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Abstract

This paper proposes consistent estimators for transformation parameters in semiparamet-
ric models. The problem is to find the optimal transformation into the space of models with
a predetermined regression structure like additive or multiplicative separability. We give re-
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or semi-parametrically and fulfills some consistency conditions. We propose two methods for
the estimation of the transformation parameter: maximizing a profile likelihood function or
minimizing the mean squared distance from independence. First the problem of identification
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metric estimators. Finally, we give some particular examples of nonparametric estimators of
transformed separable models. The theoretical results as well as the small sample performance
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1 Introduction

Taking transformations of the data has been an integral part of statistical practice for many years.
Transformations have been used to aid interpretability as well as to improve statistical performance.
An important contribution to this methodology was made by Box and Cox (1964) who proposed a
parametric power family of transformations that nested the logarithm and the level. They suggested
that the power transformation, when applied to the dependent variable in a linear regression setting,
might induce normality, error variance homogeneity, and additivity of effects. They proposed estima-
tion methods for the regression and transformation parameters. Carroll and Ruppert (1984) applied
this and other transformations to both dependent and independent variables. A number of other de-
pendent variable transformations have been suggested, for example the Zellner-Revankar transform,
see Zellner and Revankar (1969). The transformation methodology has been quite successful and a
large literature exists on this subject for parametric models, see Carroll and Ruppert (1988). There
are also a number of applications to economics data: see Zarembka (1968), Zellner and Revankar
(1969), Heckman and Polachek (1974), Ehrlich (1977), Hulten and Wykoff (1981).

In this work we concentrate on transformations in a regression setting. For many data, linearity
of covariate effect after transformation may be too strong. For example, a respected study of the
effects of schooling and experience on earnings (Heckman and Polachek (1974, p350)) found that
while their data supported the logarithmic transformation of their dependent variable (earnings), it
was “somewhat less clear on the functional form for the independent variables.” We consider a rather
general specification, allowing for nonparametric covariate effects without specifying their separability
structure explicitly. Let X be a d-dimensional random vector and Y be a random variable, and let
{(X;,Y:)}?, be an i.i.d. sample from this population. Consider the estimation of the regression
function m(z) = E(Y | X = x). Stone (1980, 1982) and Ibragimov and Hasminskii (1980) showed
that the optimal rate for estimating m is n=% % with ¢ a measure of the smoothness of m. This
rate of convergence can be very slow for large dimensions d. One way of achieving better rates of
convergence is making use of dimension reducing separability structures imposed e.g. by economic
theory. A most typical example is additive or multiplicative modeling. An additive structure for m
for example is a regression function of the form m(x) = ¢ + Zi:l Ma(ts), where z = (21,...,2q)
are the d-dimensional predictor variables and m,, are one-dimensional nonparametric functions with
E[mq(X,)] = 0. Stone (1986) showed that for such regression curves the optimal rate for estimating
m is the one-dimensional rate of convergence n~% 1) Thus one speaks of dimensionality reduction
through additive modeling.

We examine a semiparametric model that combines a parametric transformation with the flexi-

bility of an additive nonparametric regression function. Suppose that
AY) =G(m1(X1),...,me(Xy)) + &, (1)

where ¢ is independent of X, while G is a known function and A is a monotonic function. Special cases



d
of G are G(z) = H (Zizl 2q) and G(z) = H (H » 24) for some strictly monotonic known function
H. The general model in which A is monotonic and G(z) = S°¢

a1 %o Was previously addressed in

Breiman and Friedman (1985) who suggested estimation procedures based on the iterative backfitting
method, which they called ACE. However, they did not provide many results about the statistical
properties of their procedures. See also Hastie and Tibshirani (1990). Linton, Chen, Wang, and
Hiirdle (1997) considered the model with A = Ay parametric and additive G, G(z) = 9

a=1

Zo- They
proposed to estimate the parameters of the transformation A by either an instrumental variable
method or a pseudo-likelihood method based on Gaussian €. They assumed that identification held
and did not provide justification for this from primitive conditions. Unfortunately, our simulation
evidence suggests that both methods work poorly in practice and may even be inconsistent for
many parameter configurations. To estimate the unknown functions m, they used the marginal
integration method of Linton and Nielsen (1995) and consequently their method can not achieve the
semiparametric efficiency bound even in the few cases where Gaussian errors are well defined and
their method is consistent.

We establish the nonparametric identification of the model (1) using results of Roehrig (1988).
For practical reasons we propose estimation procedures only for the parametric transformation case
where A(y) = Ay, (y) for some parametric family {Ag(.), 0 € ©} of transformations where © C R*.
In many studies on generalized linear models the misspecification of the index has turned out to
be much more serious than the misspecification of the link. We suspect that something similar
holds for transformation models: i.e. that a parametrisation of the transformation is less crucial
than a parametric specification of the index. To estimate the transformation parameters we use two
approaches. First, a semiparametric profile likelihood estimator (PL) that involves nonparametric
estimation of the density of €, and second a mean squared distance from independence method
(MD) based on estimated c.d.f.’s of (X, e). Both methods use a profiled estimate of the (separable)
nonparametric components of my. We use both the integration method and the smooth backfitting
method of Mammen, Linton and Nielsen (1999) to estimate these components. The MD estimator
involves discontinuous functions of nonparametric estimators and we use the theory of Chen, Linton
and Van Keilegom (2003) to obtain its asymptotic properties. We derive the asymptotic distributions
of our estimators under standard regularity conditions, and we show that the estimators of 6, are
root-n consistent.

The rest of the paper is organized as follows. In the next section we clarify identification issues.
In Section 3 we introduce the two estimators for the transformation parameter. In Section 4 two
alternative methods of additive modelling are discussed. Section 5 contains the asymptotic theory of
the two estimators of the transformation parameter. Additionally, we discuss tools like bootstrap for
possible inference on the transformation parameter. Finally, in Section 6 we study the finite sample
performance of all methods presented and compare the different estimators of the transformation

parameter as well as the different estimators of the additive components in this context. A special



emphasis is also given to the question of bandwidth choice. All proofs are deferred to Section 7
(Appendix A) and Section 8 (Appendix B).

2 Nonparametric Identification

The first question is the identification of model (1). We shall establish identification in the fully
nonparametric model where A (Y) = m(X) + ¢ and A and m are unknown functions under ad-
ditional restrictions on the function m, while ¢ is independent of X. We show that additive and
multiplicative separability are sufficient under normalization conditions. These restrictions are quite
natural in economics applications, see e.g. Deaton and Muellbauer (1980), Blundell and Robin
(2000), Rodriguez-Péo, Sperlich and Vieu (2003) or Stone (1986).

Breiman and Friedman (1985) defined A, my, ..., my for general random variables Y, Xi,..., Xy

as minimizers of the least squares objective function

E{A() -0 ma ()Ql)}2
| |

62(A, mi,...,mg) = EA2(Y)]

They show the existence of minimizers and show that the set of minimizers forms a finite dimensional
linear subspace under additional conditions. These conditions were that: (i) A (V)=322_ mq (X,) =
0 a.s. implies that A(Y),ma(Xs) = 0 as., a = 1,...,d; (ii)) E[A(Y)] = 0,E[ms(Xa)] = 0,
E[A?(Y)] < oo, and E[m? (X,)] < oo; (iii) The conditional expectation operators E[A (Y)|X,],
E[m, (X,) Y], a=1,...,d are compact.

We establish unique identification under different conditions as we assume throughout that
A(Y) = m(X) + € where ¢ is independent of X. We take the approach to nonparametric iden-
tification of Roehrig (1988).! Let us define

F(X,Y,e) == A(Y)—m(X)—e=0. 2)

Assume that f is a continuously differentiable function in all its arguments and that the distri-
bution of (X,¢) is absolutely continuous with positive density on the set of interest. Further, let
f*(X,Y,e) := A*(Y)—m*(X) — e = 0 denote a function observationally equivalent to f(-,-,-)
(Roehrig (1988), pp.435) and

N, = (0w )y
Of [0(2a,y)

Then, Theorem 1 and Condition 3.2 of Roehrig (1988) tell us that model (2) is uniquely identified if

!The problems Benkard and Berry (2004) found in the article of Roehrig (1988) are not related to the results we

are using here, since we restrict in our article to a single equation problem.



and only if: |[N,| =0 for a = 1,...,d implies that f* = f. Here, | - | means the determinant.? We
will give two examples. In particular we show that additive (and likewise multiplicative) separability
of the exogenous variables is sufficient to identify our model.

Without any structure on m(-), the model is not identified. We have

N, — —Om*/0x, ON* /Oy Ca=1...d
—0Om/0x, ON/Oy

whence

om ,  ON* om*, OA

-1
For all points x for which dm(z)/0xs # 0, we have % = %% (g%;) . Now, for a strictly

monotonic A we get for any a # 3,
om ,  Oom* om*,  Om
it — am 4
Ora " Bzs (@) = 5@ 25 (z) (4)

This has many solutions, as for example m* = m® for any a. Therefore, even a parametrization of

the transformation function A , respectively A* does not automatically imply A = A* and m = m*.
Suppose that we have an additive structure m(z) = S2%_| mq(2,). Then (4) becomes

om, omy  Om,

(zp) Oz (Ta) = a—mﬂ(%)a—ma(%)-

8m5

8m5
Then, if X, is not a function of X3 and A is nonlinear, we get

om, om, B COA, . BA
ama (I’a)— ama (‘,Ea)7 Oé—l,...,d, ay (y>_ ay(y)

Therefore, m, are identified up to a constant, which can be set by a location normalization on
Ma, €.8., Elms(X,)] = 0. Similarly, A is identified up to a constant, which is set by a location
normalization on €, like E(g) = 0 or g,(g) = 0, where g, denotes the a quantile.

