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Three Dimensional Compounds
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FIG. 8. (Color online) Schematic representation of the band
structure of Bi;  Sb,, which evolves from semimetallic behav-
ior for x<<0.07 to semiconducting behavior for 0.07<x <0.22
and back to semimetallic behavior for x>(.18. The conduction
and valence bands L, , invert at x ~0.04.
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The Diamond Lattice




The Diamond Lattice

G. LemaN, J. Friepkr, [. Appl. Phys., 33, (1962), 281-285

e Projecting Z* onto R perpendicular to f = 1/2(1,1,1,1):
each patch {m, m + e, m + ey, m + e3,m + e4} projects as a

reqular tetrahedron

elfi€{0,1,2,3} then

( 1 )
O; = m€Z4;Zma=i>
y a=1 )

Then keep only the points in &y U &;
oem e &y © m+ey € &1 gives the staggering between tetrahedra.



Chemical Bonds

G. LemaN, J. Friepkr, [. Appl. Phys., 33, (1962), 281-285

e Each atom has 4-valence electrons in orbitals s, py, py, pz with
same energy.

e Each such orbital is a vector in a Hilbert space = C*.

e Using the Z, Fourier transform gives four linear combinations
with the symmetry of the tetrahedron. The electron density points
in space in the four directions of the tetrahedron.

e Hach valence state creates aband in the lattice. The spins double
their number, thus 8-bands

e Adding the e — e interaction onsite leads to splitting of levels =
creates a gap between 4-valence and 4-conduction bands.



Spin-Otbit Coupling

E. U. Conpon, G. H. SnorrLey, The Theory of Atomic Spectra, Cambridge University Press (1935)

e The electron rotation around a nucleus creates a magnetic field
which interact with its own spin (spin-orbit coupling)

e Relativistic corrections gives the spin-orbit energy

ug 1 U(r)

- I.S
fimeec? v Or

Hso —

— L is the angular momentum, S is the spin
— U(r) is the radial potential seen by the electron.

— ug=Bohr magneton, m,=electron mass, e=electron charge,
c=speed of light.



Spin-Otbit Coupling

R. Winkver, Spin-Orbit Coupling Effects in Two-Dimensional Electron and Hole Systems, Springer, (2003)

1 If the diamond lattice is
A, |= .
E&Z-Lﬁ ]“‘_\ C shared by two atomic
[ plC species, the point symme-
E’ J try between the two sub-
E\—Z F =" lattices 1s broken. Then the
E, Q Y spin-orbit interaction creates
4 A a band splitting




-THE Zy-INVARIANT
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Real Hilbert Spaces

e A Hilbert space can be seen as a real Hilbert space H equipped
with a real linear operator | such that

Jl=1"=—] (f19)e = (f19x + 1 f19)x

e Then C acts throughz=x+1y > x+ Jy
e A C-linear operator A is an R-linear map such that A] = JA.

o Complex conjugacy is given by an IR-linear map C such that
C=C1=C",CJ+]JC =0. Then any f € H can be uniquely
written as f = fy + [f; with Cf; = f;



Time Reversal Symmetry

e For the time dependent Schrodinger equation the time-reversal
symmetry is given by C:

N K2 VNN -
zhg——%A¢+V¢ = —zhg——%A¢+V¢

e For the relativistic Dirac equation the time-reversal symmetry is
given by an operator ® such that ® = —1. The same occurs
for spin-orbit coupling.

e In the real version of Hilbert spaces this gives two R-linear map
J, © such that (Clifford Algebra)

leff=—] ©120"2-0@ O]+]0=0



Kramets Degeneracy

e Let H = H" be a time-reversal symmetric selftadjoint operator. In
the real version then H is an R-linear map on H commuting

with both |, ©.

o If f € Hisancigenstateof H,namely Hf = Ef,then HOf = EOf
is another one.

e However (Of|f)c = 0. Since ||f|| = [|@f]|, it follows that every
eigenvalue is fwice degenerate.



