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The group von Neumann algebra

Definition (Murray-von Neumann '43)

I countable group ~» LT the group von Neumann algebra
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The group von Neumann algebra

Definition (Murray-von Neumann '43)

I countable group ~» LT the group von Neumann algebra

o Consider the Hilbert space ¢?(T"), with its canonical
orthonormal basis (64)ser, and denote by B(¢?(T")) the space
of all bounded operators on £2(T).
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The group von Neumann algebra

Definition (Murray-von Neumann '43)
I countable group ~» LT the group von Neumann algebra

o Consider the Hilbert space ¢?(T"), with its canonical
orthonormal basis (64)ser, and denote by B(¢?(T")) the space
of all bounded operators on £2(T).

o Let A: T — B(£?(T")) be the left regular representation of I

Ag(0n) = Agn, for all g,heT.
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I countable group ~» LT the group von Neumann algebra

o Consider the Hilbert space ¢?(T"), with its canonical
orthonormal basis (64)ser, and denote by B(¢?(T")) the space
of all bounded operators on £2(T).

o Let A: T — B(£?(T")) be the left regular representation of I
Ag(0n) = Agn, for all g,heT.

o Then {)\; | g € T} is a self-adjoint subalgebra of B(¢2(T)).
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The group von Neumann algebra

Definition (Murray-von Neumann '43)

I countable group ~» LT the group von Neumann algebra

o Consider the Hilbert space ¢?(T"), with its canonical
orthonormal basis (64)ser, and denote by B(¢?(T")) the space
of all bounded operators on £2(T).

o Let A: T — B(£?(T")) be the left regular representation of I
Ag(0n) = Agn, for all g,heT.

o Then {)\; | g € T} is a self-adjoint subalgebra of B(¢2(T)).

o Define the group von Neumann algebra LT as the weak
closure of {\g | g € T} in B(¢3(I)).
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Properties of LT

o LT is a von Neumann algebra ( a weakly closed, self-adjoint
subalgebra M of B(#) such that 1 € M)
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Properties of LT

o LT is a von Neumann algebra ( a weakly closed, self-adjoint
subalgebra M of B(#) such that 1 € M)

o There exist a trace on LT ( a linear functional 7 on M
satisfying 7(xy) = 7(yx), for all x,y € M), given by

T(x) = (xde, de), for all x € LT.
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Properties of LT

o LT is a von Neumann algebra ( a weakly closed, self-adjoint
subalgebra M of B(#) such that 1 € M)

o There exist a trace on LT ( a linear functional 7 on M
satisfying 7(xy) = 7(yx), for all x,y € M), given by

T(x) = (xde, de), for all x € LT.

o If [ is icc (infinite conjugacy classes), then LT has trivial
center, i.e. it is a factor.
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Properties of LT

o LT is a von Neumann algebra ( a weakly closed, self-adjoint
subalgebra M of B(#) such that 1 € M)

o There exist a trace on LT ( a linear functional 7 on M
satisfying 7(xy) = 7(yx), for all x,y € M), given by

T(x) = (xde, de), for all x € LT.

o If [ is icc (infinite conjugacy classes), then LT has trivial
center, i.e. it is a factor.

I" icc countable group ~~ LT I factor l
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Properties of LT

o LT is a von Neumann algebra ( a weakly closed, self-adjoint
subalgebra M of B(#) such that 1 € M)

o There exist a trace on LT ( a linear functional 7 on M
satisfying 7(xy) = 7(yx), for all x,y € M), given by

T(x) = (xde, de), for all x € LT.

o If [ is icc (infinite conjugacy classes), then LT has trivial
center, i.e. it is a factor.

I" icc countable group ~~ LT I factor |

~» The structure of group ll; factors is largely non-understood.
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Softness vs. Rigidity

~» Our main aim is to classify all the group von Neumann algebras
LT in terms of the group I'.
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Softness vs. Rigidity

~» Our main aim is to classify all the group von Neumann algebras
LT in terms of the group I'.

Does LI "remember” the group I' ? More precisely, if A is a
countable group and LT = LA, does this imply that T = A ?
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~» Our main aim is to classify all the group von Neumann algebras
LT in terms of the group I'.

Does LI "remember” the group I' ? More precisely, if A is a
countable group and LT = LA, does this imply that T = A ?

~> This question leads to two concepts:
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Softness vs. Rigidity

~» Our main aim is to classify all the group von Neumann algebras
LT in terms of the group I'.

Does LI "remember” the group I' ? More precisely, if A is a
countable group and LT = LA, does this imply that T = A ?

