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ABSTRACT. In arecent paper, Braekers and Veraverbeke [1] obtained asymp-
totic results for an estimator of the conditional distribution function of the lifetime,
in a fixed design regression model with dependence between lifetime and censoring
time. We complement these findings by corresponding results for the conditional
quantile estimator. Our main results are uniform strong consistency and a Bahadur-
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1. INTRODUCTION

We consider the estimation of quantiles of the conditional lifetime distribution in
a fixed design regression model in which the lifetime Y, at a fixed covariate value
x € [0, 1] is subject to right censoring by a non-negative censoring variable C,. We
do not necessarily assume the independence of Y, and C,, but allow dependence via
an Archimedean copula model for the joint survival function of Y, and C,.

In many practical situations, the independence of Y, and C, is doubtful. For exam-
ple, in a clinical trial, one might have that patients withdraw (are censored) because
they are doing poorly with the new treatment. Or in engineering, one might have
that a piece of equipment is replaced (is censored) because it has given some sign of
future failure.

Copula models for censored observations, in the absence of covariates, have been
studied by Zheng and Klein [8] and Rivest and Wells [4]. For Archimedean copula
models with covariate information, Braekers and Veraverbeke [1] studied the as-
ymptotic properties of an estimator F;(t) for the conditional distribution function
F.(t) = P(Y, <t).

In this paper we focus on the estimation of quantiles of the distribution function
F,(t). For 0 < p < 1, the p-th quantile is defined as F, }(p) = inf{¢t : F,.(t) > p} and
the corresponding estimator is given by F,!(p) = inf{t : F,4(t) > p}. Our results
are the rate of uniform strong consistency (Section 3), a Bahadur-type asymptotic
representation (Section 4) and the weak convergence result for the quantile process
(Section 5). Two basic lemmas on the almost sure (a.s.) behaviour of F,,(t) are
proved in Section 6. We begin with preliminaries on the copula model and the

estimator.

2. THE COPULA MODEL AND THE DISTRIBUTION
FUNCTION ESTIMATOR

We assume that, at fixed design points 0 < z; < ... < z, < 1, we have re-
sponses Y7, ...,Y, and censoring times C',...,C,. The observed random variables
are (Z;,0;), where for each i = 1,...,n: Z; = min(Y;, C;) and 6; = I(Y; < C;). At a
given design point value z € [0, 1], we write F,, G, H, for the distribution function
of the lifetime Y,,, the censoring time C, and the observed variable Z, = min(Y,, C,).
We will also write §, = I(Y, < C,). (Note that at the n design variables z;, we
write V;, C;, Z;, F;, . . . instead of Yy, Cy,, Zo, Fiyy . . )

Our Archimedean copula model assumes that the joint survival function of Y, and
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C, at x can be written as

Sw(tla t2) = P(Y;C > tlv Cx > t2) - <p£c_1](<pw(7x(tl)) + ¢x(§w(t2)))

Here ¢, is a known generator function depending in a general way on the covariate
value z and F', (respectively G,) is the survival function of Y, (respectively C,) at
x. We refer to Nelsen [3] or Genest and MacKay [2] for definitions and properties of
Archimedean copulas and their generators. We have that, for each z, ¢, : [0,1] —
[0, 00] is a known, continuous, convex, strictly decreasing function with ¢, (0) = 0.
gogfll is the pseudo-inverse of ¢, given by ¢ 1(s) if 0 < s < ¢,(0) and zero if
©0:(0) < s < 4o0.

