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Abstract This paper deals with the estimation problem in a system of two seemingly
unrelated regression equations where the regression parameter is distributed according
to a normal prior. Resorting to the covariance adjustment technique, we obtain the best
Bayes estimator of the regression parameter and prove its superiority over the best linear
unbiased estimator (BLUE) in terms of the mean square error (MSE) criterion. Also,
under the MSE criterion, we show that the empirical Bayes estimator of the regression
parameter is better than the Zellner type estimator when the covariance matrix of error
variables is unknown.

Keywords: Bayes method; seemingly unrelated regressions, covariance adjusted approach,
mean square error criterion.

2000 MSC: Primary: 62J05, 62F11; Secondary: 62C10, 62C12

1. Introduction

The seemingly unrelated regression system was first introduced by Zellner (1962,
1963) and later developed by Kementa and Gilbert (1968), Mehta and Swamy (1976)
and Wang (1988), etc. Recently, in a special issue of Journal of Statistical Planning
and Inference 88 (2000), Gao and Huang establish some finite sample properties of the
Zellner estimator in the context of m seemingly unrelated regression equations, whereas,
Liu proposes a two stage estimator and proves its superiorities over the ordinary least

square estimator and Zellner type estimator under mean square error matrix criterion.
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Differing from the past works, in this paper we employ the Bayes and empirical
Bayes approach to construct the estimators of the regression parameter and exhibit
their MSE properties. Also, differing from the above regressions, here we do not make
the same dimension assumption of observation vectors.

A system of two generalized seemingly unrelated regression equations is given by

1 =Xaf+u,  ya = Xoy+ ug, (1.1)

where y; and y, are m x 1 and n x 1 vectors of observations (m # n, without loss of
generality, let m > n ), X; and X, are m x p; and n X py matrices with full column
rank, § and 7 are vectors of unknown parameters, u; and us are m x 1 and n x 1 vectors

of error variables, and

E(uw) = 0, E(uy) =0,

Cov(up,uy) = o11lp, Cov(ug,us) = o9ol,,
CO’U(Ul,Ug) = 012 ( én ) s COU(’LLQ,Ul) = Ugl(InEO),
where ¥* = (0y;) is a 2 x 2 non-diagonal positive definite matrix. Such a system

(usually m = n) appears in many research fields and has received considerable attention
including the above authors and Chen (1986), Lin (1991) and so on.
Denote y = (v}, y5)", X = diag(Xy, X»), o = (8,7"), u = (u}, uh), 3i; = Cov(u;, uj).

Then (1.1) can be represented as
y=Xa+u, Eu) =0, Cov(u) =2, (1.2)

where ¥ = (X;;)2x2 is a partitioned matrix.

In what follows, our main concern is how to estimate (3 better. To adopt the Bayes
and empirical Bayes approach, we assume that the prior distribution of the parameter
0 is

B~ N(bo,05%5), (1.3)
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where Y5 is a positive definite matrix (namely X5 > 0), 5, and ag are hyper-parameters.
Furthermore, assume

ulB ~ N(0,%). (1.4)

It follows from (1.3) and (1.4), that the posterior density of 3 given y; is (see Wang
and Chow (1994))

F(Blu) x expf~ (8~ HIE(5 - ), (1.5)

where

B =S(X1X15+ A5 6o), (1.6)

= (X{Xi+2351) " A =011 /0% and 3 = (X,X1)"'X!y,. Thus, under any quadratic
loss, the Bayes estimator (BE) of the parameter § would be the posterior expectation
of B with given yy, i.e.,

Bee = E(Bly) = 5. (1.7)

It is clear that B pE only contains the information of the first equation in the regres-
sions (1.1) but that it does not make most use of all information of regressions since
012 7’é 0.

