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1 Introduction. Motivation and statistical model

Regression models are used for describing the relationship between a response and a
covariate. In the field of survival analysis it can be useful to allow for censoring in the
response variable. For instance, we can consider a model where the survival time (for
patients having a certain disease) is the response variable and the age is the covariate.
If we can distinguish two or more groups in the population (gender, treated patients
and non-treated patients, etc.), we may be interested in testing for the equality of the
corresponding regression curves. This kind of test allows to check whether the effect of
the covariate over the variable of interest is the same in all the groups.

As it was pointed out in Fan and Gijbels (1994), when the response variable is cen-
sored the usual tools of regression (scatter plots, residuals plots, etc.) are not directly
applicable to check, at least visually, the shape of the regression curves. This motivates
the development of analytic tools in censored regression.

In this context, the statistical model can be described as follows. Let (X;,Y;),
Jj = 1,...,k, be independent random vectors, where Y; represents a certain response
variable associated to the covariate X;. Suppose that the covariates have common sup-
port Ry. Assume that, for j = 1,...,k, the response variable Y; is subject to random
right censoring. This means that there exists a censoring variable C}, independent of
Y; given X;, such that we can observe Z; = min{Y}, C;} and the indicator of censoring
A; =1(Y; <Cj). For j =1,...,k, assume that the following non-parametric regression
models hold,

Yy =m;(X;) + 05(X;)e; (1)

where the error variable ¢; is independent of X, m; is an unknown conditional location

function
my(o) = [ sk a(s)ds )

and o; is an unknown conditional scale function representing possible heteroscedasticity

i) = [ F sl a(s)ds = i) (3

where Fj(-|z) is the conditional distribution of Y; given X; = x, F; ' (s|z) = inf{t; F}(t|x) >
s} is the corresponding quantile function and J(s) is a score function satisfying fol J(s)ds =
1. We denote F., for the distribution of the error ¢; in population j. By construction

[} F-'(s)J(s)ds = 0 and fol F1(s)?J(s)ds = 1.
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The choice of the function J leads to different location and scale functions. In par-
ticular if J(s) = I(0 < s < 1) then m;(z) = E(Y;|X; = =) is the conditional mean
function and o7(x) = Var(Y;|X; = ) is the conditional variance function. However, it
may happen that this choice of J is not appropriate because of the inconsistency of the
estimator of the conditional distribution Fj(-|x) in the right tail due to the censoring . A
useful choice is J(s) = (¢—p) ' (p < s < q), which leads to trimmed means and trimmed
variances. The conditional median or other conditional quantiles can be seen as limits of
trimmed means.

The samples are (X;;, Zij, Aij), @ = 1,...,n;, from the distribution of (X, Z;, A;), for
j=1,...,k. Denote n = Zlenj.

We are interested in testing the null hypothesis of equality between the location (re-
gression) functions

Hy:mi=mo=---=my, (4)

versus the alternative
H, :m; # m; for some 7,5 € {1,...,k}.

When the distribution of the residuals and the variance functions are the same in all
the groups (we do not assume so, but it is an interesting situation), if the null hypothesis
holds for a particular definition of the location function, that is for a particular choice
of J, then it holds for all possible location functions. However, in a general situation
with different variances or different residual distributions, Hy can be true for a particular
choice of the functions m; and false for another one.

In Pardo-Fernandez, Van Keilegom and Gonzélez-Manteiga (2004) a mechanism of
comparison of regression curves for complete data is developed via the estimation of the
distribution of the residuals of the models. The idea of the testing procedure proposed
in that paper is to compare two estimators of the distribution of the residuals in each
population. More precisely, let (Yi; — m;(X;;))/5,;(X;;) estimate the error &;; and let
(Yi; — m(X;))/0;(Xi;) estimate the same quantity assuming that the null hypothesis
holds, where 7,(+) is an appropriate kernel estimator of the regression function m;(-) in
population j, m(-) is an estimator of the joint regression function m(-) under Hy, and
%
distribution functions of these estimated residuals and to compare them via Kolmogorov-

() is an estimator of the variance function o7(-). The idea is to construct the empirical

Smirnov and Cramér-von Mises type statistics. Under Hy, the two estimators approximate

the corresponding error distribution F_,. However, if the null hypothesis is not true, they



estimate different functions, so a difference between them gives evidence to the inequality
of the regression curves. In this paper we will extend that methodology to the situation
where the response variable may be censored. Now, because of the censoring in the
response variable, we will consider (Z;; —m;(X;;))/6,;(X;;) and (Z;; —m(X;;))/6;(Xi;) to
estimate the censored residuals, and we will substitute the empirical distribution by the
Kaplan-Meier estimator of the distribution under random censoring (Kaplan and Meier,
1958).

In the case of complete data, the problem of testing for the equality of regression
curves has been widely treated in the literature. A good and recent review on this topic
can be found in Neumeyer and Dette (2003). To the best of our knowledge, this problem
has not been treated in the case of censored responses.

The paper is organized as follows. In Section 2 we will introduce the testing proce-
dure. In Section 3 we will state the main asymptotic results. A bootstrap procedure to
approximate the critical points of the test is described in Section 4 and a simulation study
is presented in Section 5. Finally, we include an application to real data in Section 6. The

proofs of the main results are deferred to the Appendix.

2 Testing procedure

The testing procedure is based on the comparison of two non-parametric estimators of
the distribution of the residuals F., in each population. This involves non-parametric
estimation of the location and scale functions. All these estimators will be constructed
using the estimator of the conditional distribution function Fj(-|x) when the response is

censored introduced by Beran (1981):

Oz h,
Fyyly=1- ] Wy (&) ) (5)

— .
Zijgy,Ai]‘::l ( Zlil ](Zl] Z ZZ])M/ZSJ)(’:E? hn)

where
D) = e~ X))
Wi (@, hn) 2K ((z— Xi5) /o)

are Nadaraya-Watson type weights, K is a known kernel and h,, is an appropriate band-

width sequence.
Now consider the following estimator of the location function for each sample, for
j=1,...k,

ig(o) = [ sla) ) (6)



and an estimator of the common location function under the null hypothesis (which we

will denote by m) taking into account all the samples

) =380 G0, ()

j=1 n fmza} (J:)

where,

is the kernel estimator of the density f; of X, and
N k N A
fia(2) = 3 _ 2 f5(@).
j=1

Note that fj(ac) can be computed in the usual way because the covariates do not suffer

from censoring. The estimator of the scale function o; from each sample is

53 (x) = /0 F A (s|l2)?J (s)ds — 13 (z). (8)

The score function J will be chosen so that 7;(x) and 67(z) are consistent, even in
the case that the tails of the Beran estimator are not consistent.

