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Abstract

We consider the problem of estimating the shape of an elliptical distribution from a para-
metric (completely specified radial density) and a semiparametric point of view. For every
radial density, we provide a closed form expression of the corresponding parametric and semi-
parametric efficiency bounds. For each case (specified and unspecified density), we exhibit
an estimator of shape that achieves the corresponding efficiency bound in the multinormal
case. We show that the efficiency loss due to the non-specification of the radial density is
entirely caused by the non-specification of its scale. This loss however remains bounded, and
reaches a maximum at arbitrarily heavy tails; we also show that under arbitrarily light tails,
parametric and semiparametric efficiency bounds coincide, so that, under such densities, ig-
noring the scale (ignoring the exact density) asymptotically does not harm the estimation of
shape.

AMS 1980 subject classification : 62M15, 62G35.
Key words and phrases : Elliptical densities, Shape matrices, Local asymptotic normality,
Semiparametric efficiency.

1 Introduction.

Denote by Py, ; the distribution of the n-tuple of k-variate observations X (™ = (X, X)),
where the X;’s are i.i.d. with common elliptical density

x g (det V) J(x -0y Vl(x - 8)). (1.1)

The center of symmetry 6 is a k-dimensional real vector, the shape matriz 'V belongs to the
collection V of all symmetric positive definite real k x k& matrices with entry 1 in the upper-left
corner, and the radial density f : Ry — Ry satisfies pp_1 5 := [r¥ 1 f(r)dr < 0o; ci ¢ is a
normalization factor. The class of all such radial densities will be denoted as F.

The shape matrix 'V, which coincides with the usual scatter matrix up to a positive scale
factor, is a parameter of interest in a number of very standard problems in multivariate analysis:
principal component analysis (PCA), canonical correlation analysis (CCA), and the problem of
testing for sphericity, among others, only depend on shape—rather than on the scatter matrix.
Inference on shape is thus an essential tool in the domain. However we mainly concentrate on
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the two generic problems of (i) estimating V, and of (ii) testing that V coincides with some
given Vg € V.

These problems can be considered in parametric models of the form P}L = {Pg,v, f,0 €
R*, V € V}, where the radial density f is completely specified. Such full specification of f
however is too much of an assumption, and the classical approach consists in specifying f up to
a scale parameter only. This leads to rewriting (1.1) as

1 1 - 1/2 "
Xr—>Clc,f1Wfl (; ((X—O)V (X—B)) ), x € R", (1.2)
and Pg,v,f as Pg7a7V7f1’ where o > 0 is a scale parameter and f1 : Rar — ]Rar a standardized
radial density. To ensure identifiability of o and ¢ p x fi without imposing any moment
conditions, we require that

Med [ V-12(X{" - 0)[] = o, (1.3)

where Med[Y] denotes the median of Y under Pg v - Theresulting model, still of a parametric
nature, is of the form P}, := {Pgm‘,,fl,e € RF 02 >0,V €V}

Special cases of (1.2) are the k-variate multinormal distribution, with radial density fi(r) =
¢1(r) := exp(—ayr?/2), the k-variate Student distributions, with radial densities (for v degrees
of freedom) fi(r) = fi,(r) = (1 + ar,r?/v)"FH)/2 and the k-variate power-exponential
distributions, with radial densities of the form fi(r) = f{,(r) := exp(—by,r*"), n > 0; the
constants ag, ax, > 0, and by, are such that (1.3) is satisfied.

Specifying the density up to a scale parameter still may be unrealistic, and one may prefer
considering the same problems of inference on V in the semiparametric model P := {P37V7 2 0 c
RF.V eV, feF}= User P}-

Optimal inference on V at some given P37V7 7, a8 well as the corresponding optimal perfor-
mance (efficiency), depends on the model adopted. Clearly, the optimal performance achievable
in P¥, where f is completely specified, is highest (parametric efficiency), followed by the perfor-
mance in Py, where f is only partially specified, and the performance in P" (semiparametric
efficiency) where f is completely unspecified. It can be shown however that, under mild regu-
larity assumptions (ensuring LAN) on f and the family F,

(i) the location parameter 6 has no influence on any of these efficiencies, which are the same

whether € is known or not; in practice, any root-n consistent estimator 9(n) thus can be
substituted for @, whereas in theoretical developments, we safely can assume that § = 0;

(i) parametric and semiparametric efficiencies at Py, f do not depend on the actual values
of @ and o: it makes sense, thus, to speak about fi-(semi)parametric efficiencies;

(iii) at standardized radial density fi, radial optimal performances in P} and P" coincide;
the difference between parametric and semiparametric efficiencies at given Py y; f thus is
entirely due to the non-specification of scale.

