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Abstract

This paper deals with a particular Tucker compression problem. For-
mally, given a higher-order tensor, we are interested in its best low multilin-
ear rank approximation. We study the local minima of the cost function that
measures the quality of putative low multilinear rank approximations. This
discussion is specific to higher-order tensors since, in the matrix case, the
low rank approximation problem has only one local, hence global, minimum.
Furthermore, in the higher-order tensor case, convergence to the solution
with lowest value of the cost function cannot be guaranteed with existing al-
gorithms even if they are initialized with the truncated higher-order singular
value decomposition.

We observed that the values of the cost function at different local minima
can be very close to each other. Thus, for memory savings based on Tucker
compression, the choice between these local minima does not really matter.
On the other hand, we found that the subspaces on which the original tensor
is projected can be very different. If the subspaces are of importance, different
local minima may yield very different results. We provide numerical examples
and indicate a relation between the number of local minima that are found
and the distribution of the higher-order singular values of the tensor.
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1. Introduction

This paper deals with the problem of Tucker compression. Mathemati-
cally, this problem can be formulated as the approximation of a higher-order
tensor by another tensor with bounded multilinear rank. This approxima-
tion can be used for dimensionality reduction [1, 2, 3, 4, 5, 6, 7, 8] and for
signal subspace estimation [9, 10, 11, 5, 6, 7, 8]. A classical application in
chemometrics is the compression of a third-order tensor, consisting of a set of
excitation-emission matrices, with the goal to reduce the computational load
of the fitting of a Parallel Factor model (PARAFAC) [6]. The problem is a
higher-order generalization of the computation of the best low rank approx-
imation of a matrix. The solution of the matrix problem follows from the
truncated singular value decomposition (SVD) [12]. The higher-order case is
by far more complex.

Original work concerning the tensor problem includes the decomposition
introduced by Tucker [13, 14] and the TUCKALS3 algorithm proposed in [15],
which was further analyzed in [16]. Other algorithms have recently been
proposed in [17, 18, 19, 20, 21, 22, 23|, all having specific advantages and
disadvantages.

All algorithms in the literature look for a minimum of the cost function
but do not further analyze the obtained result. However, in the tensor prob-
lem there exist local optima. Although this is not a new result, to the best of
our knowledge it has never been examined in detail. In this paper, we discuss
the existence of local minima, investigate some of their properties and sug-
gest to use the algorithms with care. We believe that a number of potential
problems have been overlooked so far and that there is even a certain risk
that the blind application of algorithms may lead to false results.

This paper is organized as follows. In Section 2, the best low multilinear
rank approximation problem is formulated mathematically. In Section 3,
we provide numerical examples illustrating the existence of local minima.
We also discuss a relation between the number of obtained local minima,
the difficulty of the problem and the distribution of the higher-order singular
values of the given tensor. Some properties of the local minima are presented
in Section 4. In particular, we discuss the difference between local minima in
terms of the value of the cost function and in terms of the subspaces on which
the original tensor is projected. Section 5 treats the use of the truncated
higher-order singular value decomposition (HOSVD) as a starting value for
the algorithms with which the best low multilinear rank approximation is



computed. We draw our conclusions in Section 6.

2. The best low multilinear rank approximation

The columns and rows of a matrix are generalized to mode-n vectors
(n = 1,2,...,N) in the case of Nth-order tensors. A mode-n vector is
obtained by varying the nth index of the tensor, while keeping the other
indices fixed. The mode-n ranks of a higher-order tensor are generaliza-
tions of column and row rank of a matrix. The mode-n rank is defined
as the number of linearly independent mode-n vectors. If the mode-n rank
equals R, (n =1,2,..., N), the tensor is said to have multilinear rank equal
to (Ry, Re, ..., Ry) [24, 25] and it is called a rank-(R;, Rs, ..., Rx) tensor.
Approximating a tensor by another one with low multilinear rank is often
called Tucker compression. In this paper, we specifically consider the best
low multilinear rank approximation. For simplicity, we consider third-order
real-valued tensors.

In mathematical terms, the cost function that has to be minimized is
defined in the following way. Given a tensor A € R1*2*5 jtg best rank-
(R1, Ry, R3) approximation A € R I2xIs inimizes the least-squares func-
tion f : RIvxI2xIs R

frAm A=A (1)
under the constraint that the mode-n rank of A is bounded by R,, n=1,2,3,
where || - || stands for the Frobenius norm (|| - ||? is equal to the sum of the

squares of all elements).
The mode-1 product A e; M of a tensor A € RI*2XI5 with a matrix
M e R/ i defined by

_ § : (1)
(*A 4 M)jliQis - ailizismjlilv
1

where 1 <4, < I,,, 1 < j; < J; and a4y, is the element of A at position
(11,12,13). In other words, the mode-1 vectors of A are multiplied by M. The
mode-2 and mode-3 products are defined in a similar way. It is often useful
to represent the elements of a tensor in a matrix form. One possible way to
do so is to put the mode-1, mode-2 or mode-3 vectors one after the other in a

specific order. We use the following definitions for the matrix representations
A(l), A(g) and A(g) of A:

(A(l))ily(i2_1)13+i3 = (A(2))i2,(i3—1)11+i1 = (A(3))i3,(i1—1)12+i2 - a”i1i2i3a
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where 1 <1, < I,.
In practice, it is equivalent [16, 5, 15] and more convenient to mazimize
the function

qg: St(Rl,[l) X St(RQ,]Q) X St(Rg,]g) — R,

2

(UV.W) o A0 U 0, Vo W2 = U7 Ay (v o w2 7
over the column-wise orthonormal matrices U, V and W. Here, St(R,, I,,)
stands for the set of column-wise orthonormal (I, x R,)-matrices and ®
denotes the Kronecker product. It is sufficient to determine U, V and W in
order to compute A in (1). The relation is given by

A= Ao, UUT 0, VVT o, WWT. (3)

In fact, as it can be seen from (3), only the column spaces of the matrices
U,V and W are of importance. The distinct matrix entries are irrelevant,
since multiplying any of the matrices from the right by an orthogonal matrix
would give the same result for A. The column spaces of U,V and W are
computed using iterative algorithms [16, 17, 18, 19, 20, 21, 22]. The most
common algorithm is TUCKALS3 [15]. In [16] TUCKALS3 was interpreted
as a tensor generalization of the basic orthogonal iteration method, for the
computation of the best low rank approximation of a matrix, and variants
were discussed. Consequently, we will denote the algorithm as the higher-
order orthogonal iteration (HOOI).

A particular normalized version of the decomposition introduced by Tucker
in [13, 14] was interpreted in [26] as a striking tensor generalization of the
matrix SVD. Consequently we will denote this decomposition as the higher-
order singular value decomposition (HOSVD). It provides a good staring
value for the algorithms computing the best low multilinear rank approxi-
mation of tensors. HOSVD decomposes a third-order tensor A € RI1*/2x1s
as

A=S e uw . u® o u® ’

where the matrices U™ € R»*» p = 1,2, 3, are orthogonal and S €
RIxI2xIs g 5 third-order tensor with the following structure. Consider a
slicing of the tensor & along the first mode. It results in [; matrices. The
1,th matrix, 1 <14, < [, is obtained by fixing the first index of S to 4,, and
varying the other two indices. Any two of the matrices are orthogonal to
each other and their norm is non-increasing when increasing ¢,. The norms



of the matrices are called the mode-1 singular values of A. Two more sets of
matrices with similar properties are obtained by slicing S along the other two
modes. The mode-n singular values n = 1,2, 3 are also called higher-order
singular values of A.

3. Existence of local minima

Let us first consider tensors A € R10x10x10,

Alo) =T/| Tl + o E/]E]] (4)

where 7 € R*10%10 hag multilinear rank equal to (2,2,2) and £ € R10*10x10
represents noise. Let 7 be obtained as

T =Ce MO o M® o M(?’), (5)

where the elements of C € R?*2*2 are drawn from a normal distribution with
zero mean and unit standard deviation and the matrices M € R19%2 p =
1,2, 3, are random column-wise orthonormal matrices, e.g., taken equal to the
Q factors of the thin QR factorization [12] of matrices with elements drawn
from normal distribution with zero mean and unit standard deviation. Let
the elements of £ also be taken from a normal distribution with zero mean
and unit standard deviation. In order to standardize our results, we further
normalize A and work with

A=A/|A|. (6)

The parameter o controls the noise level. In this setup, it makes sense to
consider the rank-(2, 2, 2) approximation of A.

To study the convergence towards the global minimum, we examined the
set of local minima computed for a fixed A in 100 runs, starting from differ-
ent column-wise orthonormal initial matrices Uy, Vo, and Wy. In order to
avoid conclusions that would only hold for one particular algorithm, we con-
sidered two different algorithms, HOOI [16] and the trust-region algorithm
21, 17]. Both algorithms converge at least to local minima, except in very
special examples that are artificially constructed, where they might converge
to a saddle point. A run was stopped if the algorithm did not converge
(Jlerad ¢(X)[|/g(X) < 107?) in 200 iterations. We considered three noise
levels, 0 = 0.2, 2, 4. The results are presented in Figure 1.



[Figure 1 about here.|

In the first plot, Figure 1(a), the noise level is low and both algorithms
converged to the same minimum for all runs. After increasing the noise
level, both algorithms found the same two local minima (Figure 1(b)). In
Figure 1(c), o = 4, there is more noise than structure and the algorithms
converged to several minima.

The values of the cost function f at the local minima also depend on the
noise level 0. This dependence is illustrated in Figure 2.

[Figure 2 about here.]