Compute the estimators of the censored residuals in each sample

Zij — m(Xij)

B = 9
fori =1,...,n;, 7 = 1,...,k, and estimate the distribution of the residuals from the

~

censored sample (E;;, A;;) using the Kaplan-Meier estimator

) 1
Fe,(y) =1 - H (1 B > I(Elj = Eijo)) | "’

Eijﬁy,Aij=1

If the null hypothesis is true, we can estimate the residuals in each sample using the

estimator of the common regression function m, that is

A Zi; —m(Xy5)
Eijo = ———Fo~— (11)
! 05 (Xij)
fori = 1,...,n;, j = 1,...,k, and estimate the corresponding distribution from the

~

censored sample (Ejjo, Ajj)

) 1
Feoly) =1- ) H (1 a S [(Eljﬂ > EijO)) ‘ "

Eijo<y,A;;=1




Under the null hypothesis, both FEJ. and Fejo are estimators of F.,. The fact that
there exists some difference between these two estimators of the distribution of the er-
rors gives evidence for the inequality of the location functions. This idea is formalized
theoretically in the following Theorem. Note that m(x) estimates consistently m(z) =
ijlpj %m](x), where fpi.(z) = Z?lejfj (x) is the mixture of the densities of the
covariates, provided that n;/n — p; > 0. Let F;,(y) = P((Y; —m,;(Xj}))/0;(X;) <y) and
Fo(y) = P((Y; — m(X;))/o;(X;) < y) be the theoretical versions (without estimated
curves) of the distributions considered in (10) and (12).

Theorem 1 Assume that m; is continuous, j = 1,...,k and the moments of order v of
the distributions F;,(y) and F;,0(y) exist for all v € N. Then F_ (y) = F.,0(y), —o0 <
y<oo,j=1,....k if and only if mi(z) = ... = mg(x) for allx € Rx.

The equivalence given in the previous result is a theoretical justification of the proposed
testing procedure. Its proof can be found in the Appendix.

Let He (y) = P((Z; — m;(X;))/0o;(X;) < y) and TH., = inf{y; H,(y) = 1}. All
the asymptotic theory we will develop below is valid up to any point 7" smaller than

min;{7y, }. The multidimensional process
J

A

W(y) = (Wi(y), ..., W),

where
Wily) = n)*(FLo(y) — F+, (),
—o0 < y < T, will be used to compare the two estimators of the distribution of the
residuals in each population. We propose a Kolmogorov-Smirnov type statistic
k

Tis =Y sup [W;(y)| (13)

=1 —oo<y<T

and a Cramér-von Mises type statistic

k T
Tow =Y | WHGAEo(0) (1

The testing procedure consists of rejecting the null hypothesis (4) with significance

level o when the value of the statistics Txg or Toa exceeds a certain critical value.



3 Asymptotic results

In this section we state the asymptotic results associated to the testing procedure. In order
not to obstruct the description of the results, we defer the regularity assumptions and some
auxiliary definitions to the beginning of the Appendix, which also contains the proofs. In
the first part we work under the null hypothesis: we give an asymptotic representation
for the difference between the two estimators of the distribution of the residuals in each
population, we state the weak convergence of the corresponding multidimensional process
and the convergence of the test statistics. In the second part we study asymptotic results

under local alternatives converging to the null hypothesis at a rate n~/2.

3.1 Asymptotic results under the null hypothesis

The notation in the results below is the following: for j =1,... k, Fj(z) = P(X; < z),
Fi(ylz) = P(Y; < y|X; = 2), Gi(ylz) = P(C; < y|X; = ), Hi(y|z) = P(Z; < y|X; =
z), Hj(y|lz) = P(Z; < y,A; = 1|X; = x). We denote E; = (Z; — m;(X))/o;(X;) and
Hej(y) = P(E] < y)v Hejl(y) = P<EJ < v, Aj = 1)? Hej(y|$) = P(EJ < y|XJ = ZL‘),
Heq(ylz) = P(E; < y,A; = 1|X; = x). The derivatives of these functions will be
denoted with the corresponding lower case letters. Finally, other functions needed in the
theoretical results are (for j =1,... k)

& 0ie) = (1= Bk |- [ e SR,

(0l =o' [ " 626, 0]) I (F (v]) o,

' (sl " dhenslo)
’le(y|$) — /_Oo OTMdHejl(S) +/_mm.

Theorem 2 Assume (A1)-(A5) and H.,(y|z), He(y|v) satisfy (A6). Then, under the
null hypothesis Hy, for j =1,... k,

ny

Froly) = o () = —(1 = B, ) Y {n S (X, Za, A y>} +op(n12)

i=1
uniformly in —oo <y < T, where




Theorem 3 Assume (A1)-(A5) and H. (y|x), He,1(y|lz) satisfy (A6). Then under the
null hypothesis Hy, the process W(y) = (Wi(y), ..., Wi(y))t, —o00 < y < T, converges
weakly to a k-dimensional centered Gaussian process W(y) = (Wi(y), ..., Wi(y))" with

covariance structure given by
Cov(W(y), Wy (y)) =(pips)*(1 = Foy () (1 = F-,(y)

k
X ZPZ Cov(j (X1, Z1, A y), (X, Zi, ALy')).

=1
Corollary 4 Assume (A1)-(A5) and H., (y|x), He1(y|z) satisfy (A6). Then, under the
null hypothesis Hy,

d
Tks — Z sup  [W;(y)l,

j=1 —oo<y<T

k T
d
Tow % S / W2(y)dF, (1),
j=17-°

3.2 Asymptotic results under local alternatives

Let us study now the limiting behavior of the process W(y) under local alternatives
Hy, :mj= m° + n’1/2rj,

where the functions r; satisfy

(AR) (i) r; is two times continuously differentiable, for j =1,... k.
(i) Var[r;(X;)] < oo, for j=1,...,kand [ =1,... k.

In addition, we will use the following condition on the censoring variables. This

condition is needed in order to keep the proportion of censoring fixed for any value of n.

(AC) For j = 1,...,k, there exist random variables CY such that P(C; < y|X; =
x) = P(C) + n~V2r(z) <yl X; = 2).

We define Y = m°(X;) 4 0;(X;)e; and Z) = min{Y},C?}, and denote F}(y|z) =
P(Y} < y|X; = ), H}(ylz) = P(Z] < y|X; = x), Hj(ylz) = P(Z) < y,A; = 1|X; =

x)?

& (2, 0,ylv) = (1 - F}(ylr)) {— /_y Z (161H1§0(55@))2 J(lz_g}g;éi;)l) ’

8



n?(z,é]x) = ajl(x)/_ Oofg(z,5,v|x)J(FJQ(v|x))dv.