Natural questions in this context are: how do these fi-parametric and fi-semiparametric
efficiencies compare to each other, that is, how large is, under given f1, the cost of not knowing
the scale (not knowing f) when performing inference on shape? Are there density types f; for
which this cost would be minimal? Maximal? Zero? Arbitrarily large?

In the hypothesis testing context, efficiencies are measured in terms of local powers, which
depend on quadratics in the difference between the parametric and semiparametric informa-
tion matrices for V. These information matrices, and the answers to the above questions, are



explicitly provided in Hallin and Paindaveine (2005a). The corresponding problem for point
estimation is much harder, as comparisons here involve asymptotic covariance matrices which
are the inverses of information matrices; those information matrices are rather complex, and
obtaining their inverse under closed form is far from trivial.

The paper is organized as follows. In Section 2, we introduce some further notation and
state the ULAN result which provides the various efficiency bounds. In Section 3, we determine
the asymptotic covariance matrix of the fi-parametric estimators of shape. Section 4 states
the corresponding result for the fi-semiparametric estimators. We state the main results of
the paper in Section 5, in which we compare both types of performance at f; and discuss our
findings in terms of the dimension k and the tail weight of the underlying elliptical distribution.
Technical results are proved in the appendix.

2 A ULAN result.

Writing vech M := (M, (vech M)')’ for the k(k 4 1) /2-dimensional vector obtained by stacking
the upper-triangular elements of a k x k symmetric matrix M = (M;;), we also write P,’;’ A for the
distribution Py _ +; ; of X () under given values of 9 := (#', 62, (vechV)') and f;. Below, we state
the uniform local asymptotic normality (ULAN) result, with respect to 9 = (6,02, (vech V)')’,
of the families of distributions P}, := {Pj , .9 € O}, where © = RF x R§ x vech V. Of course,
ULAN requires some regularity condition on the radial density fi. A minimal assumption
is given in Hallin and Paindaveine (2005a); for the sake of simplicity, we rather provide the
following sufficient one:

ASSUMPTION (A). The radial density f; is absolutely continuous, with a.e.-derivative f1, and,
letting ¢f := —fi1/f1, the expectations (under PG 11,0 where I, denotes the k-dimensional
identity matrix)

Tu(f) = Bleh,(IX:)]  and  Ji(f) = B[IIXilPe%, (1%al)]

are finite.

Rather than introducing a new specific notation, we henceforth tacitly assume that F is the
class of all radial densities satisfying Assumption (A).

This assumption is extremely mild, and does not imply any moment conditions; Zy(f1) and
Jr(f1) can be interpreted as radial Fisher information for location and radial Fisher information
for shape/scale, respectively. It can be checked that—provided that k£ > 2 (which is not a
limitation, since the problem under consideration is void for £ = 1)—Assumption (A) is satisfied
at Gaussian densities, at all Student densities (including the Cauchy ones), as well as at all power-
exponential densities. Using the notation of the previous section, the corresponding radial Fisher
information values are given, for the Gaussian, the Student with v degrees of freedom, and the
power-exponential with parameter 7, by

k(k+v)
k,l/k+u+27

T
Ik((ﬁl) = ag ka Ik(fiu) =a Ik(fle,n) = 4n2bk,n

)

((4n +k—2)/(2n))
I (k/(2n))

and

k(k+2)(k+v)
k+v+2

jk(Qsl) = k(k + 2)? jk:(ff,u) = ) jk(fle,r]) = k(k + 277)5



respectively, where I' stands for Euler’s Gamma function. Note that the lower bound k? of the
radial information for shape/scale Ji(f1) (see Hallin and Paindaveine 2005a) is achieved for
arbitrarily heavy tails, that is, as ¥ — 0 and n — 0 in the classes of k-variate Student and
power-exponential distributions, respectively.