This identification result holds more generally. In particular, the pure multiplicative case is sim-
ilar. Also, the cases where G(z) = H (ZZ:1 zq)or G(z) = H (Ha_l 24) for some strictly monotonic
known function H are automatically identified by the above reasoning.

As we have seen, for identification it is not even necessary to parameterize A, but one would need
several restrictions on it, and interpretation becomes difficult. Apart from that, having nonparametric
functionals on both parts of model (2) renders the estimation problem impractical even for relatively
large samples. On the other hand, for functional m(-) some structural assumptions, usually provided

either by economic or biometric theory, are sufficient to identify our regression problem.

2We have applied here Condition 3.2 instead of Condition 3.1 because we restrict here for the ease of presentation
to models where 0f*/9s* = 0 is always fulfilled in

BB* = {$7y7€7€* : f(‘/L,?y?u) = 07 f*(x7y7€*) = 07 (x7€) 6 D} )

with D being the joint support of X and €. Notice that then our conclusions are clearly not affected by the criticism
of Benkard and Berry (2004).



3 Estimating the optimal Transformation
In the sequel we consider the model
Ag, (V) =m(X) +e, (5)

where {Ag : 6 € O} is a parametric family of strictly increasing functions, while the function m(.) is
of unknown form but with a certain predetermined structure that is sufficient to yield identification.
We assume that the error term e is independent of X and has distribution F'. The covariate X
is d-dimensional and has compact support X = Hi:l Rx.. Among the many transformations of
interest, the following ones are used most commonly: (Box-Cox) Ay(y) = }% (0 #0) and Ag(y) =
log(y) (6 = 0); (Zellner-Revankar) Ag(y) = Iny + 0y?; (Arcsinh) Ag(y) = sinh™*(Ay) /6. The arcsinh
transform is discussed in Johnson (1949) and more recently in Robinson (1991). The main advantage
of the arcsinh transform is that it works for y taking any value, while the Box-Cox and the Zellner-
Revankar transforms are only defined if y is positive. For these transformations, the error term
cannot be normally distributed except for a few isolated parameters, and so the Gaussian likelihood
is misspecified. In fact, as Amemiya and Powell (1981) point out, the resulting estimators (in the
parametric case) are inconsistent when only n — oc.

We let © denote a finite dimensional parameter set (a compact subset of R¥) and M an infinite
dimensional parameter set. We assume that M is a vector space of functions endowed with metric
|- llm =l - |lo- We denote 6, € © and m, € M as the true unknown finite and infinite dimensional

parameters. Define the regression function
mg(z) = E[Ag (V) |X = 2]

for each 6 € ©. Note that mg, (1) = m,(-).
We suppose that we have a randomly drawn sample Z; = (X;,Y;), i = 1,...,n, from model (5).
Define, for § € © and m € M,
e(@,m) = Ng(Y) — m(X),

and let g9 = €(0) = (6, my), and ¢, = €g,. When there is no ambiguity, we also use the notations e

and m to indicate ¢, and m,. Moreover, let A, = Ay, .

3.1 The Profile Likelihood (PL) Estimator

The method of profile likelihood has already been applied to many different semiparametric estima-
tion problems. The basic idea is simply to replace all unknown expressions of the likelihood function
by their nonparametric (kernel) estimates. We consider Ag (Y) = mg(X) + ¢4 for any 8 € ©. Then,

the cumulative distribution function is
Pr(Y” < ylX] = PrlAg (V) < Aa(y)|X] = Pr [0 < Ao(y) — mo(X)|X] = Fuo(Ao(y) — ma(X)),

6



where Fp)(€) = FL(9,m,)(€) and F_gm) = P(e(f,m) < e), and so

frix(lz) = fao)(Ao(y) —mo(z))Aj(y)

where f.9) and fy|x are the probability density functions of ¢(f) and of Y given X. Then, the log

likelihood function is .

S~ {108 £ (80(Y) — ma(X,)) + log 85(V7) }.

1=1

Let my(.) be one of our estimators (see Section 4 below) of my(.), and let

-~ 1 - € — 31(9)
o= L3, (<250, ;

0 e) = — p ; 2 J (6)
with €;(0) = €;(0, my) and €;(6, m) = £;(0,m) = Ag(Y;) — m(X;). Here, K is a scalar kernel and ¢ is
a bandwidth sequence. Then, define the profile likelihood estimator of 6, by

Opp, = arg maxy.e > [bg Feoy (Mo (Y:) — g (X)) + log Ay(Y;)| - (7)
i=1
The computation of /éPL can be done by grid search in the scalar case and using derivative-based

algorithms in higher dimensions, assuming that the kernels are suitably smooth.

3.2 Mean Square Distance from Independence (MD) Estimator

Although the profile likelihood approach yields an efficient estimator for the transformation under
certain conditions, there are four good reasons why it is worth providing alternatives when it comes to
practical work. First, as we will see in Section 6, the profile likelihood method is computationally quite
expensive. In particular, so far we have not found a reasonable implementation for the recentered
bootstrap.Second, for that approach we do not only face the typical question of bandwidth choice
for the nonparametric part my, we additionally face a bandwidth for the density estimation, see
equation (6). Third, there are some transformation models Ay for which the support of Y depends
on the parameter # and so are non-regular. Finally, although the estimator we get from the profile
likelihood is under certain conditions efficient in the asymptotic sense, Severini and Wong (1992),
this tells us little about its finite sample performance, neither in absolute terms nor in comparison
with competitors.

One possible and computationally attractive competitor is the minimization of the mean square
distance from independence. Why it is computationally more attractive will be explained in Section
6. This method we will introduce here has been reviewed in Koul (2001) for other problems.

Define, for each § € © and m € M, the empirical distribution functions

R 1 R 1

Fx(r) = — Zl(Xi <z); Fle) = - Zl(@(@) <e);

n < X
=1 i=1



n

~ 1
Fxcoy(z,e) == > 1(X; <2)1E(0) <e),
X,e(0) (2, €) n; ( z)1(&:(0) <e)
the moment function

Gurip(0,g)(x,€) = Fx(0)(z, €) — Fx(2)Fp)(e)

and the criterion function
|G rarp (6, ) |I5 =/[GnMD(&ﬁ%a)(w,@)qu(%6) (8)

for some probability measure p. We define an estimator of 6, denoted /Q\MD, as any approximate

minimizer of ||G,p(6,Mg)||3 over ©. To be precise let
|Grarp (Oarn, )| = Inf {|Gharn (6, a) |2 + 0p(1/v/n).

There are many algorithms available for computing the optimum of general non-smooth functions,
e.g., the Nelder-Mead, and the more recent genetic and evolutionary algorithms.

We can use in (8) the empirical measure dpu,, of {X;,€;(0)}_,, which results in a criterion function

Qul0) = =3 [Gursn (6, 716) (X:, E:(0))) (9)

n <
=1

4 Estimating the Nonparametric Index

We here discuss how to estimate the function my imposing the structure we have assumed. We only

r)=c+ Y ma(za),

where E[mq,(X,)] = 0. We start with the marginal integration [MI in the sequel] estimator. For each

discuss here the additive case

a=1,...,d, partition = (x4, x,), where z,, is a one-dimensional direction of interest and z, is a
(d — 1)-dimensional nuisance direction, likewise with X = (X,, X,) and X; = (Xui, Xui). Let fx be
the covariate density and fx, be its marginals, and let fx, be the joint density of X,.

For each 6, we first estimate my(z) by local linear regression. That is, let (6,3) minimize the

following localized least squares criterion
- x
>ox
i=1

H k(t;) and k is a univariate kernel function, while h = h(n) is a bandwidth. Then
No

2

Xi) [Ae(Yi) —a—b (Xi—2)|, (10)

where K (t)

let my(x) = a. Now define

:Eav Zmé’ (L‘a, az (11)



This estimator goes back to Newey (1994), Tjgstheim and Auestad (1994), and Linton and Nielsen
(1995). We will use here the improved version of Kim, Linton and Hengartner (1999) and Hengartner
and Sperlich (2005). Now, let

My () = Y Fal@aib) — (d = 1) , (12)

where ¢g = n~ 1> Ap(Y5).

A second estimator of mg(x) is the so called smooth backfitting [BF in the sequel] estimator
which we denote by mZ¥ (x). It has been introduced by Mammen, Linton and Nielsen (1999). Here,
we just give a brief definition, see Nielsen and Sperlich (2005) for implementation, finite sample
performance, bandwidth choice and further explanation of the method. We define the ‘empirical

projection’ estimates {mB¥(-),a =1,...,d, mF*} as the minimizers of the following criterion

~

/ (g (z) — g — (1) — . .. — a(wa)]® Fla)da, (13)

where the minimization runs over all functions m(z) = mo+ Y, Ma(Ta), with [ m, (2a) fa(2a)dza =
0, where fo(z4) = i f(m)dmg is the marginal of the density estimate f(z) = n~'h S K (24,
This is the one-dimensional kernel density estimate fa(xa) =n 'Y " Kp(za — Xai). A minimizer
of (13) exists if the density estimate f is non-negative.