Theorem 5 Assume (A1)-(A5), He (y|r) and He(y|x) satisfy (A6) and (AR), (AC)
hold. Then, under the alternative hypothesis H; ., for 7 =1,...,k,

sto(y)_ﬁej(y): Zpl{nl Z leu 1[7 zlay>}

1/2 1/2fsj( )dj—l—OP(n 1/2>

uniformly in —oo <y < T, where

filz) o(z)
fmir (l’) 0j (x)

(o[22

O(2,2,6,y) = ( - ”lpj J) ) 10z 812y (),

and R(u) = Zf 1 P; fi’li())rj(u).

Theorem 6 Assume (A1)-(A5), He,(y|r) and H.(y|x) satisfy (A6) and (AR), (AC)
hold. Then, under the alternative hypothesis H,,_, the k-dimensional process W(y), —00 <
y < T, converges weakly to W°(y) + D(y), where D(y) = (piﬂfe1 (y)d, ... ,p,lg/Qfek(y)dk)t
and WP(y) = WP(y),...,W2(y))! is the k-dimensional centered Gaussian process with

covariance structure given by
Cov(W) (y), Wp(y)) =(pjpy )= FL ()= F,(y)

X Zpl OOU(¢]QZ(XI) Zlou Al7y)7¢?’l<Xla Zl07 Alvy/»‘
=1

Corollary 7 Assume (A1)-(A5), H.,(y|x) and He(y|z) satisfy (A6) and (AR), (AC)
hold. Then, under the alternative hypothesis H; .,

k

d
Tis = Y sup  [W2(y) +pj% e, (w)dy].
j:l —oco<y<T
Tom 5 Z / () + ;" fo, (y)dj)2dF, ().



The shift term d; that appears in the distribution of the test statistics under local
alternatives is the same as the one obtained by Pardo-Fernandez, Van Keilegom and
Gonzalez-Manteiga (2004) in a complete data situation. The same considerations as in
that paper can be made here: d; is not always different from zero. This means that,
although the test is universally consistent in the sense of Theorem 1, the consistency of

1/2

the test against alternatives converging to the null hypothesis at a rate n="/° may fail in

some particular situations.

4 Bootstrap

In practice, to apply this testing procedure we need the critical values of the test statis-
tics. The asymptotic distributions of the test statistics under the null hypothesis given
in Corollary 4 are complicated. Here we consider a bootstrap procedure based on the
censored residuals to approximate those values.
First, for j = 1,...,k and @« = 1,...,n;, estimate the censored residuals in a non
parametric way, using each sample separately
Fy— Zij — iy (Xig) (15)
0;(Xij)
From the censored sample of estimated residuals {(Ei;, Ayj), i ..,n;} compute the
Kaplan-Meier estimator ng and ‘standardize’ these residuals in order to verify the initial
assumption of having ‘location function’ 0 and ‘scale function’ 1. The standardized residu-
als are Ey; = (E;;—\;)/p;, where \; = f]i;l(s)J(s)ds and p; = fF s)ds—\2)Y/2.
For resampling the censored residuals we use the ‘naive bootstrap’ descr1bed in Efron
(1981) and studied in Akritas (1986). Different approaches of smooth bootstrap for cen-
sored data were considered in Gonzalez-Manteiga, Cao and Marron (1996).
The bootstrap procedure we propose consists of the following steps. For fixed B and
forb=1,...,B,

1. Foreach j=1,...,kandi=1,...,n;:

o Let Y, =m

. . . .
m(Xij) +05(Xij)es;p, where €55, = Vijp+a;Zijp, Vijp is drawn from
F., (standardized), and Z; is a random variable with mean zero and variance

one.

e Select at random a from a smoothed version of G (-|X;), which is the Be-

zg b
ran estimator of G;(-|X;;) obtained by replacing A;; by 1—A;; in the expression

for F5(-|Xy5).

10



o Let 23, = min(Y;,, Cf,) and AL, = [(Y, < Cf,)-

ij,b7 ~i7,b

2. The bootstrap samples are, for j =1,..., k, {(Xi;, Z5 by

A;k]b) ._1,...7/’7/]‘}.
3. Let Ty, and T¢,,, be the test statistics obtained from the bootstrap samples.

If we denote T;{S( and TCM for the order statistics obtained in step 3, then
T;(s,[(ka) Bl and TEM,[(ka) Bl approxnnate the (1 — a)-quantiles of the distribution of Tk g

and Ty under the null hypothesis respectively.

5 Simulation study

In this section we present some simulations in order to study the practical behavior of the
proposed bootstrap procedure. We restrict ourselves to two-sample situations (k = 2).

More precisely, we consider the following models:

(@) ma(r) = ma(w) =

(@) ma(r) = ( )i ma(r) = ( )
(1i1) my(z) = ma(x) =

) ) = orple), mn(e) = exp(x) ro

Clearly, models (i) and (7i) correspond to the null hypothesis and models (i7i) and
(1v) to the alternative hypothesis. In each case we consider a homoscedastic and a het-

eroscedastic situation. In the homoscedastic case the variances are
o?(x) =025 and o3(z)=0.50, (16)

while in the heteroscedastic case the variance functions are

2z

o%(x) = Rﬁ and o3(x) = %' (17)

Note that in the heteroscedastic case the variances are larger than in the homoscedastic
case.

The censoring variables are
Cj = m;(X;) +0;(X;)p;,

where p; has survival function 1— F,(y) = (1 — F.(y))”. This mechanism of censoring can

be seen as a ‘conditional proportional hazards model’ (see Koziol and Green (1976) for

11



the ‘proportional hazards model’) and it allows us to have the same amount of censoring
over all the support of the covariates. The proportion of censored data is (1 + 3)~!. In
the tables we consider 8 = 1/3 (25% of censoring) and 3 =1 (50% of censoring).

In the theoretical results we have used only one bandwidth. As in Pardo-Fernandez,
Van Keilegom and Gonzalez-Manteiga (2004), we have found that the bandwidth has not
a big impact on the results of the tests, but it is recommendable to use the same band-
width to estimate m and m;. The variance functions could be estimated with different
bandwidths. In these simulations we use a bandwidth of the type h = Cn=3/1° to esti-
mate m, m; and o; (j = 1,2). The bandwidths chosen in this way verify the regularity
conditions assumed in the theoretical results. In the tables the cases C'=1 and C' = 1.5
are shown. This will allow us to check the test sensitivity to the change of the bandwidth.

In Tables 1 and 2 the distribution of the errors is Exponential, and in this case, the
regression and variance functions are those corresponding to expressions (2) and (3) with
the choice J(s) = 0.757'1(0 < s < 0.75) for the score function (trimmed mean and
variance). For the test statistics in (13) and (14) we take as the threshold 7" the value
corresponding to the quantile 75% of the combined sample of the estimated residuals

under the null hypothesis. Note that all these choices are reasonable for the models and
censoring mechanisms we have considered. We work with a; = nj_?’/ " in the smooth
bootstrap.

