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1 Introduction

In this paper we consider, for a random sample from F', the goodness-of-fit hypo-
thesis Hy : F' = G, where G is a given general parametric family of distribution
functions, containing unknown parameters @ (e.g. location, scale, ...) which have
to be estimated. It is well known that, in the situation where @ is known, the
classical test statistics typically take the form of a degenerate U- or V-statistic and
that the limiting null distribution is that of a (possibly infinite) sum of weighted
chi-squared variables. Finding the weights is not easy since they are the eigenvalues
of some operator equation and they can only be found in some special cases. We
avoid this problem by using some slight modification of the empirical distribution
function in the construction of our test statistic. A similar idea has been used in
Ahmad (1993, 1996) and Ahmad and Alwasel (1999). This leads to test statistics

1/2 gtandardization both

which have a limiting normal distribution with the usual n
under the null and the alternative hypothesis (Section 3). The first main objective
of our paper is to provide conditions under which the replacement of the unknown
0 by a suitable estimator 0 keeps this asymptotic normality in force (Section 4). It
turns out that the statistic with estimated nuisance parameter has the same limit
distribution under Hy. The question of replacing the unknown € by an estimator
has not been dealt with in the above references. The problem has been considered
by De Wet and Randles (1987) in the unmodified case and our result provides an
alternative to their paper. Our approach has the advantage of also providing the
limit behavior under the alternative hypothesis H; : F' # G. The second main result
of our paper is to establish the validity of bootstap approximations; this provides a
way to avoid the estimation of the complicated and unknown variance parameter in
the asymptotic distribution under the alternative hypothesis H; (Sections 5 and 6).
Our proposed resampling scheme is nonparametric and works under Hy and H;. This
is more general than the parametric bootstrap in a recent paper of Jiménez-Gamero
et al. (2003), who only prove consistency under Hy. We begin, in Section 2, with a

useful characterization for the equality of two continuous distribution functions.

2 Characterization

Assume that F' and G are continuous distribution functions. The problem of testing
the hypothesis Hy : F' = G versus H; : F' # G is often based on the Ls-distance
J(F — G)*dG or more generally on the Ly,-distance [(F — G)*dG for some p > 1.

If X1,...,X, is a random sample from F, then an obvious test statistic is given



by [(F, — G)*dG, where F,, is the usual empirical distribution function of the
sample. The case p = 1 is the well known Cramér-von Mises statistic. Using the
binomial expansion and some integration by parts it is easily shown that the Lgp-
distance statistics can be rewritten and that this leads to the following alternative

characterizations of the null hypothesis: we have that F' = G if and only if

() CDT e max(xa, X)) - B 60| =
“(ma oo X)) — =

ST ) o s X)) - BIGTO0)] = 5

(forp=1,2,...).

In the present paper we will only work with the p = 1 version of this characterization,

which takes the simple form

1
E[G(max(X;, X»))] — E[G*(X)] = 3 (1)
Note that characterization (1) also implicitly appears in Too and Lin (1989) via a
totally different approach.

3 Goodness-of-fit: a distribution function with known para-

meters

Suppose that we have a random sample Xi,..., X, from an unknown continuous
distribution function F' and that we want to test the composite hypothesis Hy :
F(-) = G(-;0) versus Hy : F(-) # G(-;0), where G(- ; 0) is a continuous distribution
function depending on some parameter 8. Suppose for the moment that € is known.

A straightforward empirical estimator for the left hand side of (1) is given by

-1
n , , L 2y
U, (0) ( ) ) IS;SR max(G(X;; 0), G(X;;0)) — z; G2(X;;0). (2)
Both terms in (2) are in fact U-statistics with a bounded kernel. Under Hy, it easily
follows that E(U,(0)) = 1/3 and that the kernel is degenerate. So n'/?(U,(8)—1/3)
does not have a limiting normal distribution and the use of the correctly normalized
statistic n(U, (@) — 1/3) leads to the problem of finding the eigenvalues. In order to

rectify this we consider instead of (2) the following class of modified estimators

U, (0) = ( n ) S max(G(Xi;6), G(X;;6)) — %Zcm(ﬂ(xl-;o) (3)

