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Abstract

This paper establishes an asymptotic representation for regression and autoregres-
sion rank score statistics of the serial type. Applications include rank-based versions
of the Durbin-Watson test, tests of AR(p) against AR(p + 1) dependence, or detection

of the presence of random components in AR processes.

1 Introduction

1.1 Rank tests

Rank tests are known to be robust, distribution-free yet powerful alternative to Gaussian
testing methods under a broad set of model assumptions. The classical theory of rank tests
was mainly developed in the context of linear models with independent errors, but the domain
of application of this theory naturally extends to the much broader class of semiparametric
models under which the distribution P, of the observation vector X, := (X1, -+, Xpn)’
belongs to a family P, := {P.e.s; 0 € O, f € F}, where § € © C R” is some parameter of
interest, and F is a class of densities f on R. More specifically, rank tests can be constructed

whenever

(A) for all n, there exists a (0, X,,)-measurable residual function

(Q,Xn) = €n<07Xn> = (gn,l(eaXn)7 ) 5n,n<07Xn)),
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such that the distribution of X, is P,.p. s iff the components of the vector €, (0, X,,) are
i.i.d. with common density f. Henceforth, we shall write ¢, +(6) instead of €, (0, X,,),

t=1,---,n.

Let R, :(#) denote the rank of ¢,,(0) and R,(0) := (R,1(0),---, Rn,n(0))’. The rank

tests for the simple null hypothesis Hy : 6 = 6y, where 6 is a given value of #, are based on

the vector of residual rank vector R,, = R,,(6p).

The use of the rank tests can be justified by several main arguments.

(a)

The vector of ranks is a maximal invariant with respect to the group of order-preserving
transformations of residuals for a broad class of densities (typically, the class of all non-
vanishing densities over the real line, possibly satisfying some regularity assumptions).
In such invariant situations, every invariant statistic and test depend only on the

maximal invariant, and hence are distribution-free under the null hypothesis.

The rank tests are more robust with respect to some outliers than their parametric

counterparts.

Rank-based procedures are asymptotically powerful, as they achieve asymptotic semi-
parametric information lower bounds, which is the best we can hope for when making
inference about # in the presence of an unknown f, at a prespecified value of f. More-
over, in linear or ARMA models where semiparametric and parametric efficiencies
coincide, there are rank-based tests that yield asymptotically uniformly more powerful
tests than their classical counterparts: for instance, the asymptotic Pitman relative
efficiencies of normal score or van der Waerden rank tests, with respect to the corre-
sponding normal-theory tests, are uniformly larger than one; cf. Chernoff and Savage
(1958), Hallin (1994), Paindaveine (2004, 2005), among others.

A general result by Hallin and Werker (2003) shows that under LAN set up with central

sequences A, r(#) and under some conditions on F, a semiparametrically efficient inference

about 6, at given (6, f), can be based on the distribution-free rank-based efficient central

sequence obtained by conditioning the central sequence A, ;(6y) on the vector of ranks

R, (6y), under Hy. In linear regression models where for some known non-random p x 1

design vector {cps; 1 <t < n}, ,4(0) = Xy — ¢, ,0 are i.i.d., rank-based efficient central

sequences (at least, under “approximate score version”; see Hallin and Werker (2003) for

details) take the form of linear rank statistics vectors S, (), where

Suel) = 30 (B0

— n—+1
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@ is a score-generating function from (0, 1) to R. Classical asymptotic representation results

show that, under some general conditions and under P, g ¢,
Suip(0) = Y P(F(E(0)))ens + 0p(n'/2), n— o0, Ve,
t=1

where F'is the distribution function associated with f.
In ARMA models, rank-based central sequences can be expressed (Hallin, Ingenbleek and
Puri 1985; Hallin and Puri 1988; Bentarzi and Hallin 1996) as linear combinations of serial

linear rank statistics Sy, ,,4,(60), where

t=i+1

where ¢, and ¢, are adequately centered and scaled score generating functions. In more
general problems— detection of random coefficients (Akharif and Hallin 2003), detection of
nonlinearities (Benghabrit and Hallin 1992; Allal and El-Melhaoui 2005, among others)—

rank-based efficient central sequences involve more complex serial linear rank statistics of

the form
. & Rn,t(9> Rn,t—imfl (0) . .
(1.3)  Snproem(®) = Z @1( ] > "'@m<n—_|_1>, 1<ip <o <y,
t=im—_1+1
where @1, @9+, pm are m score functions. Hallin et al. (1985) show under some general

conditions that for every 6 € ©,

n

Snpron@) = Y @1(F(E(0)) - omlF(ermi,  (0)) +0p(n'?), 1 — oo.

tzim,—l“!‘1

In most problems of practical interest, however, one is interested in testing the composite
null hypothesis Hy : 6 € Oy, where O is a subset of ©. In this case 0 is not completely
specified. It is then natural to first obtain an estimate 6 of # under H, and use the aligned
ranks test statistics Sy, ,(0) or S, (0), cf., e.g., Koul (1970) and Jureckova (1971) for
linear regression models; Hallin and Puri (1994) for the ARMA models. Unless adequate
projections that would compensate asymptotically for the standardized differences n'/? (é—@)
are performed, these statistics typically are not asymptotically distribution-free, and thus
are unsuitable for testing purposes. Once such projections are performed, aligned rank tests
achieve the same asymptotic performances as those (likewise projected) based on exact ranks;
but still, their robustness heavily depends on the robustness of the estimator 6 on which the

alignment device is based.
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1.2 Autoregression and Regression Rank Scores

The lack of robustness of aligned rank statistics motivated Gutenbrunner and Jureckova
(1992) to introduce regression rank scores in the context of linear regression models with
independent observations, as an alternative to the aligned ranks. The regression rank scores
are n functions a,(u) = (Gn1(w), -, ann(w)) with a,, : [0,1) — [0,1], t = 1,-- -, n obtained
from the observations as the solution of a linear programming problem itself depending on
Ho; see Section 2.1 below for details. The regression rank score statistic (RSS) corresponding

to a function ¢ is defined as

n

= —Z/ w)dan (1) Cpy.