Table 1 shows the proportion of rejections in 1000 trials for sample sizes (ny,ns) =
(50,50), (100,50) and (100,100), and when the expected amount of censored data is
25%. Table 2 shows the proportion of rejections in 1000 trials for sample sizes (ny, ng) =
(100, 100), (200, 100) and (200, 200) when the expected amount of censored data is 50%.
In all cases we worked with B = 200 bootstrap replications and significance levels a = 0.05
and « = 0.10. Larger samples sizes for models with 50% of censored data are justified by
the difficulty of those models.

The approximation of the level -models (i) and (i) is good in most cases. The results
for models (4i7) and (iv) show that the tests gain power as the sample sizes increase.
In most cases the test based on Ty, gives better results than the test based on Tkg,
and we also observe that the choice of the bandwidth has little impact on the rejection

probabilities.

12



Tks Tewm Tks Tewm
(nl,ng) a: 0.050 0.100 0.050 0.100 0.050 0.100 0.050 0.100

Homoscedastic models
(50, 50) () 0.049 0.084 0.048 0.093 0.044 0.095 0.051 0.091
(7i) 0.042 0.089 0.048 0.094 0.044 0.090 0.051 0.094
(z3i) 0.984 0.993 0.989 0.996 0.984 0.994 0.989 0.994
(i) 0.505 0.629 0.550 0.674 0.489 0.643 0.560 0.667
(100,50) (i) 0.059 0.112 0.057 0.104 0.061 0.098 0.067 0.098
i) 0.067 0.107 0.058 0.102 0.055 0.096 0.058 0.100
iii) 0.999 0.999 0.998 0.999 1.000 1.000 1.000 1.000
(tw) 0.557 0.724 0.541 0.690 0.580 0.720 0.568 0.699
(100,100) (¢) 0.055 0.109 0.059 0.103 0.056 0.109 0.058 0.102
(1) 0.060 0.117 0.062 0.103 0.057 0.105 0.058 0.110
(#4¢) 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
(7v) 0.863 0.924 0.888 0.935 0.862 0.923 0.879 0.932
Heteroscedastic models
(50, 50) () 0.045 0.090 0.044 0.094 0.044 0.085 0.046 0.090
(i) 0.042 0.085 0.043 0.089 0.045 0.090 0.048 0.089
(z3i) 0.771 0.849 0.792 0.864 0.763 0.853 0.777 0.866
(tw) 0.243 0.360 0.256 0.357 0.245 0.346 0.257 0.356
(100,50)  (¢) 0.048 0.087 0.044 0.086 0.051 0.102 0.048 0.092
(1)  0.050 0.086 0.046 0.088 0.048 0.089 0.049 0.091
(z7i) 0.909 0.955 0.880 0.939 0.913 0.956 0.892 0.947
(7v) 0.236 0.343 0.191 0.283 0.246 0.363 0.221 0.313
(100,100) (i) 0.066 0.112 0.057 0.116 0.059 0.117 0.059 0.111
(1) 0.061 0.111 0.059 0.112 0.061 0.109 0.056 0.110
(13i) 0.976 0.987 0.973 0.989 0.971 0.985 0.974 0.988
(w) 0.472 0.582 0.476 0.583 0.465 0.584 0.474 0.581

Table 1:  Rejection probabilities (models i-iv) of the tests based on Txs and Toy when the
expected amount of censored data is 25%. The models are homoscedastic, with variances

given in (16), and heteroscedastic, with variances given in (17).
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C=1 C=15
TKS TCM TKS TC]VI
(n1,m2)  a: 0.050 0.100 0.050 0.100 0.050 0.100 0.050 0.100

Homoscedastic models
(100,100)  (¢) 0.052 0.093 0.055 0.093 0.042 0.081 0.049 0.083
(1) 0.051 0.083 0.050 0.099 0.037 0.075 0.046 0.087
(z3i) 0.995 0.997 0.995 0.997 0.995 0.997 0.994 0.996
(tw) 0.751 0.855 0.813 0.903 0.723 0.838 0.792  0.888
(200,100)  (¢) 0.072 0.126 0.078 0.137 0.055 0.108 0.057 0.116
i) 0.071 0.119 0.074 0.139 0.064 0.111 0.064 0.114
iii) 1.000 1.000 0.999 1.000 0.999 1.000 1.000 1.000
(tv) 0.808 0.903 0.841 0.910 0.851 0.922 0.866 0.933
(200,200) (¢) 0.053 0.101 0.059 0.105 0.052  0.090 0.057 0.098
(12) 0.055 0.094 0.059 0.103 0.055 0.092 0.058 0.098
(#4¢) 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
(7v) 0.980 0.992 0.988 0.993 0.982 0.991 0.986 0.993
Heteroscedastic models
(100,100)  (¢) 0.032 0.067 0.042 0.089 0.038 0.077 0.043 0.089
(1) 0.035 0.070 0.041 0.081 0.039 0.071 0.045 0.086
(z3i) 0.932 0.964 0.942 0.972 0.905 0.953 0.926 0.966
(tw) 0.387 0.520 0.441 0.578 0.370 0.495 0.430 0.565
(200,100)  (¢) 0.050 0.103 0.065 0.125 0.045 0.098 0.055 0.104
i) 0.053 0.091 0.062 0.122 0.046 0.092 0.052 0.110
iii) 0.987 0.995 0.991 0.997 0.990 0.997 0.990 0.998
(7v) 0.381 0.500 0.366 0.478 0.381 0.513 0.381 0.512
(200,200) (i) 0.044 0.081 0.049 0.090 0.041 0.082 0.048 0.082
(79) 0.046 0.086 0.049 0.089 0.046 0.086 0.046 0.089
(27i) 0.998 0.999 0.998 1.000 0.998 1.000 0.998 1.000
(iv) 0.688 0.787 0.722 0.812 0.669 0.786 0.722  0.800

Table 2:  Rejection probabilities (models i-iv) of the tests based on Txs and Toy when the
expected amount of censored data is 50%. The models are homoscedastic, with variances

given in (16), and heteroscedastic, with variances given in (17).
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6 Application to real data

We illustrate our testing procedure with an application to the Small Cell Lung Cancer
Data. The data set is available in Ying, Jung and Wei (1995) and consists of lifetimes of
patients suffering from small cell lung cancer. The patients are divided into two groups
to follow two different treatments (Group A and Group B). The first group consists of
62 patients (15 censored) and the second group consists of 59 patients (8 censored). We
consider the base 10 log of the survival time (in days) as response variable and the age as
covariate. The support of the covariate was transformed into the interval [0,1]. We work
with different values for the bandwidth needed in the estimation, ranging from 0.15 to
0.40.