The following notation is needed in the statement of ULAN and will be used throughout
the paper. Write V®2 for the Kronecker product V ® V. Denoting by e; the ¢th vector of
the canonical basis of R¥, let K}, := Zﬁjzl(eie;») ® (e;e}) be the k% x k? commutation matriz,
and put Jy := Zf’j:l(eie;) ® (e;e}) = (vecIy)(vecIy)' (as usual, vec (A) stands for the vector
resulting from stacking the columns of A on top of each other). Also let N be such that
Ny (vec v) = vech(v) for any k x k matrix v and My, be such that M} (vechv) = vec (v) for any
symmetric k X k matrix v = (v;;) such that v;; = 0. Finally, although any square root vi/2
of V (satisfying \ATRAVAVEE V) can be used in the results below (provided, of course, it is used
in a consistent way), we will use the symmetric root in order to save superfluous primes.

We then have the following ULAN result (See Hallin and Paindaveine 2005a for the explicit
(n)

o). fy and a proof).

form of the central sequence A

Proposition 2.1 Under Assumption (A), the family P} is ULAN, that is, for any 9 =

O (62, (vech V™)) =9 + O(n~Y/2) and any bounded sequence (") := (Tgn)/,Tén),Tgn)/)/
= () s (vechv(™)) € RFFFEFD/2 ype have, under pe

"
_ (n) 1
log (dPZ(”)Jrn_l/QT(”);fl /dP'Z(");fl) a (T(n))/AﬂT(L”);fl B §(T(n))lri9;f17'(n) +op(1),

for some sequence of random vectors Agle) ; that are, still under Pg(n) n asymptotically normal
3J1 3J1

with mean zero and covariance matrix

I‘19;f1;11 0 0
Lo = 0 L, 1500 I‘:9;f1;32 ) (2.1)
0 Tonse Topm
with
7 _ T — k2 T —K? _
I"l9§f1§11 = Z(O_J;l)v 1; F‘l9§f1;22 = %, Fﬂ;f1;32 = % Mk vec (V 1)5
and
1 -1/2 7 Ji(f1) ~1/2
Fﬂ;f1;33 = 1 My, (V®2) [m (L2 + Ky + Jg) — Jk] (V®2) M% (2.2)

The block-diagonal structure of the information matrix (2.1) implies that the non-specification
of the location centre § does not affect the optimal parametric performance when estimat-
ing V; more precisely, the optimal asymptotic covariance matrix that can be achieved (at
P§ ,v.,) by an estimator V(™ of V is the same in P; = {Pgov -0 € RFV € V} as
in 73"917 §i= {Pg,a,v,fpv € V}, where 6 is specified. Since moreover 'y, itself does not de-
pend on @, this optimal performance does not depend on 6.



3 Parametric efficiency bounds.

The ULAN result of Proposition 2.1 is about the “unspecified scale” model Pt but automat-
ically entails ULAN for the “specified scale” models P?, the information matrices of which are
obtained by deleting the o rows and columns in (2.1).

Parametric efficiency at Py .11 thus is characterized by the parametric information matriz for
shapeT'y (V) :=Ty.f .33 in (2. 2) which does not depend on ¢ nor on 6 (whence the notation). An
estimator V(") of V thus is fi-parametrically efficient (here again, the terminology is justified by
the fact that the information matrix does not depend on the value of the scale parameter o) iff,
for all admissible @ = (', 0%, (vechV)')/, n'/?vech (V) — V) 55 A(0, (T'y, (V))~1), under P} . .

as n — oo, or, in terms of vec V, iff
n/?vec (V(") - V) LN (O, M, (T, (V))_le) , (3.1)

under P:,i > asn — oco. One of the main objectives of this paper is to provide an explicit
(Mj-free) expression for the asymptotic covariance in (3.1), allowing for a comparison with
the corresponding semiparametric asymptotic covariance matrix achievable in the more realistic
unspecified scale setup, that is, in Py = {ng’v’ f1,0 € R¥, 02 > 0,V € V}. This performance
coincides with the fi-semiparametric one, achievable in P", which was determined by Hallin,
Oja and Paindaveine (2005): see Section 4 below.