Note that this is like S, ,(#) but where p(R,,;(¢)/(n+1)) are replaced by — fo w)dan, (u).
These scores palliate the lack of invariance of aligned ranks. If not exactly (for fixed n)
distribution-free, Sn,w, indeed, contrary to Smp(é), is asymptotically equivalent to S, ,,(6)
in probability under P, g ¢, for each 6, hence asymptotically invariant with respect to the
group of order-preserving transformations acting on residuals and, therefore, asymptotically
distribution-free. Being moreover regression-invariant over ©g, it is robust against the in-
fluence of possible outliers—if not against the possible leverage effect of certain regression
constants. And, the asymptotic performance of tests based on S’mp is matching that of the
tests based on S, ,(0), for all § € O¢; see Gutenbrunner et al. (1993).

Koul and Saleh (1995) and Hallin and Jureckova (1999) developed similar ideas for linear
autoregressive models where 6’ = (po, p1,- -+, pp), and €4(0) = X; —po— p1Xe—1 — - - — ppXi—yp
are i.i.d. innovations with mean zero. The autoregression rank score statistics these authors

consider are of the form

ntpl = Z / 4:01 dant )Xt 2

t=141

where a,.(-) are the autoregression rank scores defined in Section 2.1 below and ¢; is a
function like ¢.

Unlike the linear regression models, in autoregressive models the outliers in the errors
affect the leverage points X;_; also. This fact renders the statistics S’;‘W | non-robust against
outliers in the errors. Genuine autoregression rank scores statistics are the serial autoregres-
sion rank score statistics obtained from S’,’;% after replacing X;_; by — fo 02 (v)dap—i(v),
yielding

(1.4 Z//wl W) pa(0)dan () din i(v),

t=14+1
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(when the lag is to be emphasized, we write gn#,l%i) or, more generally,

(15) Suprn = (1" 3 / / 1(t1) Dottt o (11) -+~ Ay, (i),

t:imfl‘f'l

analogous to the serial rank statistics (1.2) and (1.3). Here ¢;;1 < j < m are m functions
from (0,1) to R.

The main objective of this paper is to obtain an asymptotic representation of these serial
regression or autoregression rank score statistics for possibly unbounded functions ¢;’s, which
so far have not been considered in the literature, but can be expected to enjoy the same nice
properties (asymptotic invariance, distribution-freeness, and robustness) as their non-serial

counterparts S;M(G)’S.

1.3 Outline of the paper

Section 2 provides the precise conditions under which serial regression or autoregression rank
score statistics can be used in hypothesis testing. Section 2.2 describes three potential ap-
plications: a version of the classical Durbin-Watson test based on regression rank scores, a
test of AR(p) against AR(p+ 1) dependence based on autoregression rank scores, and a test,
based on serial autoregression rank scores, detecting the presence of a random component in
the autoregressive coefficient of an AR(1) model. Technical assumptions are collected in Sec-
tion 2.3. The main result of this paper is Proposition 3.1 giving an asymptotic representation

result for a class of serial autoregression rank score statistics.

2 Notation and basic assumptions

2.1 Autoregression and regression quantiles and rank scores

We shall now recall the definition of autoregression and regression quantiles and rank scores.

First consider the stationary linear autoregressive time series model, where starting with an

observable p-vector X;_,,---, Xy, one observes the process
p
(2.1) Xi=po+ Y _piXij+en (popr---,pp) €RYP
j=1

The errors ¢; are assumed to be i.i.d. with zero mean and variance o2.

The parameters
p* == (p1,---,pp) are such that all solutions of the equation 1 — Y 7, p;z" = 0 lie outside
the unit sphere and for each ¢, &; is independent of the vector y; ; = (X1, -+, Xi—p)"

Note that this model satisfies the assumption (A) with & = 14 p, 8 = (po, p”), X, =
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(o', X1, Xa, -+, Xy), and €,4(0) = Xy — po — p'y;_;. Now, let y;_, :== (1,v;",), and
ha(z) == |z|<a[[z S 0]+ (1—a)l]z < 0]), 2R, ac(0,1).

Then ath autoregression quantiles p,(a)" = (pno(@), pi(a)’), for an 0 < a < 1, are defined

as an
n
. */
t=1

The corresponding autoregression rank scores are defined to be an n-vector a, (a) := (Gn1(),
+,Gpp(@)) in [0, 1]" maximizing y ., X;a; with respect to vectors a € [0, 1]", subject to

the conditions
(2.2) Y/(a—(1-a)l,) =0,

where Y, is the n x (1 + p) matrix whose tth row is y, ,t=1,---,n, 1, := (1,---,1), an
n x 1 vector of 1’s, and 0 in the right hand side is the (1 + p) x 1 vector of zeros.

These autoregression quantiles and rank scores are the analogues of their counterparts
in linear regression models of Koenker and Bassett (1978) and Gutenbrunner and Jureckova
(1992), respectively, defined as follows. In linear regression models the observations X, ; and

the p x 1 non-random design vectors ¢, ; obey the relation
(2.3) Xpi=Po+ ¢, B+e,  GoeR, §cR

Note that this model satisfies the assumption (A) with k = 1 +p, 0 = (5, 0'), X, =
{(c, 4, Xnt); 1 <t <n}, and €,,(0) = X+ — fo — F'cns. Now, let C,, denote the n x (14 p)

n,t’

matrix whose tth row consists of (1,¢;,;), 1 <t < n. An ath regression quantile vector

0n () := (Bon(@), Bu(a)), for an « € (0,1), is defined as an

n
. /
argmin, cg pege E he (Xn,t — by — cmb).

t=1
The corresponding regression rank scores are defined to be an n-vector a,(a) = (an1(®),
o, lpp(@)) in [0,1]" maximizing > X,a; with respect to vectors a € [0, 1], subject to
the conditions C/(a — (1 —«a)l,) =0.

2.2 Examples
2.2.1 The Durbin-Watson problem

The objective of the classical Durbin-Watson test is the detection of first-order autocorrela-
tion in the noise of a traditional regression model; its extension to higher-order dependencies

is straightforward.
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The general overarching model is a linear regression with AR(1) errors
Xy = 50+C;17t5+€t, €t = Pet—1 + Et, t=1,---n,

where p € [0,1), o € R, ' := (f1,--+,5,) € RP, and &y, - - -, &, are i.i.d. with density f. The
null hypothesis of interest here is Hy : p = 0, against the alternatives of the form H; : p > 0.
Thus, here © = R'"? x [0,1) and ©g = R*P x {0}. The regression parameters 3y, 3 play
the role of nuisance parameters.