Momentum Space

e [f the Hamiltonian is periodic on the diamond lattice, Bloch
theory implies that it can be seen as a k-dependent 8 X 8-matrix
with k € B ~ T3. Matrix indices label the 8-orbitals close to the

Fermi level.

o Time reversal symmetry implies

OH((k)®~! = H(-k)

e Let A be the set of points in the Brillouin zone such that k = —«.

e At each point k € A, the matrix H(k) commutes with © and its
eigenstates are Kramers-degenerate.



The Z,-index

e Each occupied band, labelled by m, is given by a Bloch function
um(k) with values in the Hilbert space H. Let

Wm,n(k) = (um(k)|Ouy(=k))

e W(k) is unitary and W' (k) = —W(=k). In particular it is antisym-
metric at points of A.

(Smoothness is required | The u,,(k) must be time-reversal "compatible” !)

e Then the Zy-index v € Z, is defined by

, def P{{W (k)]
(-1)" = \ |
A \/det(W(k))



Edge States

e [n experiments, a spin-polarized current is protected on the edges
of the quantum well. This edge is 1D.

e Truncated space along the edge leads to new eigenstates in the
Fermi gap. The corresponding eigenfunction are localized on the
edges. If the edge is a straight line, the periodicity along the
edge allows to use Bloch theory with k € T.

E |(a) Conduction Band E| () ConductionBand
! ! Edge states are doubly degenerate on A.
E £ : .
FQ " The parity of the number of states with
« Valence Band| Valence Band | = energy EF Is gtven by 4
Fa K —— Fb Fa Kk —— Fb



Disordered Case: Numerical Results
E. PropaN, B. Leung, Phys. Rev. B, 85, 205136, (2012)
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FIG. 5. (Color online) The upper panels show the Z, invariant computed along the path (1) of Fig. 4 on an 8 x8x8 unit-cell lattice via
twisted boundary conditions. The dimension of the occupied space was slowly reduced from 1024 to 124, as indicated in the figure. For each
&z, the calculation was repeated for 10 random disorder configurations and the output is shown by the full dots, exactly how it occurs in the
actual calculation. The percentages of the £: = £1 occurrences are displayed in each panel. The lower panel shows the variance of the level
spacings for W = 300 meV, and the averaged Fermi levels (see the vertical lines) corresponding to each Z, calculation.



Open Problems

e |s the definition of v amenable to an index theory valid also for
disordered systems ?

e Atiyah-Singer developed a Z,-index theory for antisymmetric
Fredholm operators. Is v equal to such an index ?



[V - MAGNETO-ELECTRIC RESPONGE




Main References

Periodic Case:
R. D. Kine-Smrth, D. VanpersiLt, Phys. Rev. B, 47, (1993), 1651-1654

X.L.Qr, T. L. Hucres, S. C. Znang, Phys. Rev. B, 78, (2008), 195424

A.M. Essiv, . E. Moorg, D. VanpersiLr, Phys. Rev. Lett., 102, (2009), 146805

A. M. EssiN, A. M. TurnER, J. E. Moorg, D. VanpersiLr, Phys. Rev. B, 81, (2010), 205104
A.Marasuevicy, I Souza, S. Cos, D. Vanpersiet, New |. Phys., 12, (2010), 053032

Disordered Case:
B. Leung, E. PropaN, |. Phys. A: Math. and Theor., 46, (2013), 085205

H. Scrurz-Bavpes, S. Teurer, Comm. Math. Phys., 319, (2013), 649-681

E. Propan, B. Leun, J. BeLLissarp, “The non-commutative nth-Chern number (1 > 1)”, (in preparation), (2013)



Magneto-Electric Response Coefficient

e The magnetization M induced by the electronic orbital motion
induced by a small electric field E is given to lowest order by the
response coefficient at zero magnetic field B

oM,
Y1 = JE;

B=0

e Equivalently the electric polarization P of the orbital motion
induced by a small magnetic field is also given by the same
coetficient