~> This question leads to two concepts:

o Softness: LT does not remember the group T.
~ long list of examples
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Softness vs. Rigidity

~» Our main aim is to classify all the group von Neumann algebras
LT in terms of the group I'.

Does LI "remember” the group I' ? More precisely, if A is a
countable group and LT = LA, does this imply that T = A ?

~> This question leads to two concepts:

o Softness: LT does not remember the group T.
~ long list of examples

o Rigidity: LT remembers the group I'.
~> big open problems
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Soft groups - examples

o Connes '76: All LT, for ' icc and amenable, are isomorphic.
(in other words, there exists a unique "amenable” |l; factor)
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Soft groups - examples

o Connes '76: All LT, for ' icc and amenable, are isomorphic.
(in other words, there exists a unique "amenable” |l; factor)

~~Recall: T is amenable if the left regular representation of I has almost
inviariant vectors. (finite groups, abelian groups, solvable groups, etc.)
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Soft groups - examples

o Connes '76: All LT, for ' icc and amenable, are isomorphic.
(in other words, there exists a unique "amenable” |l; factor)

o Dykema '93: If I'y,..., [, are infinite amenable (n > 2), then
LF, =Ly *...x,).
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o Connes '76: All LT, for ' icc and amenable, are isomorphic.
(in other words, there exists a unique "amenable” |l; factor)

o Dykema '93: If I'y,..., [, are infinite amenable (n > 2), then
LF, =Ly *...x,).

o loana '06: All L(F,Z), n > 2, are isomorphic.

Mihai Berbec, KU Leuven W™ _superrigidity for left-right wreath products



Soft groups - examples

o Connes '76: All LT, for ' icc and amenable, are isomorphic.
(in other words, there exists a unique "amenable” |l; factor)

o Dykema '93: If I'y,..., [, are infinite amenable (n > 2), then
LF, =Ly *...x,).

o loana '06: All L(F,Z), n > 2, are isomorphic.

~ Recall: the wreath product H T is defined as H T = H(D % T.
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Soft groups - examples

o Connes '76: All LT, for ' icc and amenable, are isomorphic.
(in other words, there exists a unique "amenable” |l; factor)

o Dykema '93: If I'y,..., [, are infinite amenable (n > 2), then
LF, =Ly *...x,).

o loana '06: All L(F,Z), n > 2, are isomorphic.

o Bowen '09: All L(H F3), for H non-trivial abelian, are
isomorphic.
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Soft groups - examples

o Connes '76: All LT, for ' icc and amenable, are isomorphic.
(in other words, there exists a unique "amenable” |l; factor)

o Dykema '93: If I'y,..., [, are infinite amenable (n > 2), then
LF, =Ly *...x,).

o loana '06: All L(F,Z), n > 2, are isomorphic.

o Bowen '09: All L(H F3), for H non-trivial abelian, are
isomorphic.

o loana-Popa-Vaes '10: There exist infinitely many
non-isomorphic groups A such that LA = L(Z/27 1 PSL(n,Z))
(n>2).
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Rigid groups - big open problems

Open problem (Murray-von Neumann '43)

Are the free group factors LIF,, isomorphic for different n > 2 7
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Rigid groups - big open problems

Open problem (Murray-von Neumann '43)

Are the free group factors LIF,, isomorphic for different n > 2 7

~~ They are either all isomorphic or all non-isomorphic (cf.
Voiculescu, Radulescu, Dykema).

Mihai Berbec, KU Leuven W™ _superrigidity for left-right wreath products



Rigid groups - big open problems

Open problem (Murray-von Neumann '43)

Are the free group factors LIF,, isomorphic for different n > 2 7

~~ They are either all isomorphic or all non-isomorphic (cf.
Voiculescu, Radulescu, Dykema).

Connes’ rigidity conjecture '80

If T and A are icc, property (T) and LT = LA, then I = A.
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Rigid groups - big open problems

Open problem (Murray-von Neumann '43)

Are the free group factors LIF,, isomorphic for different n > 2 7

~~ They are either all isomorphic or all non-isomorphic (cf.
Voiculescu, Radulescu, Dykema).

Connes' rigidity conjecture '80

If I and A are icc, property (T) and LT = LA, then I = A.

~ Recall: T has Kazhdan's property (T) if the following holds: if 7 is a unitary
representation of I' that has almost invariant vectors, then m must have a
nonzero invariant vector - opposite to amenability ! (e.g. finite groups, SL(n, Z)
(n > 3), (lattices in) Sp(n,1) (n > 2), simple Lie groups with higher rank )
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Rigid groups - big open problems

Open problem (Murray-von Neumann '43)
Are the free group factors LIF,, isomorphic for different n > 2 7

~~ They are either all isomorphic or all non-isomorphic (cf.
Voiculescu, Radulescu, Dykema).