Let 0 := (Bo, B ) be the least square estimators of (y, /') under the above null hypothesis,
and let &; := 5t(30, B) =X, — 3 — c&ﬁ. The traditional Durbin-Watson test is based on the

first-order residual autocorrelation

n n
N A a ~2
Tnl - — StEtfl/ E Et-
t=2 t=1
When the errors are Gaussian with mean zero and variance o2, i.e. when F(x) = ®(z/0),

nry,; coincides with

L (DO ) S oot (e (Fle)) + onla

= Y aFE))ea(F(e)) +op(n ).

t=2

where the last claim readily follows from Le Cam’s Third Lemma with ¢, = @, = &1L,
The aligned rank based version of nr,; is the serial statistic S,WWQ(HA) defined in (1.2), with
i = 1 and the van der Waerden scores ¢; = o = ®~!; an asymptotic representation result of
Hallin, Ingenbleck and Puri (1985) establishes the equivalence Sy g, 5, (8) = Ty 00 +0p(n'?),

where

Toorgs - Pr(F(er))pa(F (1))

t=2

By Proposition 3.1 below it follows that the autoregression rank score statistic gn,sowz of
(1.4) is also asymptotically equivalent in probability to T}, ,,,,, under the above Hy. An
advantage of using gn,m@z is that one does not need any preliminary estimates of the nuisance
parameters.

In the case of non-Gaussian errors one uses the above serial autoregression rank score
statistics with ¢y(v) = F~'(v) and ¢y (u) = —f(F~(w))/f(F~'(u)), to perform an asymp-
totically optimal test of Ho, see, e.g., Hallin and Werker (1998).
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2.2.2 AR order identification

The objective here is to test AR(p) against AR(p + 1) dependence. The overarching model
is thus the AR(p + 1) model, where

pt1
X = po+ Z PiXi—i + €,

i=1

with p1, - - -, pp+1 being such that the corresponding characteristic polynomial has all its roots

outside the unit disc, p, # 0, and &y, -, ¢, are i.i.d. with density f. The null hypothesis

of interest here is Hy : pp+1 = 0, against the alternatives of the form H; : pp4+1 # 0. The
autoregressive parameters py, - - -, p, play the role of nuisance parameters.

The classical Gaussian test for this problem is based on a Lagrange multiplier type

statistic, which is a quadratic form in the residual autocorrelations

n n
Piim D EEi ) DG i=12,
t=i+1 t=1

where the estimated residuals &, are computed from fitting an AR(p) model to the data:
see Garel and Hallin (1999) for details. Arguing as in the previous example, a rank-based
version of this test statistic is obtained by substituting the aligned serial rank statistics (n —
1)1 S 1001 (8)’s Of (1.2) for the residual autocorrelations 7,; into the quadratic test statistic.
But such tests are not asymptotically distribution-free, while by Proposition 3.1, the tests
based on the analogous quadratic form using serial autoregression rank score statistic gn,‘pwz;i
will be asymptotically distribution-free. Here again, asymptotically optimal tests at non-
Gaussian errors case can be handled by an adequate choice of the scores ¢, and ¢s.

Contrary to the previous case, Sy, ,,,(0) and S, ,,,, are no longer asymptotically equiv-
alent: Sn7¢1§02(é) suffers from an alignment effect (which is not distribution-free), whereas
Snmm remains unaffected. Hallin and Jureckova (1999) constructed asymptotically distri-
butionfree tests of Hy against H; based on non-serial autoregression rank score statistics of
the type 5‘:7@(9)78. A simulation study of these tests can be found in Hallin et al. (1997)

and an application to meteorological data in Kalvova et al. (2000).

2.2.3 Detection of random coefficients in AR models

The general overarching model is the autoregressive model (for simplicity, a first-order one)

with random coefficients, of the form
Xi = (p+ Tu) Xy1 + &4,

where p € (0,1), 7 >0, uy, - - -, u, are i.i.d. standardized r.v.’s with density g, and €1,-- -, &,
are i.i.d. with density f, independent of the u;’s. The null hypothesis of interest here is
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Ho : 7 = 0 (ordinary AR(1) dependence), against the alternatives of the form H; : 7 > 0.
The autoregression parameter p and the densities g and f are nuisance parameters. Here
O ={0 = (p7) € (0,1) x [0,1); p> + 72 < 1}, ©g = {0 = (p,0);0 < p < 1}, and
e(0) = Xy — pXy_q, for a 0 € O,.

This problem has been studied (in the more general AR(p) case) by Akharif and Hallin
(2003), from a pseudo-Gaussian point of view. The locally asymptotically optimal Gaussian

test statistic for this problem is the combination

1

2 S 3 (1 By (e

3
I

k=1 t=k+1
sk—1 ~0—1 —-1/2 - é? ik (Er-t
2y Y e 3 (-5) (5 ()
1<k <f<n—1 t=0+1

of the statistics of the form

25 ke 3 (1= ) (55" e w07 3 (1= ) (55 (%)

t=k+1 t=0+1

where p is an arbitrary root-n consistent (under Hy) of p, & = X; — pX;_1, and 6% :=
n~tY" €2, Just as in the Durbin-Watson case, the diagonality of the information matrix
(relative to p and o?) implies, via Le Cam’s Third Lemma, that the impact of the estimation
of p in (2.4) and (2.5) is op(1) under Hy. These statistics, under Gaussian assumptions
(F(x) = ®(z/0)) thus coincide, up to op(1) terms, with

n

(= BT = (=B Y (1= @) (07 (e
and

n

(0= 0 Ty = (= 0723 (1= (@7 (F(2))) 07 (Fle 1)@ (Fler0),

respectively, with ¢1(u) == 1 — (®7"(u))?, wia(u) = (27 (u))?, and pra(u) = @(u) =
®~!(u). Asymptotic representation results for serial aligned rank statistics again imply the
and T,

npronape With the serial rank

asymptotic equivalence, up to op(n'/?), of Tooron

statistics (of the van der Waerden type)

S = 3 (1= (0 () ) (o ()

t=k+1

Sngrpraien(P) = Z (1 N (Q_l(%(?)>>2> @—1(%’@) (I)_I(RZL%E(IIO))’

t=0+1
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respectively, where R;(p) is the rank of ¢,(p) = X; — pX;_1. These statistics, based on exact
residual ranks, cannot be computed from the observations. However, in view of Propo-
sition 3.1 below, Spy, o, and Sy ppae, 1D turn are asymptotically equivalent to their
autoregression rank score counterparts S’”#’l#’k;l and 5,17@17%27@[, which are measurable with
respect to the observations.