The top figure shows the distinct local minima for each o. The bottom
figure shows the difference between the values of the cost function at the
local minima. Although some of the points seem to almost coincide, they
correspond to different local minima. The values of the three largest singular
values in each mode are given in Figure 3 for each o.

[Figure 3 about here.]

For small o, there is a large gap between the second and the third mode-n
singular values, n = 1,2, 3. The problem is easy and few local minima appear
besides the global minimum. On the other hand, for large o, the gaps are
small or nonexistent. In this case, when computing the best low multilinear
rank approximation, we are looking for a structure that is not really there.
The algorithms find many equally good, or equally bad, solutions. We can
conclude that the number of local minima found by the algorithms depends
on the difficulty of the problem. The latter is related to the distribution of
the higher-order singular values of A, which should be inspected.

We also performed simulations with tensors A € R0*10%10 of wwhich all
the entries were taken from a normal distribution with zero mean and unit
standard deviation. For each tensor, we considered 100 runs with arbitrary
initial column-wise orthonormal matrices Uy, Vo, W and we considered two
different low multilinear rank approximations: (Ri, Ry, R3) = (7,8,9) and
(R1, Ry, R3) = (2,2,2). Both HOOI and the trust-region algorithm were
run until convergence (||grad ¢(X)||/¢(X) < 107?) or until a maximum of
200 iterations was reached. As in the previous example, for a fixed A both
algorithms globally yielded the same set of local minima. However, it was
often the case that when starting from the same initial matrices, HOOI and



the trust-region algorithm converged to a different local minimum. The re-
sults from one representative example with a fixed tensor are presented in
Figure 4.

[Figure 4 about here.|

Figure 4(a) shows the results for the rank-(7,8,9) approximation. The num-
ber of obtained minima was smaller than in the case of rank-(2, 2, 2) approx-
imation (Figure 4(b)). The lowest “level” of points is expected to represent
the global minimum. However, there is no guarantee that this is the case.

The fact that there are several distinct subsets of converged points in
both Figure 1 and Figure 4 confirms that the differences are not caused by
numerical issues but that local minima really exist. Moreover, they are not
the exception but the general rule when there is no gap in the higher-order
singular value spectrum. This is a very important difference with matrices,
where the low-rank approximation problem does not have any local minima
except for the global minimum.

4. Properties of local minima

An interesting observation is that the actual values of the cost function at
the local minima found by the algorithms in the previous section were close
to each other. This can be seen in Figure 1 and Figure 4. Hence, in terms
of the cost function, the local minima are almost equivalent.

We also examined the column spaces of the matrices U, V and W in
different runs. We considered the subspace angles as defined in [12, §12.4.3].
Any two matrices U; and U] that corresponded to two solutions with the
same value of the cost function spanned the same subspace. On the other
hand, the largest subspace angle between U; and U, corresponding to two
different local minima, appeared to be close to /2, which means that the
subspaces were very different. (Note that a largest subspace angle close
to /2 is the expected outcome for two subspaces drawn from the uniform
distribution when the dimension gets large [27].) These results also applied
to V and W. Hence, in terms of the subspaces used for the approximation,
the local minima are very different.

We further studied the second largest subspace angle. In general, for
two different minima, the second largest angle between the corresponding
subspaces was much smaller than the first one but it was not always (close
to) zero. Results from a simulation involving a tensor A € RI0*10x10 ith
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elements taken from a normal distribution with zero mean and unit standard
deviation are presented in Table 1 and Figure 5.

[Table 1 about here.|
[Figure 5 about here.]

The imposed multilinear rank was (2, 2, 2). Ten runs were performed with the
trust-region algorithm, starting from different random column-wise orthonor-
mal Uy, Vo and Wy. A run was stopped when ||grad ¢(X)]|/g(X) < 1072 [21].
Figure 5 presents the obtained distribution of the local minima. It can be
seen that the trust-region algorithm converged to the same local minimum in
runs 1, 8 and 10. In Table 1 we show the values of both subspace angles for all
possible combinations of two U matrices. The entries (1,8), (1,10), (8,10)
of the tables are (numerical) zeros. This confirms that runs 1, 8 and 10 con-
verged to the same minimum. Another local minimum was found in runs
6, 7 and 9.

The fact that the values of the cost function at different local minima
can be close while the corresponding subspaces are different, has important
consequences for certain applications. If the best low multilinear rank ap-
proximation is merely used as a compression tool, aiming at a reduction of the
memory needed to store the tensor, taking any of these local minima results
in a similar compression rate as taking the global minimum itself. In this
type of applications, the existence of the local minima does not pose a major
problem. On the other hand, in applications where the subspaces spanned
by the matrices U,V and W are of importance, different local minima may
lead to completely different results. This is for instance the case when the
approximation is computed in a preprocessing dimensionality reduction step,
prior to the computation of a PARAFAC decomposition. It is clear that fine-
tuning steps after expansion may improve the results. However, one should
be aware that in the case of multiple local minima, the compression step may
not produce an intermediate tensor that really captures the desired structure.
To assess whether it is likely that there are multiple local minima, one can
inspect the higher-other singular values. Results should be interpreted with
care if the higher-order singular values beyond the fixed multilinear rank are
not small.