Denoting by ey ; the first vector of the canonical basis of RkQ, let

QPIV) i=r { [l + K (VI b+ 5= 20) { (V) eg e (VD) | (32
+s { (veeV) (vecV) — (vecV) e, (VE2) — (VE)(eg2 ) (vecVY }

The following lemma provides the key result in the derivation of an explicit expression of in (3.1)
above (see the appendix for the proof).

Lemma 3.1 Let V = (Vj;) € V. Then,
(i) for all a # 0 and 2a + (k — 1)b # 0,

{iMk (ve?) " [a(Le + Ky) + b3y (V®2)‘”2M;}1—NRQ(AB< VN, (33)

with A = a1 and B := —2a71b/(2a + (k — 1)b);
(ii) for all r,s € R, M} N Q(Ts (V)= Q,(;’s (V)= Q(Ts (V)N My, so that

—~1/2

(iti) M}, {% My (VE2) 7 (ol + Ky) + 03y (V‘@?)_l/2 M;} M, = QU P(V),

Using this lemma in (3.1), we directly obtain the following proposition.

Proposition 3.1 The asymptotic (under Py o asm — 00 ) covariance matriz of f1-parametrically
efficient estimators of V is, for all admissible values 9 = (8,02, (vechV)')’,

k(kz +2)
Te(f1)

-1

M (T, (V) "My = QM (v, (3.4)

5



where

k(k+2) - Je(f1)

MU= GG - 49 + 28 >
Note that, since Ji(f1) > k?, the quantity My (f1) in (3.5) satisfies
—1/(k+1) < My(f1) <1 (3.6)

These lower and upper bounds for My(f1) are achieved in the limiting cases n — oo and n — 0,
respectively, within the class of k-variate power-exponential densities fﬁn.

As an illustration, we now provide an estimator VJ(G) that is ¢1-parametrically efficient, that
is, parametrically efficient in the multinormal case. Under Py 610 the regular sample covariance
matrix 2™ = (n — 1)"!' 7 (X; — X)(X; — X) (with X := n~ 137, X;) is consistent for
Y =ay 152V (where a;, was deﬁned in page 2). Actually, it is easy to show that

n'/?vec (E(") - %) £, N(0, [Tz + K] (7)),

under Pjy 1> BS L — 00. If the scale parameter o is known, one can define the estimator of shape

(n) (n)
m _ X" 1 (apXy (n) (e
v = %% <z§’;>>2( S 1) (20ey) (20ey) (3.7

(e, stands for the £th vector of the canonical basis of R¥). Applying Slutzky’s Lemma, we obtain,
under [Jg {Pg,‘,o,v,d)1 },

n'/?vec (V(Nn)— V) = % {Ikz —(V®?) ek271e;€271} [nl/Qvec (2(”) - Ek)} +op(1) £, N(0,A),
as n — oo. The asymptotic covariance matrix A, after some standard algebra, reduces to
1,0
e — (V) e iefe | [T + K| (VE2) [T = (VE2) o2 1€, | = QUO(V),

which is the value of the asymptotic covariance matrix in (3.4) at f; = ¢1. Consequently, the
estimator V(Nn) in (3.7) is parametrically efficient in the multinormal case.

4 Semiparametric efficiency bounds.

In the more realistic setup where 8, 02, and f; remain unspecified and play the role of a nuisance,
estimators are optimal if they reach semiparametric efficiency bounds, either at some prespecified
radial density f1, or at any density in F. The corresponding semiparametric efficiency bound,
at f1, is the inverse of the efficient Fisher information for shape

* —1
T7 (V) = Togiss —Toily g 00l o0

452%2) M (V®2)_1/2 {Im + K — %Jk} (V®2)_1/2 My; (4.1)



see Hallin and Paindaveine (2005a). More precisely, an estimator V,(Fn) of V is fi-semiparametrically
efficient iff, for all admissible 9 = (6,02, (vech V'), n'/?vech (ngn) -V) £, N(0, (T, (V)™),
under Py 1> @8 T — 00, or, in terms of vec V, iff

n?vec (V,(gn) — V) LN (0, M (T, (V))fle) ) (4.2)
under Py 1> 88 N — 00. Using Lemma 3.1 again, we obtain