The estimator F,;(t) for F,(t) in Braekers and Veraverbeke [1] is given by

Fon(t)

=, ( > [pe(Han(Zi=) = pu(Hon(Zi—) — wni(w; hn))]> I(t < Ziwy). (2.1)

Z;<t,0;=1

Here Z() < ... < Z(y) are the ordered Z1,...,Z, and
Hop(t) = > wpi(z; hp)I(Z; < 1). (2.2)
i=1

The weights {wyi(x; h,)} in (2.1) and (2.2) are smoothing weights which give larger
weight to observations at design points close to x. Here we take the Gasser-Miiller

weights, which is the natural choice in the fixed design situation. They are given by

1 i 1 Tr—z
il hn) = / n ( i ) :

Ti—1

cn(xyhy) = /hiK (:L'h—z) dz
0

where zo = 0, K is a known probability density function (kernel) and h = {h,} is a

sequence of positive constants, tending to 0 as n — oo (bandwidth sequence). Note
that for the independence copula (¢, (t) = —logt), the estimator in (2.2) becomes
the classical Beran generalization of the Kaplan-Meier estimator, studied by Van
Keilegom and Veraverbeke [6], [7].

For the design points 1, ..., ,, we write A, = min(z; — 2;_1) and A,, = max(x; —
z;_1). The notations ||K||. = sup K(u), |K|3 = [ K*(u)du, pf = [ uK(u)du,
u€elR —00 —00
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pd = [ w?K(u)du will be used for the kernel K. We use the following assumptions

—00

on the design and on the kernel
(C1) 2z, =1, A, =0(n7Y), A, — A, =o(n?)

(C2) K is a probability density function with finite support [—M, M], for some
M >0, u =0 and K is Lipschitz of order 1.

Note that (C1) implies that ¢, (z; h,) = 1 for n sufficiently large. Therefore we may
take ¢, (z; h,) = 1 in all proofs of asymptotic results.

If L is any (sub)distribution, then 77, = inf{¢ : L(t) = L(+o0)} denotes the right
endpoint of its support. Here we have that Ty, < min (TF,, T, ), with equality if
©z(0) = +00. In our results we will need typical types of smoothness conditions on
functions like H,(t) = P(Z, < t) and H*(t) = P(Z, < t,0, = 1). We formulate
them here for a general (sub)distribution function L,(t), t € R, 0 < z < 1 and for
afixed T'> 0

(C3) La(t) = 2

5 L, (t) exists and is continuous in (z,t) € [0,1] x [0, 7]
T

(©4) L) = o

. 2
(C5) L,.(t) = %Lw(t) exists and is continuous in (z,t) € [0,1] x [0, T

L, (t) exists and is continuous in (z,t) € [0,1] x [0, 7]

2
(C6) Li(t) = %Lx(t) exists and is continuous in (z,t) € [0,1] x [0, T

. 2
(C7) L,(t) = %Lw(t) exists and is continuous in (z,t) € [0,1] x [0, T

Note that (C3) implies that L, (¢) is Lipschitz, in the sense that for all 0 < z, 2’ < 1,

sup |L(t) — Lo ()| < ||L]Je — 2|

0<t<T
where ||M|| = sup sup |M,(t)| for any function M,(t) on [0,1] x [0, 7. Similarly,

0<z<1 0<t<T
(C4) implies that for all 0 < ¢, ¢ <T

sup |La(t) — La(t')| < [IL']|[t = #'].

0<z<1

The generator ¢, of the Archimedean copula needs to satisfy the following properties



0 02
(C8) ¢.(v) = g%g(v) and ¢ (v) = @gox(v) are Lipschitz in the z-direction
3
(v) = ﬁwz(v) < 0 exists and is

n
€T

with a bounded Lipschitz constant, and ¢

continuous in (z,v) € [0, 1]x]0, 1].

These assumptions and the fact that ¢, is the generator of an Archimedean copula,
give that ¢/ is monotone increasing with ¢/, < 0 and ¢! is monotone decreasing
with ¢/ > 0.

3. STRONG CONSISTENCY OF THE QUANTILE ESTI-
MATOR

Our first result is the uniform strong consistency of F,!(p) as estimator for F;!(p).

This will follow as a consequence of a stronger result which gives an exponential

bound for P < sup | F.,;'(p) — F; N (p) |> 5), where 0 < g9 < pp < 1.

€0<p<po
Theorem 1.
Assume (C1), (C2), H,(t) and H(t) satisfy (C3) and (C4) in [0,7] with T < Ty,
hy, — 0, logn — 0.

nhn
Assume that ¢, satisfies (C8) and also that ¢/ (1) < 0.
Let 0 < g9 < pp < 1 be such that F,;'(py) < T and inf f.(F,'(p)) = A > 0,

€0<p<po
_ !/
where f, = F).