Connes’ rigidity conjecture '80

If T and A are icc, property (T) and LT = LA, then I = A.

~ It suffices to consider icc and property (T) only for the group T.
(Connes-Jones '85)
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W*-superrigid groups

Definition (loana- Popa-Vaes '10)

The group I is called W*-superrigid if the following holds:
whenever 7w : LA — LT is an isomorphism, for some group A, there
exists a group isomorphism A — [ that implements 7.
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W*-superrigid groups

Definition (loana- Popa-Vaes '10)

The group I is called W*-superrigid if the following holds:
whenever 7w : LA — LT is an isomorphism, for some group A, there
exists a group isomorphism A — [ that implements 7.

~> loana-Popa-Vaes '10: First examples of W*-superrigid groups !
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W*-superrigid groups

Definition (loana- Popa-Vaes '10)

The group T is called W*-superrigid if the following holds:
whenever 7w : LA — LT is an isomorphism, for some group A, there
exists a group isomorphism A — [ that implements 7.

Theorem (IPV '10)

Let o be a non-amenable group. Consider

(!
r— (%> % (To2Z), where | = (To2 Z)/Z =T§.

Then I is W*-superrigid.
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W*-superrigid groups

Theorem (B-Vaes '12)
Let I' be one of the following groups:

@ an icc hyperbolic group,
@ a lattice in SO(n, 1), SU(n, 1) or Sp(n, 1),
@ a free product 'y x [y, with |['1| > 2 and |[2| > 3.

Consider the left-right multiplication action of ' x I' on I" and
define the wreath product G = (Z/2Z)(") x (T x I).
Then G is W*-superrigid.
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W*-superrigid groups

Theorem (B-Vaes '12)
Let I' be one of the following groups:

@ an icc hyperbolic group,
@ a lattice in SO(n, 1), SU(n, 1) or Sp(n, 1),
@ a free product 'y x [y, with |['1| > 2 and |[2| > 3.

Consider the left-right multiplication action of ' x I' on I" and
define the wreath product G = (Z/2Z)(") x (T x I).
Then G is W*-superrigid.

~» The same result holds for: (work in progress)
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W*-superrigid groups

Theorem (B-Vaes '12)
Let I' be one of the following groups:

@ an icc hyperbolic group,
@ a lattice in SO(n, 1), SU(n, 1) or Sp(n, 1),
@ a free product 'y x [y, with |['1| > 2 and |[2| > 3.

Consider the left-right multiplication action of ' x I' on I" and
define the wreath product G = (Z/2Z)(") x (T x I).
Then G is W*-superrigid.

~» The same result holds for: (work in progress)

o I in a large class of amalgamated free products and HNN extensions
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W*-superrigid groups

Theorem (B-Vaes '12)
Let I' be one of the following groups:

@ an icc hyperbolic group,
@ a lattice in SO(n, 1), SU(n, 1) or Sp(n, 1),
@ a free product 'y x [y, with |['1| > 2 and |[2| > 3.

Consider the left-right multiplication action of ' x I' on I" and
define the wreath product G = (Z/2Z)(") x (T x I).
Then G is W*-superrigid.

~» The same result holds for: (work in progress)
o I in a large class of amalgamated free products and HNN extensions

o T weakly amenable and having positive first L?-Betti number
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W*-superrigid groups

Theorem (B-Vaes '12)
Let I' be one of the following groups:

@ an icc hyperbolic group,
@ a lattice in SO(n, 1), SU(n, 1) or Sp(n, 1),
@ a free product 'y % Iy, with [[1] > 2 and || > 3.

Consider the left-right multiplication action of ' x I' on I" and
define the wreath product G = (Z/2Z)(") x (T x I).
Then G is W*-superrigid.

~» The same result holds for: (work in progress)
o I in a large class of amalgamated free products and HNN extensions
o T weakly amenable and having positive first L?-Betti number

~ but it is not true, in general, for any non-amenable group (e.g. for

I'=TF> x S(00), LG is a McDuff factor).
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Strategy of the proof (loana-Popa-Vaes)

Recall our setting:
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Strategy of the proof (loana-Popa-Vaes)

Recall our setting:
~» [ countable group and I' X ' ~ [ by left-right multiplication
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Strategy of the proof (loana-Popa-Vaes)

Recall our setting:
~» [ countable group and I' x ' ~ [ by left-right multiplication
v G =HD 5 (I xT), where H=17/2Z, M :=LG
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Strategy of the proof (loana-Popa-Vaes)