Proposition 4.1 The asymptotic (under Py £y as o= 00) covariance matriz of fi-semi-

parametrically efficient estimators of V is, for all admissible values 9 = (6', 0%, (vech V)Y,

M (T (V)M = ST Qv 43

with Ql(:’s) is defined in (3.2).
We conclude this section by defining an estimator V(ank that is semiparametrically efficient
in the multinormal case (at f; = ¢1). Let
»n(n)
vy == (4.4)

DI

where (™ denotes the sample covariance matrix. Slutzky’s Lemma yields

nt?vec (V(n) V) = % [Ikz — (vecV) (ekQ,l)/} {nl/Qvec (2(”) — Ek)} + op(1) £, N (0,B),

)
under (Jy {Pgﬁ o V.61 }, as n — oo, where the matrix B, after standard algebra, reduces to

! 1,2
L — (V) ez €ha | [T + Ki | (VE?) [Tz = (V) egaefe | = QLD (V),

which is the value, at f; = ¢1, of the asymptotic covariance matrix in (4.3). The semiparametric

(n)

. in the multinormal case follows.

efficiency of V

5 The cost of unspecified scale/radial density.

We now are able to compare the asymptotic performances of fi-parametrically and fi-semi-
parametrically efficient estimators for shape, and to quantify the corresponding efficiency losses.
The main result of this paper is stated in the next proposition; see the appendix for the proof.
For the sake of simplicity, we restrict to the case where the shape matrix V is diagonal, and, in
order to improve readability, write AVar[S(™] and ACov[S(™, T(™)] for the asymptotic variance
of S, and asymptotic covariance of S™ and T", respectively.

Proposition 5.1 Assume that V = (Vj;) € V is diagonal. Then, under s U, {Pgovfl}, for
a fi-parametrically efficient estimator V(™ = (Vlgn)) of V, we have

n 2k(k + 2 .
AVar[nl/Q(Vig ) Vij)] = W(Mk(fl) + 1)‘/;'%’ i=2,....k (51)
AVar[nl/Q(Vign)— Vij) = %Viﬂ/jj, i,j=1,....k,i#j, and (5.2)
n n 2k(k + 2 . .,
ACOV[n1/2(‘/i§ )_ ‘/22)7711/2(%(] )_ V]j)] = WMk(fl)‘/m‘/j‘ﬁ 1,] = 27 v 7k7 [ 7& ]7(53)

7



whereas, for a fi-semiparametrically efficient estimator V£ n - (V(n ) of V,

*Z]
Ak(k + 2) .
AVar[n2(V - Vi) = T2y =2k,
[ ( *,101 ])] jk(fl)
. k(k + 2
AVarln 2V vl-mzﬁwﬂ, ii=1,.. Kk i#j and
. . 2% (k + 2 . L
ACov (V") Vi), m () ij)]:%vnvﬂ, =2 kit

In both cases, all other entries of asymptotic covariance matrices are zero.

Note that, both for W) = V() and W) = V,(Fn),

ACov[nl/Q(Wi(in)— Vi), ”1/2(Wj(;’1)_ Vij)]

1/2 1/2

_ ( AVar[n!/2(W - Vm-)]) (Avar[nl/z(wj(;?)— ij)]) — 2 AVar[n/2(W V- V)],

so that the asymptotic covariance matrices under consideration are completely determined by the
quantities AVar[n1/2(Wi(in)— Vi)l (i =2,...,k) and AVar[nl/Q(W( n)_ Vii)] (i,j = Jky i #9);

7
see Ollila, Croux, and Oja (2004) and Ollila, Oja, and Croux (2(])03) for a snnllar phenomenon.
The difference between the performances of fi-parametrically efficient and f;-semiparametrically
efficient estimators of shape can therefore be fully characterized by the asymptotic relative
efficiencies associated with the components Wi(in) (1=2,...,k) and Wi(]n) (i,7=1,...,k, i # j)
of such estimators. Now, it directly follows from Proposition 5.1 that

M(fi1) +1

AREy p, [V V] = o

*,20

1=2,...,k, and (5.4)

AREy p, [V VIV =1, =1, ki .