2 1<i<j<n



where {¢;,;1 <i<n, n=1,2,...} is a triangular array of real numbers, satisfying

(i)  max |¢;| < K, some constant

1<i<n
(i) lim Z cin = 1 (@)
(iii) nh~>1£lo . Zcm =c2> 1

A typical example (see Ahmad (1993)) is: ¢;, = 1+ v if ¢ is odd and ¢, = 1 — 7y if
i is even, with 0 < v < 1; in this case ¢> = 1 +~2.
The classical theory of U-statistics (see e.g. Serfling (1980)) can be applied to (3),

to obtain
1 n
Une(0) = 11c(6) + - Zl Gin(Xi;0) + op(n=1?)

where (integration is over IR)

pne(®) = EU,(6)) =2 [ Glwi)F(z) { Z} [ woar@ 6

Gn(Xi:0) — 2 (1— / F(2)dG(z:0) — 2 / Gz G)F(x)dF(x))

—Cin (GQ(Xi;O) — /GZ({E;O)dF(ZL’)) .
It follows that, as n — oo,
02 (Une(0) — pne(8)) 5 N(0;0%(8)) (6)

where

o%(0) :—4+16/G x)dF (x —16(/@ ())2
+4E (5! F(x)dG (x; 9)>2

A [BE(GY(X1;0)) — (EG*(X1;0))] (1)

+4E (f Fl(z )) (G*(X3;0) — EGQ(X1;0))]
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2 11
Note 1. (1) Under Hy, we have that pn.(0) = e = 373 {—Zcm} and
n
i=1

0%(0) = o} = E(CQ — 1). Hence the statistic is asymptotically distribution-free
under H,.

Note 2. In (6) we may replace the exact mean pu,.(@) by its asymptotic value,
1 n
provided that the c;, satisfy the condition n'/? | — E ¢in — 1| — 0. This is satis-
n
i=1

fied by the specific example above.

4 Goodness-of-fit: a distribution function with estimated par-

ameters

Suppose from now on that the nuisance parameter 8 in G(- ; 8) is unknown and that
it can be estimated by an estimator 5, based on the random sample X, ... , X, from
F. Let Up(t) and p,.(t) denote the expressions in (3) and (5) respectively, but with
0 replaced by some general variable ¢.

To obtain the asymptotic distribution of the test statistic U,.(0) (given in Theorem
2), the following property is a key tool.

Theorem 1. Assume
(i) n'/? (5 — 9) = O0p(1), as n — o0
(ii) there exists a neighborhood K (@) of € and a constant C' > 0 such that, if
t € K(0) and D(t,d) is a sphere, centered at t with radius d, satisfying
D(t,d) C K(0), we have

E| sup |G(Xy;t) —G(Xy;t)

t'eD(t,d)

< Cd.

Then, as n — oo,
012 |Upe(8) = tne(8) = Une(8) + p1ne(8)] 5 0.

Proof. We apply the result of Randles (1982) on U-statistics with estimated para-
meters. It is easily verified that the presence of the weights {c;,} causes no compli-

cation, due to their uniform boundedness property in (4). We only have to verify



that G(max(z1; z2);t) and G?(x;t) satisfy his condition (2.4), since these functions
are bounded (see Lemma 2.6 in Randles (1982)). Since |G?*(zq;t') — G*(zy;t)] <
2|G(z1;t')—G(xq;t)| and also E| sup |G(max(X7, Xs);t')—G(max(Xy, Xs);t)|] =

t'eD(t,d)

2E[ sup |G(Xy;;t') — G(Xq;t)|F(X1)], his condition (2.4) is guaranteed by our
t’eD(t,d)
condition (ii). This proves Theorem 1. |

Now write

nl/Q(Unc(b\) - :unc(a))

= 1Y2(Une(0) — tne(0) + p1nc(8) — 11c(8)) 8)

#0112 (Une(8) — Une(8) — pnc(B) + p1nc(8))-
The above theorem gives conditions under which the second term in the right hand
side of (8) is op(1). The asymptotic normality of n'/2(Upc(8) — fine(8)) will follow
if we can show the asymptotic normality of the first term in the right hand side of
(8).
Assume that @ = (04,...,60k) is a k-dimensional parameter, which has been esti-
mated by 0= (:9\1, - ,(/9\;.3) Typically, we can establish an i.i.d. representation for

each component of 5, in the following sense
- 1< B
;= 6; = — > k;(X) + op(n/?) (9)
i=1

where E(k;(X1)) = 0. The asymptotic normality of n'/2(Upe(0) — finc(8) + tinc(8) —
tne(@)) will then follow by applying the central limit theorem to

k

n Y (X 0) + ) ki(X)uh(0)]

i=1 j=1

where )(0) is the partial derivative of p,.(t) with respect to the j-th variable and

evaluated at t = 6:
u2(6) =2 [ GO O)F(a)dF(z) - {% > } [ 26(:0)69 @ 6)aF (x)

for j = 1,... ,k and where G (z; ) is the partial derivative of G with respect to

the j-th component of €, and evaluated at @ (we are assuming that these derivatives
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exist). We are now able to establish the asymptotic distribution of U,,.(8).