It has been shown that 7, (z,;0) consistently estimates the population quantity v,(z.;6) =
[ me(za, za) fx,(Ta)dre. Under the additive model, v, (2a;0,) = ¢ + ma(zs). Then, mj (z) esti-

mates consistently
d

my' (2) = Y Val@ai6) = (d = )cs,

a=1
where ¢y = E[Ag(Y)]. Note that mj!’(x) = my,(z), i.e. combining the covariate effects in the 6, scale

gives us the regression function. However, m}!!(x) # my(x) for 6 # 6,. This information is used to

identify 6,. Regarding the backfitting estimator, mZ¥ (z) consistently estimates a function m&* (),
where mg¥ (z) = mg, (), but m§* (z) # me(x) for 6 # 6,. We give an interpretation to the functions

my™ (z) and mZ* (). Define the subspace of additive functions

d
Mg ={m: m(x) = Zma(xa) for some  mq(.),...,mq(.)},
a=1
and define the two additive approximations

Mg .aqq(.) = arg min / [(me(X) —m(X))?] fx(X)dX

meMgaq
d
m@,addprod(-) = arg mg}&gdd/ [(mG(X) - m(X))Q} }i[l -fXa (Xa)an-



Nielsen and Linton (1998) showed that m}! = mg agdproa- Mammen, Linton and Nielsen (1999) show
that m&* = mg 4aq. In general, these will be different functions, and will have different derivatives
at 0. Define

07;3“(.) - argmén&rjdd/ :(%()Q —m(X))T i[lfxa(Xa)an (14)
8%1§F(-) = argménj\i/lridd/ :(%(X) — m(X))Q: fx(X)dX. (15)

These functions play an important part in the limiting distributions below.
In the sequel we will denote my to indicate either the function E[Ay(Y)|X = -] or the functions

mPE and m)! defined above. It will be clear from the context which function it represents.

5 Asymptotic Properties

We now discuss the asymptotic properties of our procedures. Note that although nonparametric
density estimation with non- or semiparametrically constructed variables has already been considered
in Van Keilegom and Veraverbeke (2002) and in Sperlich (2005), their results cannot be applied
directly to our problem. The first ones treated the more complex problem of censored regression
models but have no additional parameter like our f. Nevertheless, as they consider density estimation
with nonparametrically estimated residuals, their results come much closer to our needs than the
second paper. Neither offer results on derivative estimation. As we will see now, this we need when we
translate our estimation problem into the estimation framework of Chen, Linton and Van Keilegom
(2003) [CLV in the sequel].

To be able to apply the results of CLV for proving the asymptotics of the profile likelihood, we
need an objective function that takes its minimum at 6,. Therefore we introduce some notation.
For any function ¢ we define ¢ := 9p/00 and 3 := 93/00 respectively. Similarly we define for
any function ¢: ¢'(u) := dp(u)/Ou and P'(u) := Op(u)/du respectively. The same holds for any
combination of primes and dots.

We use the abbreviated notation s = (m,r, f,g,h), so = (Mg, me, fe(o), fs,(ey f;(g)), S, = Sg,, and
59 = (Mo, ﬁm J?e(é')’ }Z(G)’ J/C\s(ﬁ))'

Then, define for any s = (m,r, f, g, h),

anL(G,s) (16)

s v g Ap()

1=1

and let GPL(Q,S) = E[anL(Q,s)], and FlpL = %GPL(Q’Se)lO:OD'

10



Note that ||GpL(6, se)|| and ||Grpr(6,5s)| take their minimum at 6, and 6p;, respectively. We
assume in the appendix that the estimators m,;; and mpr obey a certain asymptotic expansion.
The proof of such expansions can be found in Lemmas 6.1 and 6.2 of Mammen and Park (2005) for

backfitting and in Linton, Chen, Wang and Hardle (1997) for marginal integration. In consequence

we obtain expansions for fg(g), fé(@)’ j‘z((,).
Theorem 1. Under assumptions A.1-A.8 given in Appendix A, we have
/éPL — 0, = —T1p;Gnpr (00, 80) + Op(n_l/Q)a

and hence
\/E(QPL —0,) = N(0,Qpr),

where
Qpr, = p Var{Gipr (0o, 50) (Tl pr) "

Note that the variance of /Q\PL equals the variance of the estimator of 6, that is based on the true
(unknown) values of the nuisance functions m,, 1m,, f=, f/ and f.. When m, = mg !t we expect that
the profile likelihood estimator is semiparametrically efficient following Severini and Wong (1992),
see also Linton and Mammen (2005).

We obtain the asymptotic distribution of EM p using a modification of Theorems 1 and 2 of Chen,
Linton and Van Keilegom (2003). That result applied to the case where the norm in (8) was finite
dimensional, although their Theorem 1 is true as stated with the more general norm. Regarding
their Theorem 2, we need to modify only Condition 2.5 to take account of the fact that G,arp (6, my)
is a stochastic process in (z,e). Let Ag(y) = Ag(y) = dAg(y)/00 and let A, = Ng,. We also note that

S IX]| = [ () + (el

0=0,

Define the matrix
Tinn(@,€) = L(OF |(1(X < @) = Fx(2)) (A(A7 (mo(X) + €)) +mo(X) )]
and the i.i.d. mean zero and finite variance random variables

U; = /[1(Xi < z) — Fx(2)][1(e; < e) — Fe(e)[Timp(w, e)du(z, e)

+fX Zvola aiy €i /fe X <l‘) FX(x))FlMD(xve)dﬂ(mve)'

Let Viyp = E| U ] and Tipp = J Timp(z, )Ty p(z, e)du(z, e).

11



Theorem 2. Under the assumptions B.1-B.§8 given in Appendixz B, we have

Orp — 0 = ~TiapUs + 0,(n~1/?),

and hence,
V(Orp — 0,) = N(0,Qup),
where
Qip = TyppVisn -
REMARKS.

1. Bootstrap standard errors. CLV proposes and justifies the use of the ordinary bootstrap. Let

{Z;}?_, be drawn randomly with replacement from {Z;}I, , let

~ ~

Grup(0,m)(x,e) = F;(e(e)(mv e) — Fx(z) 5*(0)(6)7
where ﬁ)*(g(ey ﬁ)*( (x), and ﬁ:(e) are computed from the bootstrap data. Let also mj(-) (for each ) be
the same estimator as my(-) but based on the bootstrap data. Following Hall and Horowitz (1996,

p897) it is necessary to recenter the moment condition, at least in the overidentified case. Thus,

define the bootstrap estimator 5*M p to be any sequence that satisfies

1Gsr10 Orip 5 ) = GaripOri. g, )| = inf G 6. 75) — Garep(Ori. g, , )| + 0pr (n7),

(17)
where superscript * denotes a probability or moment computed under the bootstrap distribution
conditional on the original data set {Z;}7_,. The resulting bootstrap distribution of \/ﬁ(gjw R D)
can be shown to be asymptotically the same as the distribution of \/ﬁ(gM p — 0,), by following the
same arguments as in the proof of Theorem B in CLV .

2. Estimated weights. Suppose that we have estimated weights s, (, e) that satisfy sup, . |, (z,e)—
p(z, e)] = 0p(1). Then the estimator computed with the estimated weights p,,(x, €) has the same dis-
tribution theory as the estimator that used the limiting weights p(z, e).

3. Note that the asymptotic distributions in Theorem 1 and 2 do not depend on the details of

the estimators m}!(x) and m&* (z) only on their population interpretations through (14) and (15).

6 Simulations

In this section our interest is directed to the performance of our methods for distinct models, error
variances, and sample sizes. But we are also interested in practical questions like bandwidth choice
and computational expense.

We will work with the following data generating process:
Ag(Y) = by + by X7 + bosin(nXs) + €0, (18)
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where Ay is the Box—Cox transformation, € ~ N(0,1) but restricted on [—3,3] and X, Xy ~
U[-0.5,0.5)2. We study three different models setting by = 3.00. + by and by, by, 0. as follows:
for modell b, = 5.0, by = 2.0, 0. = 1.5; for model2 b; = 3.5, b = 1.5, 0. = 1.0; and for model3
by = 2.5, by = 1.0, 0. = 0.5. Note that the setting of all parameter and error distribution has been
chosen such that the variable Ag(Y") is positive to avoid problems when generating the Y for arbitrary
6 € [-0.5,1.5] in our simulations.

We have done simulations for the cases when the real data generating parameter 6, was set to
0.0,0.5 or 1.0. The estimate was taken from a grid of step length 0.0625 on the interval [—0.5, 1.5].
The additive model has been estimated by the two above mentioned approaches: by marginal in-
tegration (MI) and by smooth backfitting (BF). We used the quartic kernel K(u) = 12(1 — u?)%
throughout. We chose hy = hy = n~'/5hy for a large range of hg — values. Further, for the MI,
where it is allowed or even recommended to choose larger bandwidths (let us call them g,) in the
nuisance directions, we set g3 = go = 2 - hy due to our experiences from Hengartner and Sperlich
(2005). Certainly, neither setting hy = hy nor g1 = go = 2h; is always optimal, especially not
when the additive components have rather different smoothness or the variables X, differ a lot in
distribution. However, both cases hardly meet here so we think our choice is fair enough for our
purposes. For the density estimator of the estimated residuals in the PL we used the Silverman’s
rule of thumb bandwidth in each iteration of the maximization: 1.06n~/° % where TR denotes the
estimated interquartile range of the g;(f), i = 1,...,n. This is a quite reasonable choice in practice

as long as the residuals follow a somehow bell-shaped distribution.