IP;

é)B]' F=0

OCZ']'



Magneto-Electric Response Coefficient

e For a periodic 3D-insulator, with Bloch functions u,(k) rep-
resenting the occupied bands let &Z(’]f”” be the Berry connection

defined by
AT K) = um(k)|— un(k)>

e Then the tracial part is given by (i, Hughes, Zhang ‘06)

2
—lﬂiﬂjﬂl]

3
def 1 1 3, il .
6 = 520(11—% ]Bd ke Tr[ﬂﬂ]ﬂl—fs

e The r.h.s. is a topological invariant called the Chern-Simons
action.



Polarization

e There is a problem in defining unambiguously the electric polar-
ization of a solid.

e However the change of the polarization under an adiabatic evo-
lution can be defined through perturbation theory
(King-Smith & Vanderbilt 93). (Ex.: piezoelectric, magnetoelectric response)

e The adiabatic variation of the polarization is given by

g_l/z =Tp [p(/\) _)(/\)] —)(/\) =1 [H(/\), )_()] (charge current)

where p(A) is the adiabatic evolution of the density matrix defin-
ing the quantum state of the system.



Polarization

elet A € [0,1] —» H(A) be a smooth adiabatic evolution of the
Hamiltonian. It will be assumed that a spectral gap persists
along the way at the Fermi level and that p(A = 0) = P;.

e The adiabatic evolution is driven by

dp B
et = [HQ), p()] €10

e Then (King-Smith & Vanderbilt ‘83, Schulz-Baldes & Teufel ‘13)

1 5 1
AP = fo A g—i = fO dA To (Pe(A) [92Pe(A), VPH(A)|) + O€™)



Magnetization

¢ A similar formula can be established for the 3D-magnetization
9
M at zero temperature (sciuzBaldes & Teufel '13)

1 ek

2

M; = ——T(|Es — HI [9;Ps, 9P |)

e The previous formula holds also if the Fermi level belongs to a
mobility gap, namely if Pr € § is Sobolev (scuuiz-Baldes & Teufe1 13).



Magneto-Electric Response Coefficient

e Differentiating the polarization w.r.t. to the magnetic field can
be done using a It0 derivative dg acting on the observable algebra

(JB “88)

o It giveS (Leung & Prodan '13)

1
0

A=1
A=0

e Here A is introduced as a fourth dimension and then

3
df = dfdd + Y difdk,
=1



Magneto-Electric Response Coefficient

e If y is adiabatic smooth paths in the the Hamiltonian space, let ©y
be the path obtained in the Hamiltonian space by time-reversal
symmetry. Then y — ©y is a loop in the Hamiltonian space.

e The magneto-electric response is then given by (i, Hughes, Zang ‘06,
Leung & Prodan “13)

Y=oV

e This formula is still valid provided Pr belongs to the Sobolev
Space (W2’4(ﬂ, T]p) (Leung, Prodan, JB ‘13)

> 1/2
W2AA, T7) = {A e A; TollAP) + (VA1) < oo}



Sobolev Norm & Localization
e The expression
- 1/4
(u(En) = (9PiY)

has the dimension of a length and can be seen as a milder version
of the localization length at the Fermi level.

e Theorem [n the case of strong enough independent disorder at each
lattice site, the Aizenman-Molcanov technique apply to prove that

£4(Er) is finite so that Py € W44



Conclusion

o the second Chern number Chy(Pr) is an integer. (Connes ‘s3)

o The magneto-electric response AO(y — ©Oy) at zero magnetic field
along an adiabatic loop of the Hamiltonian, is quantized and is given
by half the second Chern number of the Fermi projection.

o AO(y — ©Oy) is either an integer or half an integer; both character
survive in the limit of zero magnetic field, namely for topological
insulators with non trivial Zy invariant there are loops for which
AO(y — ©Oy) is half an integer.

e This quantization survives if the solid is disordered whenever the
Fermi level belongs to a mobility gap.



Thanks for listening !