We have performed the test of equality of the regression curves of the two curves using
as score function J(s) = 0.757'7(0 < s < 0.75) and J(s) = 0.50717(0.25 < s < 0.75).
The second choice of the function J produces curves closer to the conditional median.
The obtained results are very similar. The p-values are obtained from 1000 bootstrap
replications. Figure 1 shows the estimated curves, using h = 0.30 as a bandwidth.

When testing for the equality of the curves, the null hypothesis is clearly rejected in all
cases, with p-values smaller than 0.02 for the statistic Tk, and smaller than 0.005 for Ty,
However, it seems reasonable to suppose that the regression curves differ only by a shift
(see Figure 1). A test to check that can be obtained by transforming the response variables
in Zj; = Zjj—tj, forj =1,2andi = 1,...,n;, where t; = n~" 25:1 S mi(Xi5). In this
case the p-values are larger than 0.55 for the statistic Tk, and larger than 0.67 for Ty,.
All these results are summarized in Figures 2 and 3, which show graphs of the p-values
versus the bandwidth.
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Appendix: Notation, auxiliary results and proofs

Proof of Theorem 1. Assume that F. (y) = F.0(y), for —oo <y < co. We write

for all y, or equivalently

Pl om ) <)

e 0} ).

for all y. Since (Y; —m;(X;))/o;(X;) and X; are independent, it follows that
Y. — X. 2v
(exp{ j = m(X;) })
7;(X;)

(oo o (om0 5202

(ot

for all v. Carleman condition (see e.g. Feller, 1966) ensures that

o255 ) -

(o -0) -

and this clearly implies that m;(z) = m(z) for all j =1,...,k and for all z € Rx, except

E

=F E

for all v. Then
E

or

for a set of points of probability zero. The continuity allows extending the equality of
the regression curves to the whole support of the covariates. The converse implication is

trivial.

Before starting the proofs of the results in Section 3, we state some additional notation

G=1,....k)

€e,(2,0,y) = (1 — F.,(y)) {— /y z (1d_H;}:(8))2 + [(i f ?ij(:)l) :

Gl = o) [ bl R,

oo oj(z)
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v shy(sh) ' dlshe(ele)
valy]2) :/_Oo md&;(s)+/_@m.

The functions H, (y) and H.(y) are estimated in two different ways. First, we
estimate them using the empirical distribution function of the censored residuals from

each sample

H. —n_IZI ; <) and He] _IZIE <y =1).

On the other hand, when working under the null hypothesis, we use the censored residuals

based on the estimator of the common regression function

Hejo(y _1 ZI Eng < y) and He 10( _1 ZI Eng < y7Az] - 1)

i=1
We list below the regularity assumptions we need for the proof of the main asymptotic

results.

(A1) For j=1,...,k,
(i) X; is absolutely continuous with compact support Rx.
(ii) fj, m; and o; are two times continuously differentiable.

(ili) infyery fj () > 0 and inf,ep, o; (z) > 0.

(A2) For j=1,...,k,

(i) nj/n — p; > 0, and Z?lej =1.
(ii) njht — 0 and n;h3t* log(h, ')t — oo for some & > 0.

(A3)

(i) K is a symmetric density function with compact support and K is twice continu-
ously differentiable.

(ii) J is twice continuously differentiable in the interior of its support, fol J(s)ds =1
and J(s) >0 forall 0 <s < 1.

(iii) For j = 1,...,k, let ij be any value less than the upper bound of the support
of H,(-|x) such that inf,cp, (1 — H;(T,;]x)) > 0. Then there exist 0 < so; < s1; < 1 such
that si; < inf, F;(T,;|z), so; < inf{s € [0,1],J(s) # 0}, s1; > sup{s € [0,1], J(s) # 0}

and inf,epy infy <s<sy; fg( H(sla)|z) > 0.

(A4) For j = 1,...,k, the functions n; and (; are twice continuously differentiable
with respect to x and their first and second derivatives are bounded, uniformly in x € Ry,

z < ij and §.

17



In conditions (A5) and (A6) we use the generic notation L(y|x) for a conditional
distribution or subdistribution function, and denote [(y|z) = L'(y|x) for their derivative
with respect to y, L(y|z) their derivative with respect to z, and similar notation for higher

order derivatives.

(A5) Let L be H;(y|x) or Hj;(y|z), for j =1,... k.

i) L(y|x) is continuous.

i) I(y|z) = L'(y|r) exists, is continuous in (z,y), and sup, , [yL'(y|r)| < oco.
iii) L"(y|z) exists, is continuous in (z,y), and sup,,, [y*L" (y|x)| < oc.

(
(
(
(iv) L(y|z) exists, is continuous in (z,y), and sup,, |yL(y|z)| < occ.
(v) L(y|x) exists, is continuous in (x,y), and sup,, |y2L(y|x)| < 00.
(

vi) L/(y|z) exists, is continuous in (z,y), and sup,, lyL'(y|z)| < oo.

(A6)

(i) l(ylz) = L'(y|x) exists, is continuous in (r,y), and sup, , [yL'(y|z)| < oo.
(i) L”"(y|x) exists, is continuous in (z,y), and sup, , [y*L"(y|z)| < oc.

(iit) L(y|z) exists, is continuous in (z,y), and sup, , lyL(y|z)| < oo.
(

iv) L'(y|z) exists, is continuous in (z,y), and sup,, lyL'(y|z)| < oo.

First we set four auxiliary lemmas, and then we prove the main results.

Lemma 8 Assume (A1)-(A5) and H,,(y|z) satisfy (A6G). Then under the null hypothesis
Hy, forg=1,... k,

Heo(y) — He,(y)

1 & 1 &
= > I(E; <y)— He,(y) - — > yhe, (y1Xi)¢(Zi, Ay | Xig)
J =1 J =1
k. mny

. Xi Xi -
o A R ) o7
=1 i=1 mx 2 2

uniformly in —oo <y <T.

Proof. From the proof of Proposition A.2 in Van Keilegom and Akritas (1999), we have

that
Hoo(0) — Hl () = = 3" 1(B, <)~ Hoy (1) (19
[ ol ™S e+ [, ol 2 )
‘I’OP(nj_l/Q)a
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uniformly in —oo < y < T'. The last term is OP(n ) because of the uniform consistency
of m and 6;. The consistency of 6, is given in Proposition 4.5 in Van Keilegom and
Akritas (1999). The consistency of 7 can be obtained using the consistency of 7 (also
given in Proposition 4.5 in Van Keilegom and Akritas, 1999), the consistency of fl and
fmix and taking into account the relation

k A

i(z) - m(z) = Z f ) () — m(z))
ny fl o —1/2
S ' fm siu(z) — m(x) + op(nV?),

=1
uniformly in x.

