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The semi-infinite 2D-Toda lattice

I The phase space:

L1 = Λ +
∑
k≥0

u
(1)
k Λ−k L2 = u

(2)
−1Λ−1 +

∑
k≥0

u
(2)
k Λk

(Lax operators), where

Λ =


0 1 0 0 . . .
0 0 1 0 . . .
0 0 0 1 . . .
...

. . .

 Λ−1 ≡ Λt u
(i)
k = diag(u

(i)
k (n))

I The flows:

∂

∂tk
Li =

[(
Lk1

)
+
, Li

]
∂

∂sk
Li =

[(
Lk2

)
−
, Li

]
, i = 1, 2 k ≥ 1

are pairwise compatible and have bi-hamiltonian structure.
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Reductions

The 2D-Toda hierarchy has infinitely many dependent variables

u
(i)
k = u

(i)
k (n; t, s)

A reduction is a finite-dimensional submanifold of the phase space
which is invariant under the flows.

Examples:

I Standard Toda:

L1 = L2 = Λ + u0 + u1Λ−1

I Bi-graded Toda [Carlet, 2006]:

La1 = Lb2 = Λa + u1Λa−1 + · · ·+ ua+bΛ−b
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A glimpse of GW-IS correspondence

I For a projective manifold X , one can define GW invariants

〈τα1,p1 . . . ταk ,pk 〉Xg ,β ∈ Q
“counting” the number of genus g curves in X subject to
given constraints [Kontsevich, 1994].

I These number are subject to a mysterious web of relations:
i.e. the generating function

FX (t; ε) =
∑

g ε
2g−2FX

g (t)

FX
g (t) =

∑
k,β

qβ

k! 〈τα1,p1 . . . ταk ,pk 〉Xg ,βtα1,p1 . . . tαk ,pk

satisfies a number of “topological” PDEs.

Example. FX (v1, . . . , vn) = FX
0 (t)

∣∣
tα,0=vα,tα,>0=0

satisfies

∂3F
∂vα∂vβ∂vµ

ηµν ∂3F
∂vν∂vγ∂vδ

= (α↔ γ) (WDVV )

where ηαβ = ∂1∂α∂βF is a constant nondegenerate matrix.
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A glimpse of GW-IS correspondence

I Dispersionless limits of integrable hierarchies are also
described by solutions of WDVV (Frobenius manifolds)
[Dubrovin, 1994].

I In some simple cases, this correspondence is known to hold at
all orders in the genus/dispersion expansion: the full set of
topological PDEs for FX coincides with an integrable
hierarchy.

Examples

I X = P1 → Standard Toda

[Getzler, 2000]

I X = P1
a,b → Bi-graded Toda

[Milanov-Tseng, 2007]

where P1
a,b is the projective line with two orbifold points of

weights a, b.
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Solutions of 2D-Toda from orthogonal polynomials

Let µ∞ = µ∞(t, s) be a semi-infinite solution of the linear system

∂

∂tk
µ∞ = Λkµ∞

∂

∂sk
µ∞ = −µ∞Λ−k (l2DT)

If det ((µij)i ,j≤n) 6= 0 for all n, µ∞ has a unique Borel factorization

µ∞ = S−1
1 S2 S1 = I +

∑
k≥1 s

(1)
k Λ−k S2 = h+

∑
k≥1 s

(2)
k Λk

µ∞ defines a bi-moment functional L : C[z ]× C[z ]→ C by
L(z i , z j) = µij . Then

S1χ(z) = p(1)(z) h(S t
2)−1χ(z) = p(2)(z)

where χ = (1, z , z2, . . . )t , p(i) = (p
(i)
0 , p

(i)
1 , p

(i)
2 , . . . )t and p

(i)
k are

monic bi-orthogonal polynomials, L(p
(1)
k (z), p(2)(z)) = hkδkl .
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Solutions of 2D-Toda from orthogonal polynomials
Recurrence matrices:

L1(t, s)
.

= S1(t, s)ΛS1(t, s)−1 L2(t, s)
.

= S2(t, s)Λ−1S2(t, s)−1

L1p(1)(z) = zp(1)(z) h(Lt2)−1h−1p(2)(z) = zp(2)(z)

I L1(t, s), L2(t, s) satisfy the 2D-Toda hierarchy.

I For special symmetries of the moment matrix (invariant under
the flows), we obtain solutions of reductions of 2D-Toda.