Perhaps it should be emphasized that serial autoregression rank scores based tests for
a given choice of ¢;’s can be always implemented regardless of the knowledge of the error
density.

2.3 Assumptions on f and the score functions

We shall now state additional assumptions needed for obtaining the asymptotic representa-
tion result for serial autoregression rank scores. Besides the structural assumption (A), we
also need some technical assumptions on the density f and the score functions @1, -+, Q.
As usual, these assumptions cannot be separated: stronger assumptions on ¢’s allow for
weaker assumptions on the densities, and vice-versa. Therefore, we formulate two sets of
assumptions, (F1)-(F4), (¢-1) and (F1), (F5) and (¢-2), that can be used equivalently.

We assume that all densities f in the class F are such that

(F1)  [7 xdF(z) =0, 0< [ 2%dF(z) = 0 < o0;
(F2) The density f is positive on R and absolutely continuous, with a.e. derivative 1,
satisfying Z; := f_oooo(f(m)/f(a:))zf(x)dx < 0.

(F3) There exists a constant K = Ky > 0 such that, for || > K, f has two bounded
derivatives, f’ and f”, respectively.

(F4) As @ — +o0, f(x) is monotonically decreasing to 0 and,

—log F' —log(1 — F
L logF@) - —log(l— F(x))
r——00 b\x|r T—00 b|x’T
for some b =by >0 and r =7y > 1.
As for the functions @1, - - -, @, we assume the following:

(p-1) The functions @1, - - -, v, from (0, 1) to R are square integrable, nondecreasing, differ-
entiable, with respective derivatives ¢1, - - -, ¢¥,,, and satisfy

1
/ @;j(u)du =0, for at least one j =1,---,m,
0

;| < Clu(l —u)™°, Vji=1,---,m, forsome 0 < C < oo and 0 <§ < 1/4.

The second set of assumptions consists of (F1) and the following two assumptions.
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(F5) f is uniformly continuous and a.e. positive on R.

(p-2) The functions @1, - - -, ., from (0, 1) to R are nondecreasing bounded and fol ;i(u)du =
0, for some 7 =1,---,m.

The assumption (¢-2) rules out, for instance, the Wilcoxon and van der Waerden scores, as

well as the so-called rank-based f-autocorrelation coefficients (Hallin and Puri 1994).

3 Asymptotic representation

The following main result of the paper gives the asymptotic representation of the serial
autoregression rank score statistics. It enables one to construct the asymptotic rejection re-
gions of the pertaining tests and their asymptotic powers against the Pitman alternatives. A
similar result holds for serial regression rank scores of linear regression models with bounded

designs.

Proposition 3.1 Suppose the linear AR(p) model (2.1) holds. Suppose additionally either
(F1)-(F4) and (p-1) or (F1), (F5) and ( ¢-2) hold. Then, under P, 9.5, as n — 00,

(3.1) gn,cmmtpm = Tngrpm T OP(nl/z) = Snprom (0) + OP(n1/2)=

where Spp,...pn 05 the serial autoregression rank score statistic (1.5), Sy (0) the serial
rank statistic (1.3), and

n

Toroom = Y, P1(F(ens) P F(Entmin-)):

t=im_1+1
Proof. Without loss of generality, we restrict the proof to the autoregressive case for m = 2
and i; = 1, hence to statistics of the form S, 0y, Thisips a0d Sppyp,. Additionally, we
shall assume the first set of conditions (F1)-(F4) and (¢-1) with the proviso that [¢; = 0,
for both j = 1,2. See Remark 3.1 below for the case when one of the ¢’s is not centered.
The proof is much simpler under the second set of assumptions. We systematically drop
subscripts n in the proof.

Let 0 < ap < 1/2 be a fixed number, «,, := n~'(log n)?(log log n)?, and take n large
enough so that a,, < ag. Define, for a 0 < u < 1,

p(u) == p+ F Y u)ey, with €} :=(1,0,---,0),
where p := (1, p1,- -+, pp) of the model (2.1). For all 0 < u < 1, put
Dy(u) = I(Xy < yp1p(u) — 1(Xe < yp_yp(u),
ar(u) = I(g;, > F Hu)) — (1 —u),
(3.2) ar(u) = (1 —u) = a(u) — De(u) + ar(u)I(Xy = y_yp(u)).
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Also, let
R 1 R 1—an
biai=— [ i), b= [ i) - 0 - 0ldew, §=1.2
0 Qn
Note that fo ¢;(u)du = 0 and integration by parts yield that, for all ¢,

b = - / o3 (u)dlan(u) — (1 — u)] = / a0(u) — (1 — u)]dip; (u).

Decomposing this further gives, with a;(u) := a;(u) — (1 — u),

(7% R 1
b, — / G0 (w)dp; () + by + / a:(w)dp; (u),
0 1—an

. g 1—ag 1—an
bga = [ alwdei+ [ atwda+ [ atwdew)
Qn g 1—ag
= Cniyt + Cn2ijt + Cn3ijits say.

We start with analyzing the sum n /2 23;2 Cni:1,tCn1:24—1. The analysis of the similar sum
involving ¢,3.;+’s is exactly similar, while the similar sum corresponding to the ¢2.;+ terms
can be analyzed using the results for bounded scores. The analysis of the cross product sums
is also similar and relatively less involved. For the ease of writing, let ¢, (u) := ¢;(u)I (o, <

u < ap). Using (3.2), rewrite
iuia = [ audon — [ Didpyn+ [ @)1 = gi1s(@)doinla).
Letting A;; := [ a;dp;n, we thus obtain
n-1/2 Z CntistCrtijt1
t=2
e Z [Al Aa = [ Didprnitan+ [ @1 (X = 150 )dprn(w) s