6.1 Comparing PL vs MD and MI vs BF

First, we do some basic considerations like general performance in comparison (MD and PL, MI
and BF) and robustness against bandwidths choice, all for different 6,. To this end, we generated
500 samples of size n = 100 for each combination of estimator. Tables 1 and 2 give the means and
standard deviations calculated from these 500 replications for each data generating 6, and different
bandwidth hon~'/°. Notice that due to the fact that we always set © = [—0.5,1.5], the simulation
results for 6, = 0.0, respectively 1.0, are biased towards the interior of the interval. Note further
that there is also a relation between bandwidth and 6 (the estimated one as well as the real one),
that is the smoothness of the model. As we use local constant smoothers, the estimates will have
more bias for larger derivatives (“steeper functionals"). On the other hand, both a smaller 6 and a
larger hg make the data “smoother" and the other way around. Thus, some unwanted interaction,
even if asymptotically vanishing, would not be surprising.

Table 1 gives the results for any combination of model, bandwidth and method, always keeping
the same nonparametric smoother (here MI) to estimate the additive components. The effect of
using different smoothers (MI versus BF) can be seen when comparing later Table 1 with Table 2

where the same results for BF are presented.

13



Both Methods when using MI

0, = .00 .50 1.0 .00 .50 1.0 .00 .50 1.0
ho = 0.4 0.5 0.6

MD modell || .0393 .6163 .8692 | .0394 .6210 .8890 | .0368 .6269 .8995
1640 5767 .6578 | .1453 .5611 .6604 | .1431 .5547 .6471
0284 .3461 .4499 | .0227 3295 4485 | .0218 .3238 .4287

model2 || .0642 .6210 .8656 | .0625 .6389 .9015 | .0566 .6363 .9067
2178 .6026 .6855 | .1909 .5662 .6390 | .1926 .5684 .6505
0516 .3778 .4879 | .0403 .3399 4181 | .0403 .3417 .4318

model3 || .1434 .6744 8825 | .1241 .6875 .9519 | .1169 .6911 .9611
3468 .6336 .6766 | .2965 .5847 .6265 | .2877 .5835 .6256
1408 4319 4717 | .1033  .3770 .3948 | .0964 .3770 .3929

PL  modell | .0013 .4209 .8083 | .0004 .4372 .8153 | .0049 .4392 .8111
0811 3351 .5213 | .0856 .3501 .5342 | .0877 .3512 .5277
0066 .1186 .3085 | .0073 .1265 .3195 | .0077 .1270 .3142

model2 || -.002 .4436 .8290 | .0027 .4471 .8302 | .0056 .4450 .8114
1123 .3496  .5197 | 1118 .3570 .5260 | .1116 .3646 .5280
0126 1254 .2993 | .0125 .1303 .3055 | .0125 .1360 .3144

model3 || .0076 .4799 .8698 | .0078 .4778 .8581 | .0125 .4777 .8586
A731 3867 5215 | (1675 .3873  .5104 | .1730 .3957 .5119
0300 .1499 .2889 | .0281 .1505 .2806 | .0301 .1571 .2820

Table 1: Performance of MD and PL method with MI estimator: Means (first line), standard devia-
tions (second line), and means squared error (third line) of the 0 for different 6,, models [see (18)],
and bandwidths h, = hon~'°, a = 1,2, for sample size n = 100. All numbers calculated from 500

replications.

It is clear by its definition that if the error distribution is small compared to estimation error, then
the MD is expected to do worse. Indeed, even though model3 is the smoothest model and therefore
the easiest estimation problem, for the smallest error (o, = 0.5) the MD does worse. In those cases
the PL estimator should perform better and so it does. It might be surprising that 6 mostly gets
better estimated in modell than in model2 and model3, where the nonparametric functionals are
much easier to estimate, but notice that for the quality of 0 the relation between estimation error
and model error is more important. This holds also true for the PLL method. Nevertheless, at least
for small samples none of the estimators seems to outperform uniformly the other: so the PL has

mostly smaller variance whereas MD has mostly smaller bias. We later compare the methods for n
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increasing to n = 1000. Note that this finding does not depend on the particular smoother MI or
BF (compare Table 2). As expected, for very small samples the results depend on the bandwidth.
For this reason, and due to its importance in practice we will investigate this problem more in detail
below.

Concerning the different 6, to estimate we observe for 6, = 0.0 and 1.0 what we expected, a bias
towards the interior of the interval [—0.5, 1.5]. Note that we did also simulation studies for 6, = 0.25
and 0.75 that are not presented here. The quality of the results for these two values was similar to
that we obtain for 6, = 0.5.

Let us mention also that, as already indicated before, the PL. method is much more expensive to
calculate than the MD.

Next we would like to see the actual convergence rate of the estimates 9 in practice. There
are three possibilities: it converges slower than the parametric y/n-rate due to the necessity of first
estimating the nonparametric (additive) model, it converges faster as for rather small samples there
is a bias due to the nonparametric pre-step that vanishes for increasing n, or it converges more or less
at rate \/n. In a simulation study with bandwidth h, = hgn™'/®, a = 1,2 we applied our methods
with the marginal integration smoother and g, = 2h,, @ = 1,2 on modell. In Figure 1 we give the

mean squared error multiplied by /n for data generating # = 0.0, 0.5, and 1.0 calculated from 100

simulation runs. The data generating model was modell, the bandwidth used was h = 0.5n/°.
™
o] i ha
™
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Figure 1: Mean Squared Error times \/n as a function of sample size. Left: PL, right: MD. Data
generating process was modell with: thick line: 0 = 1.0, middle sized line: 6 = 0.5, thin line:
0 = 0.0. Numbers are calculated from 100 replicates for each n. Additive function estimator was MI

As we can see clearly, for both methods and all # the estimate converges faster to 6 than /n, i.e.
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the parametric rate. This actually is not surprising as it is expected that for such small data sets
higher order terms still matter a lot, in particular in the bias. So the reduction in the mean squared
error is, at least at the beginning, faster than the asymptotic \/n-rate. In both methods 6 = 0.0
seems to be estimated best. For n = 1000 the mean squared error is pretty close to zero.

We next focus on the question what happens when we change the smoother, in concrete what
happens if we take Smooth Backfitting (BF) instead of Marginal Integration (MI). For this let us
have a look at Table 2 below.

Both Methods when using BF

0, = .00 .50 1.0 .00 .50 1.0 .00 .50 1.0
ho = 0.3 0.4 0.5

MD modell || .0178 .5267 .9204 | .0233 .5324 .9219 | .0262 .5576 .9239
1079 4044 5519 | 1154 4220 5758 | .1214 .4437 5815
0120 .1643 .3109 | .0139 .1791 .3377 | .0154 .2002 .3439

model2 || .0315 .5735 .9401 | .0337 .5831 .9374 | .0432 .5950 .9425
1497 4354 5556 | .1563 4594 .5692 | .1591 .4698 .5839
0234 1950 .3123 | .0256 .2180 .3279 | .0272 .2297 .3443

model3 || .0534 .5969 .9593 | .0686 .6118 .9579 | .0820 .6307 .9718
2257 4738 5352 | .2358 .4906 .5721 | .2421 .5014 .5839
0538 2339 .2881 | .0603 .2532 .3291 | .0653 .2684 .3417

ho = 0.2 0.3 0.4

PL  modell | -.004 .4297 .8335| -.006 .4257 .8336 | -.002 .4318 .8261
07112763 .4369 | .0755 .2870 .4655 | .0758 .3055 .4916
0051 .0813 .2186 | .0057 .0879 .2444 | .0057 .0980 .2719

model2 || -.001 .4490 .8710 | -.004 .4395 .8470 | -.003 .4505 .8423
0951 3057 .4610 | .1027 .3151 .4725 | .1044 .3345 .4974
.0090 .0961 .2292 | .0106 .1030 .2467 | .0109 .1143 .2723

model3 || .0045 .4622 8732 | .0037 .4519 .8562 | .0028 .4510 .8562
1516 3398 4590 | .1570 .3612 .4842 | .1566 .3570 .4929
0230 1169 .2268 | .0247 .1328 .2551 | .0245 .1299 .2636

Table 2: Performance of MD and PL method with BF estimator: Means (first line), standard devia-
tions (second line), and means squared error (third line) of the 0 for different 6, models [see (18)],
and bandwidths hy, = hon~'/°, a = 1,2, for sample size n = 100. All numbers calculated from 500

replications.

The findings stated above (when we used MI) still hold. But, backfitting clearly does uniformly
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better than MI as our (however, asymptotic) theory indicates for the MD. Nevertheless it is also worth
to mention that the implementation is much simpler for MI and computationally much less expensive.
This is because for each possible 6 the backfitting algorithm has to be performed completely in new,
since it is iterative. In contrast, the MI works with weighting matrices that only depend on the
design so that for any # all we have to do is a simple matrix multiplication to get the estimates m,,.

Note further that the selected results refer to bandwidths that are slightly different. This is
because marginal integration needs larger bandwidths than smooth backfitting to get final estimates
of similar smoothness, see Sperlich, Linton and Hérdle (1999). We see here a clear dependence
between the 6 and h,, (the optimal bandwidth to estimate 6). So again, obviously it is worth to

think somewhat more about the crucial question of bandwidth choice.