If the global minimum is required or if different local minima might be
of interest, many initial points and several algorithms could be considered
at the same time. Different algorithms often converge to different solutions,



even if started from the same initial values. After obtaining a set of solutions
that is large enough, the best solution should be retained.

An additional problem in the case when the subspaces are of interest,
is that the global minimum is not necessarily the required one. In general,
given a set of local minima, it can be unclear which one is the most suitable.
For example, let the tensor A that has to be approximated be defined as in
(4)—(6). The “true” tensor 7 has low multilinear rank. Hence, the matrices
from the truncated HOSVD represent the required “true” subspaces of 7.
Among the different minima, the one that yields subspaces that are closest
to the “true” subspaces, is not necessarily the global minimum of (1). Let us
return to the example corresponding to Figure 1. We consider again the sub-
space angle between the “true” and the obtained subspaces. For ¢ = 2, the
subspaces corresponding to the lowest value of the cost function were closest
to the “true” subspaces. For o = 4, things were different. In the experiment
five local minima were found by the trust-region algorithm. We number them
in increasing order starting from the one with lowest value of the cost func-
tion and ending with the one with highest value. (In Figure 1(c), minima
1 and 2 are almost indistinguishable. The same holds for minima 3 and 4.)
Table 2 shows which local minimum was closest to the true subspaces.

[Table 2 about here.]

Local minimum 1 was the closest with respect to U and W. However, with
respect to V, the fourth lowest minimum was the best. In our experiments we
also encountered examples where three different local minima corresponded
to the best estimate of the column space of U,V and W, respectively. In
situations like this, it is actually impossible to determine which of the local
minima should be chosen (at least, if one does not dispose of prior knowledge
about the solution). In such a case, the low multilinear rank approximation
problem cannot be solved in a meaningful way.

5. Using the truncated HOSVD as a starting value

It is usually a good idea to start from the truncated HOSVD. However,
in general this does not guarantee convergence of the existing algorithms
to the global optimum. For HOOI, this was already suggested in [28] and
was explicitly shown in [29, 16]. Numerical examples reveal that, not only
in specially constructed examples but also for random tensors, a better lo-
cal minimum (in the sense of a minimum that yields a smaller cost function
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value) can sometimes be obtained starting from another initial point. By way
of illustration, recall the example corresponding to Figure 4(b). In Figure 6,
we additionally show the minima obtained by HOOI and the trust-region al-
gorithm when started from the truncated HOSVD. These clearly correspond
to non-global minima.

[Figure 6 about here.]

On the other hand, if there is a clear gap between the higher-order singu-
lar values at the truncation point, it is expected that taking the truncated
HOSVD as a starting value will yield good results.

6. Conclusions

The problem of the best low rank approximation of a matrix does not have
local minima. The solution is given by the truncated SVD. In this paper,
we have investigated the issue of local minima of the best low multilinear
approximation problem for higher-order tensors. An important difference
with the matrix case is that this problem can have more than one minimum.

Depending on the difficulty of the problem, a larger or a smaller number of
minima is found. The difficulty of the problem is related to the distribution
of the higher-order singular values of the given tensor. If there is a gap
between the (R,)-th and (R, + 1)-th mode-n singular values, n = 1,2, 3,
the best rank-(R;, Ry, R3) approximation problem seems to be easier and
fewer minima are found. This is for example the case when a tensor with
low multilinear rank is mildly perturbed by additive noise. On the other
hand, if the original tensor has no distinct low multilinear rank structure,
or if the low multilinear rank structure does not correspond to the imposed
multilinear rank, the problem is more difficult. As a matter of fact, we try
to retrieve a structure that is not present. In this case, more equally good,
or equally bad, solutions are found.

We further discussed how problematic the existence of different local min-
ima really is. First of all, the values of the cost function at the different local
minima can be very close. In this case, for applications where only this value
is of interest, the existence of local minima is not problematic. This applies
for example, when the multilinear rank approximation is merely used as a
compression tool for memory savings. On the other hand, the subspaces
corresponding to the projection matrices U, V and W are very different at
different local minima. The latter is an important obstacle for applications

10



where these subspaces are of importance. An important example is the use of
the low multilinear rank approximation for reducing the dimensionality prior
to the computation of a PARAFAC decomposition. Here, the distribution
of the higher-order singular values has to be examined carefully in order to
chose a meaningful multilinear rank for the approximation.

