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Definition

In groups

In Lie algebras

Let A, B, C' be subobjects of X. We say that X is a ternary
semidirect product of A, B, C' it

O must satisty

« X is the join of A, B and C' in its lattice of subobjects: e, 1/)
« Aand AV B are normal in C; e, Ibb)
d(cc, b)

« ANBand (AV B) A C are trivial.
In groups [1] and Lie algebras 2], these semidirect products
are determined by

e actionsC B, C ~ Aand B ~ A.
« o function ®: ' x B — A.

Properties

A ternary semidirect product may be seen as :
an object of the form (A x B) x C' with A normal;

PB

a lifting of the short exact sequence A 2 A x B in Acto(C).

________

SB

e a K-split epimorphism X — B x C in Ptg(C), whose kernel (in C) is A.

a pushforward in C:

q¢

C+ B BxC

X B xC

0

0 Kl|gc.B|

g

A

0 0

L4

Thus for every ternary semidirect product, we have an action (C' + B)pA — A and a
(C' 4+ B)-equivariant morphism ¢: K|qcp] — A.

Main result

Theorem. A ternary semidirect product A, B, C' is determined by
e actions (C'+ B)pbA — A and ChB — B

e a (C + B)-equivariant morphism K|qc g —— A
such that the following diagram commutes:
(Klge.s] % (C+ B)hA (' + B)pA
(ox(C+B))PHA G+B
(A (C+ B))pA N A,

Moreover, the semai-direct product of A, B, C' can be constructed as a colimit.

Action by a semidirect product

A composition of two split epimorphisms

Ax(BxC)

pc

q
—  Bx(C

t SC

C

gives a split epimorphism in Pto(C). Thus we have
Pth]C(C) ~ Pt(BNC,pC,SC)(PtC(C))a

or equivalently

ACtBNC(C) ~ ACt(B7§)(ACtC(C))

Furthermore, X is then a ternary semidirect product, with
Ax(Bx(C)~(AxB)xC.

Thus a ternary semidirect product (A x B) x C corresponds to a split extension in Acto(C)
(and is then isomorphic to A x (B x C)) if and only if ¢ = 0.

Algebraically coherent categories

By contrast with the cases of groups and Lie algebras, in a semi-abelian category C an
action of C'+ B on A is not necessarily equivalent to a pair of actions of C' and B on A.

Definition (|3|). A semi-abelian category is algebraically coherent if for every C' the
functor Cb__ preserve jointly strongly epimorphic pairs of morphisms.

In particular, if C is algebraically coherent then an action Ch(Ax B) — A x B is determined
by its restriction to ChA and ChB.

O must satisty

1 = &(1,b) O(c, [b,0]) = "D(c, b)) — "d(c, b)

d(c,b) Vd(c, ) ([c, ], b) = “D(c, b) + B(c,“b) — “D(c, b) — D(c, D)
“D(c, b)d(c, D) “(ta) = [®(c, b), a] + Va + "(‘a).

P(c, b) <Cb)(COL) The action of C' on A x B is then defined by

The action of C' on A x B is then defined by
“(a,b) = (‘a®(c,b), D),

“(a,b) = (‘a + ®(c, b), D)

Algebraically coherent categories (cont.)

There exists a natural morphism (CbB)b(ChA) —

e a regular epimorphism iff C is algebraically coherent

(C'+ B)»A which is

« an isomorphism if C is locally algebraically cartesian closed.

As a consequence, given actions £%, €5 and £5 and an equivariant morphism K[qo ] — A,
we can consider the outer rectangle in the diagram

P (BP(ChA) A BhA
| -
Ch(BbA) (C + B)A X
Ches ‘ I
ChA . S A

We then also have a diagram

P N (ChBH(ChA) —"— CHB + ChA
| -
Ch(BbA) (C+ B)pHA - Cb(B+ A) [¥.jagi]
vl | (57|
ChA < A i Ax B

and thus an induced map Cb(A x B) - A x B.

LACC categories

When C is LACC [4], v is an isomorphism, so that we have a morphism Cb(BpA) —
(ChB)b(ChA). The condition to define the action of C' on A x B is then simply

DL ohA

\&2
%

(COBP(CHA) — (A x B)pA

&4

Ch(BbA)

A

For the case ¢ = 0, this becomes

Ch(BhA)

l NG
e

A (ChB)(CHA)
|
Bb(ChA)

Bhe§

where A is a distributive law between the monads of C-actions and B-actions.
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