6.2 Bandwidth Discussion and Bootstrap

One might think that the probably easiest approach would be to apply plug-in bandwidths for the
particular problem under consideration. For many of the regression problems and their corresponding
estimators that might be true, and in particular for additive model estimators considered here, those
plug-in rules can be found in the literature. However, they rely on asymptotic expressions with
unknown functions and parameters that in our particular case are even more complicated to estimate.
Further, in simulations (see Sperlich, Linton and Hirdle, 1999, or Mammen and Park, 2005) they
turned out not to work satisfactory.

Another, also quite natural approach would be to apply cross validation, i.e. the jackknife or the
generalized version. For the generalized cross validation one needs to estimate the degrees of freedom
of the nonparametric estimator, something that is even in the simple nonparametric regression a
quite crucial point, this does not become better for our problem. On the other hand, for the smooth
backfitting (see Nielsen and Sperlich, 2005) the jackknife method has been implemented successfully,
and Kim et al. (1999) discussed a version for the internalized MI, i.e. the version applied here.
Therefore we implemented the jackknife cv-bandwidth for BF and MI also for our context. However,
for the MI we set all bandwidths of nuisance directions g, to g, = 2h,. In Table 3 we give the results
for minimizing the MD over 6 € © choosing h € R? by cross validation as described in Nielsen and
Sperlich (2005), respectively in Kim et al (1999). Notice that we allow for different bandwidths in
each direction. The simulations are executed as before but only for modell and based on just 100
simulation runs what is enough to see the following: the results presented indicate that this method
seems to work for any 6. As for this exercise we did no further investigation on what happens for
n running from 100 to 1000 we have added the results for the case n = 200. It might surprise that
the constant for “optimal" cv - bandwidths does not only change with 6 but even more with n (not
shown in table). Have in mind that in small samples the second order terms of bias and variance

~1/5

are still quite influential and thus the rate n is to be taken carefully; compare with the above

convergence-rate study.
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MD with cv-bandwidth
BF MI

n | 6, | mean(d) std(d) mse | mean(d) std(d) mse

0.0 .0069 1369 .0188 | .0032 1619 .0262
100 | 0.5 | .5039 5319 2829 | 4776 6251 .3913
1.0 | .8345 6087  .3979 | 7176 7211 5998
0.0 .0194 0647 .0046 | .0245 0876 .0083
200 | 0.5 | .5509 2892 .0862 | .5490 3685 1382

1.0 | 1.017 3695 1368 | .9689 5104 2615

Table 3: Simulation results when applying BF and MI with cross validation bandwidth to minimize

(9) w.r.t. 8. Numbers are calculated from 100 replications.

A disadvantage of this cross validation procedure is that it is computationally rather expensive,
and often rather hard to implement in practice as well. This gets even worse if one wants to combine
the cross validation with the PL method. Therefore we additionally suggest a procedure that is
relatively easy to implement, quite fast, and works reasonably well even for small data sets. The idea
is to choose # and the bandwidth simultaneously minimizing, respectively maximizing, the considered
criteria function (7), respectively (9). Intuitively, this approach seems rather appealing to us as the

interpretation of the results is easier when keeping the same criteria function to minimize / maximize.

MD & PL for 6 and hy using MI estimator
MD PL

n | 6, | mean(d) std(d) mse | mean(d) std(d) mse

0.0 .0032 15887 .0252 | -.016 .0960 .0095
100 | 0.5 | .5108 6020  .3625 | .3589 3954 1763
1.0 | .7245 7224 5978 | .6720 5704 4330
0.0 .0238 0858 .0079 | -.001 .0568 .0032
200 | 0.5 | .5596 3463 1235 | 4183 2711 .0802

1.0 | 1.008 4971 2472 | 8302 43742202

Table 4: Simulation results when minimizing (9) / maximizing (7) simultaneously w.r.t. 6 and the

bandwidth. Numbers are calculated from 100 replications.

In Table 4 we give the results for minimizing the MD over § € © and h simultaneously. For
computational ease, we did this only for the MI smoother. The simulations are the same as above,
modell with only 100 simulation runs but again for n = 100 and n = 200. To simplify the simulations

we chose hy = ho, g1 = g2 = 2h; as we did at the beginning of this section, see discussion above.
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The results presented in Table 4 indicate that this method seems to work very well, too. Certainly
it would be very hard to do any theory proving that the obtained bandwidths will converge to the
optimal ones. For both, this method and cross validation, it is also rather tedious to derive the
asymptotic properties for @ since then the bandwidth is random.

As discussed in the sections above, often the asymptotic expressions given in our theorems are
little helpful in practice due to various reasons: they contain various unknown functions and para-
meters, and usually large sample sizes are needed before second order terms become really negligible.
Therefore we have suggested a bootstrap procedure to estimate the distribution of 6 in small samples
whose usefulness and performance we want to investigate now. For the sake of shortness we restrict
again to modell, applying the MI smoother. For this model we already know from above that the
optimal bandwidth constant hq is about 0.5.

Bootstrap estimates of standard deviation and bias for ¢

Method n | 6, | std(@) std(®) std(std(0))]| bias(®) bias(®) std(bias(0))
0.0 1453 2394 .0736 .0394 .0357 .0865
100 | 0.5 | 5611 5585  .0693 1210 .0520 2134
MD 1.0 .6604 .6179 .0751 -.111 -.072 2138
0.0 .0810 .1097 0287 .0129 .0074 .0578
200 | 0.5 .3598 .4045 0723 .0224 .0428 2217
1.0 | 4972 4996  .1019 057 -.035 2588
recentered 0.0 1453 .1658 .0364 .0394 .0154 1116
100 | 0.5 0611 4597 .0514 1210 .0341 3208
1.0 .6604 .Db7T .0621 -.111 -.082 .2682
0.0 .0856 .1044 .0148 .0004 -.002 .0416
100 | 0.5 .3501 .4048 .0497 -.063 .0155 .1619
PL 1.0 | 5342 5583  .0595 -185  -.032 2073
0.0 | 0505 .0716  .0099 0066 -.004 0314
200 | 0.5 2319 .2992 .0400 -.036 -.013 1271
1.0 .3862 4532 .0559 -.109 -.055 1782

Table 5: Approzimation of the distribution of @ by bootstrap for both methods, using MI. Here, the
values for std and bias are averages over 200 simulations with 250 bootstrap samples. Numbers are

calculated from 200 simulation runs.

For our simulation study we did only 250 bootstrap replicates. In Table 5 we give the results
calculated from 200 replications. We see clearly the bootstrap is doing reasonable in estimating
the standard deviation but, as usually, doing less well for the bias of 6. As one might expect, the

bootstrap gives some conservative results for the standard deviation, always (slightly) overestimating
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the standard deviation. So it can be recommended for statistical inference on the model.

7 Appendix A : Profile likelihood estimator

To prove the asymptotic normality of the profile likelihood estimator, we will use Theorems 1 and 2
of Chen, Linton and Van Keilegom (2003) (abbreviated by CLV in the sequel). Therefore, we need
to define the space to which the nuisance function s = (m,r, f, g, h) belongs. We define this space
by Hpr = M? x C}H{IR)?, where C%(R) (0 < a < 00, 0 < b < 1, R C IR* for some k) is the set of all
continuous functions f : R — IR for which

<a,

fy) — 1y
sup ()] + sup L= LW

Yy Y5y’ ly— |
and where the space M depends on the model at hand. For instance, when the model is addi-
tive, a good choice for M is M = Zi:l Ci(Rx,), and when the model is multiplicative M =
Hi:l Ci(Rx,). We also need to define, according to CLV, a norm for the space Hpr,. Let

[sllpr = sup max{[imslloc, lIrolleo, [l foll2, ligoll= lIRoll=}
S

where || - || (|| - ||2) denotes the Lo, (L) norm. Finally, let’s denote || - || for the Euclidean norm.
We assume that the estimator my is constructed based on a kernel function of degree ¢;, which
we assume of the form K;(up) X ... x Kj(uq), and a bandwidth h. The required conditions on K7, ¢

and h are mentioned in the list of regularity conditions given below.

7.1 Assumptions

We assume throughout this appendix that the conditions stated below are satisfied. Condition A.1-
A.7 are regularity conditions on the kernels, bandwidths, distributions Fx, F., etc., whereas condition
A.8 contains primitive conditions on the estimator mg, that need to be checked depending on which

model structure and which estimator my one has chosen.

A.1 The probability density function K; (j = 1,2) is symmetric and has compact support,
JuFK;j(u)du = 0 for k = 1,...,¢; — 1, [u¥K;(u)du # 0 and K; is twice continuously
differentiable.

A2 nh — oo, nh*" — 0, ng®(logg™!)™2 — oo and ng?? — 0, where ¢; and ¢ are defined in

condition A.1 and ¢y, g2 > 4.

A.3 The density fx is bounded away from zero and infinity and is Lipschitz continuous on the

compact support X.
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A4

A5

A6

AT

A8

The functions my(z) and my(x) are ¢; times continuously differentiable with respect to the

components of z on X x N (6,), and all derivatives up to order ¢; are bounded, uniformly in

(z,0) in X x N(6,).

The transformation Agy(y) is three times continuously differentiable in both 6 and y, and there
exists a 6 > 0 such that

E | sup

|6"—0]|<é

foralldin®andall 0 < k+1<3.

A/Y
e >\

The distribution Fg)(y) is three times continuously differentiable with respect to y and 6, and

8k+l

Oyko0

sup
0y

i e(e)(y)' < o0

forall 0 <k+1<2.