First using Proposition 4.8 in Van Keilegom and Akritas (1999)

A~

m(x) — m(z)

k. ny
1 1 ZE—le> _1/9
- o) K m(Zan, Aalw) + op(n~12),
i T 2 2 710) ( ) m(Za, Al + op(n”1)

n

uniformly in z.

The two integrals in (18) will be analyzed separately. The first integral becomes

[ i) ™

oi(x)
R IR fi@) o) - Xy
= i X [ el £ i ke (S ) i ont )

Using the change of variable u = (x — X;;)h. !, a Taylor expansion of second order around
X, and assumptions (A2-ii),(A3-i) and (A4) we obtain

/ h6j<y|x>ij<x>dx

oj(z)

1 & (X5
- _Ezzh% y|X f ( )l> o <(Xll))77l( il zl|le) +OP< 1/2)‘
l 1 i 1 mix KA J K2

From Proposition 4.9 of Van Keilegom and Akritas (1999) and a Taylor expansion as

we did above, we obtain a similar result for the second integral in (18)

/yhej (y"x)chj(m)dw - T th y’X’L])CJ( i A’L]‘X’L]) + OP(n_1/2)-

The result stated in the Lemma now follows immediately.
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Lemma 9 Assume (A1)-(A5) and H.,1(y|v) satisfy (A6). Then under the null hypothesis
Hy, forj=1,...k,

A

He10(y) — Hei1(y)

1 &
h ;ZI(EUS%AU:D_H@]- __theJ (Wl X3)Gi(Zig, Aig| Xij)
J =1
[i(Xa) o1(Xa) ~1/2
- he Xz ZlaAz Xz _'_0 )
ZZ AWK 7 ) 03 () ™ (B Bl Xat) F op ;)

uniformly in —oo <y < T.
Proof. Similar to the proof of Lemma 8.
Lemma 10 Assume (A1)-(A5) and H,(y|x) satisfy (A6). Then, for j=1,...,k,

He,(y) — He,(y)

1 &
T Z[(Eij <y)—He(y) — — the] (W1 X35)¢5(Zigs Aig| Xij)
J =1 i=1

_nij :LZJI he, (W Xi3)ni(Zij, Dij| Xiz) + op(n; 7).
uniformly in —oo <y < T.
Proof. This is Proposition A.2 in Van Keilegom and Akritas (1999).
Lemma 11 Assume (A1)-(A5) and He,1(y|x) satisfy (A6). Then, for j =1,... k,
He 1 (y) - Hea(y)

J 1 nj
. Z[(Eij <y, Ay=1) - Hej1(3/> T thejl(mXij)Cj(Zij,Aij’Xij)
J =1

J =1
Ly 1/2
J =1
uniformly in —oo <y < T.

Proof. Similar to the previous one.
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Proof of Theorem 2. From the proof of Theorem 3.1 in Van Keilegom and Akritas
(1999), we have that

FEjO(y) - Faj (y)

SR H0) [ [ B g o [ Aeal) )

—00

+Op(n71/2>.

As in the proof of Lemma 8, the last terms of the above expressions are op(n~'/2) because

of the consistency of m and &;. Applying Lemmas 8 and 9

Fajo(y) - FEj (y)

1 i 1 j
= n_ Z gej (Eij7 Aijv y) - n_ Z(l - ng (y))CJ(ZW, Aij|Xij)’7j2(y|Xij)
7= 7 =1
k ny
! fi(Xa) o) i
nlzl:;< €j (y))fmzx(le) Uj(Xz)nl( s l‘ l)’yjl(y‘ l) +0P(n )
Analogously,

st (y) - Faj (y)
_ (1- B, () [/ I ) ey [ ) Heals)

—00

+0p(n;1/2)
and applying Lemmas 10 and 11

A

F(y) — I (y)

]_ i 1 )
= — Zfey(ﬂ'j; Ay, y) — - Z(l — FL, (1)) (Zigy Dij| X750 (9] Xij)
=1 I =1
R i
_; Z(l - st (y))nj(zija Az’j|X¢j)7j1(y‘Xij) + OP(nj 1/2)'
J =1

By writing £.0(y) — £, (4) = (F0(y) — F2, (1) — (., () — F-, (1)), the representation
given in the statement of the Theorem follows immediately.

Proof of Theorem 3. We will use the Cramér-Wold device (see e.g. Serfling, 1980)

to prove the weak convergence of the multidimensional process W(y) by showing the weak
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convergence of any linear combination of its components. Let V(y) = Zf La;W;(y) be
one of these linear combinations.

Using the representation given in Theorem 2

> aW. Z Y2 (ELo(y) — ()

7=1

—_ZCL] 1/2 1_ sj(y))

o ( Xy
{Zpl”l Z f )771(ZmAu|Xzz)%1(y|le)

=1 ”JJX)

— n—zn] 2]7A1‘7|Xz])'}/j1(y‘XU)} +0P(1)
7 =1
k T
- Z 12 Z@Z(Xil, Zi, Ny, y) + op(1),
=1 Y =1

where
QD[(QT, Z, 67 y)

= —m(z,0|z) {Zaj(pjpl)l/2(1 — ng(y))Mal<x>

fmm(x> 0j (m)

Yi(ylr) — ar(1 - Fgl(y))m(y\x)} ~
Denote, for I =1,...,k,

ny
Vily) = nfl/Z ZSOZ(Xila Zit, Nit, y).

i=1
With the notation of van der Vaart and Wellner (1996), if we consider the class of func-
tions F; = {(z,2,0) — ¢(x,2,0,y),—00 < y < T}, then the process Vi(y) is the
Fi-indexed process. In general, for any classes of functions G; and G,, define G; + Gy =
{91 + 92591 € G190 € gz} and G1Ga = {9192; 1 € G1, 92 € Go}. The class F; can be writ-
ten as F; = zkH J’Clj [j» where, for j = 1,... k,

]—"llj = {(az, 2,0) — —m(z,6\x)aj(pjpz)l/z%gj<é; ,—00 <y < T} )

Fi={(2,2,0) — (1 = F-, ()7 (ylr), —00 <y < T},
‘El,k—&—l = {(1‘72,6) - 77l(275|$)al7 —00 <y S T} .
and

Flepn ={(z,2,0) — (1 = F,(y)u(ylz), —0o <y < T}
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The functions in classes ]—"12J are bounded uniformly in y, as well as their first deriva-
tives. Let M be a bound for the absolute value of all these functions. If ¢ < 2M then
their bracketing numbers are Njj(e, 77, Lo(P)) = O(exp(Ke™")), where N is the brack-
eting number, P is the measure of probability corresponding to the joint distribution of
(X1, Z1, A1) and Ly(P) is the Ly-norm. If e > 2M then Nj(e, F, Lo(P)) = 1. Since
the classes ﬂlj consist of only one function, hence the bracketing numbers of the product
classes JF;F;; verify the same conditions as those of the classes F7).

