
T E C H N I C A L

R E P O R T

0355

LIKELIHOOD ESTIMATION OF FINITE MIXTURES

ANDRIES, E., CROES, K., VERBEKE, G., DE SCHEPPER, L. and G. MOLENBERGHS

*

I A P S T A T I S T I C S

N E T W O R K

INTERUNIVERSITY ATTRACTION POLE

http://www.stat.ucl.ac.be/IAP



Likelihood estimation of finite mixtures

E. Andries�
Limburgs Universitair Centrum, Institute for Materials Research (IMO), Diepenbeek, Belgium.

K. Croes

Xact, Genk, Belgium.

G. Verbeke

Catholic Univ Louvain, Ctr Biostat, Louvain, Belgium.

L. De Schepper

Limburgs Universitair Centrum, IMO, Diepenbeek, Belgium.

G. Molenberghs

Limburgs Universitair Centrum, Center for Statistics, Diepenbeek, Belgium.

Summary. Maximum likelihood (ML) estimation of general finite mixtures is, due to the sin-
gularities in the likelihood, a common but very difficult problem. In particular, a classical ML
estimator does not exist. In this paper, standard methods dealing with the unbounded like-
lihood are reviewed. Important drawbacks of these methods are discussed. An alternative
method, rooted in the literature, and known as likelihood estimation, is proposed. This likeli-
hood estimation procedure is similar in many respects to maximum likelihood and has good
statistical properties for the problem at hand. Often, this estimate can be found as the largest
local maximum of the likelihood. It is shown how this approach can be of attraction in the finite
mixture problem. Further, the important problem of a so-called spurious maximum as likeli-
hood estimate is tackled. By means of key examples, spurious maxima are characterized. Our
perception of the underlying problem is given and guidelines are proposed to deal with these
spurious maxima in practice.
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3. An alternative: likelihood estimation
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6 E. Andries �� �
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e.g. normal mixture with
same estimate

variancesequal
no derivatives

e.g. support depends
on parameter unequal variances

e.g. normal mixture with

unbounded likelihood

consistent estimate
global maximum (MLE) = 

 Wald’s conditions:
a root of LEQ = 

consistent estimate

Cramér’s conditions:

Fig. 1. Likelihood estimation
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4. The problem of spurious maxima
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Table 1. Some local maxima of the likelihood function of the simulated sample from
McLachlan and Peel (2000), with maxima in bold obtained by them. The first 3
maxima are the largest local maxima. The last row gives the MLE obtained from
estimating a normal distribution.
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Table 2. Local maxima of the likelihood function for several binned samples from the simu-
lated sample of McLachlan and Peel (2000). The symbol � ' indicates that the maximum
would be attained in � 1 '. The second column refers to the label of the maxima in Table 1.
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Fig. 2. Simulated sample of size 100 from McLachlan and Peel (2000). The true parameter values
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Fig. 3. A simulated and a real unstable sample.

����
������� ���� ��� ���� ���� ��� ������
� ��������� �� ��� �����
�� <� ��� ��
����
���� ����	� ��
 ��� ���
��� ���
 ����� ����� ��� ����
�������� ��� ��
�
� �� ���"
����������� <� � 
���
�� �� �������� � ���	
� �� ������ �
�� ���� �����
� ����
��������
��� ���	
� ��,� ��� �� �� ���� ������ ���
 ��� %333 �

����� ��
��� ��� ���	
� ��,� �� ����
� 
�
��� � ����
� ��
��
 ����
������� ��� �(��

� ��


�� ���� �� !� � ���	
� ����
���� �
�� ���� 	�
����
�
 &"���	����� ��
��
 �����
�� <�
� 
���
�� ��
������ �� ��� �0A� ��
 ����� ��� �� ��� ��� ���	������ �� ��� �����
�� !��
�����
� & �
 7 ���� 	������ ��

 ��

��	��� �� ������ �� ��� ��	 �� ��� 
���
����� ���������
����� ������ ���� � 
�
�� 
���
����� ��
���

���� ���	
� �� � ��	���
 ����	
� �� ���� �� ��!�� �� � ������ �	������ ���	
� ����

��	��� �� ��� &"���	����� ��
��
 �����
�� ���� ����� ���� ��� 
�
���� 
���
 ������� ��
��� 
���
����� �������� ��� �� �
��
�� ��
���� ���� ����
 	�
��
������� �� ��� ���	
�� ����
���
� �
� ����
�
 ������ �� ��� 
���
����� �������� ���� ����� ��� ���� 
�
�� 
���
�����
��
�� ����
� % ��� ���� ���
� �� �� ������� ����� ��������� ��� 
���
����� ���������

������ �
��
��� �
�����

*���
� 7� ����� ��� ��
��
 AA"	
�� �� � ���	
� �� ��,� 73� ����
���� �
�� � &"���	�����
��
��
 �����
� ���� 	�
�����
 ��
��� �� $ 3� �� $ %� �� $ &� �� $ 3	J ��� �� $ 3	&� ���
J 
�
���� ������ �� ��� 
���
����� �������� �
� ����� �� ���
� 7� <� !
�� ������ ���
� �����
�� �� �� 	
��
��� ��� 	�
�����
 ��
��� �� ��� �0 �
� �
����
� ��� ��� !� �� ����	���
�
�*���
� 7� � )���
���
���� ��� 	�
�����
 ��
��� �� ��� �0 �
� ��� �� �

 �� ��� �������
����
�� ��� �
�� ��
���� ���
� ����� �� ��� &�� 
�
���� ������� �
� ������� �� ��� �
�� ��
����
���� ����� ���� ��� �0 �� �
�� �	�
����� ����� ��� 	�
�����
 ��
��� �� ��� 
�C��� ��� �
����
�� �	��� �� ��� ���� ���� �� �� ��� 	�����
� �� ��
��� �� �
�� ��� 	�
�����
 ��
��� ����
��



Likelihood estimation 13

Table 3. The 5 largest local maxima of the likelihood of the simulated sample
of size $' shown in Figure 3a. The last row shows the MLE obtained when
estimating a normal distribution.
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Fig. 4. Simulated and real stable samples.

Table 4. The 4 largest local maxima of the likelihood of the simulated sample of size
%' shown in Figure 4a.
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Table 5. The 4 largest local maxima of the likelihood of the simulated sample of
size %' shown in Figure 4b.
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Fig. 5. Logarithm of the likelihood function of simulated samples from the Cauchy location distribution
with true parameter value � 1 '.
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Fig. 6. Cumulative distribution functions on a normal probability scale for the three groups of param-
eter values.
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Table 6. The number of times out of 1000 (�) that
the largest local maximum of the likelihood is a
spurious maximum for the first group of parameter
values.
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Table 7. The number of times out of 1000 (�) that the
largest local maximum of the likelihood is a spurious
maximum for the second group of parameter values.
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Table 8. The number of times out of 1000 (�) that the
largest local maximum of the likelihood is a spurious max-
imum for the third group of parameter values.
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Fig. 7. Simulated sample of size -' from a 2-component normal mixture with parameter values
�� 1 ', �� 1 '�''%, �� 1 /�%, �� 1 '�% and �� 1 '�'.
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Table 9. The 3 largest local maxima of the likelihood of the simulated sample of
size -' shown in Figure 7.
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