_Alt/Dt 1dpay, + /DtdSpln/Dt 1dp2,

- [ a6 = i p)don(n) [ Disden,
sy [ (@)1 (Xims = o))
— [ Do [ as@1 (Xis = op)) g

[t (X = i1t dgrnta) [ s (X = p(0) )]
= Cl—OQ+C3—C4+C5—06+C7—Cg+09, say.
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In order to show that the first term Cy := n~1/2 2?22 Ay Ay provides the approximating
terms to the left hand side above, we shall verify that all of the remaining terms tend to
zero in probability. Let dj, := ¢;(a0) — ¢j(an), 7 = 1,2, and d,, := max(di,, da,). From
the linear programming definition of a;(u)’s, see e.g., Hallin and Jurckova (1999), we obtain

that for all 0 < u < 1,

n

(3.4) 3 &t(u)I<Xt - yg_lﬁ(u)> <(p+1), as

t=2

This in turn implies

(3.5) n~t? Z / dt(u>I<Xt = ?J;Aﬁ(u))d(ﬂln(u) < n_l/Q(p + 1)d,, a.s
t=2

! Z / &t—l(u)I(Xt—l = y;_Qﬁ(U)>dg02n(u) < n_l/Q(p + 1)d,, as.
t=2

Now, consider the term Cy. The fact that a; <1 and (3.5) imply
(3.6) Co < dn 2 p+1), as.
Similarly using the fact that |D;| < 1, for all ¢ and (3.5), we obtain
(3.7) ICs| < n Y2 (p+1), a.s.
The same argument and the fact that |A;;| < d,, for all ¢, imply that
(3.8) max{|Cs|, |Cs|, |C7|} < Pn~2(p+1), a.s.
The assumption (¢-1) on @1, @9 and the definition of «,, imply that

(o) [e74]
d, < / (u(l—u))15du§/ w0 du

< (07" — ") = O(n*log )~ (1o log m)™)

so that, because 0 < § < 1/4, d>n~'/2 = o(1). Hence,
(3.9) max{|Cs], |Cs|, |C7],[Csl, [Col} = 0(1),  aus.

Note also that, because of the n~'/? factor, the same conclusions hold if v, 7 = 1,2, 1s
replaced by @, 1= gojl[[am a, (1 + e)]}

To deal with C), we need to center the factor involving D, ; properly. For this the
r.v.’s involved in the indicators need to be suitably standardized. This standardization

is done differently for the u-quantiles in the tail and in the middle, because in the tail the
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—-1/2

consistency rate of p(u) is different from n and also depends on u, as was shown in Hallin

and Jureckova (1999). We need to use these facts in the following analysis. Accordingly, let

qu) = fIE (W), ou:=(u(l—w)?/q(w), Au):= o0, "n"*(p(u) — p(u)).

Its centering involves

plw) = F(F7w) + o2y Alw)) = F(F'(w),

v(u) = p(u) —oun™ "y Adu) g(u).
Then,
Cy = n'f? Z Ary / Dy _1dpan
t=2
= n /2 Z Avy /[Dtl — 1) dipay, + n/? Z Avy / Vi_1dpan
t=2 t=2
+n! ZALtyg_2/A(u) ouq(u)dpan, (u)
t=2

(310) = 041 + 042 + 043, say.

But, because o,q(u) = (u(1 —u))"/2,
Cl < ZAl sl | [ Awog()dea (o)

= Op(n™?) sup AW / W) dpon ().

an<u<ap

The first factor of Op(n~/?) comes from the fact that S Al o 1s a vector of zero mean

martingales, and hence
(3.11) Eln™'Y Aol = n®) By, oy EA}, =0(n™).
t=2 t=2
Also, by (¢-1), [(u(l —u))2dpjn(u) < [5° u™*70du < oo, j = 1,2. Moreover, recall from
Hallin and Jureckové (1999) that under (F1)-(F4),

(3.12) sup  ||A(w)]| = Op(log log n)"/2.

an<u<ll—an,



Serial ARRS 15

Upon combining these observations we obtain
(3.13) ICus] = Op(n~Y?(log log n)*?) = op(1).

Next consider Cyy. Let 6,0 := n 20, yl_yAu), €, := C (log n)*"~2 (log log n)~'/4,
r>1, and K, := C (log log n)'/2. We need the following results from Hallin and Jureckova
(1999) obtained under (F1)-(F4). By (A.5) and (A.9) in there, for any r > 1,

(3.14) i ax |0n.tu] = Op(€n),
|f(x)| 1—
3.15 —=lz|"7"=0(1), aszx — foo.
(315) ol = 0
Let

Ty = OF(y) Azt/ = A(F(y)), gn,t,y = 5n,t,F(y)> Tp = Fﬁl(&n)a To = Fﬁl(ao)'

Since o, < ap < 1/2, we have z,, < xg < 0. Also, in the left tail |dp;(F)| < C F~'7°dF.
Let A, := {sup,, <u<i_a, |A)| < K,}. For z, <y <2y <0, on the event A,,

1/2
ol < w20

f(y)

1922 K,

and

Col = 023 Ay, / Vo1 () dipsn ()|
t=2

- TyYi_oly TyYi_oly
< 23 Ayl / [F(y + WT> ~ F(y) - ny(y)]ds%(F(y))
n xo 1 /Ugnty _ 1
< 0 Y ludlealt, [ O IO o spar ),

But, on the event maxi<i<p 4, <y<wo |5vn7t,y| < Ce,, see (3.14), the double integral in this bound

is further bounded above by Ce, times the integral

o 1 1 ¢ N L
(3.16)  max / /0 /0 ol (y;fg’;’y”z”dvsz‘2‘5(y)dF(y)

1<t<n

I S S VR ey | e
= 2 /o U/O /xn ) F27%(y)dF (y) dzdv

—ra/2) [ % F4-4(y)dF (y)

<C /% ly|" L E 2 (y)dF (y) (by (3.15)

SC(/|y|P(r—1)dF(y)>1/p</F—Q(é-&-é)(y)dF(y))l/q’
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where p, ¢ are positive integers such that 1/p+1/g = 1, and such that 1 > ¢(1/2+¢) so that
the second integral in the above bound is finite. Such a ¢ always exists since 6 < 1. Also
note that because r > 1, we have (2/r) — 2 < 0, and hence

Knen = C (log n)> 2(loglog n)/* = o(1), 0> [Ailllyi-2ll = Op(1),
t=2

and, in view of (3.14) and (3.15),
(317) |O42‘ = OP(KnGn) = OP(l).

