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1. Domino tilings of Aztec Diamonds & Ran-
dom Surfaces

2. Domino tilings of double Aztec Diamonds

3. Letting the size n —



1. Domino tilings of Aztec Diamonds

& Random Surfaces



An Aztec diamond (size n):
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Domino tilings of an Aztec diamond
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4 types of situations for the domino’s!
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Kasteleyn 1961, Elkies, Kuperberg, Larsen, Propp '92
Cohn, Elkies, Propp '96, Johansson '00, '03, '05
M. Fulmek, C. Krattenthaler '00, Johansson-Nordenstam '06
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Figure 4. Height function on domino’s and level-lines.
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Point process of black dots.



A weight on domino’s and a probability on domino tilings:
e put the weight O < a < 1 on vertical dominoes
e put the weight 1 on horizontal dominoes,

Define:

a#vertical domino’s in T
P(domino tiling T') =

Z a#vertical domino’'s in T

all possible tilings T



Which probability are we computing?

P{The interval [k,{] C {{=2s} contains no dot-particles}

= P{The random surface is flat along the interval [k, ¢] C {£ = 2s}}

— det []l — X(k,0) (71) L%neAZt(Qs, N1, 28,12) X (k,0) (”'72)}



Which probability are we computing?

P{The interval [k,{] C {{=2s} contains no dot-particles}

= P{The random surface is flat along the interval [k, ¢] C {£ = 2s}}

= det (]l — X(k,0) (ﬁl)L%neAZt(Qs, n1; 28, 772)X(k7£) (772))
with

771_772_1
dw (14 aw) 2 §1—¢62
Lo"A% (€1, m1; €2,m2) = —1 / , — w2
n (§1<§2) I_O,a, 27-“ (w B a)%_kl
n1—1 n1+1 §
+ dz / dw (14 az) g (z —a)"™ - W
[ +1 —1
Mo (271)2 /o0, w— 2 (1+ aw)n22 (w — a)"_nzT n—4

Johansson 03, 05



Letting the size n — oc:

In the large size limit for 0 < a < 1:

Frozen North

\

igordered region

.

e Frozen East

Frozen West

Frozen South

(horizontal domino’s are more likely than vertical ones for 0 < a < 1)






Determinantal point process for single Aztec diamond:

of consecutive minors of GUE-matrices

Interlacing dots on the good model for the interlacing spectra
oblique lines for n — co|
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" GUE-minor kernel” (n — oo) (Johansson-Nordenstam '06)



Scaling of the coordinates n; € Z, = coordinates z, y e R: (Seta =1)

n =n/2+fb’m
n2=n/2+ym

LIMITING KERNEL: GUE-minor-Kernel

Nim (fn/2)LEeA5e(2r, i 25,mp) = KOVEM(r ),

with

2GUE-minor kernel = SKEVE™MNOr(y 4o 5 5")

(2(x — CU/))fr—s—l dz / dw 6—22—|-2zx wS
L

| 1
e e b f o2

(r—s—1)! w—z e~w2wr’ pT

L:=0T7T 43R+ to the right of
where
[ := circle about O



Scaling of the coordinates n; € Z, = coordinates z, y e R: (Seta = 1)

m =n/2+$m
n2=n/2+ym

LIMITING KERNEL: GUE-minor-Kernel

Tim (/20 eA(2r, gy 2s,mp) = KOUEMO (1 a5, ),

with

SGUE-minor kernel = SKEVE™MNO(y g0 5 o)

(2(x — x/))r—s—l dz / dw 6—22—|—2,zm wS

= —1 i
T (r— s —1)! wxa! + r(270)2

Lw— ze—w2+2wz! 7

Note:

—22—|—22:a: r

. dz dw e w kernel for
17> GUE-minor : 1 — —
QK (/ra X, T) T ) /I_ (27_”)2 /I/ w — Ze_w2_|_2w$/ er { r X ,r._GUE




II. Domino tiling of a double Aztec diamond

Adler, Johansson & PvM: Double Aztec Diamonds and the Tacnode Pro-
cess, 2011. ( arXiv:1112.5532)

Mark Adler, Sunil Chhita, Kurt Johansson & PvM: Tacnode GUE-minor
Processes and Double Aztec Diamonds, 2013. (arXiv:1303.5279 )

Mark Adler & PvM: The Double GUE-minor process, 2013.
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Double Aztec diamond of type n =7, with overlap =p =3
Coordinate system: (&,7)



