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The semi-infinite 2D-Toda lattice

» The phase space:

Li=A+> a1 =B ) Ak
k>0 k>0

(Lax operators), where

AL =At u,((i) = diag(u,((i)(n))
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The semi-infinite 2D-Toda lattice

» The phase space:

Li=A+> a1 =B ) Ak
k>0 k>0

(Lax operators), where

01 0O
A — 0010 A1 = At () _ i ( (i)( )
= 00 0 1 = Uk = dlag Uk n
» The flows:

N I I e

are pairwise compatible and have bi-hamiltonian structure.



2D-Toda
Reductions

The 2D-Toda hierarchy has infinitely many dependent variables
u,((i) = u,((i)(n; t,s)

A reduction is a finite-dimensional submanifold of the phase space
which is invariant under the flows.



2D-Toda
Reductions
The 2D-Toda hierarchy has infinitely many dependent variables

u,((i) = u,((i)(n; t,s)

A reduction is a finite-dimensional submanifold of the phase space
which is invariant under the flows.

Examples:
» Standard Toda:

Li=Ly=A+uy+ At
» Bi-graded Toda [Carlet, 2006]:

L3=15=N+uN1+  u AP
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A glimpse of GW-IS correspondence

» For a projective manifold X, one can define GW invariants

X
(Tas,pr - - 'Tak,Pk>g,ﬁ €Q
“counting” the number of genus g curves in X subject to
given constraints [Kontsevich, 1994].
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» For a projective manifold X, one can define GW invariants

X
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“counting” the number of genus g curves in X subject to
given constraints [Kontsevich, 1994].

» These number are subject to a mysterious web of relations:
i.e. the generating function

FX(t;€) = > ezg_2]:;((t)

X(¢) — o X pa, :
Fg (t) - Zk,ﬁ %<Tahp1 te T@kapk>g,ﬂtal Lo tioPk
satisfies a number of “topological” PDEs.

Example. FX(v1, ... v") = f(?((t)ha,ozva,ta,>0:o satisfies

93F Nz OF _
avaavBave T avwaviond — (Oé = /7)

(WDWV)

where 1,3 = 010,05F is a constant nondegenerate matrix.
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A glimpse of GW-IS correspondence

» Dispersionless limits of integrable hierarchies are also
described by solutions of WDVV (Frobenius manifolds)
[Dubrovin, 1994].

» In some simple cases, this correspondence is known to hold at
all orders in the genus/dispersion expansion: the full set of
topological PDEs for FX coincides with an integrable
hierarchy.



GW-IS

A glimpse of GW-IS correspondence

» Dispersionless limits of integrable hierarchies are also
described by solutions of WDVV (Frobenius manifolds)
[Dubrovin, 1994].

» In some simple cases, this correspondence is known to hold at
all orders in the genus/dispersion expansion: the full set of
topological PDEs for FX coincides with an integrable
hierarchy.

Examples
» X=P! — Standard Toda

[Getzler, 2000]
» X = IF’;b — Bi-graded Toda
[Milanov-Tseng, 2007]

where IP’;b is the projective line with two orbifold points of
weights a, b.
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Solutions of 2D-Toda from orthogonal polynomials
Let fioo = Hoo(t, s) be a semi-infinite solution of the linear system

0 0
— oo — /\k 0o oo — — OO/\ik 12DT
o5 " L ok 1 ( )

If det ((12jj)ij<n) # O for all n, f1c has a unique Borel factorization

oo =518 S =14 SN Sy = h Y SN
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Solutions of 2D-Toda from orthogonal polynomials
Let fioo = Hoo(t, s) be a semi-infinite solution of the linear system

0 0
oo — /\k 00 ~ 7 Moo = — oo/\ik 2DT
a5 " L ok 1 ( )

If det ((12jj)ij<n) # O for all n, f1c has a unique Borel factorization
oo =518 S =14 SN Sy = h Y SN
oo defines a bi-moment functional £ : C[z] x C[z] — C by
L(z',2/) = pj. Then
Six(2) =pM(z) (S5 Mx(2) = pP(2)
()

where y = (1,z,22,...)t, p) = (p(()),pg),pg),...)t and p,”’ are

monic bi-orthogonal polynomials, £(p,(< )( ), PP (2)) = hid.



Bi-orthogonal polynomials

Solutions of 2D-Toda from orthogonal polynomials
Recurrence matrices:

Li(t,s) = Si(t,s)ASi(t,s)7 ! Ly(t,s) = So(t,s) A" 1Sy(t,s) !

LpW(z) = 2pW(z)  A(L5)h"1pd(z) = zp@(2)

» Li(t,s), Lo(t,s) satisfy the 2D-Toda hierarchy.

» For special symmetries of the moment matrix (invariant under
the flows), we obtain solutions of reductions of 2D-Toda.