Next, we treat the Cy; term. Let a,, = n~'/?K,,. Define, for y, a € R and s € R™*! such
that ||s|| <1,

me-1(y,s,a) = [F(y+ an7y(y_os + lye—2lla)) = F(y)],
Cily,s,a) = n7'/? ZAli,t[[@t—l <Y+ anTy(Yp_o8 + [ye2lla)) — (g1 < y)
=2

_mt—l(yv S, CL)],

where A,+ stand for the positive and negative parts of 4;. Write C§(y, s) for C(y, s,0)
and let

041 (ya S) = CZ_I (ya S) - 04_1 (y7 S)

= n'? Z AalI(er1 S Y+ anTyy;_o5) — I(er1 < y) — w1 (F(y), 5)].

=2
Note that on the event A,
|ICu| < / sup |Cu(y, s)|dan(y)

l[sl<1

< / sup |G (y, ) doan(y) + / sup |Gy, 8)|difn(y),

[[s]I<1 l[s]I<1

with 1, (y) = @jn(F(y)). We shall show that

(318) [ s 1 )l (5) = (1),
which obviously will imply
(3.19) |Cu1| = op(1).

Let

1E ,
R B L
0

f()

1 !
isa) [ Bl manths = 2llez)}t ) g, e g
0 f(y)
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Arguing as above and conditionally, we have for all y € R, with b = EAit,

(3:20) EICH(s.a)fF = B(AL)E[I(e1 < y+ anny(yhs + lolla) — I(e1 < )
Py + a0y (shs + wolla)) + Fl)]

bEIF(y + anty(yos + lyolla)) — F(y)]

< bar sl +a) [ Bl + 2 ranls + ol

= b 2K (sl + Jal) [F)(1 = F@)]2 faly, 5,a).

IN

A

Similarly, for any s, t € RP, and y, a € R,

E|Cﬁ(y,t,a) - Céitl(:%‘s?a)‘z
< bt —s|nPEL [F(y) (1 = F)"Y? baly, s, a),
E|Citl<y7 t7 CL) - szl(yvtu O)P
(3.21) < bla|n 2K, [F(y)(1— Fy))Y 2 wm(y, t, a).

Since the unit ball is compact, there is an n > 0 and a finite number & of points sy, - -, s
in the unit ball such that for any ||s|| < 1, there is an s; in the unit ball with ||s — s;|| < 7.

We will need to choose 1 to depend on n and hence so also k. Now,

(322) sup [Cii(y,5)] < max sup [Cii(y,s) = Ciily, ;)| + max [Ci(y, )]
[[sll<1 1<J<k ||s—s,||<n 1<j<k

Now, ||s — s;]| < n implies that forally e R,1 < j <k, n>1,1<t<n,

anTy(Yi255 = le—2lln) < anTys o8 < anTy(Ys—o8; + lle—2ln).
This and the monotonicity of the indicators and nonnegativity of Aft’s, imply
|Ci:l(y7 8) - Cﬁ(y, 8j)|
< |Céﬁ(y78j7 ) - Clitl(ya Sj, )’ + |C2:1(y7 Sj, _77) - Clitl(ya Sjuo)’

(323) +2n_1/2 Z Al )t mg—1 y7 S]7 ) mt—l(y7 Sj? _77)]

Moreover, by (3.21), and the Cauchy-Schwarz inequality,

B( max |G (y, 55, %) — C (.5, 0)])

1<5<k

< k{2bnn V2 [F(y) (1= F(y)]'Y? max vy, s5,m)}H72

1<5<k
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Let g,(y,n) = maxi<j<x Vn(y,s;,n). Consider the measure v(y) := [Y F~34%dF. Note
that for 6 < 1/4 this is a finite measure. Also note that g,(y,n) — E||lyo|| < co. Arguing as
for (3.16), we thus obtain for all 7,

Bui= [P~ FO)M galysn)dtn(s) < /:F<y>—3/4-6g;/2<y,n>dF<y>
< [ aPwmivy) = 0)
Thus,
320 [ B max [CH w5505 — Ch(055,0) )dbmaly) < B (2K,

Next, let dy 15 := an7yy,_15. The third term in the upper bound of (3.23) is bounded
above by

1 n
% Z Ait{F@ + dnt-1ys; + anTy||lyi—2lln) — F(y) — [dn,tfl,y,sg' + anTyHythHU]f@)}
t=2

1 n
T AT F W+ vy — el ln) = Fl) =~ lnire, = omlulnlf )
t=2

1

vn

= My j(y) — Ma(y) + 20K [F(y(1 = F()]/*n" Y Af [y
t=2

+20 —=aamy, Y ALyl f()
t=2

Note that for all ||s;|| < 1, and all ¢, and all y with F'(y) close to a,, on the event {||y;—2|| <
C(log n)!/" (loglog n)'/*),

(i1, + anTyllye—2lln] < antyllye—al/(14+1) < (1 +1).

Hence, by arguing as for (3.16),

max |M ;(y)|dan(y)

1<j<k
n

< [0S A it + ot

t=2

1
X max /0 [f (Y + [dnt-1.s, + anTyllge—2ln]2) — f(y)|dz dipan(y)

1<j<k

< Kan' ) [Aulllye2ll (1 +n)

t=2

X gljagxk[dn,t—l,y,sj + anTy||?/t—2||77]
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[ [ U Bt ¢ ol W g
0 0

f()

Kpen (L+n)*n™! Z [Avllye—2]?
t=2

IN

1,1
y / maxi<j<k fo 4 fo |f(y+ [dn,tflzy,sg' + anTyHytJHn]ZU”dvd'Z F_l/z_édF(y)

fw)
= Op(KnEn) = 0p<1), \V/n > 0.

Similarly,

max |Ma;(y)|dian(y) = Op(Kne,) = op(1), V5> 0.

1<5<k

Thus we obtain that the integral of the maximum over 1 < j < k of the third term in the
bound (3.23) is bounded above by

(3.25) Op(Fueal1+ 1)) + 2™ 3 [Avl sl [ Plo) 2P ()

t=2

= Op(?? Kn) + Op(KnEn)

Next, let L, (y) = maxi<j<x n(y,s;,0). By (3.20) applied with ¢ = 0, and by the
Cauchy-Schwarz inequality

1<j<k

k
E(max \Cﬁ(y,sjﬂ) < ZE‘CZEQ%SJ)
j=1

< {2 IF ) = FODI 3 Isglltatys 5500}

< k{bn 2K, (PO - FO) L))

so that

[ B(max 0K 5) )dvmte) < Chn O [ LSS 0)dF (),

1<5<k

Putting all these bounds together with (3.22), (3.23) and (3.24), we obtain that

/ sup |CFi (y, s)|dban(y) = Op(kn'?n " Y*KY?) + 0p(n K,) + Op(e, K,,),

l[sll<1

= Op(?]l/zipnil/leé/Z) —+ Op<77 Kn)

This in turn implies (3.18), by choosing 7 suitably. For example n = K%, a > 1, will suffice.
The results (3.19), (3.17) and (3.13) together imply

(326) 04 = 0p<1).
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Similarly one can prove
(327) 02 = OP(l).