As we know the estimation problems arise in many situations in statistics. An
important concept is the minimum variance unbiased estimation (MVUE) and an in-
teresting result is how to judge whether an estimator is MVUE or not: Let g(z) be an
unbiased estimator (UE) of ¢g(#), and Vare(g(x)) < oo, then g(z) is MVUE if and only
if Covg(g(z),l(z)) = 0 for any § € O (parameter space), where [(x) denotes any UE
of zero. Obviously, if there exists an UE [y(x) of zero such that Couvy(g(x),lo(x)) # 0,
then g(z) must not be the MVUE of its mean. However, a problem is how we utilize
the relationship between [y(z) and g(z) to obtain the MVUE of ¢g(#). Rao (1967) in-
troduced the covariance adjusted approach to propose a UE of g(f) whose variance is

less than ¢(x), which is a linear combination of §(z) and [y(z).



In the followings, by virtute of the covariance adjustment technique, firstly, we use
an UE of zero to improve BB g and get Bfg%, secondly, we adjust ng by another UE of
zero. Repeating this process, we obtain the best BE of the parameter (3, which contains
all information of § in the regressions (1.1), and prove its MSE superiority over the
BLUE of 8. When o;; (¢, j = 1,2) and the hyper-parameters are unknown, we replace
them by their consistent estimators in the best BE of 5 and present the corresponding

empirical Bayes (EB) estimator and exhibit its MSE superiority, too.

2. MSE Superiority of the Best BE

We first state the following covariance adjustment lemma.
Lemma 2.1. Assume that 7} and 75 are k; x 1 and ks x 1 statistics with £7; = 0

and E'T; = 0, where # is an unknown parameter vector. Let

v\ (Vi Vig\
CO”(B)‘(VQI Vm)_v.
If Vi5 # 0, then there exists a best linear unbiased estimator (BLUE) 6* = T7 — Vi3V, T

over a class of estimators A = {A,T) + AsT»| A1, Ay are nonrandom matrices}, and
Cov(0*) = Vi1 — VioVu Vor < Vi = Cou(Th),

where Vi, is a generalized inverse of matrix Vay, and A > B denotes A — B > 0(that
means A — B is real positive semi-definite).

Proof. It can directly be derived from Rao (1967).

Combing Lemma 2.1 with BpE, we obtain the covariance adjustment estimator se-

quence for the parameter  as follows:

Ao = S — Cov(BY ", Nays| B)[Cov(Nays| B)]~ Nays,
B = BurY — Cou(B5e Y, Nuya|B)[Cov(Nywi|B)]” Nas,
k=12, .., (2.1)
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where Bg)) = BBE.

Simple induction computation yields

3(2k— 5 S 019 — _
51(92; Vo= SX| (P + p*No Ny (g1 — 0712N2y2) + AEE5 6o,
22

~ _ _ _ _ o _
BEH = SXU(PL+ pPNaND ys — SXU(PL+ p2 NaNp ) 22 Ny
2

02

+AZ5 o, (2.2)

I

where p? = 02,/(01109), N1 = (I,;0) Ny, Ny = ( 0

) Ny, and

P = I,— N =X,(X| X)) 'X],

Py, = I, — Ny = Xo(X}X5) 1 X5

Therefore, we have the following theorem.

Theorem 2.1. For 0 < p? < 1, we have

A(oo A2k . Sl NN 2K R\ 012 S

by = Jim o ) = Jim By = SX1 (0P NNy ) (1 — £N2y2) + S5 6
i=0

%12

= SX((In — NN T (1 — 22 Nog) + ASES .
2

02
Proof. Note that X/|(P; + p?NoNp)¥ = X! S8 ((p2NoNp )t and A(p? NoNp) < 1, we
know that Theorem 2.1 is true, where A(A) denotes any eigenvalue of matrix A.
Remark 2.1. Following the fact that £ (Bg%| g)=F (Bg%|ﬁ) and the monotonicity
of COU(Bg%W), it is easy to see that in BE sequence (2.2) Cov( Ag“g”) < C’ov(ﬁg%) and
hence MSE(8%4Y) < MSE (8%)). Obviously, 5% is the best.
In the following, note that in the regressions (1.1) X; and X5 are m X p; and n X po
matrices and m > n, we partition X; as X; = (X];:X},)" and make the following

intuitive assumption
u(X11) ﬂﬂ(Xﬁ) = {0}, (2.3)
where X1; and X5 are n X p; and (m —n) X p; matrices, respectively, and p(A) denotes

the space generated by the column vector of matrix A.
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Lemma 2.2. If pu(X7,) N pu(Xi,) = {0}, then