For all n > 0, there exists €¢(n) > 0 such that

inf  [|Gpr(6,s6)|| > €(n) > 0.
||0_00||>77

Moreover, the matrix I'ypy, is of full (column) rank.

The estimators m, and m, can be written as

mo(x) o nh ZZKl(:pa — )Uola azafz ZUOQ 51 + Uo

i=1 a=1

and

ﬁ\’bo(l‘) - mo(fE) - % ZZKI (xa_T)(ai)wola omgz Zwo2 57, + wo )

where sup, |U,(z)| = 0,(n~/2), sup,, |@W,(x)| = 0,(n"1/2), the functions v,14 (7, €) and we1a(7, €)
are q; times continuously differentiable with respect to the components of x, their derivatives up
to order g, are bounded, uniformly in = and e, E(v,2(g)) = 0 and E(we2(¢)) = 0. Moreover, with
probability tending to 1, 7, g € M, supyeg |9 — ma|| = 0,(1), supgee || — g = 0p(1),
|79 — mel| = 0,(n~Y/4) and ||ing — 1hg|| = 0p(n~Y/*) uniformly over all 6 with ||0 — 6,]| = o(1),
and

sup (o — 10)(@) — (o = ) )] = 0,(1)10 = ]| + Oy 77

for all @ with [0 — 6,| = o(1). Finally, the space M satisfies [ /log N(g, M, ]| - ||o) de < 0.
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7.2 Proof of Theorem 1

The proof consists in verifying the conditions given in Theorem 1 (regarding consistency) and 2
(regarding asymptotic normality) in CLV. In Lemmas A1-A8 below, we verify these conditions. The
result then follows immediately from those lemmas, assuming that the primitive conditions on my
and the regularity conditions stated in A.1-A.8 hold true.

LEMMA Al. Uniformly for all 0 € ©, Gpr(0,s) is continuous in s at s = sg in the uniform

norm.
LEMMA A2.
sup sup | fe(0)(y) — fe0)(¥)] = 0p(1), sup sup | f () () — fe(0)(W)| = 0p(1),
y 6€O y 6e€O
and

sup sup ’fé(e)(y) - fgl(e) (y)| = op(1).
y 6e€O

LEMMA A3. For all sequences of positive numbers 6, = o(1),

sup  [|Gupr(0,8) = Gpr(0,5)[| = 0p(1).

6€0,|s—s4 ]l py, <6n

LEMMA A4. The ordinary partial derivative in 0 of Gpr(0,se), denoted I'ypr(0,sy), ezists in a
neighborhood of 0,, is continuous at 6 = 0,, and the matriz T'ypr, = ['1pr(0,, So) is of full (column)

rank.

For any 6 € ©, we say that Gpr(0,s) is pathwise differentiable at s in the direction [s — s] if
{s+7(G5—s):7€]0,1]} C Hpr and lim,_4[Gpr(8,s + 7(5 —s)) — Gpr(0,s)]/7 exists; we denote
the limit by FQPL(Q, S)[g — S].

LEMMA A5. The pathwise derivative T'apr (60, sq) of Gpr(0,sg) exists in all directions s — sy and
satisfies:
(i) 1IGpL(8,s) — Gpr(8,59) — Dapr(8, s9)[s — solll < clls — soll7r

for all 6 with (|6 — 0,|| = o(1), all s with ||s — sg||pr. = o(1), some constant ¢ < oo;
(i) T2z (8, 50)[30 — s0] = Tapr(bo, 50)[50 — solll < ¢l — bo]| X 0,(1) + Op(n*/?)

o~

for all 0 with ||6 — 6,|| = o(1), where s = (ffz,ﬁl,ﬁ,fg, AE')
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LEMMA A6. With probability tending to one, f., f., . € C}(IR). Moreover,

sup sup |fs(9) (y> - f&(G) (y)| = Op(n_1/4)7
Y [[0—00<6n

sup sup | foig)(y) = foo) ()] = 0p(n7Y),
PN

and

sup  sup ’fsl(e) (y) — fsl(e) ()| = Op(”_1/4)>
Y ]|0—00]<6n

for any 6,, = o(1).

LEMMA AT7. For all sequences of positive numbers {6,} with 6, = o(1),

S [[Gups6,) = Gru6:) = Gapw (6o, 50| = o™,

1005 <bn,|ls—s0l|lpL.<6n

LEMMA AS.

\/ﬁ{GnPL(QO, SO) -+ FQPL(@O,SO)[/S\_ SO]} — N(O, Var{GlpL(Ho, SO)}).

7.3 Proofs of Lemmas A1-A8

Before proving Lemmas A1-A8, we first need to consider some preliminary results concerning the
estimator fg(g) and its derivatives.

The first result states that the asymptotic behavior of the estimator fg(g) (y), which is a kernel
estimator based on the estimated residuals ;9 = Ag(Y;) — mg(X;), is the same as that of the kernel
estimator based on the (unobserved) true errors €;9 = Ap(Y;) — mg(X;).

LEMMA A9. For ally € IR,

Joly) = foly) = 7' 3 Kaglei =) = 0)

n

d
L)Y [ D vota(Xas £0) o (Xai) + vaa(e3) | + 7o),
i=1 a=1
where sup,, [7,(y)| = 0p(n/?), and where the functions Voo and vy are defined in assumption A.8.

Moreover,

supsup | fe0)(y) — fe0)(¥)| = 0p(1)
y 0O

and

sup  sup | fo0)(y) — Fo) ()| = 0p(n7HY)
y 9-00]<6n
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for all 6, = o(1).

Proof. Write

~

fs(y) - f&(y)

1 & , R 1 )
T ng D Kay(ei—y)Ei—e) + -y Kaglei —y) = foly) + 0p(n77)
=1 i=1

n n d n
1 1 1 R
=T Z Kég(gi - y) {_ Z th(Xai - Xak)vola(Xaky 5k) + = Uog(ék) + Uo(Xi)}
g = M= o=t [y
1 n
il Ko(e; — ) — f. ~1/2
+ = Z 29(e0 = y) = foly) + op(n %)
1 d n / 1 n
— 2 Z Z Vota(Xak: €k) P + fe(y)_ Vo2 (ek)
(L et
1< -
T ; Eaglei = y) = fo(y) + 0p(n”7?), (19)

where ¢, = —%Kég(gi — ) K15 (Xoi — Xok)- Since

E (@il Xr) = f2(y) fxo(Xak) + 0p(1),

it follows that (19) equals

In a similar way as for Lemma A9, we can prove the following results. The proofs are omitted.

LEMMA A10. For ally € IR,

~

fe(y) = foly) = (ng) ™" Z Ky (ei = y)(Ag(Y:) — 1it9(X5)) — J-(y)

n d
+ fé(y) n_l Z [Z /Uola(Xai; 8i).fXa (Xai) + U02(5i)]
=1 a=1

R | D wora(Kais20) e (Xa) + woa()| +Foly),

i=1 a=1
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where supy , [To(y)| = 0,(n™'/?). Moreover,

sup sup | f.(g)(y) — fe0) ()| = 0p(1)
y 0€O

and

sup  sup |foo(y) — Feo) (W) = op(n~ /%)
Y [|0—00]|<6n

for all 6, = o(1).

LEMMA All. For ally € IR,

-~

FLy) = fily) = (ng)™" Z Ky, (y — &) — fl(y)

n d

F L)Y | D vota(Xas € fx, (Xei) + via(ei)] +Foly),

i=1 a=1

where sup, [7,(y)| = 0,(n~'/?). Moreover,

sup sup |JZ(9) () = fio) ()] = 0p(1)

y 0cO
and
sup  sup | fe)(y) — fio)(W)| = op(n~ /%)
Yy |0—60]1<6n
for all 6, = o(1).
ProoF orF LEMMA A1l. Note that
B 1 , No(Y)
Gru(0,9) = B | sy (e@ m) (o(Y) = r(X)) + h(e(6,m)} + 755

which is continuous in s at s = sy provided conditions A.4-A.6 are satisfied.
PrOOF OF LEMMA A2. This follows from Lemmas A9-A11.

PrOOF OF LEMMA A3. The proof is similar (but easier) than that of Lemma A7. We therefore

omit the proof.

PrROOF OF LEMMA A4. This follows from assumption A.7.
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PROOF OF LEMMA Ab. Some straightforward calculations show that

Lopr(6, s9)[Se — so) (20)

1 ~
= 7l_lir(l) ;{GPL(Q, Sp + T(S@ - 89)) — GPL(Q, 89)}

- EH fé(e) (es) (g — mg)(X) — (fet0) — f-) (<o) }{fs'@ (0)[Aa(Y) = ho(X)] + fepo) (gg)}

=(0)(c0) ff(e) (€0)
+ —fg(o)l(ﬁo){ - fél(e)(Se)[Ae(Y) — (X)) (Mg — my)(X) + (:’(9) — fé(e))(ge)[Ae(Y) — 1ig(X)]

~

— FLioy(e0) (0 = 1) (X) + (Futo) = Fo0))(e0) = Fio)(20) (o — mo) (X) } |.

The first part of Lemma A5 now follows immediately. The second part follows from the uniform

consistency of m, 7’71, ﬁ(g), ]?5(9) and fs’(g), and from the fact that
sup |(7g — 1) (x) — (e — 170) ()| = 0p(1)[[0 = b, + Op(n~*/?),
which follows from assumption A.8.