The truncated HOSVD often gives good starting values for the matrices
U,V and W. However, convergence to the global minimum is not guaran-
teed. To find the global minimum, one might run several algorithms with
different initial values. Moreover, a good solution does not necessarily ex-
ist. For example, if a tensor with low multilinear rank is affected by a large
amount of noise, the subspaces corresponding to the local minima are not
necessarily close to the subspaces of the original noise-free tensor. This is a
warning that the solutions of the approximation problem have to be exam-
ined carefully.

In this paper we used the higher-order singular values to obtain insight
in the difficulty of the problem. We do not claim that the gap between the
higher-order singular values is the most accurate parameter to quantify the
condition of the problem. As an alternative, one might consider the difference
between the norm of the approximation and the norm obtained when one of
the mode-n ranks is increased by one.

Acknowledgments

Research supported by: (1) the Belgian Federal Science Policy Office:
I[UAP P6/04 (DYSCO, “Dynamical systems, control and optimization”, 2007—
2011), (2) Communauté francaise de Belgique - Actions de Recherche Con-
certées, (3) Research Council K.U.Leuven: GOA-AMBIioRICS, GOA-MaNet,
CoE EF/05/006 Optimization in Engineering (OPTEC), (4) F.W.O. project
G.0321.06, “Numerical tensor methods for spectral analysis”. (5) “Impulsfi-
nanciering Campus Kortrijk (2007-2012)(CIF1)” and STRT1/08/023. Part
of this research was carried out while M. Ishteva was a PhD student at
K.U.Leuven, Belgium.

References

[1] L. De Lathauwer, J. Vandewalle, Dimensionality reduction in higher-
order signal processing and rank-(Ry, Rs, . .., Ry) reduction in multilin-
ear algebra, Linear Algebra Appl. 391 (2004) 31-55. Special Issue on
Linear Algebra in Signal and Image Processing.

11



2]

[11]

E. Acar, C. A. Bingol, H. Bingol, R. Bro, B. Yener, Multiway analysis
of epilepsy tensors, ISMB 2007 Conference Proceedings, Bioinformatics
23 (2007) 110-18.

M. De Vos, L. De Lathauwer, B. Vanrumste, S. Van Huffel, W. Van
Paesschen, Canonical decomposition of ictal scalp EEG and accurate
source localization: Principles and simulation study, Journal of Compu-

tational Intelligence and Neuroscience 2007 (2007) 1-10. Special Issue
on EEG/MEG Signal Processing.

M. De Vos, A. Vergult, L. De Lathauwer, W. De Clercq, S. Van Huffel,
P. Dupont, A. Palmini, W. Van Paesschen, Canonical decomposition of

ictal scalp EEG reliably detects the seizure onset zone, Neurolmage 37
(2007) 844-854.

P. M. Kroonenberg, Applied Multiway Data Analysis, Wiley, 2008.

A. Smilde, R. Bro, P. Geladi, Multi-way Analysis. Applications in the
Chemical Sciences, John Wiley and Sons, Chichester, U.K., 2004.

T. G. Kolda, B. W. Bader, Tensor decompositions and applications,
SIAM Review 51 (2009) 455-500.

L. De Lathauwer, A survey of tensor methods, in: Proc. of the 2009
IEEE International Symposium on Circuits and Systems (ISCAS 2009),
Taipei, Taiwan, pp. 2773-2776.

J.-M. Papy, L. De Lathauwer, S. Van Huffel, Exponential data fitting
using multilinear algebra: The single-channel and the multichannel case,
Numer. Linear Algebra Appl. 12 (2005) 809-826.

J.-M. Papy, L. De Lathauwer, S. Van Huffel, Exponential data fitting
using multilinear algebra: The decimative case, J. Chemometrics 23
(2009) 341-351. Special Issue in Honor of Professor Richard A. Harsh-
man.

M. Haardt, F. Roemer, G. Del Galdo, Higher-order SVD-based subspace
estimation to improve the parameter estimation accuracy in multidi-
mensional harmonic retrieval problems, IEEE Transactions on Signal
Processing 56 (2008) 3198-3213.

12



[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

G. H. Golub, C. F. Van Loan, Matrix Computations, Johns Hopkins
University Press, Baltimore, Maryland, 3rd edition, 1996.

L. R. Tucker, The extension of factor analysis to three-dimensional
matrices, in: H. Gulliksen, N. Frederiksen (Eds.), Contributions to
mathematical psychology, Holt, Rinehart & Winston, NY, 1964, pp.
109-127.

L. R. Tucker, Some mathematical notes on three-mode factor analysis,
Psychometrika 31 (1966) 279-311.

P. M. Kroonenberg, J. de Leeuw, Principal component analysis of three-
mode data by means of alternating least squares algorithms, Psychome-
trika 45 (1980) 69-97.

L. De Lathauwer, B. De Moor, J. Vandewalle, On the best rank-1 and
rank-(Ry, Ra, ..., Ry) approximation of higher-order tensors, SIAM J.
Matrix Anal. Appl. 21 (2000) 1324-1342.

