D-K theorem for model categories

joint work with David White

Introduction: Classical result

Theorem 1 (Dwyer-Kan, [1]).Let f: (A,U) — (B, V) be a map of relative
categories, then the adjunction Lany: SAU 5 SBV . £ between the cat-
egories of homotopy functors is a Quillen equivalence iff the induced map
of simplicial localizations Lf: L(A,U) — L(B,V) is an r-equivalence of
simplicial categories.

Preliminaries: Induced Quillen maps

Let L: A — B be a simplicial accessible functor between simplicial com-
binatorial model categories, then there 1s an adjunction

Lan;: S* = S8® L
Moreover, the adjunction Lan; = L* 1s a Quillen map 1f the categories of
small functors equipped with

Generalizing Homotopy functors

Classical case: All objects are cofibrant

Homotopy functors are functors preserving weak equivalences.
Let A be a model category, if we localize the projective model structure on
S with respect to

F4 = {hom(a;, —) — hom(as, —) | a;—as},

then the local objects are precisely the fibrant homotopy functors.

Theorem 3. Let A be a simplicial combinatorial model category with all ob-
jects cofibrant, then there exists the left Bousfield localization Sﬂ[ff;[l], s.t.
{fibrant objects}={proj. fibrant homotopy functors).
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Definition 2. A map f: A — B of simplicial categories is an r-equivalence

if

eVay,ay € A, the induced map homa(ay, as) — homp(fai, fas) is a weak
equivalence, and

oVh € myB da € myA, s.t. bis aretract of fa.

e the projective model structure;

e the fibrant-projective model structure iff L preserves fibrant objects;

e the bifibrant-projective model structure 1f L preserves both fibrant and cofi-
brant objects.

General case: Not all objects are cofibrant

More generally, VE' € S” there is an F 4-equivalence I — QF with QF a
homotopy functor.

Conjecture 4. For every simplicial combinatorial model category A there ex-
ists the homotopy model structure on S*.

Assuming the above conjecture,

Theorem 5. Let A be a simplicial combinatorial model, then there is a
Quillen equivalence

Id: S,fllﬁb_pmj = St :1d

Main result: Dwyer-Kan theorem for model categories

Definition 6. A simplicial functor f: A — B between simplicial model cat-
egories 1s an r-equivalence it

e Va,, ay € A bifibrant, hom(aq, as)—hom(f(a1), f(as));
e Vb € B bifibrant da € A, s.t. b is a homotopy retract of f(a).

Example 7.Let L: A < B : R be a Quillen equivalence of simplicial com-
binatorial model categories. Then f = L is an r-equivalence.

Theorem 8 ([2]).Let f: A — B be an accessible functor between simpli-
cial combinatorial model categories preserving fibrant and cofibrant objects.
Then the Quillen pair

. oA «— OB X
Lanf ' Sbiﬁb-proj — Sbiﬁb-pmj f

is a Quillen equivalence iff f is an r-equivalence.

Application: Invariance of Goodwillie calculus under Quillen equivalence

Theorem 9.Let L. A = B : R be a Quillen equivalence between simplicial
combinatorial model categories. Put f = L. Then

Lan;: S* = 8% . f*
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is a Quillen equivalence of bifibrant-projective model structures. Moreover
if we localize both sides so that the local objects are the n-excisive func-
tors and the adjunction Lany = [ is a Quillen equivalence between the
n-polynomial functors on A and B taking values in simplicial sets.
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