Recall our setting:

~~ I countable group and I' X ' ~ I by left-right multiplication
~ G =HD % ([ xT), where H=7/2Z, M := LG

Crucial remark: we can write M as a crossed product

M= L(HD) % (M xT)
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Strategy of the proof (loana-Popa-Vaes)

Recall our setting:
~~ I countable group and I' X ' ~ I by left-right multiplication
~ G =HD % ([ xT), where H=7/2Z, M := LG

Crucial remark: we can write M as a crossed product
M= L®(HD) % (M xT)

In general, given a measure preserving action of [ on a probability space
(X, i), we can define a von Neumann algebra L*°(X, u) x I as follows:
(Murray-von Neumann '43)
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Strategy of the proof (loana-Popa-Vaes)

Recall our setting:
~~ I countable group and I' X ' ~ I by left-right multiplication
~ G =HD % ([ xT), where H=7/2Z, M := LG

Crucial remark: we can write M as a crossed product
M= L®(HD) % (M xT)

In general, given a measure preserving action of [ on a probability space
(X, i), we can define a von Neumann algebra L*°(X, u) x I as follows:
(Murray-von Neumann '43)

— consider the action ' ~ L*°(X, u) given by ' ~ (X, p)
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Strategy of the proof (loana-Popa-Vaes)

Recall our setting:
~~ I countable group and I' X ' ~ I by left-right multiplication
~ G =HD % ([ xT), where H=7/2Z, M := LG

Crucial remark: we can write M as a crossed product
M= L®(HD) % (M xT)

In general, given a measure preserving action of [ on a probability space
(X, i), we can define a von Neumann algebra L*°(X, u) x I as follows:
(Murray-von Neumann '43)

— consider the action ' ~ L*°(X, u) given by ' ~ (X, p)
— represent both I and L°(X, 11) on the same Hilbert space L*(X, 1) ® £*(I")
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Strategy of the proof (loana-Popa-Vaes)

Recall our setting:
~~ I countable group and I' X ' ~ I by left-right multiplication
~ G =HD % ([ xT), where H=7/2Z, M := LG

Crucial remark: we can write M as a crossed product
M= L®(HD) % (M xT)

In general, given a measure preserving action of [ on a probability space
(X, i), we can define a von Neumann algebra L*°(X, u) x I as follows:
(Murray-von Neumann '43)

— consider the action ' ~ L*°(X, u) given by ' ~ (X, p)
— represent both I and L°(X, 11) on the same Hilbert space L*(X, 1) ® £*(I")

FAL(X, 1) ® (T) by ug(€@6h) = g€ D bgn
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Strategy of the proof (loana-Popa-Vaes)

Recall our setting:
~~ I countable group and I' X ' ~ I by left-right multiplication
~ G =HD % ([ xT), where H=7/2Z, M := LG

Crucial remark: we can write M as a crossed product
M= L®(HD) % (M xT)

In general, given a measure preserving action of [ on a probability space
(X, i), we can define a von Neumann algebra L*°(X, u) x I as follows:
(Murray-von Neumann '43)

— consider the action ' ~ L*°(X, u) given by ' ~ (X, p)
— represent both I and L°(X, 11) on the same Hilbert space L*(X, 1) ® £*(I")

FAL(X, 1) ® (T) by ug(€@6h) = g€ D bgn

L(X, 1) ~ LA(X, ) @ £(T) by F(£®6h) = FE® 6
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Strategy of the proof (loana-Popa-Vaes)

Recall our setting:
~~ I countable group and I' X ' ~ I by left-right multiplication
~ G =HD % ([ xT), where H=7/2Z, M := LG

Crucial remark: we can write M as a crossed product

M= L®(HD) % (M xT)

In general, given a measure preserving action of [ on a probability space
(X, i), we can define a von Neumann algebra L*°(X, u) x I as follows:
(Murray-von Neumann '43)

— consider the action ' ~ L*°(X, u) given by ' ~ (X, p)
— represent both I and L°(X, 11) on the same Hilbert space L*(X, 1) ® £*(I")

FAL(X, 1) ® (T) by ug(€@6h) = g€ D bgn

L(X, 1) ~ LA(X, ) @ £(T) by F(£®6h) = FE® 6

— define L°°(X, ) x T to be the weak closure of the linear span of
{Fug | g €T, F € L™(X,p)}
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Strategy of the proof (loana-Popa-Vaes)

Recall our setting:

~» [ countable group and I' x ' ~ [ by left-right multiplication
s G =HD % (I'xT), where H=7/2Z, M :=LG