(a) Xu(X{X1) "X, =0;
(b) X Xu(X(X1)'X], = X1, XXX X)X, = Xy

(C) X{NgNl = —X{pgNl, PQNlNQNl :nglpgNl,

where pl = ([nO)Pla PQI ( é’n >P2

Proof. (a) Set
D = X1, Xu (X1 X1) 7 X[, X o, (2.4)

thus u(D) C pu(X7,). Note that XX, = X7, X311 + X{5X12, we can represent D as
D= X}, Xu — X3, X1 (X1 X1) 71X, X, (2.5)

that means D = D'. Hence, u(D) C p(X{y). Since u(X7;) Nu(Xiy) = {0}, D = 0.
Then
XH(Xin)ilXﬁ = O (26)

(b) It follows from (a),
X1 X1 (X1 X)X X = X X0 (X X0) T (X X+ X, Xe) = X1, X0

Hence, X7, X11(X] X)X}, = X|,. Similarly, we can prove the other conclusion of (b).
(¢) The conclusions of (c) are direct results of (a) and (b).
Based on Lemma 2.2, we present Theorem 2.2.

Theorem 2.2. In the regressions (1.1), the BLUE of the parameter [ is

N _ O19 —
BLuE = (X{Xl)ilXi(Im - PQN2N1)71(91 - Umeﬂ/z)-
22

Proof. From the expression of (1.2), when X is known, we know

d/BLUE —_ < ?BLUE ) _ (X/E_lX)_lX/E_ly. (27)
YBLUE



Denote 7! = (2¥)gy9 and (X'271X) ™! = (W¥)y,5, we obtain
Boroe = (WHXISM! + WR2XI52Yy, + (WH XIS 4 W2X522)y,. (2.8)

By simple algebra and induction computation, we have

~ 0 . O19 —
BBLUE = (X{Xﬂ*lX{{fm - /)2 Z(PQP2P1)ZP2N1}<?J1 - ﬁN2y2)- (2.9)
i=0 22
By the conclusion (c) of Lemma 2.2, we know
e k o
X {In = 0* Y (P*PP)' PaNy} = X1 Y (p*Na Ny (2.10)
i=0 i=0

Together with A(p2N,N;) < 1 Theorem 2.2’ conclusion holds.
Especially, if P11P2 = P2P117 where PH = Xll(X{X1>_1X{1, then we have the
following clear and succinct results for B](BOE) and BBLUE.

Theorem 2.3. If P11P2 = P2P11, then
N~ _ O19 — . ~
B = SX!(y, — U—ZNQyQ) FASES 5 = ).

~ ~ o _ _
Berve = 5—ﬁ(X{X1) 1X{N2y2.

022
Proof. Using the fact that

I NT_ N\ _ /AR ¥ In_PZ 0 In_Pll 0
XlNQNl = (Xll-Xlg) ( 0 0 0 Im—n _ X12(X{X1>71X{2

= X, — X\ P, — X, Pu+ X, PP

and X{lpll = X117 by P11P2 = P2P11, Theorem 2.3 is obvious.
Now we state the comparison result of MSE(ﬁAg};)) and MSE (B5Lug).

Theorem 2.4. Let (Bgz)) and (Bprue) be defined in Theorem 2.1 and Theorem
2.2, respectively, then MSE(BJ(BOE)) < MSE(BsLuE).
Proof. Firstly, simple calculation shows
Cov(BSY18) = 011 SCE, (2.11)
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where C' = X/ (I, — p*NoNy) Y[, — p*No N3] (I, — p? N{N5)~1X,. Similarly,
Cov(Bprue|f) = o (X X)) C(X) X)L
Secondly, we have

Cou(B(B5P19) = 2 EX1 X, E5X1 X5,

and
COU<E<BBLUE|6)) = ngﬂ.
Hence
Cov(Bi5y) = ECov(B53|B) + Cov(E(Bi5315))
= 01808 4+ 03 E X X1 85X X, 5,
and also

COU(BBLUE) = 011(X{X1)710(X1X1)71 + 0225.