Next, consider

C5| = n7/? Z/Dtdgpln/Dt—ldQOQn
< // sup n 1/22{|j e < T+ Tpany, 15) — I(er < 1)
llsl|<1
X|I(eim1 < Y+ Tyany;_os) — (g1 < y)‘}d¢ln($)dw2n(y)
<

[ [ 3 {1 = manllyall < 2 < 0+ )
t=2
<1y~ ryaallvsl < cor <+ Tyl pdtra(e)dina ()

so that, by a conditioning argument,

Elcs| =< / / W2E{I(y — ryanllyoll < &1 < v+ 7yanllvol)
X |F(x + Ta:an||Y1||) - F(x - TzanHYl||)|}d¢1n(x)d¢2n<y>

Y=o
< Ko f [ E{0 el <o < v+ o)
' 2| Y] v)d
i Lo LR oy )
Y=o
= K"/ / EPR(y -+ manlol) - Fly — myanlol)]
IY fa+ man||Yil v)doye
/ 1 /2—6
(i o) }E@)dE (@) di(9)
Y=z 1
< K, / / EY27,0, ol / S 7yl
IY fa+ man||Yilv)doye
/ 1 /
AR {id o) }ET @) (@) dion(9)
1
) T Fy+ manlmolo)dy
/4012 E1/2 f 1 y FY2-8(\dF
S s (1 0 b EES ()dE(y)
1
w0 oo S @ nalVilodeye
x / 27| o VP2 ()

= o(1).

The above bounds clearly prove the following
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Lemma 3.1 Under the conditions of Proposition 3.1, we have

n~1/? 2": Cn1;1,tCn1;2,6—1
= n /2 ZQ/ [I (s> F () — (1 — u)] dopi (u)
X / [I(s121 > F7'(v)) — (1 = v)] dpna(v) + 0p(1).

Next, consider the sum n=Y/2 3" . ¢,94 1¢u2.04 1. Note that this is similar to the above
sum with ¢;, replaced with @Y := ¢;(u)I(ap < u < 1 — ag). Thus several calculations
are similar to those in the case considered in the proof of Lemma 3.1. To begin with,
the decomposition (3.3) remains valid with g, replaced by ¢). Denote these terms by
C? i=1,---,9. That is, C? is the C; of (3.3) with gpg substituted for ¢;,. The bounds
(3.6), (3.7), (3.8) now hold with d;,, replaced by dJ := ¢;(1—ag) —;(a0), so that the analog
of (3.9) clearly holds here. The places where one uses a different argument is in the handling
of the remaining terms C?, C9, C? and CY.

To begin with consider CJ. As mentioned earlier, here one needs to standardize the
random variables involved in the indicators of D, differently. Accordingly, now let v(u) :=

n'2(p(u) — p(u)), and rewrite

pilw) = F(F7 )+ (w) = F(F 7 (W),

vi(u) = () =02yl (u) g(u).

Then,

C’E = nl/QZALt/Dtld(Pg
=2

= ZAl,t |:/[Dt—1 — p—1]dih + /Vt—ld@g + /n_l/ng—ﬂ(U) dip(u)
t=2
= Ch+Ch+ 0237 say.
Now recall from Koul and Saleh (1995) that

(3.28) sup  [y(w)ll = Op(1).

ap<u<l—ag

Using this, the fact ¢9 is bounded and arguing as for (3.13), we have

ap<u<l—ap

ol < In7' ) Avgeall  sup |ly(w)ll = Op(n™"%) = 0p(1).
t=2
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Next, consider C%,. Let

z/@(Zl) = 90?(17(3/))7 ag=F ), a1 = F ' (1 - ), 7% =7(F(y)), yeR,
Gn = sup 1/2|yt 2 Vyl-

1<t<n,ap<y<ai

The stationarity of the time series, E||yo||* < oo and (3.28) imply that ¢, = op(1), and
'Y, [Av|lye—2|l = Op(1). Hence,

%) = m—szu / o (w)digS(w)|

IN

n‘“Z‘Al»t’ JIF@+ 253 = P =07 5,5 0)] ot

< Z|A1t|l|yt o sup |f(y) = f(x)| = op(1).

t=2 ly—z|<(n

Next, we treat the CY| term. Define, for s € RP™! y a € R,

mi_1(y,8,a) = [F(y+n""2(y,_ys + |lph—2lla)) — F(y)]
Cit(y,s,0) = n7'/? Z Af (e <y+ 0"y as + wislla) — Iera <)
t=2

—Mmi—1 (ya S, a)};

Cl(l]l (y7 S) = Cl(l]iJr(yJ S) - Cgii (y7 S)
n”/? ZAl,t[[(&eA <y+nyos) = e < y) — 1 (F(y), s)),
=2

where C%* (y, s) = CY5(y, s,0). Note that on the event SUP o <u<i—ag 17 (W)]] <0,

o) < / sup |Cas(y, )| (y)

[[s]|<b

< / sup |C%* (4, )|d2(y) + / sup |C% (4, )|d2(w).

lIsll<b lIsll<b
We shall show that for every 0 < b < oo,
(3.20) / s 1€ i) = ont1)
s[|<

which together with (3.28) will imply |CY;| = op(1).
Let ¢ = EAit. By a conditioning argument and the boundedness of f, we obtain that
forally € R, 0 < b < oo, s € RPFF! with ||s|| < b and for all a € R,

(3.30)  E|CH (y,5,0)]* = E(AE)QE[I(& <y+n"(yos + lyolla)) — I(er < y)
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2
—F(y+n""(yhs + |lyolla)) + F(y)
< cE[F(y+n""2(yps + |lolla)) — F(y)|
< Cn_l/z(b—l—a)EHyOH.