PrOOF OF LEMMA A6. This follows from Lemmas A9-A11.

PrOOF OF LEMMA A7. We will make use of Theorem 3 in Chen, Linton and Van Keilegom
(2003). According to this result we need to prove that

(i)

Bl s lgpu(X,V,0,8) = gpi(X,Y,0,9) ] < Ko,

16"=6l|<n,[ls" sl pL<n

for all (0,s) € © x Hpp, all n > 0 and for some K > 0.

(i)

/ \/log N(e,Hpr,| - |lpr)de < o0,
0

where N(e, Hpr, | - |pr) is the covering number with respect to the norm || - || p, of the class Hpy,
i.e. the minimal number of balls of || - || pr-radius € needed to cover Hpy,.

Part (ii) follows from Corollary 2.7.4 in van der Vaart and Wellner (1996), together with assumption
A.8. Part (i) follows from the mean value theorem, together with the differentiability conditions

imposed on the functions of which the function gpy, is composed.

PrOOF OF LEMMA A8. Combining the formula of I'spr(6,, S,) given in (20) with the represen-
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tations of j'z(g), Ji(g) and j’i’w) given in Lemmas A9-A11, we obtain after some calculations:

GnprL(00, S0) + T2pr (00, 50)[8 — S0
1 1 / A . ; Ai) YZ
=17 3 8 S AT — (X} + e+ ﬁ}

_fgl(g) {%ZKQ(Si;€> — fE(E)} {1 [A(Y) — 110(X)] + f-(e)}
" fia) {‘nig?ZKé(gig_g) —Je >}{A (Y) = rio(X)}

1 1 s (€i —EN i
1 {—ngz EinQ( ) (R = shg(X0)) - ﬁ;()}
We next show that

- f;(e)] 0

i

+E

+ op(n_l/Q).

E

and

1 1 , (Ei — & . .
+f€<s>{_n_92;K2< g )}{AO(Y)_W(X)}

(21)

(24)

It then follows that only the first term on the right hand side of (21) (i.e. the term G,pr(6,, S,)) is

non-zero, from which the result follows. We start by showing (22) :

] o]

since [ f0)(y)dy = 1. Next, consider (23). The left hand side equals
/ —&\| fs(e)
g 2l X8 [ (55)| - 2 [ﬂ(e)]
- Xijmom) ~ia(X)) [ Kj(w)du =0
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Finally, for (24), note that the left hand side can be written as

since [ Kg(gig_e

8

8.1

T - () el - (2570 o]
K (szge)>

2 @ T :%;%ﬁQﬁﬂﬁﬂ,

—VYo

) de = g. This finishes the proof.

Appendix B : MD estimator

Assumptions

We assume throughout this appendix that assumptions B.1-B.8 given below are valid.

B.1

B.2

B.3

B4

B.5

B.6

B.7

The probability density function K7 is symmetric and has compact support, [u*Kj(u)du =0
for k=1,...,q1 — 1, [u? K (u)du # 0 and K is twice continuously differentiable.

nh — oo and nh?® — 0, where ¢ is defined in condition B.1 and ¢q; > 4.

The density fx is bounded away from zero and infinity and is Lipschitz continuous on the

compact support X.

The function mgy(x) is ¢; times continuously differentiable with respect to the components of z
on X X N(6,), and all derivatives up to order ¢; are bounded, uniformly in (z,0) in X x N'(6,).

The transformation Ay(y) is twice continuously differentiable in both 6 and y, and there exists
a 6 > 0 such that

E| swp Py

6—6"[|<6

< o0

for all £ and for all # in ©.

The distribution F(y) is twice continuously differentiable with respect to y, and sup, | fZ(y)| <
0.

For all n > 0, there exists €(n) > 0 such that

inf ||Gupp(0,mg)]l2 > €(n) > 0.
16—00[1>n

Moreover, the matrix I'1pp(x,e) (defined in Section 5) is of full (column) rank for a set of

positive p-measure (z,e).
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B.8 The estimator m, can be written as

mo(x) - o nh ZZK1<xa — az)”ola azafz ZUOQ 51 + Uo

i=1 a=1

where sup, [0,(z)| = 0,(n"1/2), the function v,14(7,€) is ¢ times continuously differentiable
with respect to the components of x, their derivatives up to order ¢; are bounded, uniformly in
x and e, E(vy(e)) = 0. Moreover, with probability tending to 1, my € M, supycg ||Mo —my|| =

0,(1), ||y — myl| = 0,(n~/*) uniformly over all § with ||§ — 8,|| = o(1), and

sup (g — mg) () — (o — 1) (x)] = 0,(1)[|0 — ol| + Op( ™)

for all @ with ||§ — 6, = o(1). Finally, the space M satisfies [ \/log N(e, M, || - ||o) de < 0.

8.2 Proof of Theorem 2

We use a generalization of Theorems 1 (about consistency) and 2 (about asymptotic normality) of
Chen, Linton and Van Keilegom (2003), henceforth CLV. Below, we state the primitive conditions
under which these results are valid (see Lemmas B1-B6). Their proof is given in Section 8.3.

Given these lemmas, we have the desired result. We just reprieve the last part of the argument
because it is slightly different from CLV due to the different norm. Note that

Likewise, F'x c(9,m) satisfies

Fxcomy(x,e) =Pr[X <z, Ap(Y) —m(X) < ¢
= EPr[X <z, < Ag(Ay ' (m(X) + €)) — my(X)]
= E [1(X < 2)F[A(Ag (m(X) + €)) — mo(X)]] .
Define
Gup(0,m)(z,e) = Fxco,m)(,€) — Fx(x)Fo0,m)(e).

Define now the stochastic processes

~

Ln(w,€) = V[Fx.(z,¢) = Fx.(w,e)] = Fx(2)v/n[F(e) — F(e)] = F.(e)v/n[Fx(x) — Fx(x))

and
L,(0)(z,e) = Ly(z,e) + Tipp(x,e)(0 —0,) + [Lonrp (0o, mo) (M — my)| (2, €),

29



where for any 6 € © and any m,m € M, Iopyp(0, m)(m — m)(z,e) is defined in the following
way. We say that Gp(0, m) is pathwise differentiable at m in the direction [mm — m| at (z,e) if
{m+7r(m—m):7€[0,1]} € M and lim, o|Gyp(0,m + 7(Mm — m))(x,e) — Gyp(8,m)(x,e)]/T
exists; we denote the limit by I'aprp (6, m)[m — m|(z, €).

A consequence of Lemmas B1-B6 is that

sup || Garn (6, M) — Ln(0)||2 = 0,(n~1?),
10—05|<én

which means we can effectively deal with the minimizer of £,(6), say 6. Note that 6 has an explicit
solution and indeed

-1

Vn(f — 0,) = — {/ F1MDF1MDT(ZU, e)du(z,e)
X /[Ln(m, e) + [Conrp (0o, mo) (M — my)|(z, €)|T1pp (2, €)dp(z, e).

Then apply Lemma B6 below to get the desired result.

LEMMA B1. Uniformly for all 6 € ©, Gyp(6,m) is continuous in m at m = my in the uniform

norm.

LEMMA B2. For all sequences of positive numbers 6,, = o(1),

sup |Grrip(6,m) — Grp(6, m)||2 = 0,(1).

0€0,|lm—mygl| \ <bn

LEMMA B3. For all (z,e), the ordinary partial derivative in 0 of Gup(0,mg)(x,e), denoted
Tiap(0,mg)(x, €), exists in a neighborhood of 0,, is continuous at 8 = 0,, and the matriz T'1pp(x,€) =

Ciap(00, mo) (2, €) is of full (column) rank for a set of positive p-measure (z,e).

LEMMA B4. For p-all (z,e), the pathwise derivative U'aprp (0, mg)(x, €) of Gup(0,me)(x, e) exists

in all directions m — my and satisfies:
() IGap(8.m) — Garp(0,m) — Tarrp (6, me)[m — mel|l2 < cllm — mo||34
for all 0 with ||6 — 0,|| = o(1), all m with ||m — mg||pm = o(1), some constant ¢ < oo;
(i) |Tanen (8, mo)[ig — me] — Tarrp (8o, mo) [ — mo][l2 < ¢l — Boll X 0p(1) + Op(n~"/?)

for all 6 with |0 — 6,| = o(1).
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LEMMA B5. For all sequences of positive numbers {6,} with 6,, = o(1),

i [Guaas(6.m) = Gas(6.m) = Grsip (0o, mo)l2 = 0,(n %),
10—80[|<én,|[m—mg || pm<bn

LEMMA B6.

\/ﬁ/{GnMD(QO, mo) + FQMD(QO,TTLO)[T/T\L — mo]}(x, €)F1MD($, e)d,u(x, 6) — N(O, ‘/1MD)

8.3 Proofs of Lemmas B1-B6

PrOOF OF LEMMA B1. This follows from the representation
Gup(0.mp)(z,€) = B [[L(X < @) — Fx(2)|F.[Ao(Ag ' (mo(X) + €)) — mo(X)]] (25)
and the smoothness of F., A,, and A;l.

PrROOF OF LEMMA B2. Define the linearization :
Glvp(0,m) (2, €) = Fx om) (2, €) — Fx () Fagm)(€) — Fx(2)Fe(omy(e) + Fx (2) Feom(e).