By Theorem 2.10.6 in van der Vaart and Wellner (1996), which relates the bracketing

number of a sum of classes of functions to the bracketing numbers of each class, we obtain
k41
Ny (e, F, Ly(P)) < HN[ e, F. La(P)).
j=1
Now, we have

k+1

/\/logNHs]-"l,LQ d5<2/ \/logN (e, F2 Fjs, Lo(P))de

and then the integral [~ \/log Njj(e, i, Lo(P))de is finite. This implies that the class of
functions F; is Donsker by Theorem 2.5.6 in van der Vaart and Wellner (1996). The weak

convergence of the process Vl(y) now follows from pages 81 and 82 of the aforementioned

book. The limit process, V;(y), is a zero-mean Gaussian process with covariance function
Cov(Vi(y), Vi(y')) = Cov(pu(Xi, Zi, Ar,y), i(Xi, Z1, A, y')).

Write V(y) = 325, Vi(y). The processes V;(y) are independent. Using the first part of
this proof, we conclude that the process V(y) converges weakly to a zero-mean Gaussian

process, V (y), with covariance function

:
Cov(V(y),V(y)) = Z Cov(p( X, Z1, A y), ou(Xa, Z1, A y')).

=1
Finally, since we have verified the weak convergence of V(y), and using the Cramér-
Wold device, we can conclude that the k-dimensional process W(y) converges weakly to a
centered k-dimensional Gaussian process with covariance structure given in the statement

of the Theorem.

Proof of Corollary 4. The weak convergence of the k-dimensional process W(y) and
the continuous mapping theorem ensure the convergence of Tig.

For the statistic Ty, we will prove that

|t —a [ wiaR ) (19



The weak convergence of the processes W, (y) and n'/2(F. o(y) — F~,(y)), and the Skorohod
construction (see Serfling, 1980) yield

sup  |W;(y) = Wi (y)| —as. 0, (20)
—oo<y<T

Sup |F5j0<y> — I, ()| —a.s. 0. (21)
—oo<y<T

Now write

‘/TWQ / W?(y)dF.,( )’
<| [ 00 - Wity )| +] | Wit - E ).

The first term of the right hand side of the above inequality is o(1) a.s. due to (20). The
trajectories of the limit process W;(y) are bounded and continuous almost surely. Then,
by applying Helly-Bray Theorem (see p. 97 in Rao, 1965) to each of these trajectories

and taking into account (21), we obtain

[ W) = B )| =0
This concludes the proof of the Corollary.

Before proving the asymptotic results concerning the behavior of the process under
the alternative hypothesis, we introduce some notation and some general considerations.

Under H;,, the estimator of the common regression curve m estimates m,(z) = m°(z) +

n~'2R(z), where R(z) = Y1 1plf,flix(3c)7’l( ), and 7;(x) estimates mj,(z) = m®(z) +
n~2r;(z). The censored residuals with respect to m, are Ejy = (Z; — m,(X;))/0;(X;),

and with respect to mj, the residuals are E; = (Z; — m;,(X;))/0;(X;) (for simplicity we
keep the same notation of subsection 3.1 for the last ones, although they depend on n).

We have the relation

Z; — mn(X;

Myn(Xj) = ma(Xy) _ po ap BXG) —1(XG)
10.9))

a;(X;) ’ 7;(X;)

Note also that now ﬁsjo(y) estimates I, o(y) = P((Y; —mn(X}))/0;(X;) < y). We denote
Hej()(y) = P(EjO S y)7 He]-()l(y) = P(Ej() S y7Aj = 1)7 Hej0<y|l') — P(EjO S y]X] _ l’),
Heyoi(ylz) = P(Ejo <y, A; = 1|1X; = ).
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Lemma 12 Assume (A1)-(A5) and H., (y|x) satisfy (A6) and (AR) holds. Then, under
the alternative hypothesis Hy .., for any j =1,...,k,

A~ 1 nj
HejO(y) - Hejﬁ(y) = TL_ Z](EZ] < y) - H - thej y|ij)C]< U’Aij’Xij)
7 =1
) (X ) -1/2
—_— h/e X’L Z’L 7A7, XZ + o) ’
;; ’ ‘ l fmm( 1,[) UJ<X1l) ( l ll l) P( )

uniformly in —oo <y <T.

Proof. We follow the proof of Proposition A.2 in Van Keilegom and Akritas (1999) and

write

H.0(y) — Heyo —n—IZIEUO<y — H.o(y) (22)

=1

T

uniformly in —oo < y < T. Note that the remainder term in (22) is op(n~1/2) provided
that 7 — m,, satisfies Propositions 4.5, 4.6 and 4.7 in Van Keilegom and Akritas (1999).

)fx Vo= [ Hoolle) )+ o),

These propositions can be shown to hold true under standard lines of proof.

We will analyze in detail each term of the expression above. First

0 = [ Hoolole) (o) (23)
= [l s [ o) i o)
= o)+ 08 1 1) PO o
/ Heyo (‘Wj ) +m§g = () a:) f3()dz (24)
= [ 1l e+ [ (o) P D VO gy o
~ .0+ [n, <y|a:>y(&f'(“”> R
28 b (1) T2 B o)
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An application of the proof of Lemma A.1 in Van Keilegom and Akritas (1999) yields

sup ;' 3 {1(Byy —nP(R(Xy) = 1i(Xiy))oy ! (Xy) <)
—P(E; —n VA(R(X;) — ri(X;))o; (X)) <y) — I(E; <y)+ P(E; < y)} |
= Op(nj_l/Q)

Considering the following probability as a function of y and developing a Taylor ex-

pansion we obtain

P(E; —n V2(R(X;) — ri(X;))o; (X)) <)

= [ P(B; = 0 (ROG) = 1)) () < 91X, = 2)(e)da
= / (E; < y|X; =) fj(x)dx + n~ P E[he, (y| X)) (R(X;) — r5(X;))o; H(X))] + o(n~'/?)