Similarly, and for any s, t € RP™ and y, a € R,

E|C (y,t,a) — Ci(y,5,0)]” < cllt = sl E|lyoll,

(3.31) E|CiE(y.t.a) = O (y, £, 0)* < claln™7 |y,

Since the ball {||s|| < b||} is compact, there is an 7 > 0 and a finite number of points
1, - -, 8k in the unit ball such that for any ||s|| < b, there is an s; with ||s;|| < b, [[s—s;|| < n.
Now,

(3:32) sup |Cif(y. o) < max sup [Ch(y, s) = OO (y, s)] + max |C4F(y, s)l;

Ilsl|<b 1<7<k ||s—s;)1<n

|s — s;]| <nimplies that for ally e R,1 <j <k, n>1,1<t<n,

Yi25i = lye—2lln < yios <41 os; + [lye2lln.
This, the monotonicity of the indicators, and nonnegativity of Ait’s, imply
< |G (Y, 85,m) — Cit(y, 55, 0)| + |CL5 (y, 85, —n) — Cii (9, 55, 0))|
+2n_1/2{8um?:2Ait,t[mt—l(y7 $jsm) = me-1(y, 5, —n)]-

Moreover, by (3.31), and the Cauchy-Schwarz inequality,

E( max [C3(y, 55, %0) = i (y,55,0)) < Chn'/2n4,

1<j<k

Because [ is bounded, the third term in the upper bound of (3.33) is bounded above by

n

max n~ /2 Z | Ay 4|

1<j<k < Fy + ”71/23/27233' + nil/QHyt,an)

—F(y +n %y, ys; —n 2 |lyaln)
<Cnn~! Z |Ave][[y—2ll = Op(n).
t=2

Finally, by (3.30) applied with a = 0, and by the Cauchy-Schwarz inequality,

[ B (max 105 0. 59))dwso)

1<5<k

< Chkn Y4,

k
< d St;pE<1rg?§Xk|021i(y, 5)]) < dSX;E’CEfE(y,Sj)
]:
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Putting all these bounds together with (3.30) (3.32) and (3.33, we obtain that

/Sup IC% (y, 8)|dyd(y) = Op(kn"?nY*) + Op(kn~"*) + Op(n)

[|s]|<b

= Op(nPn YY) V>0,
Letting 7 — 0 at a suitable rate (such as, for instance, n = n=%, with ap < 1/4), this in turn

implies (3.29), and completes the proof of C? = op(1). Similarly one can prove C9 = op(1).

Next, note that for ||s|| < b, —||yi—a||b < y;_58 < ||ys—2||b. Therefore,

|CE(>)| = ‘n1/2Z/DtdSO(1]/Dt—1dSO(2)

< // sup n 1/2 {|](5t§x+n Y2yl 1s) —I(g; < )|
llsl|<b
1/2, 1 0 0
x| (o < y+ 07 2ys) = I < )l pdu () du(y)
S S e 0
t=2

xI(y —n" 2 |lyeallb < erm1 <y + n‘mllyt—zllb)}d¢?(w)d¢3(y)

so that, by a conditioning argument, using ||f|« < co and the fact that ¢, j = 1,2 are

finite measures on R, we obtain

BlcY| < / / W2E{|F(@ +n 2 |Yillb) - F(x — n"2[Y])p)
< I(y — " gollb < e1 < y + 12 yollb) el (@) du(y)
¢ [ B{1 -l < <+ 0 )il }aoso)

IN

IA

¢ [ BV 0 ) - Py = o )i

< Cn Y =0(1).

To summarize, we have proved the following

n~1/?2 i én2;1,tén2;2,t—1
— n_l/QZZ/[I(et > F7H(u) = (1 — u)]dpi(u) /[I(Et—l > F7H(v) = (1= v)]dgh(v)

+Op(1).
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Along the same lines as on page 1412 of Hallin and Jureckova (1999), one can show that

the remaining cross-product terms are negligible. For example consider

T, = n_I/QZ/ C_Ltdwl/ a—1dps.
t=2 70 0

The Cauchy-Schwarz inequality, the facts that |u — (1 — a;(u)|?* < u + (1 — a¢(u)), and
> i (1= ay(u)) = nu, VO < u < 1, imply

n1/2 Xn:

t=2

< 03— (- awp} {3 = (1 =R

t=2 =2
n’l/z{Qn u}1/2{2n 0}1/2 = 22y 2012,

au(w) = (1 = )]l (v) = (1= v)]

1/2

IA

[ae(u) = (1 = w)][ae-1(v) — (1 = 0)]|der (u)dipa(v)

Qan Qn n
ml< [ ey
o Jo t=2
o

< o / ") = O ) = o)
0

The next one is even easier because | [ @;def| < ;(1 — ag)) — ¢;(a0), 7 = 1,2, so that

w2y [adgd [ o
t=2 0

n

< / VS = (1= () digs

0 t=2

< 2n1/2/ u™0du = O(n~1/*°).
0

Exactly similar arguments can be used to show that the cross-product terms involving the

right tail integrals are also negligible. Putting all these conclusions together implies

nfl/Z Z ?)ti)tfl
t=2

— ;/ [(ee > F~Hu) = (1= u)]dn (u) / [[(e1-1 > F7(v) = (1 = v)]dia(0)
+op(1)

= 072 " pi1(F(2) ea(Fleim1)) + op(1).

This proves the left hand side of the claim (3.1) while the right hand side of the claim
follows from Hallin and Puri (1988) and Hallin and Werker (1998). O
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Remark 3.1 Here we indicate the proof when not all ¢’s are centered at the origin. For
example consider the case m = 2. Assume that 1 := [ ¢1(u)du =0 and [ @o(u)du =: s #
0. Put p3 = g — pp. Let ay(u) := a;(u) — (1 — u) and note that integration by parts and
1 = 0 yields that

[ erwdut) [ o) = [awdat) [ e
/c‘zt(u)dgol(u)/&t1(v)dg02(v), Y t.

Hence S = Sn,(p1<,027 and Sn,msoz =5,

n,P199
But,

=S

n,p199

o168 (0) + op(n'/?), by Proposition 3.1.

where n=1 3" ©1(i/(n + 1) is a Rieman sum for the [ ¢;(u)du = 0. Moreover, since ¢ is
square integrable, the difference between this Rieman sum and its limit is o(n~'/2). so that

1/2

centering ¢, has asymptotically negligible influence on n='/2S,,,,,,, and the conclusion of

Proposition 3.1 continues to hold.
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