~s M2 Ax (T xT), where A=L*(H®") is abelian
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Strategy of the proof (loana-Popa-Vaes)

Recall our setting:

~» [ countable group and I' x ' ~ [ by left-right multiplication
s G =HD % (I'xT), where H=7/2Z, M :=LG

~s M2 Ax (T xT), where A=L*(H®") is abelian

Assume now that M = LA, for an arbitrary countable group A, and
define the comultiplication associated to A by

Ap LA = LAR LA, A(vs) = vs ® v, for all s € A

(here (vs)sen denote the generating unitaries of LA)
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Strategy of the proof (loana-Popa-Vaes)

Recall our setting:

~» [ countable group and ' x ' ~ [ by left-right multiplication
s G =HD % (I'xT), where H=7/2Z, M :=LG

~s M2 Ax (T xT), where A=L*(H®") is abelian

Assume now that M = LA, for an arbitrary countable group A, and
define the comultiplication associated to A by

Ap LA = LAR LA, A(vs) = vs ® v, for all s € A

(here (vs)sen denote the generating unitaries of L A)

Similarly, we can define the comultiplication Ag : M — M&@M
associated to G:

Ag(ug) = ug ® ug, for all g € G.
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Strategy of the proof

o We start with M = L G and we associate an embedding
Ap : M — M®M to this " mysterious” group von Neumann
algebra decomposition M =2 L A.
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Strategy of the proof

o We start with M = L G and we associate an embedding
Ap : M — M®M to this " mysterious” group von Neumann
algebra decomposition M =2 L A.

o We analyze how Ap relates with the original structure of
M = LG and with the similar embedding Ag. Ildeally, we
prove that Ap and Ag are unitarily conjugate:

Ap(x) = QAg(x)Q*, for all x € M,

where Q is a unitary in M@M.
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Strategy of the proof

o We start with M = L G and we associate an embedding
Ap : M — M®M to this " mysterious” group von Neumann
algebra decomposition M =2 L A.

o We analyze how Ap relates with the original structure of
M = LG and with the similar embedding Ag. Ildeally, we
prove that Ap and Ag are unitarily conjugate:

Ap(x) = QAg(x)Q*, for all x € M,

where Q is a unitary in M@M.

o This unitary Q turns out to be a "symmetric dual 2-cocycle”,
i.e.
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Strategy of the proof

o We start with M = L G and we associate an embedding
Ap : M — M®M to this " mysterious” group von Neumann
algebra decomposition M =2 L A.

o We analyze how Ap relates with the original structure of
M = LG and with the similar embedding Ag. Ildeally, we
prove that Ap and Ag are unitarily conjugate:

Ap(x) = QAg(x)Q*, for all x € M,

where Q is a unitary in M@M.

o This unitary Q turns out to be a "symmetric dual 2-cocycle”,
i.e.

(A®id)(Q)(Q2®1) = (id®A)(Q2)(1xQ),
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Strategy of the proof

o We start with M = L G and we associate an embedding
Ap : M — M®M to this " mysterious” group von Neumann
algebra decomposition M =2 L A.

o We analyze how Ap relates with the original structure of
M = LG and with the similar embedding Ag. Ildeally, we
prove that Ap and Ag are unitarily conjugate:

Ap(x) = QAg(x)Q*, for all x € M,

where Q is a unitary in M@M.

o This unitary Q turns out to be a "symmetric dual 2-cocycle”,
i.e.

(A®id)(Q)(Q2®1) = (id®A)(Q2)(1xQ),

o(Q) =Q (o = the flip).
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Strategy of the proof

o Applying a vanishing of the 2-cohomology result, it follows
that Q is actually a coboundary:

Mihai Berbec, KU Leuven W*_superrigidity for left-right wreath products



Strategy of the proof

o Applying a vanishing of the 2-cohomology result, it follows
that Q is actually a coboundary:

Q= A(w)*(w ® w), for some w € U(M).
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Strategy of the proof

o Applying a vanishing of the 2-cohomology result, it follows
that Q is actually a coboundary:

Q= A(w)*(w ® w), for some w € U(M).

o Finally, we find a character w : A — T and a group
isomorphism § : A — G such that

w(s)vs = wusw”, for all s € A,
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Strategy of the proof

o Applying a vanishing of the 2-cohomology result, it follows
that Q is actually a coboundary:

Q= A(w)*(w ® w), for some w € U(M).

o Finally, we find a character w : A — T and a group
isomorphism § : A — G such that

w(s)vs = wusw”, for all s € A,

which exactly says that A = G and this isomorphism
implements the isomorphism LA = L G.
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