Random cover with domino’s: two groups of non-intersecting paths
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Determinantal Processes @/
0 0
1 W7 11 1
£=2(n—p—1)
5 1 o dots=p+1
T] £=2(n—p)
3 (S 9 3 #dots=p 0
£=2(n—p+1)
4 4%//4 : 3 4 #d"tSp\\
i /4 =2n—
5 5 %/5 A 4 5 .. idgts;p

W t=2n
n-1 6 /6 6 5| dots=p

n-1

£E=2n+2
- #Hdots=p+1
n

g / Tl ) —

#dots=n

/ / 9 n
/8/ 8 9 9 9 s
- n—+ /é // ﬂé n+1
9 1
T n+ Tl nt2
0O 10 10 d 1 10
n+3 7 W77/ i VT s
1 11 fil 1 1/1 1 4
%z n+4 7 T T Tt
2 12W/7i2 1 1
n+5 7 T n+5
o B3 1
VA B -
. 7/

2n 2n 2n

Each time a line & = 2k intersects an

(1) A-level line: put a black dot in that square

interlacing!
(2) B-level line: put a red dot in that square } g



The (discrete) interlacing can schematically be represented by the follow-
ing picture: (coordinates 2u = 2n — &)

X1 ) [E3 Zlfp+5
. olo o—eo—o = p+0 with #dots=p+0
o L‘ | o—©
° —o—o ° U=p
— L o | o
. . o o o u  black dots
¢ —= —0 p —u red dots
& e & & L
o — o o o u=>0
e e e e e e
oo oo ol o - u = —0 with #dots =p+0
Y1 Yo Ys yp-|-5

Any such set of (discrete) interlacing black and red dots, respecting
the boundary, corresponds to a tiling with domino’s !
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n=100, p=4, a=1



Determinantal point process with kernel Li°P A (&1, m1; 62, 12):

1
14 aQL%?gbleAZt(ﬁl, 1 €2,m2) =L (€1, 115 €2, m2)

(U= K Mg ) By ®))

Via the Kasteleyn matrix !



Determinantal point process with kernel Lg% (£1,11; &2, 12):

1
IL’doubleAzt(g17 n1; £2, 772) :L%neAzt(EL n1; 52, 772)

14+ a2 ™P
1
with
. dw dz 2N Y (w)
koG = [ ,
0(J, k) Mo (27.”)2 M0.aw 2 — W wnt1-k Yn(2)
. m—1 n_mT1
A (-)_/ dw / dz  w" (1+4az) 2 (z—a) 2
§1,m\J) = Fow (271)2 I 2 Zn_%l Yn(w)
527772( ) - /I_Oa (27T|)2 /I_Oaz w—z wn—l_l_k _1

(14a2) 2 (z—a) -

Un(w) = (1 4+ aw)™(w — a)n+1



III. LETTING THE SIZE n — o0,
keeping the overlap finite
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Double GUE-minor kernel, as a scaling limit of the double-
Aztec kernel

Take scaling limit:

(size n — oo,
p = fixed overlap of two diamonds,

/2
a=1-— 3y/— = weight of vertical domino’s, with g > 0.
n

\

Scaling of the coordinates ((£,n), =  coordinates (u,y) € Z x R :

§ = 2n — 2u;, n=n++ [yv2n] — 1.

LIMITING KERNEL: Double GUE-Kernel

lim (- a)g(m 772)( /n/ )2(51 SQ)LdoubleAzt(£1’n1 fQﬂ?Q)AnQ

n—oo

= KG>% (u,91; ’uz,yz)dyz



B8 = speed at which a —1

Double GUE-minor kernel, two parameters: .
p = overlap of two diamonds

SKCGUEMINOr(y0 B —y1; uo, B8 — y2)

+ <<ﬂ ~ B k) ABIP (), Bﬁ’;’?‘ﬁ(/\)}

1 1-dGUE . —_
5Kz (u1,y1;u2,¥2) =
>=p

with u; €Z, 1y, €R, MNpeZ



B8 = speed at which a — 1

Double GUE-minor kernel, two parameters: .
p = overlap of two diamonds

1 1-dGUE
5K

. 1 .
6,p (u]_) y]_, 'U;Q, y2) — §]:KGUEl’ﬂll’]Or(,u/

175_?/1; ’UQaB_yz)

+ <(1 .S R A OY) 35’292—5(A)>

/[\

>—p

(Finite rank perturbation of GUE-minor kernel!)

