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Cartesian Closed Categories

Two approaches for a cartesian 1-category C to be closed

Objectwise: () x Y has a right adjoint, for all Y, denoted (—)Y

As a bifunctor: CPx C 1) € st C(X x Y, 2) = C(X,[Y, 2])

In [N 2020], we showed Y is lax exponentiable in D iff it is
exponentiable in Dg, for “glueing categories” D, with examples
Cat, Pos, Loc, and Top, so Cat and Pos are objectwise lax cc

We'll see that the two approaches differ for double categories
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Double Categories

A double category D is a pseudo internal category in CAT

o s
D4 XDg Di —=D=<id*— Do
t

Objects X of Dg, called objects of D

Morphisms X1y of Do, called horizontal morphisms of D

Objects Xs —> X; of Dy, called vertical morphism of D

Xs =Y,
Morphisms u} ¢ }v of Dy, called cells of D
Xt ? Yt
t



Examples
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Span: sets, functions, spans, X=—fr>Y t
N N
Xt T> Ye

Note: Also Span(D) and Cosp(D), for D with pbs and pos, resp.

Cat: categories, functors, profunctors, uiv(fs,ft)

Q-Rel: sets, functions, Q-valued relations, u < v(fs,f;)

for a quantale Q, where X; x X; = Q

Note: Rel = 2-Rel



Lax Functors

A lax functor F: D —E consists of functors Fy: Dg — Eg and
F1: D1 —E; compatible with s and t, and cells

id;—'oX — Fl(idk) and Fu® FRu— Fl(lj ® u)
satisfying naturality and coherence conditions
LxDbl denotes the 2-category double categories and lax functors

Oplax and pseudo functors are defined with the cells in the
opposite direction and invertible, respectively

Definition (A 18)

D is called lax cartesian (AKA pre-cartesian) if the pseudo functors
A:D—D x D and!: D—1 have right adoints x and 1 in
LxDbl; and D is called cartesian if x and 1 are pseudo functors



Lax Cartesian Closed Double Categories

Definition
A lax cartesian double category D is lax cartesian closed if there
is a lax functor [—, —] : D°? x D — D with natural bijections

Do(X x Y,Z) = Do(X,[Y,Z]) and Dy(u x v,w) = D1(u, [v, w])

Note: x and [—, —] are compatible with s and t, being lax functors

Theorem

Suppose D is cartesian a double category. Then D is lax cartesian
closed if and only if Dy and D1 are cartesian closed categories
satisfying s[v,w] = Z;"* and t[v,w] = Z,"*

Proof.
(=) Clear
(<) To show [—, —] is lax, use x oplax and the unit ¢

O



Examples

Span is lax cartesian closed via [Y, Z]o = ZY and [v, w]; given by

Ye os
Zs Vs Ys 7 Zs
[v, w] where [v,w]=(Y—=0e>Z \ﬂg
z) Ve Z
Since
X f, 2 Ys
exve s X Ys — Zs " Xs Z,
e z 7
XXY—f—=2Z__ — X —f—[v,w]
ug X vt Xt v Yt f Zt ut Xt f Zth

Note: Also, Span(D), for cartesian closed D with equalizers



Examples, cont.

Cosp is not lax cartesian closed, since s[v, w] # ZY5; as Cosp, is a
presheaf topos and one can show elements of [v, w]s correspond to

S

) —— Z;

We'll see Cosp is “objectwise” lax cartesian closed

Cat is lax cartesian closed via [Y, Z]o = Z" in Catg and

Y, > Z,

[v, w1(0s, 0¢) = i © tw
Yt7t>Zt



Examples, cont.

Q-Rel is lax cartesian closed, when @ is a locale, via
(u x V) (x5, ¥5), (e, y2)) = u(xs, xe) A v(ys, ye)
with [Y, Z]o = ZY in Sets and [v, w]y: Z)* > Z}* given by
[v, wli(0s, 0¢) = Ay, ) (V(¥ss ) = w(osys, oeyt))

defined using — in the locale Q

Then
X, x Y. 2 Z, X, oz
uxvi < iw RN ut < $[V,W]1
Xe x Ye 7 Ze X: - z\

asuxv < w(fs—, =) iffu SA( v(Ys, ¥e) = w(fs(—, ¥s), ft(_>)/t)))'
for all (ys, yt), iff u < [v, w]i(fs, f)



Objectwise Lax Cartesian Closed Double Categories

Definition
A double category D is called objectwise lax cartesian closed if
(=) x Y: D—D exists and has a right adjoint in LxDbl, for all Y

Note: Cat, Span(D), and Q-Rel are examples, for D, Q as above,
since lax cartesian closed implies objectwise lax cartesian closed

Cosp(D) is objectwise lax cartesian closed, for D a cartesian closed
category with pushouts, since

XsxY L=z Xo—szY

USXY\ § Us \s
XXY —f~27Z <+ " X —p—=>27Y

ut><Y/1 /Wft / /Y

XtX Y?Zt Xtﬁzty e



Lax Locally Cartesian Closed Double Categories

Definition
D is called lax locally cartesian closed if every double slice D//B, is
lax cartesian closed, where

(D//B)o = Do/B and (D//B)y = Dy /id
e Cat is not, since (Cat//2); = Cat/(2 x 2)

e Span(D) is lax locally cartesian closed, if D has pbs and is
locally cartesian closed, since Span(D)//B ~ Span(D/B)

e -Rel is lax locally cartesian closed, if @ is a locale, since
Q-Rel//B ~ (B*Q)-Rel(Sets/B)

where B*Q is an internal locale in the topos Sets/B
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