By the triangle inequality we have

sup HGnMD(9>m) - GMD(eam)HQ
0€0,||lm—mp|| p <6n
< sup |G rarp (0, m) — Garp(0,m)]|2 + sup |Graen(0,m) — Grarp (8, m) 2.
0€0O,|lm—mg|| <bn 0€0O,||m—myg|| 5 <bn

We must show that both terms on the right hand side are o0,(1). Define the stochastic processes

T'Ilt’:‘(97 m, 6) = ﬁs(e,m) (€> - FE(G,m) (6) and TnXs((97 m,zT, 6) = ﬁX,E(G,m) ((L‘, 6) - FX,E(O,m) ((L‘, 6)

for each § € ©, m € M, x € R*¥ e € R. We claim that

sup |Tne(8,m,€)| = 0,(1) (26)
06@7”m_m9”MS6nve€R
sup |TnX6(97m7:E7 6)| = OP(1)7 (27)

0€0,||lm—mg|| o <6n,xER* e€R

which implies that

sSup HGﬁMD(&m) - GLMD(Qam)’b
96®,||m—mg||M§6n
= sup H (FX,E(G,m) - FX,E(G,m)) - FX(FE(G,m) - Fe(@,m)) - Fs(@,m)(FX - FX) HQ
0€0,|lm—mgl| \ <bn
< sup |Tnxe(0,m,e)| + sup |Tne(0,m, x,€)|
0€0O,||m—mg|| o <bn,e€R 0€0,||m—mgl| o\ <6n,zERF e€R

+ sup |Fx(z) — Fx(z)|
zC€RF

= 0,(1).
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Similarly, SupPyee, jm—mq|,,<s, |Grap(0,m) — GEyp(0,m)]|2 = 0,(1). The proof of (26) and (27) is
based on Theorem 3 in CLV. We omit the details because it is similar to our proof of Lemma B5.

PrOOF OF LEMMA B3. Below, we calculate I'yyp(x, e) = T'iarp (6o, m0)(z,€). In a similar way

Tyap(0,mg)(x, ) can be obtained. First, we have

0
EGm (e)l
o “Oma |

9 i (ot
=F %Fg [Ao(Ag ! (me(X) + €)) — mo(X)] L_Go
0
= LB M8 () +0) |
VN8 ol X)+0) 5 (A5 o) +€)) |
/ 1 Ao(Ag 1 (mo(X) +¢)) 1
LOBRAT )+ ) | B35 )+ o Ty

by the chain rule. Similarly,

%Fm@mg)(m,e)le - f.(e)E [1 (X <) {)\O(Agl(mo(X) te))+ mo(X)}] .

Therefore,
Tinip(@, €) = Tiarp (B, mo) (z,€) = %W@,@L 9
= o Fxetoma)(:€) — Fx(0) 25 Feomn(©)
— LB [(1(X £ 2) = Fx(@)) (Aol(A7 (mo(X) +€)) +mo(X) )| (28)

Proor oF LEMMA B4. By the law of iterated expectation and partial differentiation we obtain
that

[Canp (0o, mo) (m —my )| (, €)
_ aGMD(em Mo + t(m - mo))

ot (@ )l
— (B (X < 2) — Fy(a)) (m(X) — mo(X))].
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Similarly, the formula of [['app (6, mg)(m — mg)|(z, €) is given by
(P21 (0, me) (m — my)](, €)

—lim ~ B [{L(X < 2) — Fx(2)}LIA{A; (ma(X) + €)} — my(X)

70T

X [Ao{ Ay (me(X) + 7(m — mg)(X) + e)} — Ao{Ag ' (me(X) +¢)}]] -

The two inequalities in the statement of Lemma B4 now follow easily, using the consistency of mg
and the fact that sup, |(Mg — mg)(x) — (e — mo)(z)| = 0,(1)]|0 — 0, + O,(n~1/?).

Proor or LEMMA B5. Define the stochastic processes

~

Une(0,m,e) = \/ﬁ[FE(@m) (e) = F.o.m)(e)] and vpx.(0,m,x,e) = \/H[F\X co,m) (%) — Fx co.m)(, €)]
for each 6 : [|0 — 6,]| < 6, and m : ||m — mg|| \ < 6n, z € R¥, e € R. We claim that

sup |Une(6,m,€)| = 0,(1) (29)

10—=00]|<én,[[m—mg|| pm<bn,e€R

sup |Unx:(6,m, x,e)| = oy(1). (30)

100016, [m—mo | sy <6, ,0ERY e€R

The proof of these results are based on Theorem 3 in CLV. We have to show that their condition
(3.2) is satisfied, which requires in our case [with ¢g(Z, 0, m) = 1(e(0, m) < e) — E1(¢(#,m) < e) and
9(Z,0,m) =1(X <z)l(e(d,m) <e)— E1(X < x)1(e(f,m) < e)] that

<E

for all (6,m) € © x M, all small positive value 6 = o(1), and for some constants s € (0,1], K > 0,
and that the bound holds for p-almost all (x,e). We have

1/r
sup lg(Z,0',m') — g(Z, 9,m)|1> < Ké&°

(0 m):(10—0]| <6, ||m! —m || sy <6

19(Z,0",m') — g(Z,0,m)| < [1(e(0,m) < e) = 1((¢,m') <)
+|E1(e(0,m) <e) — E1(e(0',m') <e),

and
1(e(0,m) < €) = L(=(',m) < )] = [1(Ae(Y) = m(X) < ) = 1{Ag (V) = m/(X) < )
< [L(A(Y) = m(X) <€) = 1(Ag(Y) — m/(X) <e)
+[L(Ap(Y) —m/(X) <e) = 1(Ag(Y) —m/(X) < ).

For all m' € M with ||m’ — m|m < 6 <1, we have for all Y, X, e:

sup  [1(m/(X) > Ag(Y) — ¢) — L(m(X) > Ag(Y) — c)|

[’ —m[lr<6

<1m(X) + 6> Ag(Y) — ) — L(m(X) — 8§ > Ag(Y) — e).
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The preceding term is either one or zero and its expectation is the probability that m(X) + 6 >
Ag(Y) —e > m(X) — 6, which is the probability that e + 6 > Ag(Y) — m(X) > e — §, which is

Fg(g’m)(e + (S) — Fg(am)(e - 5) = EFE[AO(AG_I(TTL(X) +e+ (S)) - mO(X)]
— BF[A,(Ag" (m(X) + e = §)) — my(X)).

We then apply the smoothness conditions on F_, A,, and /\0_1 to bound the right hand side by K¢
for small enough 6 and constant K < oo.
Next, by the Mean Value Theorem, we have

Ag(Y) = Mg (Y) = Ao (Y) x (0 = 8),

where 6* is an intermediate value between 6 and #'. For all o > 0, by the Bonferroni and Markov

inequalities,

Pr [max sup Mg (Y3)] > ¢ x no‘]

ISESm o—g')| <6

<nxPr| sup |[Ag(Y)|>cxn®
l|6—0"]|<6
E [supjg_g<s | 2o (Y)|"]

<nx ko =o(1),

provided k > a1,
Therefore, we can safely assume that there is some upper bound ¢ such that sups_g<s |Aa(Y) —
Ay (Y)| < ¢ x é. Therefore, on this set

s 1Y) = () < €) = 1Ay (V) = m(X) < €]

< UA(Y) +cd —m'(X) <e) = 1(Ap(Y) — 6 —m/(X) <e)],

which has probability bounded by K¢ for some K > 0.
Therefore, condition (3.2) of Theorem 3 in CLV is satisfied with r = 2 and s = 1/2, and condition
(3.3) of Theorem 3 is satisfied by the condition on the bracketing number of the class M, stated in

assumption B.8.

Proor or LEMMA B6. We show below that

[Cantn (B0, mo) (M — )] (2, €)

— f(e)Vn / (X < 2) — Fy () (A(X) — mo(X))] fx (X)dX

= fe(e)% Z(l(Xi < 2) = Fx(2) fx(X0) Y Vora(Xass €3) + 0p(1). (31)

a=1
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Therefore,

[Ln(,€) + [Caarn (8o, mo) (i — my)|(z,€)] = —= Y Uslx,€) + 0p(1),
where
Uiz, e) = [1(X; < z)1(ei <€) = Fxe(x,e)] = Fx(2)[l(e: <€) = Fele)] = Fele)[L(X; < z) — Fx()]
+ fx (X3) ivola(xaiu ei) fe(e) (1(X; < ) — Fx(x)),

and where E[U;(z,e)] = 0 for all z,e. Because Fx.(x,e) = Fx(z)F.(e) we have

Ui(z,e) = [1(Xi < x) = Fx(x)][1(e; < €)= Fe(e)]+ fx (X Zvola air€i) fe(€) (L(X; < ) — Fx(x)) .

Now integrating U;(z, ) with respect to I'yyrp(x, e)du(x, e) gives the answer.
Proof of (31). Write

AX) = mo(X) = =50 K (FE R Y (X ) - ia(ed) + opln ),

i=1 a=1 =1

LSS ) [ [0 <0 - P b (Y750 puonax

zlal

Ln Z“"?(&') / [(1(X < 2) = Fx(2))] fx(X)dX +0,(1)

szom / [(L(X; + uh < 2) — F(2)) Ki(ua)] fx(Xi + uh)du+ 0,(1)

zlal

\/_szola wir20) (X, < 2) = Fx(2) £x(X0) + 0,(1).

i=1 a=1

We also have to substitute m l o=g, into the formula for I'1y/p.
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