[Adler - Van Moerbeke, 2000]
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Solutions of 2D-Toda from orthogonal polynomials
Recurrence matrices:

Li(t,s) = Si(t,s)ASi(t,s)7 ! Ly(t,s) = So(t,s) A" 1Sy(t,s) !

LpW(z) = 2pW(z)  A(L5)h"1pd(z) = zp@(2)

» Li(t,s), Lo(t,s) satisfy the 2D-Toda hierarchy.

» For special symmetries of the moment matrix (invariant under
the flows), we obtain solutions of reductions of 2D-Toda.

[Adler - Van Moerbeke, 2000]

Example (Toeplitz reduction):
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Solutions of 2D-Toda from orthogonal polynomials
For the time-dependent weight
p2) = po(z)ekm B —se

the moment matrix u(t, s) satisfies the linearized 2D-Toda
lattice.

k
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Solutions of 2D-Toda from orthogonal polynomials
For the time-dependent weight
p2) = po(z)ekm B —se

the moment matrix u(t, s) satisfies the linearized 2D-Toda
lattice. The corresponding Lax matrices have the “rank 2" structure

k

—x1y0 1—xy1 0 0
—xyo  —xey1 1= oy 0 1
Li=hl_xy -y —xy  1-xys3 h
—Xoy1 —X0)2 —X0y3 —Xoya
l—xay1 —xy2 —x1y3 —x1ya
L= 0 1 —Xo)yo —Xo¥3 —Xoya

where x, = p{! )(0) Yk = P;(< )( 0), hi1/hk = 1 — Xpp1Yi+1-
(Toeplitz lattice/Ablowitz-Ladik hierarchy)
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Block-Toeplitz and rational reductions
More generally, consider

Lo, £(2) = 5 . FE)ee ) Z

- 2mi
Lap(2°f(2),8(2)) = L(f(2),27°g(2)) 1 = pbi—aj
p(2) = po(z) exp (3, tkz"® — s,z752)
Then uoo(t,s) is a b x a block-Toeplitz solution of 12DT, i.e.
o too = Npioo  Ffios = —prooNF
fioo = NpisoN 7P

In particular

L35 = SIN ST SN PS = S s Syt =



Block-Toeplitz lattice

Block-Toeplitz and rational reductions

Lemma (recurrence relations). For each n, there exists coefficients
¢ pip ¢

2 2 2
P,(1J2b + Dlpfwzbfl +o 4 Dppd =

=22 (P + G+ + G2,
Corollary. The recurrence matrices have the form
Ly=(AB Y2 [, =(BA 1)/
A=N+oN1+.. . +a,

B=1+pBNA 14 -+ BpAb

where the matrices o, 3; depend only on the a lowest degree
coefficients of p(1) and b lowest degree coefficients of p(2).
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Bi-graded Ablowitz-Ladik

The induced 2D-Toda flows on the pair (A, B) take the form

v

v

v

o A= (ABTHH2) LA~ A(B™1A)M2),
5.8 =((AB™1)¥/?),B — B((B'A)*/?),
A= ((BATHKP)_A— A((BATH)K/P)
=B = ((BA™)*/)_B — B((BA™})*/?)_

(Bi-graded Ablowitz-Ladik hierarchy)

a + b components rational reduction of 2D-Toda.
Formulated in the same way in the bi-infinite setting.
It has a natural Hamiltonian structure.

Bi-hamiltonianity?
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Dispersionless limit and local P! orbifolds

» Thanks to the explicit the representation L? = AB~1 = L2_b
of the Lax operators, we are able to obtain a complete
description of the dispersionless limit [S. R., 2012].

'The total space of the bundle O(—0) & O(—o0) — P} ,, where 0 and oo
are orbifold points of weights a, b, with anti-diagonal Calabi-Yau action on the
fibers.
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Dispersionless limit and local P! orbifolds

» Thanks to the explicit the representation L? = AB~1 = Lz_b
of the Lax operators, we are able to obtain a complete
description of the dispersionless limit [S. R., 2012].

» The relevant solution of WDVV can be expressed as

F(u, V_ptls-- -, Va—l) = CUbiC+Zfb<k§I<a 6k7/|_i3 (e"”“'*"’)

where €, ) = 1 if Kk <0 </ and —1 otherwise.
» This prepotential coincides with the g = 0 primary GW
potential of the “local football” (P¢)! [M. Liu, ...].

Conjecture (GW-IS correspondence for local P! orbifolds). The full
GW theory of the local football is governed by the bi-graded
Ablowitz-Ladik hierarchy.

(checked by Brini [2010] for a = b =1 up to genus 2).

'The total space of the bundle O(—0) & O(—o0) — P} ,, where 0 and oo
are orbifold points of weights a, b, with anti-diagonal Calabi-Yau action on the
fibers.
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