(a) For e > 0 such that F,'(gq) —e >0, F,*(po) + & < T and

inf fo(y) >

)
Fy (o) —e<y<Fy *(po)+e

| >

for n sufficiently large and

£ > %Amax (\@IIKHQW, A(|H|| v ||H||) (/ |u|K(u)du> hn>
with
A= g <_¢/1(1)> (I, (Ho(T)) |+ (Ho(T))) (3.1)
we have

]. 252
P ( sup | ;' (p) — F, ' (p) |> e> < —dy e nh, e " ex

€0<p<po T 4A
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with

8e? 4
dy = ——, di = ———. (3.2)
"IKB R
h5
(b) If lngn = O(1), then, as n — oo,
ogn
sup | F;'(p) — F, ' (p) |= O((nhy,)?(logn)'/? a.s.
e0<p<po

Proof. (a) We have that

P sw 170~ F ) <)

€0<p<po

< P (Fz—hl(p) > FY(p) + ¢ for some gy < p < po) (3.3)
+ P (F;'(p) < F,;*(p) — ¢ for some g9 < p < py)
Now, for the first term in (3.3), we have
P (F,;'(p) > F; (p) + € for some g9 < p < po)

(3.4)
< P(sup | F(t) - () > in <Fx<F;1<p>+e>—p>)

0<t<T €0<p<po

1
Since inf (F.(F,'(p)+¢)—p) > inf fz(y)e > —Ae > 0 we can
£0<P=<po Fi (c0)<y<F: *(po)+e 2

apply Lemma 1 to (3.4).
The second term in (3.3) can be bounded in the same way.
(b) This follows from the Borel-Cantelli lemma.

4. ALMOST SURE ASYMPTOTIC REPRESENTATION
FOR THE QUANTILE ESTIMATOR

Theorem 2.
Assume (C1), (C2), H,(t) and H¥(t) satisfy (C5) - (C7) in [0,7] with T" < Ty,,

logn nh?
n 9 3 n — ]. .
h, — 0 nhn—>010gn O(1)

Assume that ¢, satisfies (C8) and also that ¢(1) < 0. Let 0 < g9 < pyp < 1 be such
that £ *(p) < T and inf f(E 7 (p)) = A < 0. Then, for g9 < p < pg, we have
€0>P=Po




where

sup | rp(z,p) |= O((nhy)~¥*(logn)**) a.s.

€0<p<po

as n — Q.

Proof. Using Lemma 2 we have that

sup | Fun(F;(p) —p|< sup | Fan(Fpl(p) — Fun(Fl(p)-) |

€0<p<po €0<p<po
< sup | Fon(t) — Fun(s) — Fiu(t) + Fiu(s) |
0<s,t<T
|t —s| < c(nhn)~1/2(logn)l/2
= O((nh,)**(logn)®*) a.s.
Hence,

agiEﬂmdﬁ@_ fo(F7(p))

Loswp [LESO)ER®) - F0) — (Fa(Eskw) — FanlEAw)|

A €0<p<po
+0((nhy,)~%*(logn)/*) a.s.

< T s Lo (FH (0)) (i (0) = FoH(0)) — Fa(Fy) (p) — Fu(Fy (p)))]

A €0<p<po

+0((nhy,)~%*(logn)/*) a.s.

where the last inequality follows from Theorem 1 and Lemma 2. By Taylor expan-

sion, this can be rewritten as

= sup | £0) | (F3Mp) — F(9)? + O(nh) /4 (log m)?*) as.

2\ €0<p<po

where 6 is between F,!(p) abnd F;(p). From (C6), f! is bounded on [0,T]. The

theorem is proved after a further application of Theorem 1.



