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MODEL CATEGORIES MOTIVATION

Nice framework to do homotopy theory
Study objects up toa good nation of equivalences
Approximate objectwith better behaved ones

compute derived functors,homotopy (collimits, ...

Define homotopy coherent structures (e.g.8-categories)

Examples:

Categories up to equivalences
2-Categories up to biequivalences
Spaces upto weak homotopy equivalences
Chain complexes up to quasi-isomorphisms



MODEL CATEGORIES DEFINITION

LetM be a complete end cocomplete category.
Aweak factorization system (rfs) is a pair (1,R)
ofclasses ofmorphisms in H such that:

(i) > (ii) fech, Yosed under retracts
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*2=R and R=2

Amodel structure en cl is a triple (2,C,F) of
classes of morphisms in M With

z:weak equivalences
2:cofibrations entritrivial cofibrations
F.fibrations - =Neu:trivial fibrations

such that:

(i) O is closedunder 2-of-3
(ii) (enW,E) and(2,Fri) form wfs.



MODEL CATEGORIES SOME FACTS

The classes (e,e), Ger,5),(,enzul or (,Fnw)
determine the model structure

us hard to construct



CONSTRUCTINGMSALONGADJUNCTIONS

Let (u,W,2,F) be amodel category and

ats ",bean adjunctionI

R

The right. inducedmodel structure (ar, 2,Iont
has if it exists
2 =R

=

() and F =R-*(F)
us Fri =R-(FrN)

There are results giving conditions under which
the right inducedmodel structure exists

Non example Fiore Pronk Padil

DbICat==Cat(Cats +, CatAReedymedelstructure
-

internal categoriesto Cat: X: Cat stXnEX1 -.xX1x&
The rightinducedMS onDblCatdoes notexist



MODEL CATEGORIES EXAMPLES

There is amodelstructure on Cat with
z:equivalences of categories
Frit:surjective on objects and fully faithful

on morphisms functors

lack There is amodel structure on 2Cat with
↓

-

e:biequivalences of 2-categories
FluU:surjective on objects, full on morphisms,

fully faithful on 2-morphisms 2functors



MODEL CATEGORIES SOME FACTS

The classes (e,e), Ger,5),(,enzul or (,Fnw)
determine the model structure

us hard to construct

~
termind object

An object Xech is fibrantif X
1
x*5

~> the fibrantobjects are often the well-behaved ones

joyal. The classe (or Enw) together with
-

the fibrantobjects determine themodelstructure

*X=2H, 5 X 7 *
- 7

CNN=F7
2 N =F
3 X
*fibrant

~> everyobject is equivalent to a fibrant one
~o what happens between fibrent objects determines
the homotopytheory.



CONSTRUCTINGMSALONGADJUNCTIONS

Let (u,W, e,F) andits .
M as before

The fibrantly induced modelstructure (er,2,5)ont
has if it exists

FMN=R-(FMI);fibrant=R-* (fibrent)
er btw fibrant = R-1(er)bt fibrant

Thi IMSV. The fibrantlyinducedMSOncexists if
x f -y

(i) *X frYeRYEMW), I RFCC- -> RF)
with ERN)

W W

-- 4 ER-(fibront)R(fibrant)c- X trivial

(ii) XXeR(fibrant), 5X diag, Xxx fibrations

-ER-(E)
wie.

rCN)c-
-PX pathobject

atu

Exemple: OMSV_ DbICats +,Cat Reedy MS

The fibrantly inducedMS on DblCat exists



CONSTRUCTINGMS GENERALVERSION

Thin IMSY. Let Ube a category and(er,2,WE)
be classes of morphisms in CH w.e.btw

a 4
maine

fibrant fibrations
There is a modelstructure (ev,2,F) on M with

2 =enFrw=2 naive fibrent
-

3fibrant=(Xec X 4*eU5
et btw fibrent =er btw fibrent
if the following conditions hold:

(i)HXfaYet, I
wrFe

x f -y
ELNE

with fect
W W

A-- FrY trivial
naive fibrante- X enairefibrent fibrations

wie.
(ii) XXenaivefibrant, 5X diag, XxX

7

CWE2 =
-pX pathobject

atu

(iii) XX f.YeenoE with X.naivefibront, fee
fib+w.e.btu
fibrant-trivial fib



MORE EXAMPLES

[MSV There is a MS on DblCat with
fibrant:weakly horizontally invertible double cat's

tall horizontal equivalences have companions
et btw fibrant:double (horizontal) biequivalences
FR:surj, full, full, fully faithful double functors

LackMS
The adjunction 2Cati +,DbICat # u HH-

H

is a Quillen paire compatible with the homotopytheory
MSV. There is a MS on DblCat with
-

fibrant:transposable double cat's
tall horizontaldverticalmorhove companions

et btw fibrant & Enir asbefore
LackMS
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Theadjunction 2Cati+,DblCat 2
⑰
su

is a Quillen equivalencesame homotopytheory
>

isa
-- ory