M. Ishteva, Numerical methods for the best low multilinear rank approx-
imation of higher-order tensors, Ph.D. thesis, Department of Electrical
Engineering, Katholieke Universiteit Leuven, 2009.

M. Ishteva, L. De Lathauwer, P.-A. Absil, S. Van Huffel, Differential-
geometric Newton method for the best rank-(R;, Ry, R3) approximation
of tensors, Numerical Algorithms 51 (2009) 179-194. Tributes to Gene
H. Golub Part 1II.

L. Eldén, B. Savas, A Newton—Grassmann method for computing the
best multi-linear rank-(ry, 7o, r3) approximation of a tensor, SIAM J.
Matrix Anal. Appl. 31 (2009) 248-271.

B. Savas, L.-H. Lim, Best multilinear rank approximation of tensors
with quasi-Newton methods on Grassmannians, Technical Report LITH-
MAT-R-2008-01-SE, Department of Mathematics, Linkoping University,
2008.

M. Ishteva, L. De Lathauwer, P.-A. Absil, S. Van Huffel, Best low mul-
tilinear rank approximation of higher-order tensors, based on the Rie-
mannian trust-region scheme, Technical Report 09-142, ESAT-SISTA,
K.U.Leuven, Belgium, 2009.

13



[22]

23]

[24]

[25]

[26]

[27]

[28]

[29]

M. Ishteva, P.-A. Absil, S. Van Huffel, L. De Lathauwer, Best low mul-
tilinear rank approximation with conjugate gradients, Technical Report
09-246, ESAT-SISTA, K.U.Leuven, Belgium, 20009.

B. Savas, L. Eldén, Krylov subspace methods for tensor computations,
Technical Report LITH-MAT-R-2009-02-SE, Department of Mathemat-
ics, Linkoping University, 2009.

F. L. Hitchcock, The expression of a tensor or a polyadic as a sum of
products, Journal of Mathematical Physics 6 (1927) 164-189.

F. L. Hitchcock, Multiple invariants and generalized rank of a p-way
matrix or tensor, Journal of Mathematical Physics 7 (1927) 39-79.

L. De Lathauwer, B. De Moor, J. Vandewalle, A multilinear singular
value decomposition, STAM J. Matrix Anal. Appl. 21 (2000) 1253-1278.

P.-A. Absil, A. Edelman, P. Koev, On the largest principal angle be-
tween random subspaces, Linear Algebra Appl. 414 (2006) 288-294.

J. ten Berge, J. de Leeuw, P. Kroonenberg, Some additional results on
principal components analysis of three-mode data by means of alternat-
ing least squares algorithms, Psychometrika 52 (1987) 183-191.

L. De Lathauwer, Signal Processing Based on Multilinear Algebra, Ph.D.
thesis, Department of Electrical Engineering, Katholieke Universiteit
Leuven, 1997.

14



List of Figures

1 Local minima for different noise levels. The tensors A &
R10x10x10 are as in (4)—(6) with a 7 and a & yielding results
that we find representative. 100 runs were performed start-
ing from different arbitrary column-wise orthonormal matrices
Uy, Vo, and Wj. A run was stopped if the algorithm did not
converge (| grad g(X)||/g(X) < 107%) in 200 iterations. . . .. 16

2 Values of the cost function f at local minima and the distance
between the values of the local minima for different noise levels
0. The tensors A € R19%10%10 are as in (4)—(6). 100 runs were
performed for each o with the trust-region algorithm, starting
from different arbitrary column-wise orthonormal Uy, V¢, and
Wjy. A run was stopped if the algorithm did not converge

(Jlerad ¢(X)||/g(X) < 107%) in 200 iterations. . . . . .. ... 17
3 The three largest singular values in each mode for different o.
The tensors A € R19%10 are asin (4)-(6). . . . .. .. ... 18

4 Local minima for different multilinear ranks. The entries of
the tensor A € R10X10 are taken from a normal distribu-
tion with zero mean and unit standard deviation. 100 runs
were performed starting from different arbitrary column-wise
orthonormal Uy, Vi, and Wy. A run was stopped if the al-
gorithm did not converge (|grad g(X)]||/g(X) < 1079) in 200
iterations. . . . . . . ... 19
) Local minima, corresponding to Table 1. The tensor A €
R10x10x10 hag elements taken from a normal distribution with
zero mean and unit standard deviation. The imposed multilin-
ear rank was (2,2,2). 10 runs were performed with the trust-
region algorithm starting from different arbitrary column-wise
orthonormal Uy, V(, and Wy,. A run was stopped when ||grad g(X)||/¢(X) <
1079 20
6  Local minima as in Figure 4(b). Here, two additional points
are shown. They correspond to the outcome of HOOI and the
trust-region algorithm, initialized with the truncated HOSVD. 21