5. WEAK CONVERGENCE OF THE QUANTILE PROCESS

An important consequence of the result in the previous section is the weak conver-
gence of the quantile process {(nh,)Y?(F_,!(p) — F;1(p))} in the space £>°[g, po] of
uniformly bounded, real functions, endowed with the uniform topology. Combining
our Theorem 2 with Theorem 3 in Braekers and Veraverbeke [1] we also obtain the

following weak convergence result.

Theorem 3.
Assume (C1), (C2), H,(t) and H¥(t) satisfy (C5) - (C7) in [0,7] with T < T}, .
Assume that ¢, satisfies (C8) and also that ¢/(1) < 0. Let 0 < g9 < py < 1 be such
that F,;!(p) < T and inf f.(F;'(p))=A>0.

€0<p<po

(a) If nh? — 0 and (l(;ghn)?’ — 0, then, as n — oo,
pry g WERC)
(nhn)l 2(Fx1() le( )) - fx(Fg;l( )) 4 [507p0]
(b) if h, = Cn=1/>, for some ¢ > 0, then, as n — oo,
=
() = FAO) — im ) in e

where W, () and W,(-) are Gaussian processes with covariance function given in

Theorem 3 of Braekers and Veraverbeke [1].

6. TWO LEMMAS

In this section we prove two crucial lemmas that have been used in the previous
sections. Lemma 1 provides an exponential probability bound for

sup | Fyp(t) — Fu(t) |. Lemma 2 describes the a.s. behaviour of the modulus of
0<t<T

continuity of the estimator Fyp(t).

Lemma 1.
Assume (C1), (C2), H,(t) and H(t) satisfy (C3) and (C4) in [0,7] with T < Ty,
logn
h, — 0, — 0.
Assume that @, satisfies (C8) and also that ¢’ (1) < 0. For n sufficiently large and
1

e>4A maX(\/éHKIbWA(HHII VAIH D lul K (w)du) )




with A as in (3.1), we have

1
P ( sup | Fxh(t) — Fz(t) |> 5) < —dy € nhye dl"h”64A2
0<t<T 4A

with dy and d; as in (3.2).

Proof. From Lemma 1 in Braekers and Veraverbeke [1] we have that

Fo(t) = g3 ( /sow( «(8))dH,; (s )) (6.1)

0

With H,,(t) as in (2.2) and HY (t) = > wp(z; hy)I(Z; < t,0; = 1), we have from
i=1
(2.1) and (6.1) and an application of the mean value theorem that

Fun(t) — Fi(t)

Z;<t,0;=1

¢ (62)
with 6; between — [%(Hmh(zi—)) — @u(Hon(Zi—) — wyi(z; hy))] and

Zi<
t

— Y (Ha(Z ))wm(x; hy) and 0 between — [ ¢! (H,;(s))dHY,(s) and
0

Z<t6 =1

—fsox s))dH(s).



-1
To bound the two terms on the right hand side of (6.2) we first note that ,(_—1(9))
P\Pz (V1

converges a.s. to —=——. Since F,(t) < 1 and ¢/, is monotone increasing, we
o (Fa(t
_ -1 3 -1
have that —¢! (F.(t)) > —¢.L(1) and that ———F—— < — ( ) a.s., for n
) = =l Al @) = 2\

sufficiently large. The same bound holds for ,(_—1(9))
Pp\Pr (V2
Using Lemma 3 in Braekers and Veraverbeke [1], we obtain that the first term in

the right hand side of (6.2) is a.s. bounded above by

2 () ) S < § (s ) AR

Using integration by parts on the second term in the right hand side of (6.2), we

obtain the a.s. bound

> (i) {1 A | LT sup | 00 = () |

Pa (1 0<t<T

| GL(HAT)) | sup | Hon(t) — Ho®) |}

0<t<T

< A{ sup | HY% (t) — HY(t) | + sup | Hpn(t) — Hy(t) |}

0<t<T 0<t<T

with A as in (3.1).
With € > 0 and n sufficiently large, we have that

P ( sup | Fyp(t) — Fi(t) |> 6> <P ( sup | H, () — Hy(1) |> 4i4>

0<t<T 0<t<T

4p ( sup | Hon(t) — Ha(t) [> 4f4>

0<t<T

For each of the two terms on the right hand side we have an exponential inequality

by applying Lemma A3 in Van Keilegom and Veraverbeke [7].