As a first conclusion, this shows that, irrespective of the underlying radial density type fi,
there is no efficiency loss due to the non-specification of scale when estimating off-diagonal entries
of shape matrices. However, there is some efficiency loss when estimating diagonal entries. In
view of the lower and upper bounds on My(f;) in (3.6), we have

" () /17(n) .
2(k + 1) < ARE} p, {V*M/Vz } 1, 1=2,...,k (5.5)
As an illustration, at k-dimensional Student densities with v degrees of freedom, we have (with

obvious notation)
) ] - v +t2

AREy, [V v = W ek (5.6)
which does not depend on the space dimension k. These AREs are decreasing with v (equiv-
alently, they are increasing with the tail weight of the underlying Student distribution); their
value is minimal (the efficiency loss is maximal) at the multinormal case (v — o0), where the
AREs in (5.6) take the pretty low value of .5. On the contrary, in the limit as v — 0, no
efficiency loss is incurred. This latter remark is compatible with the fact that Tyler’s estimator
of shape, which does not take any radial information into account—and, in particular, does not



take advantage of any scale information—is optimal as ¥ — 0 (see Section 3.2 in Hallin, Oja,
and Paindaveine 2005 for a precise statement).
At the k-dimensional power-exponential densities ff,n, we obtain
kn+ 2
AREy, [Vivm = T2 j—9 k.
kﬂ)[ *11 / ] 2((1{?+ 1)77+ 1) ? ’ )

Again, no efficiency loss is incurred under arbitrarily heavy tails (as n — 0), whereas the maximal
efficiency loss occurs at extremely light-tailed densities (as 7 — o0); in this case, note that the
maximal efficiency loss within this class of densities coincides with the overall maximal efficiency
loss in (5.5), namely, an ARE value of k/[2(k + 1)].

degrees of freedom v of the Student density
k 0 1 3 8 15 20 00
1.000 0.750 0.625 0.556 0.531 0.524 0.500

parameter 7 of the power-exponential density
k 0 0.1 0.5 1 2 5) 00
2 1 1.000 0.846 0.600 0.500 0.429 0.375 0.333
3 | 1.000 0.821 0.583 0.500 0.444 0.405 0.375
4
6

1.000 0.800 0.571 0.500 0.455 0.423 0.400
1.000 0.765 0.556 0.500 0.467 0.444 0.429
10 | 1.000 0.714 0.538 0.500 0.478 0.464 0.455
oo | — 0500 0.500 0.500 0.500 0.500 0.500

Table 1: Numerical values, for k& = 2,3,4,6,10, and k& — oo, of the AREs (5.4), under k-
dimensional Student densities (with v degrees of freedom, v = 1,3,8,15,20, along with the
limiting values obtained for ¥ — 0 and ¥ — o0), and under k-dimensional power-exponential
densities (with n = .1,.5,1,2,5, along with the limiting values obtained for n — 0 and 1 — o0);
for Student densities, the ARE values do not depend on the space dimension k.

Numerical values of the AREs given in (5.4) under various Student and power-exponential
densities, and for various space dimensions k, are provided in Table 1. [Comments].

A Appendix.

In this final section, we prove Lemma 3.1 and Proposition 5.1.

PRrOOF OF LEMMA 3.1. (i) Write I’ , for the matrix in braces in the left-hand side of (3.3). Using
part (ii) of the lemma (as we shall see, the proof of (ii) does not require (i)) and the identities
K} = Iz, KpJy, = K, = J; Ky, J7 = kJy, vec (ABC) = (C' @ A) (vec B), (vec A) (vec B) =
tr (A’'B), Kr(A®B) = (B® A)Ky, Ki(vec A) = vec (A’) (holding for all k x k matrices A, B,
and C), lengthy but straightforward calculations yield

1
T (N:QL (VNG = SMi (Lo + K | N+ My 1 [ (2aB — 4)efz  (VE?) = 208 (vecV)'| Nj,

Now, since
(a) Myey2; = 0 (it follows from the definition of My, that its first column is the (k(k+1)/2—1)-
dimensional zero-vector),



(b) MKy = M;, (since Ky M; (vech w) = Kj,(vec w) = vecw = M/ (vech w) for all symmetric
k x k matrix w = (w;;) such that wy; = 0), and

(¢) My} = Tp411)/2—1 (since N M, (vech w) = Ny (vec w) = vech w for all symmetric k x k
matrix w = (w;;) such that wy; = 0),

we obtain that NkQI(CA’B) (V)N is a right-inverse of I, ;. Since both NkQ,(gA’B) (V)Nj, and IT'
are symmetric, this right-inverse is also a left-inverse.