—2¢*+48¢ o
KD r) = 4 / do 7> ez
r(2mi)2J/L w—(¢ e—2w?+4Bw At
2 2
ABY (k) = j'{ d¢ / dw e 296 (v —I—/ d¢ e —2¢(y+28)
v B (27‘(‘|)2 L (—w e—2w2—|-4ﬁw wht1 I 2ri CU_I_K_'_]'
—2¢%44¢B A utA
BOY(N) ;:7{ dgj 2/ dw e : C_ _|_]{ dw. i W |
r(2ri)¢JL (—w e w 2wy w U 2w ew*—2w(y+28)

L:=0T"+iR*
where
[ := circle about O
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In the limit, when size — oo: Continuous interlacing of red and blue dots
for p=5 and 6 = 2.



RN A 7 S S S - } u:p+5with #dots:p+6

g g @ @ @ u=p
- e ¢ o oo
. . o~ o o u  black dots
N o o p — u red dots

—o u=10

u = —0 with #dots =p+0

Y1 Y2 Y3 e e Yp+s
Level v = —9% at a distance - below the overlap:
density of particles is given by: (y = W1, Ypts))
KAGUE p1o —(yz-l-ﬁ)2
det (K35 (0.5 =04) 1 s s ps = CraPots W Bors) TT =
where
(1) (1 \
Y Y
A, ps(y) =det| 07t A,1s(y) i=det |y 1
y° Ps5(8 —vy)
\y0TP1) \ Ps1,-1(8—1))

Y=Y1s-sYp+s Y=Y1,.-,Y,



Define for n > 0

Puy) = Paly) <f/ )-I-Qn L) (ﬁ )

with
1

Qn(y) _polynomlals defined by recursion relation

Lin+1)Qn(®) = yQn_1(¥) + Qn_2(y) with Qo =1 and Q_1 =0



x]. 33'2 x3 .. . .. xp_|_6

o o—h‘ ° o~ o o u=p+ ¢ with #dots =p+ 9
@ @ *—@
° *——o—o ® u=p
L L @ o—©@
" " e o o u  black dots
® = e p — u red dots
L L L L @
— — — — u:O
—@ @ @ @ L @
oo oo S - u = —0§ with #dots =p+ 9
Y1 Y2 Ys R Yp+s

At levels —§ and p+ 6 (below and above the overlap)
joint density of particles at levels is given by:

p+o
P( () {z; € dzy, y; € dy;} | := dady
1

[ (RKISVE(—6, yi; —6,y;)) (LKISVE(—6, yi; p + 6,2))

1<i,5<p+9 1<4,5<p+0

X det

K( KYCVE (p + 6,255 —6, ;) (3KICYE(p + 6,24 p + 6,25) )

1<i,j<p+5 1<i,j<pt5/



] To XT3 .I'p_H;

° ‘_k. ° ? S o u = p+ 0 with #dots =p+ ¢
@ L 2 *—©@
o *—o—o . U =p
— L L *—©
. o e o o u  black dots
® *~—eo —=o p — u red dots
— — — — L 2
S S S > u = O
—e e S e e S
o o P ol o . u = —06 with #dots = p+ 9
Y1 Y2 Yys e yp+5

e T WO level density at levels —9 and p+4 ¢

p+o p+90 5 p+6 5

P ﬂ {x; € dx;, y; €dy;} | =C AQ(X) H e_(xi_ﬁ) Az(y) H e—(yﬁ-ﬁ)

1 1=1 1=1
Vol(C(x,y)) 10

" Vol(e(x))Vol(€(y)) fll deidy;

where Vol(€(x)) = Volume(cone about x = (z1,...,%,45))

“double cone”
Vol(C(x,y)) = V0|ume< about (x,y) )

— 1
R(p+0)(p+0-1)

x<z(_5+1)<...<zp+5_1<y (Z) dz



For real physics application of the generic points of the boundary between
the frozen and the stochastic region, see:

K. A. Takeuchi & M. Sano: Evidence for geometry-dependent universal
fluctuations of the Kardar-Parisi-Zhang interfaces in liquid-crystal turbu-

lence, J. Stat. Phys. 147, 853-890 (2012).

http://dx.doi.org/10.1007/s10955-012-0503-0