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

Note that X{X; + AX;" > X{X; > 0, hence (X{X;)™! > ¥. Thus by C' > 0, we

have

o1 (X1 X)) 'O(X1 X)) > 011 20%.
Similarly, from (X]X;)™! > ¥ and X} X;33X|X; > 0, we have
0535 > 055 X1 X1 85X X1 X
It follows from (2.15)-(2.18),
Cov(B5)) < Cov(Bprur).

Hence

MSE(35Y) = trace[Cou(B5y)] + ||EASY — B

(2.17)

(2.18)

(2.19)

< trace[Cov(BBLUE)] —+ HEBBLUE — ﬁ”2 = MSE(BBLUE)- (220)

The proof of Theorem 2.4 is complete.



3. MSE Superiority of the EB Estimator

However, in many situations, the covariance of errors ¥ may be unknown, so that
Bf;;) is unavailable to use. In this Section we use observations y; (¢ = 1,2) to construct
an estimator for o;; (7,7 = 1,2) and present the corresponding EB estimator and its
MSE superiority.

Denote Y = (y11:y2), where 7 is the sub-vector containing the first n observations

of y1. We define the estimator for £* = (o;;) as follows:

N 1
Xt =(6y) =

Y'N*Y, (3.1)

n—r

where N* = I,, — X*[(X*)' X*]7(X*), X* = (X11:Xs) and rank(X™*)=r.

Note that N*EY = 0, hence (n — r)%*|3 ~ Wishart(n — r, ©*). Thus, there exist
n—r ii.d. random variables Z; ~ Ny (0,3*) such that Y/N*Y = Y7 7, Z!. By the law
of large numbers of Kolmogorov, we have f]*|ﬁ 2% %% as R — oo, where R =n —r.

3.1 [ is known

We define the EB estimator for the parameter 3 as follows:

BSEOE)(EA:*) =SX{{Ln — p*>_(P°PaPL) PaN, } (y1 — 7N2y2) + M5! B, (3.2)
i=0
where p? = 63,/(611622).

Also define the estimator of the BLUE as

Bprup(X) = (X1 X1) ' X{{Ln — ° > (°PaP1) PaNy Hyr — sz?/z) (3.3)
i=0
which is a Zellner type estimator.
It is necessary to notice that in this subsection we take A as a constant Ay for
simplicity. That means 03 = 011/, i.e., B ~ N(B, A\ 'o11384). In fact if A = o1 /0% is
unknown, we must define a suitable estimator, such as (3 since 3 ~ N (Bo, 011 (X7 X))+

0%25), for the hyper-parameter 0%. Unfortunately, it is very very difficult to separate

0 from the covariance structure o1 (X{X;)™! 4+ 0385, Also, Arnold (1981) suggests
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taking X5 = (X7X;)"! as a convenient choice. Although it makes the above problem
easy, it is more or less unusual or unreasonable.

Theorem 3.1. Let ﬁEB (3%) and Bpryp(E*) be given in (3.2) and (3.3), respectively.
If R — oo, then MSE(ﬁEOE (3%)) < MSE(BpLus(2Y)).

Proof. Denote B = X{{I,, — p*> X320 (p*PoP1)' P, N, }, we have

Cov(B55 (29)]8) = ECou(Byy) (5|8, 6i;) + Cov(B(F5y (2918, 64))

2 A
022 079 012 012

= onE[SB(I,, + Ny(— V;)B'Y]. (3.4)

~2
011 029 011 022

Similarly, we have

Cov (BBLUE(i*)’ﬂ) = ECOU(BBLUE(XA] )|5, &ij) + COU(E(BBLUE(XA:*)’67 5ij))
. / -1 022 01 012@ NBR!H ! -1
= onFE[(X1Xy)  B(l, + NQ((711 52, o 022)N 5) B (X1X1)7). (3.5)