(ii) Since QI(CT’S)(V) is symmetric, it is clearly sufficient to prove that M%Nng’s)(V) =
Q,(;’s) (V). Now, it is easily seen that

CAV) = [Le — (V) e refo | {r Lo + Ky | (VE?) (A1)
+s (vecV) (VGCV)/} [Ikg — (V®2)ek2,1e;2,1}/7

so that it is sufficient to show that
M%Nk |:Ik2 — (V®2) ek27le;§2’1:| [IkQ =+ Kk] = |:Ik2 — (V®2) ek271e;€271} [IkQ + Kk] (A2)

and
MN; [T — (VE2) ez 1€z | (veeV) = [T — (V) g el | (vee V). (A.3)

But, letting E;; := e;e’; + eje], we have
[IkQ - (V¥?) ek%le%?,l] [Tz + Ki] = Lz + Kj, — 2(VF?) ej2 1€f2

k
=5 3, (secBy) ey =2 (v ((Ven) V) ) e
k
=— Z (vec E;j) (vec Ez‘j)’ +2 (Vec (e1ell - (Vel) (Vel)')) 9;9271-

This establishes (A.2) since M Ny, (vec w) = (vec w) for all symmetric k X k matrix w = (w;;)
such that wi; = 0 (recall that V = (Vj;) € V is symmetric with Vi; = 1). As for (A.3), it follows
in a similar way from noting that

L — (V) ez €fay | (veeV) = (veeV) — (V) epa
= vee (V= (Ver)(Ver)').
(iii) This part of the lemma trivially follows from (i) and (ii). O

PROOF OF PROPOSITION 5.1. In view of Proposition 3.1 and (A.1), the asymptotic covariance
matrix of n'/?vec(V(™® — V) is

ng(;i) Py (V) { [Tz + K| (VE2) + 2Mi (1) (veeV) (vee V) } (Pu(V)). (A1)
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where P(V) := L2 — (V®2) €2 1€}z ;. As V is diagonal with Viy = 1, Pr(V) = Tjz —ej2 1€}
is the matrix of the projection on the orthogonal complement of {\ey2 1, A € R} in R, Con-
sequently, the effect of premultiplying by Py (V) and postmultiplying by (Px(V))’ the matrix

k(k +2)
Tk(f1)

is to put to zero all components in the first row and first column of Ry (V)—which reflects the

fact that Cov [Vl(l ),Vlgn)] = Cov[l,Vlg )} = 0, for all 4,j,n. Consequently, it is sufficient to
study the structure of R (V). To this end, we plug V. = >, Vj; e;€, in Ry (V). By using that
Ky ((ee}) @ (eje))) = (eje;) ® (e;e]) and that (vece;e))(vece;e]) = (e;e]) ® (e;e)), we easily

obtain

Ry (V) = { Lo + K (VE2) + 20, (1) (veeV) (vec V)’ } (A5)

mRk(V) = (ei€))

i=1

k
Tk (f1) {ZVMVH 2 + 2My,(f1))" eJeJ}

7j=1

k
+> (e ® {QWz‘Va‘ij(fl)ez‘e} + ViV ejeé}a
ij=1
I

where 0; ; = 1 if i = j and 0 otherwise. Denoting by [A]; ; the (k x k)-block in position (4, j) in
the (k? x k?) matrix A, this means that

ViiVir 0 0
0 ViiVa
Ti(f1) | ' .
R+ o)ty v : 2V3(1+ My(f1) : )
ViVie—1 k=1 0
0 0 ViV
which proves (5.1) and (5.2), and
Jk(f1) .
mRk(V) y = 2ViiVjiMi(f1) ei€) + ViiVjj ejel, i # J,

which proves (5.2) and (5.3). The entries in the asymptotic covariance matrix of the fi-

n)

semiparametrically efficient estimator V,(F are obtained directly by replacing My (f1) by 1

(compare the asymptotic covariance matrices in Propositions 3.1 and 4.1). O
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