15



0.1909 T T T 0.935

0.1909L_* HOOI | 0.93f| * HOOI 1
o= ~0.925} 1
o 0.1909} 1 o
o S 0.921 ]
15 = * * o * o 4
S 0.1909) 1 S o915} 1
= =]

“ 0.1900} ] o001t ]
+ +
Z z
O 0.1909f 1 O 0.905¢ 1
0.9} |
0.1909} 1
0.895 1

0.1909} 1 0.89) |

0.1909 : : : ‘ 0.885 ‘ : ‘ ‘

0 20 40 60 80 100 0 20 40 60 80 100
Run Run
(a) o=0.2 (b) o=2

0.965

o
©
[o3]
* O
|
o T
Q

o
e ©
© a
a a

Cost function f
o g
© X
B [}

0.935

0.93

0.925 &
0 60 80 100

(c)o=4
Figure 1: Local minima for different noise levels. The tensors A € R10X10%10 are agin (4)—
(6) with a 7 and a & yielding results that we find representative. 100 runs were performed
starting from different arbitrary column-wise orthonormal matrices Uy, Vo, and Wy. A
run was stopped if the algorithm did not converge (||grad g(X)||/g(X) < 107?) in 200
iterations.

16



S 1 T T T T
o)
- o 8 6 0 © © o 6 © o O
QS 0.8 o © B
or— O
A3 o
=S 06 o R
£ o
1 04 b
n O
o)
O 02F o 4
Il Il Il Il Il Il Il
0 0.5 1 15 2 25 3 35 4
o
]
£0.05
= o
'éo.om R
—
So.03f 0 o B
= o
0.02 o i
Z
= A
oot g 4
: s 8og %,
4+ S}
Z) 1 N 1 N a |1 © 9 a8 1 @ © )
O o 0.5 1 15 2 25 3 35 4
o

Figure 2: Values of the cost function f at local minima and the distance between the
values of the local minima for different noise levels o. The tensors A € R19*10x10 are ag
in (4)—(6). 100 runs were performed for each o with the trust-region algorithm, starting
from different arbitrary column-wise orthonormal Uy, Vo, and Wy. A run was stopped if
the algorithm did not converge (||grad g(X)||/g(X) < 107?) in 200 iterations.

17



Mode-1 sing. values

Mode-2 sing. values

0.5

Mode-3 sing. values
o

Figure 3: The three largest singular values in each mode for different o. The tensors
A € RIOX10X10 are as in (4)-(6).

18



17.9 T 30 u
)
& 17.85{__* HOOI [ * HOOI *ok L o * o o
o o 2995} * * o
.9 17.8 .9 *
k3] * e o * © s ® BP0 O% % O Qe OROx O
g 17.75} g 29.9 o * o * ¥
=0l = ke * o% 0o *
- 7 °© * o ¥ * 8 bx * ™
8 17.65F 829'8575‘% * o*% * ox° x0*e 1
17.61
29.8 Faman OHEEHOP oMot fwee 1870 0 dFCrma” %
17.55
®EE O MAMDO O @ 0% CO#%0 O *
175 ’ ‘ ‘ ‘ 2075 ’ ‘ ‘ ‘
0 20 40 60 80 100 0 20 40 60 80 100
Run Run
(a) (RlvRQaRB) = (73879) (b) (R17R25R3) = (23272)

Figure 4: Local minima for different multilinear ranks. The entries of the tensor
A € RI0X10x10 are taken from a normal distribution with zero mean and unit stan-
dard deviation. 100 runs were performed starting from different arbitrary column-wise
orthonormal Uy, Vo, and Wy. A run was stopped if the algorithm did not converge
(Jlerad g(X)||/g(X) < 107%) in 200 iterations.

19



30 T

29.95¢ ]

Cost function f

n n n
© n © n © n
> 8 9 8 5 8
(& ~ [6)] © (5] ©
()

)

)

N

©

[
.

29.55"
h

Figure 5: Local minima, corresponding to Table 1. The tensor A € R19X10%10 hag e]-
ements taken from a normal distribution with zero mean and unit standard deviation.
The imposed multilinear rank was (2,2,2). 10 runs were performed with the trust-region
algorithm starting from different arbitrary column-wise orthonormal Uy, Vg, and Wy. A
run was stopped when ||grad g(X)||/¢(X) < 10~°.

20



30 —

o TR
* HOOI
<« HOSVD+TR M o ¥ o o
HOSVD+HOOI [, .
29.95 * * o 4
~
*
=
= ® ©P o O % % O  Qat OBOX O
g
<] 299 o * o * * 7
= b * o % o o *
-~
0 o * 00 * * e
o) * o * * & 0% *
Q) 2985 *# [SH o * o g
o * o * o O *% *0 @& R |
29.81- 00 %4 B*O® _¥% ¥ & @ %0 o % |
8 FaETmgeC O CO¥ @ D R FHE 8 OO & O AKHED  *@
@HK O  HEMO O @ O % 00 x%¥0 O %0
29.75 L L v L L
0 20 40 60 80 100 120
Run

Figure 6: Local minima as in Figure 4(b). Here, two additional points are shown. They
correspond to the outcome of HOOI and the trust-region algorithm, initialized with the
truncated HOSVD.

