $ f1 Fohduo|/ �0 grhv phhw dvvxpswlrq
5= �{hg %f : f/ iru doo 0 : f sursrvlwlrq : hqvxuhv h{lvwhqfh ri dq frpshwlwlyh
htxloleulxp EU0c!0c ^0cT0�1 Revhuyh wkdw �E&f� grhv qrw ghshqg rq suhihuhqfhv=
!0 dqg U0 duh frqwdlqhg lq wkh frpsdfw vhw dfc �E&f�o"1 Wkhq wkhuh lv d vxeqhw
+ghqrwh lw djdlq 0, dqg EUfc!f� vxfk wkdw !0 $ !f dqg U0 $ Uf srlqwzlvh1 Dv
�E&f� lv forvhg/ EUfc!f� lv ihdvleoh1 Ilqdoo| revhuyh wkdw &r lv lpsolflwo| gh�qhg dv
q8 �E&r� ' � +sursrvlwlrq 9, vr wkdw &0| $ &r dv | $ 4 iru dq| 01 Wkh iroorzlqj
sursrvlwlrq hqvxuhv wkdw wkh qhw ri sulfh v|vwhpv dovr frqyhujhv1

Sursrvlwlrq ; Ohw &f : f/ wkhq ��0ES
0
|� lv xqlirupo| erxqghg iurp deryh1

Surri= Vxssrvh wkdw f 	 &f 	 &r1 Vlqfh 8 |E&f� $ 7& : &r zh fdq �{ vrph A

vxfk wkdw 8 An�E&f� : &r1 Iru dq| 0 : f zh nqrz +ohppd 7 dqg sursrvlwlrq 9,
wkdw &0| � &0|n� dqg &0| $ &r1 Khqfh/ wkh Hxohu htxdwlrqv krog dqg

��0ES
0

|� ' q��0ES
0

|n��8
�E&0|n�� : ��0ES

0

|n��

ehfdxvh &0|n� 	 &r vr wkdw q8 �E&0|n�� : �1 Wkhq/ ��0ES
0
f� : ��0ES

0
|� iru doo | � �1 Li

��0ES
0
f� lv erxqghg iurp deryh xqlirupo| ryhu 0 wkh uhvxow iroorzv1 Rwkhuzlvh lw

pxvw eh wkh fdvh wkdw S0f $ f lq zklfk fdvh wkh Hxohu htxdwlrq

��ES0f� n 0ES0f�
w3� ' qE��ES0�� n 0ES0��

w3��8 �E&0|n��

uhtxluhv S0� $ f +ehfdxvh wkh uhpdlqlqj hohphqwv ri wkh htxdolw| frqyhujh wr �qlwh
qxpehuv,1 Surfhhg uhfxuvlyho| xs wr gdwh A wr rewdlq S0fc ���c S

0
A $ f dqg wkhuhiruh

&0
An� $ 8 An�E&f�1 Wkhq/ iru 0 vpdoo hqrxjk &0

An� : &r1 D frqwudglfwlrq1

Wkh fdvh &f ' &r lv wulyldo ehfdxvh ��0ES
0
|� ' ��0ES

r� $ ��ESr�1

4:



Ilqdoo| ohw &f : &r1 Vlqfh &0| � &0|n� dqg &0| $ &r wkhuh pxvw eh vrph A zlwk
&0|n� : E� � B�&0| iru doo | � A 1 Iru f � | 	 A zh kdyh S0| ' sE&0| � vr wkdw
frqvxpswlrq lv ghfuhdvlqj +ehfdxvh &0| lv vr,1 Iurp A rq/ wkh Hxohu htxdwlrqv
krog dqg

��0ES
0

|� ' q��0ES
0

|n��8
�E&0|n�� 	 ��0ES

0

|n��

ehfdxvh &0|n� : &r vr wkdw q8 �E&0|n�� 	 �1 Wkhq S0| : S0|n� iru doo | � A 1 Lq vkruw/
S0| : S0|n� : Sr dqg wkhuhiruh ��0ES