= P(B; < y) +n"2E[he, (| X5) (R(X;) = 15(X;)o; (X)) + o(n™2),

J

and hence
n]_l Z](EWO <y)= n; ZI(E - n_1/2(R(XU) T](XZJ))JJ_I(XU) <y) (25)
i=1 i=1

=yt (B <)+ 0 B e (41X (ROG) = 15 (X6)o ()] + op(n ™12,

Substituting (23), (24) and (25) in (22), we obtain

A

Hooly) — Hooly) = n; S I(Ey < y) — He (1)

[l A= D 4 ) ) 1
Since m(z) — ma(z) = S5, o fi(f(x (y(z) — My () + op(n~'/?), the integral on the

right-hand side of the expression above can be handled in a similar way as in the proof

of Lemma 8.

Lemma 13 Assume (A1)-(A5) and He,1(y|x) satisfy (A6) and (AR) holds. Then, under
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the alternative hypothesis Hy .., for any j =1,...,k,

~

Hejl()(y) - HejIO(y)

1 ¥
o Z](Eij <y, 8i=1) = Hen(y) — _the 1(Y1Xi5)G(Zig, Aij| Xig)
J =1
( ) <X ) 71/2
P he X’L ZZ 7A’L XZ _'_ 0 ,

uniformly in —oo <y < T.
Proof. Similar to the proof of Lemma 12.

Proof of Theorem 5. First we write

/y d(He,10(s) — Heno(s)) /y d(He;10(s) — He;10(5))
oo 1 — Heo(s) ) 1—H(s)

(= Ry s ) ) = Hoals)

The proof of Corollary A.5 in Van Keilegom and Akritas (1999) can be adapted here to
show that

sup
—oo<y<T

/—y (1 - f}ejo(s) C1- Ii@(s)) d(Hep10(s) = Hepro(s)| = op(n™'%). (27)

(e 9]

Indeed, equation (23) in the proof of Lemma 12 says that H.(y) — He,(y) = O(n"'/?).
Note that this order is not stochastic and better than the equivalent one needed in the
above-mentioned proof. It suffices to follow the same steps to obtain (27). Hence the last

term of the expression (26) is op(n~'/?), and we obtain

/y d(He,10(5) — Hej10(s)) _ /y d(Hejlo( s) — Hej10(8))
. 1 — H.(s) . H, (s)

Similarly to equation (23), it holds that

H;10(y / H,,1 (y“ﬂ ) + My (@) — mya(2)

oj(x)

+ op(n~?). (28)

) (),

and taking derivatives and a Taylor expansion of h.;; around y

hono(®) = [ B (Wﬁ () + ma () = ()

()

) fy(@)dx = hei(y) + O(n~7?).
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It follows that

hejlo(s) _ hejl(S)
(1= Hejos))? (1= Hey(s))?
)

+ hej 10(8

and since I:Iejo(y) — H,,0(y) = Op(n™/?), we obtain

Y H,o(s) — Heo(s) g [ H. () He,o(s) R
/OO (= Hoos)? dHe;10( )—/Oo (= ()7 dH,1(s) +op(n~'?).  (29)

Using (28) and (29), as in the proof of Theorem 2, we have that

pf-?jo(y) - FEjO(y)
= (1— Fo(y)) [/_y e _He'

+op(n1?).

From the proof of Theorem 2, we also have

F.(y) - F.,(y)

= (1-F, () [ | [%{(_S)P}e ,}(f;)(?dmjmsn | d<Hej11<_s>[;Zeﬂ<s>>]
‘|‘0p( 71/2)
Now write
= Y, —ma(X)) - / in(X5) _12 B(XG) — (X))
poa) = P (S5 <) - P (S5 - =)
_ Yy —mpn(X;) n—l/zR(X) r;(X;) .
_/P( a;(X;) 0;(X;) = 'X )ff( )dx

If we consider the probability inside the integral as a function of y and apply a Taylor

expansion, we obtain

X;) —ri(X)) o(n—1/2
o AU D

Fooly) = B, (y) + n=2f. (y)E [R(

Straightforward calculations lead to 7;(Z;, A;|X;) = n)(Z), A;|X;). Following the

same steps as in the proof of Theorem 2, using Lemmas 12 and 13, and taking into
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account that F. o(y) = F%,(y) + O(n™/2), we obtain the expressions

FeJO(y) - Fg]()(y) (31)
= _Zfeg ijs Digs y) — ; Z(l — F,(¥))6(Zij, Aij| Xij)vja(y| Xij)
1 fiXa) alx) y
_ﬁ ; ;(1 - FE]’ (y))fmw:(le) Uj(Xil)n ( il leX’ll)7]1<y|X’ll> + OP( )7
and

E](y) — F.,(y) (32)

=— Zﬁej ijs Dij, y) — %Z(l e ()G (Zigs Dig| Xig)vi2(y| Xiy)

- Z 1 - aj (nga A’L]|X’LJ),}/]1(y|XZj) + OP( _1/2)-

Finally, by combining expressions (30), (31) and (32) we obtain the representation given
in the statement of the Theorem. The leading term of the obtained representation does
not depend on n, because the functions 77? are defined in terms of distributions of ran-
dom variables which do not depend on n and the functions v;; are defined in terms of

distributions of residuals.

Proof of Theorem 6. The leading term of the representation given in Theorem 5 when

working under H; .

Uzzpl{nl Z lea zl? zlay)}

equals the leading term of the representation given under Hy in Theorem 2

k ny
n'?>y " py {nfl > (X, Za, M, y)} ;
=1 i=1

where m? in the first expression above plays the role of m in the second one. Hence the

asymptotic behavior is the same and the weak convergence follows immediately.

Proof of Corollary 7. The convergence of the test statistics under the alternative
hypothesis H;, can be obtained in the same way as the proof of Corollary 4, by only

taking into account the weak convergence of the process established in Theorem 6.
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Figure 1: Scatter plot of logio (survival time)” versus ’age’ (rescaled to [0, 1]) and estimated
regression curves of Group A (solid line, + for uncensored data, O for censored data)
and Group B (dashed line, x for uncensored data, /\ for censored data), with J(s) =
0.75711(0 < s <0.75) (top) and J(s) = 0.50711(0.25 < s < 0.75) (bottom,).
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Figure 2: Graphs of the p-values as function of the bandwidth h when testing for the
equality of the regression curves with the test statistics Txs (line with circles) and Teoy
(line with crosses). The curves were estimated using J(s) = 0.75711(0 < s < 0.75) (left)
and J(s) = 0.50711(0.25 < s < 0.75) (right). The solid horizontal line corresponds to a
p-value of 0.05.
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Figure 3: Graphs of the p-values as function of the bandwidth h when testing for constant
difference between the regression curves with the test statistics Txg (line with circles) and
Tew (line with crosses). The curves were estimated using J(s) = 0.75711(0 < s < 0.75)
(left) and J(s) = 0.50711(0.25 < s < 0.75) (right). The solid horizontal line corresponds
to a p-value of 0.05.
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