By the fact that 6;;|3 <= 0; as R — oo, it is easy to see that

Cov(BSH) (5)18) < Cov(Bprue(S7)|8), as R — . (3.6)

Note that X{PQNlN* = X{NQN* = X{PQNINQN* = O, 6ij (Z,j = 1, 2) are indepen—
dent of X{P2N1y1, X{]\_/'ng and X{P2N1N2y2. Therefore, we have

E(B5E (2)18) = E(B5518), (3.7)
and
E(BpLup(X)|8) = E(BpruslB). (3.8)

It follows from (3.6)-(3.8), (2.13)-(2.14) and (2.18),

Cov(Bgy (5) = E(Cou(Byy) (£9)]8)) + Cov(E(Gsy (£4)18))
< E(Cov(Bprue(X)|8)) + Cov(E(Bsrue(S7)|3))

= Cov(Bprue(Y?), as R — . (3.9)



Together with (3.7) and (3.8), we obtain
MSE(359(5%)) < MSE(Bprue(2*)), as R — . (3.10)

Theorem 3.1 has been proved.

3.2 [3p is unknown

In this subsection, we do not make the assumption that X is equal to a constant \g.
Since 3 ~ N (o, 011 (X] X)L + 03%3), we first estimate Gy by 3 in the second term

of the right-hand side of the expression (3.2) and hence the EB estimator of [ is

iX{{[m Z A2P2P1 PQNl}(yl - 7N2y2) 5\22515, (3.11)

where 6% is a suitable estimator for 02, A = 61,/6% and S = (X!X, + ALt
However, note that Cov(3, Noyo|3) = o11(X]X1) L X{ Ny #£ 0 if XN, # 0 ( In

fact P11 Py # PyP;; = X{; N3 # 0). Thereby, by Lemma 2.1, we adjust B by Ny, and

obtain a better estimator Bl(E*). Similarly, we can use N;y; to improve Bl(E*) and get

~

[2(X*). Repeating above steps, finally we obtain

Boo(E) = (X1 X)X {Ln — p Z (p*PoaPy)' PaNy Yy — fN2y2) (3.12)

=0
Replacing £* by 3 in (3.12) and substituting (. (3*) into (3.11), we define the

following EB estimator for the parameter 3 in this subsection,

B (£9) = SX{{Ln — p* S (P PPy) PQNI}(yl——NQ@n)
=0
AT B (59). (3.13)

It is interesting to see Bg?(ﬁ*) — Bprus(X*) at this time. Hence, we have the
following obvious result.

Theorem 3.2. If R — oo, then the EB estimator equals to the estimator of BLUE,
i'e'7 B(Eo;)(i:*> = BBLUE(XA]*)a and
MSE(55 (5%)) = MSE(BpLue(S7)).
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Similar to Theorem 2.3, Theorem 3.2 has the following corollary.
Corollary 3.1. If P;; P, = P,P;; and R — oo, then

>(00) /Sy s . ~ 6 _ _
B (2 = Bprup(S) = 0 = 22 (X[ X)X oy,

Also, it is not difficult to see that MSE(B59 (£%)) = MSE(BsLus(S*)) < MSE().

4. Conclusions

The covariance adjustment technique is a very effective approach. Combing it with
the Bayes method, under the assumption that the prior is normal, it presents the best
BE of the regression parameter in the sense of covariance. And under the MSE criterion,
the best BE performs better than the BLUE.

If the normal prior mean (3, is known, based on a covariance condition, we show
that the corresponding EB estimator is better under MSE criterion. Even though the
hyper-parameter [, is unknown, the EB estimator can still work as good as the Zellner
type estimator. In fact, due to estimating (3 by B in BBE, following the covariance
adjustment approach, the best BE equals to the BLUE as well as the EB estimator is
the same as Zellner estimator. Also, we find the BLUE of the regression parameter can

be obtained using the covariance adjustment approach to improve B .
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