Lemma 2.

Assume (C1), (C2), H,(t) and H¥(t) satisty (C3), (C6), (C7) in [0,T] with T’ < T,
1—-H,(T)>d>0, h, = 0, nh, — .

Assume that ¢, satisfies (C8) and also that ¢/ (1) < 0.
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(a) Let {a,} be a sequence of positive constants, tending to 0 as n — oo, and
satisfying na,, — oo.

Then, for n sufficiently large and

1 : A : A "
e <12 (=i ) b | (IS, + MU o + [}

@, (1)
(6.3)
90:,;(5) ! ! .2
+6 F 2 (0 H" ||a;,
and
c<12 (— ! ) O HY |a
- eL(1)) " " (6.4)
max(V6|| K|2(nhy) "% + 2| H|| A, + 20k || H|[h2)
we have

P ( sup | Fon(t) — Fun(s) — Fu(t) + Fi(s) |> 5)

0<st<T
[t —s| <an
ap Conhy,e? nhne nh,e?
<Ci—exp|————]+C exp | —C
=015 P( C3an+€> 4 ) p 5 2

1
+Cgnhy, exp (—Cynhy,) + Cga— exp (—Conhyay,)

n

where (', ..., Cy are positive constants.
nh? . "
(b) If oan = O(1) and {a,} is a sequence of positive constants of the form
ogn

an = c1(nhy)%(logn)/? for some ¢; > 0, then, as n — oo,

sup | Fon(t) — Fun(s) — Fu(t) + Fu(s) |= O((nhn)’3/4(log n)3/4) a.s.
0<st<T
It —s| <an

Proof. (a) Defining
Folt) = o | - / o (H o (y))dH, (y) (6.5)
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we can write

= {Fanlt) = () = Bo(0) + Fu(s) | (6:6)

+ {th(t) — Fon(s) — Fon(t) + ﬁxh(s)}

From (6.1), (6.5) and the mean value theorem, we can rewrite the first term in the
right hand side of (6.6) as

1 n . | ) | -
o6y 2 Wil hn) (L (H(Z)I (s < 25 < 1,00 = 1)

—E (o (H(Z)I(s < Z; < t,6; = 1)]}

t

1 n . .
o) & i ) [ L) (3) ~ ()

1 1 -
’ {9020(90;1(91)) - sog(wgl(@z))}sf%(

- T1+T2+T3,

t

where 6; is between — [ ¢/ (H,(y))dHY,(y) and — [ ¢’ (H,(y))dHY,(y) and 05 is be-
0 0

tween —Ofso;(E(y))dH:(y) and = [ (L) A0,

1 1
As in the proof of Lemma 1 it follows that ’7' and | ———————| are
e (97 (61)) (07" (62))
—1 1
both bounded above by 3 a.s.. Also, by the Lipschitz property of —, we
2 \ ¢, (1) oA
1 1 3 ¥l(0) ,
have that — < -z F'|||t — s].
T | < 2 g
We will now bound the terms 77, T5 and T5. For T3 we have
3 90”(5) / / "2
sup | Ts] < 5 =S5 [ FV (0 (0) | [[H* ag,. (6.7)
0<s,t<T 2 (¢,(1))?
[t—sl<an
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For Ts, we obtain, after integration by parts,

! o (t) — v (s) — HY “(s
Ty m{%( () EHy,(t) — EHyy,(s) — Hy (t) + Hy (s)]
+HEH(s) — Hi ()]l (Ha(t)) — @ (Hz(s))]
+ [IEHE () — H2 () (FLly) dHa (o).
Hence,
sup |7y
|t_—z‘,| < an
3 —1 , " v " "
<3 (i) e s BH(0) ~ BH) B0 — HO)
[t —s| <an

L (O H lan sup |EH,(s) — Hy(s)]
0<s<T

+z ()| H' la, sup |EHz,(s) — Hy(s)|}
0<s<T

]. 'u —_— 'u/ u//
<3 (@ - )) () LI B+ MY EY [anhn + | H* a2}, (6.8)