[Adler - Van Moerbeke, 2000]

Example (Toeplitz reduction):

L(f (z), g(z)) =
1

2πi

∮
S1

f (z)g(z−1)ρ(z)
dz

z

L(zf (z), g(z)) = L(f (z), z−1g(z)) µij = µi−j
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Solutions of 2D-Toda from orthogonal polynomials
For the time-dependent weight

ρ(z) = ρ0(z)e
∑

k≥1 tkz
k−skz−k

the moment matrix µ(t, s) satisfies the linearized 2D-Toda
lattice.

The corresponding Lax matrices have the “rank 2” structure

L1 = h


−x1y0 1− x1y1 0 0 . . .
−x2y0 −x2y1 1− x2y2 0 . . .
−x3y0 −x3y1 −x3y2 1− x3y3 . . .

...
. . .

 h−1

L2 =


−x0y1 −x0y2 −x0y3 −x0y4 . . .

1− x1y1 −x1y2 −x1y3 −x1y4 . . .
0 1− x2y2 −x2y3 −x2y4 . . .
...

. . .


where xk = p

(1)
k (0), yk = p

(2)
k (0), hk+1/hk = 1− xk+1yk+1.

(Toeplitz lattice/Ablowitz-Ladik hierarchy)
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Block-Toeplitz and rational reductions
More generally, consider

La,b(f (z), g(z)) =
1

2πi

∮
S1

f (zb)g(z−a)ρ(z)
dz

z

La,b(zaf (z), g(z)) = L(f (z), z−bg(z)) µij = µbi−aj

ρ(z) = ρ0(z) exp
(∑

k tkz
kb − skz

−ka)
Then µ∞(t, s) is a b × a block-Toeplitz solution of l2DT, i.e.

∂
∂tk
µ∞ = Λkµ∞

∂
∂sk
µ∞ = −µ∞Λ−k

µ∞ = Λaµ∞Λ−b

In particular

La1L
b
2 = S1ΛaS−1

1 S2Λ−bS−1
2 = S1µ∞S−1

2 = I
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Block-Toeplitz and rational reductions

Lemma (recurrence relations). For each n, there exists coefficients

C
(n)
1 , . . . ,C

(n)
a , D

(n)
1 , . . . ,D

(n)
b s.t.

p
(2)
n+b + D1p

(2)
n+b−1 + · · ·+ Dbp

(2)
n =

= zb
(
p

(2)
n + C1p

(2)
n−1 + · · ·+ Cap

(2)
n−a

)
Corollary. The recurrence matrices have the form

L1 = (AB−1)1/a L2 = (BA−1)1/b

A = Λa + α1Λa−1 + · · ·+ αa

B = I + β1Λ−1 + · · ·+ βbΛ−b

where the matrices αj , βj depend only on the a lowest degree
coefficients of p(1) and b lowest degree coefficients of p(2).
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Bi-graded Ablowitz-Ladik

The induced 2D-Toda flows on the pair (A,B) take the form

∂
∂tk

A = ((AB−1)k/a)+A− A((B−1A)k/a)+

∂
∂tk

B = ((AB−1)k/a)+B − B((B−1A)k/a)+

∂
∂sk

A = ((BA−1)k/b)−A− A((BA−1)k/b)−

∂
∂sk

B = ((BA−1)k/b)−B − B((BA−1)k/b)−

(Bi-graded Ablowitz-Ladik hierarchy)

I a + b components rational reduction of 2D-Toda.

I Formulated in the same way in the bi-infinite setting.

I It has a natural Hamiltonian structure.

I Bi-hamiltonianity?
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Dispersionless limit and local P1 orbifolds
I Thanks to the explicit the representation La1 = AB−1 = L−b2

of the Lax operators, we are able to obtain a complete
description of the dispersionless limit [S. R., 2012].

I The relevant solution of WDVV can be expressed as

F (u, v−b+1, . . . , va−1) = cubic +
∑
−b<k≤l<a εk,lLi3 (evk+···+vl )

where εk,l = 1 if k ≤ 0 ≤ l and −1 otherwise.
I This prepotential coincides with the g = 0 primary GW

potential of the “local football” (Ploc
a,b)1 [M. Liu, ...].

Conjecture (GW-IS correspondence for local P1 orbifolds). The full
GW theory of the local football is governed by the bi-graded
Ablowitz-Ladik hierarchy.

(checked by Brini [2010] for a = b = 1 up to genus 2).

1The total space of the bundle O(−0)⊕O(−∞)→ P1
a,b, where 0 and ∞

are orbifold points of weights a, b, with anti-diagonal Calabi-Yau action on the
fibers.
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