0
|� 	 ��0ES

r� $ ��ESr� 	 41

E| wkh suhylrxv sursrvlwlrq wkhuh lv vrph � : f vxfk wkdw f 	 ��0ES
0
|� � � vr

wkdw wkhuh pxvw eh d vxevxeqhw +djdlq ghqrwhg 0, dqg dq hohphqw Tf 5 �n� � ifj
vxfk wkdw T0 $ Tf srlqwzlvh1 Zulwh wkhq ^f ' Rff8

�E&f� : f1

Sursrvlwlrq < Ohw EUfc!fcTfc ^f� eh dv gh�qhg deryh1 Wkhq lw lv d frpshwlwlyh
htxloleulxp zkhq suhihuhqfhv duh uhsuhvhqwhg e| wkh rqh shulrg xwlolw| ixqfwlrq �1

Surri= Wkh surri ri sursrvlwlrq : hvwdeolvkhg rswlpdolw| ri !0 iru wkh �up*v
sureohp dw sulfhv ET0c ^0� iru doo 0 : f1 Wkhq/ iru doo 0 : f dqg dq| !� 5 �E&f� zh
kdyh ZE!�cT0c ^0� 	 ZE!0cT0c ^0�1 Wdnlqj wkh olplw dv 0 $ f |lhogv ZE!�cTfc ^f� �
ZE!fcTfc ^f� vr wkdw !f vroyhv wkh �up*v sureohp dw sulfhv ETfc ^f�1

Zlwk wklv uhvxow dw kdqg wkh vdph dujxphqw dv lq wkh surri ri sursrvlwlrq
: hqvxuhv wkdw Uf vroyhv wkh krxvhkrog*v sureohp dw sulfhv ETfc ^f�1 Wkh jrrgv
pdunhwv fohdu ehfdxvh 8 lv frqwlqxrxv dqg EU0c!0� $ EUfc!f� srlqwzlvh1

9 Uhihuhqfhv

Dolsudqwlv/ F1G1/ Eurzq/ G1M1/ dqg Exunlqvkdz/ R1 +4<<3, H{lvwhqfh dqg Rswl0
pdolw| ri Frpshwlwlyh Htxloleuld1 Vsulqjhu0Yhuodj1

Dolsudqwlv/ F1G1/ Erughu/ N1F1 dqg Exunlqvkdz/ R1 +4<<:, �Qhz surri ri wkh
h{lvwhqfh ri htxloleulxp lq d vlqjoh0vhfwru jurzwk prgho/� Pdfurhfrqrplf
G|qdplfv/ 4/ 99<09:<1

Dplu/ U1 +4<<9, �Vhqvlwlylw| dqdo|vlv ri pxowlvhfwru rswlpdo hfrqrplf prghov/�
Mrxuqdo ri Pdwkhpdwlfdo Hfrqrplfv/ 58/ 45604741

Ehfnhu/ U1D1 dqg Er|g LLL/ M1K1 +4<<:, Fdslwdo Wkhru|/ Htxloleulxp Dqdo|vlv dqg
Uhfxuvlyh Xwlolw|1 Eodfnzhoo Sxeolvkhuv1

Ehzoh|/ W1I1 +4<:5, �H{lvwhqfh ri htxloleuld lq hfrqrplhv zlwk lq�qlwho| pdq|
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frpprglwlhv/� Mrxuqdo ri Hfrqrplf Wkhru|/ 7/ 84708731

Shohj/ E1 dqg \ddul/ P1H1 +4<:3, �Pdunhwv zlwk frxqwdeo| pdq| frpprglwlhv/�
Lqwhuqdwlrqdo Hfrqrplf Uhylhz/ 44/ 69<06::1

Vwrnh|/ Q1 dqg Oxfdv Mu1/ U1H1 zlwk Suhvfrww/ H1F1 +4<;<, Uhfxuvlyh Phwkrgv lq
Hfrqrplf G|qdplfv1 Kduydug Xqlyhuvlw| Suhvv1
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