21



List of Tables

1

Subspace angles between different matrices U, obtained with
the trust-region algorithm. 10 different initial points were con-
sidered. The elements of A € RI*10*10 were taken from a
normal distribution with zero mean and unit standard devia-
tion. The imposed multilinear rank was (2,2,2). A run was
stopped when ||grad ¢(X)||/g(X) <107% . . . . ... ... ..
We consider the two largest noise levels ¢ in the experiment
presented in Figure 1. The table indicates for U,V and W
separately, which local minimum was the closest to the “true”
subspace. . . ...

22



€¢

(a) Largest subspace angle

1 2 3 4 ) 6 7 8 9 10
1 [ 2.01E-16 | 1.388476 | 1.182443 | 1.471074 | 1.528923 0.89849 0.89849 |5.23E-10 | 0.89849 |5.80E-10
2 | 1.388476 |2.21E-16 | 1.441407 | 1.512369 | 0.809631 | 1.410662 | 1.410662 | 1.388476 | 1.410662 | 1.388476
3 | 1.182443 | 1.441407 |2.62E-16 | 1.543829 | 1.556697 1.03913 1.03913 1.182443 1.03913 1.182443
4 | 1.471074 | 1.512369 | 1.543829 |2.23E-16 | 1.356632 | 1.523707 | 1.523707 | 1.471074 | 1.523707 | 1.471074
5 | 1.528923 | 0.809631 | 1.556697 | 1.356632 |6.31E-16 | 1.454416 | 1.454416 | 1.528923 | 1.454416 | 1.528923
6 0.89849 1.410662 1.03913 1.523707 | 1.454416 |4.36E-16 |2.08E-10 | 0.89849 |1.97E-10 | 0.89849
7 0.89849 1.410662 1.03913 1.523707 | 1.454416 |2.08E-10 [4.70E-16 | 0.89849 |3.99E-11 | 0.89849
8 [5.23E-10 | 1.388476 | 1.182443 | 1.471074 | 1.528923 0.89849 0.89849 |2.50E-16 | 0.89849 |1.87E-10
9 0.89849 1.410662 1.03913 1.523707 | 1.454416 |1.97E-10 |3.99E-11 | 0.89849 |2.08E-16 | 0.89849
10 | 5.80E-10 | 1.388476 | 1.182443 | 1.471074 | 1.528923 0.89849 0.89849 |1.87E-10 | 0.89849 |6.55E-17

(b) Second largest subspace angle

1 2 3 4 ) 6 7 8 9 10
1 0 0.431241 | 0.018366 | 1.227264 | 0.139027 | 0.069378 | 0.069378 0 0.069378 0
2 | 0.431241 0 1.146175 | 0.75854 | 0.252364 | 1.078618 1.078618 | 0.431241 1.078618 | 0.431241
3 | 0.018366 | 1.146175 0 0.745548 | 1.146822 | 0.080504 | 0.080504 | 0.018366 | 0.080504 | 0.018366
4 | 1.227264 0.75854 0.745548 0 1.06264 1.319963 1.319963 | 1.227264 | 1.319963 | 1.227264
5 | 0.139027 | 0.252364 | 1.146822 1.06264 0 0.936273 | 0.936273 | 0.139027 | 0.936273 | 0.139027
6 | 0.069378 | 1.078618 | 0.080504 | 1.319963 | 0.936273 0 0 0.069378 0 0.069378
7 | 0.069378 | 1.078618 | 0.080504 | 1.319963 | 0.936273 0 0 0.069378 0 0.069378
8 0 0.431241 | 0.018366 | 1.227264 | 0.139027 | 0.069378 | 0.069378 0 0.069378 0
9 | 0.069378 | 1.078618 | 0.080504 | 1.319963 | 0.936273 0 0 0.069378 0 0.069378
10 0 0.431241 | 0.018366 | 1.227264 | 0.139027 | 0.069378 | 0.069378 0 0.069378 0

Table 1: Subspace angles between different matrices U, obtained with the trust-region algorithm. 10 different initial points

were considered. The elements of A € were taken from a normal distribution with zero mean and unit standard

RlOXlOXlO

deviation. The imposed multilinear rank was (2,2,2). A run was stopped when ||grad g(X)||/g(X) < 10~°.




U Vv W
c=2]1 1 1
c=411 4 1
Table 2: We consider the two largest noise levels o in the experiment presented in Figure 1.
The table indicates for U,V and W separately, which local minimum was the closest to
the “true” subspace.
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