In the last inequality we used Lemma A.1(a) and (the proof of) Lemma A.5(b) in
Van Keilegom and Veraverbeke [7].
From (6.7) and (6.8) it follows that

sup [T+ Ty < -
0<s,t<T 4
[t—sl<an
because of our imposed condition (6.3) on e.
Therefore,
P (Fant) = Funls) = Fult) + Fuls)] > )
< P (|T1| > )

(6.9)



In order to obtain an upper bound for the probabililty in (6.9), we apply Bernstein’s
inequality (Serfling [5]). The variance of the sum above is bounded by

S5 w03 ) 20 ()

/ ! - / u’ An
< (@L(0)? 1 H" [|an ;wfn(fﬁ; hn) < (@O IH [ K loo 7.

n

Hence, Berstein’s inequality gives that

P (I1Fon(t) = Fanls) = Fult) + Fuls) | > 2 ) < 2exp ( 02”_’”2)

_Ogan +e

for some constants Cy > 0 and C5 > 0.
By a classical argument, based on partitioning the interval [0,7], we can replace

sup and sup maxima and obtain that, for some constant C; < 0,
0<t<T 0<s<T

~ ~ € a, Conh,,e?
P Fon(t) — F, — F.(t)+ F, > — <Ci— .
( )~ Fals) = Fat) + Flo) 2) e (- o)

[t—sl<an

For the second term in the right hand side of (6.6), we first note that, using Lemma

3 in Braekers and Veraverbeke [1], we have that

t

sup |Fun(t) — " | — / (Hon(8))dH" (9) <9<

0<t<T 4

-1\ , A,
) ORI

Hence, by adding and subtracting terms, we obtain that

sup | Fun(t) — Fun(s) — Fon(t) + Fun(s)]
0<s,t<T
It —s| <an

w

—1

< —( p )SOZ(5)| sup |Hun(t) — He(t)]  sup  [Hp(t) — Hp(s)|
@l (1) 0<t<T 0<st<T
[t—s|<an

| P

+2

210 ! g —1 " n
ey 1 el 3 <%(1)> ALK "

14



. ) €
For n sufficiently large, the sum of the last two terms is less than 7 and hence

~ ~ €
P ( sup |Foun(t) — Fun(s) — Fun(t) + Fun(s)| > 5)
0<s,t<T
[t —s| <an

<t<T 0<st<T 4a
It —s| <an

< P<Osup |Haon(t) — Hx (1) - sup  [Hy,(t) — ;‘h(8)|>£> (6.10)

3 -1
where a = — "(6).
> (o) 210

To deal with the right hand side of (6.10) we call the event Z and use that P(Z) <
P(ZN(A,NBy))+ P(AS) + P(B:) where A, = {1 — H,(t) > g forall0 <t <T}
and B, = {|HY (t) — H% (s)| < 2||H" ||a, for all 0 < s,t < T, |t — 5| < a,}.
Then, since 1 — H,(t) > 6 for all 0 <t < T, we have that
P(AS) <P < sup |Hyn(t) — Hp(t)] > é)
0<t<T 2

and also

P(By) SP( sup  [Hyy(t) — Hyy(s) — Hy () + Hy(s)] > ||H“l||an>
0<st<T
[t —s| <an

Hence,

~ ~ 9
P ( sup  |Fun(t) — Fun(s) — Fun(t) + Fon(s)] > 5)
0<st<T
[t —s| < an

€ 1 5
< (g ()~ .01 > £ gmepe ) + P (g it ~ B0 > )

+-13< sup LH&@)—fﬂa@)—ﬁwﬁ)+fﬁKﬁlzHH”HWJ-
0<st<T

|t - S| <an
We can now apply the exponential inequalities in Lemma A.3 in Van Keilegom and
Veraverbeke [7] and in Theorem 4 in Van Keilegom and Veraverbeke [6]. This re-
quires the restriction (6.4) on .
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