~

Theorem 2. Assume that the components of the estimator 0= (51, ..., 0) satisfy
(9) with E(k;(X1)) =0 and Var(k;(X;)) >0for j=1,... k.

Assume that G(x;6) is a continuous distribution function for which condition (ii)
of Theorem 1 is satisfied and which has bounded partial derivatives GU) in a neigh-
borhood of 6.

Then, as n — o0,

Y2 (Ue(8) — p1ne(0)) 5 N(0;7%(8))

where
72(0) = 02(0) — 2 i pOVE || 2 / F(z)dG(x;0) + G*(X1;0) | k;(Xy)
= X1 (10)
E Kk ,
+ 5 5w (O)ud () Elky (X1)ky (X))

and 4 (0) = lim p)(6) =2 / G (z;0)(F(z) — G(x;0))dF (z).

n—oo

Example 1. Test for exponentiality.

Gz;0) =1—e% k=1; 6= X, the sample mean; ki (X;) = X1 — 0; GV (z;0) =
£ —z/0

——e

02

Example 2. Test in location-scale family.

G(x;0) = Gy <a; — ,u> (Go known, with density go); k = 2; 6 = (u, 0); 0= (X, 9),
o

1
where S? is the sample variance; ki (X1) = X1 — p; ko( X;) = % (X — w)? — o*];
o

1 — — —
GW(z;0) = % (x o 'u>§ G®(z;0) = /~602$go <x M)-

g

5 Bootstrap approximation

If F # G, then the asymptotic variances (@) and 7%(8) in (7) and (10) cannot be

calculated because the expressions depend on the unknown F' and on 6. Therefore



we now establish the validity of bootstrap approximations as alternatives to the
normal approximations. In this section we first deal with the case of a known 6
and show uniform consistency for the bootstrap estimator for the distribution of
12 (Une(0) — p1ne(8)). In the next section we will deal with the analogous problem
with estimated 6.

Let (cf
the set of pairs {(c1n, X1),- -, (Can, Xn)} giving equal probability n~! to each pair;
and use as notation Y;,(t) = ¢;,G*(X;;t) and Y;: () = ¢, G*(X};t). Based on this

resample we define the bootstrapped version of U,,.(t) as

Us.(t) = ( ;L ) > max(G(X];t), G(X};5t) — %th)

1<i<j<n

e, X)) = (¢, Xi)*, i =1,... ,n, be a random sample with replacement from

The following theorem shows the uniform strong consistency of the bootstrap es-
timator P*(n'/2(U*.(0) — U,.(0)) < x). We use the notation P* and E* for the

conditional probability and expectation given (¢, X;), i =1,...,n

Theorem 3. As n — oo,

sup | P* (R2(U2,(8) — Upe(8)) < ) — P (V% (Une(0) — 11c(8)) < ) | — 0 as.

Proof. Write

Une(0) — Unc(0)

Y max(G(X;;8),G(X];6)) - ( " ) Y max(G(X.;6),G(X;;6))

1<i<ji<n 2 1<i<j<n

{ L

= —V,(6)) = (W;.(8) — W,e(6)). (11)

’VL

From the bootstrap theory for U-statistics (see e.g. Bickel and Freedman (1981),
Janssen (1997), we have

Vi(O) = Val®) = Y (X)) - —sz )+ R,



o0

where g1 (z) = 2 (1 - / Fly)dG(y: 0) — 2 / Gl 0)F(x)dF(a;)) and R = op- (n-1/2)

a.s. (meaning that, for all € > 0, P*(n'/?|R%| > &) — 0 a.s.).
Hence,

* 1 . * 1 . *
i=1 i=1

with g7,(0) = ¥1(X]) — Y;7,(0) and g;,(6) = ¢1(X;) — Y3 (6).
From (6), with ® the standard normal distribution function, we have that

sup ’P (P2 (Unc(0) = pne(0)) < z) — @ (ﬁ)

— 0. Now, for each ¢ > 0,

s -y
< sup P* (n1/2 (% : 95 (0) — % ;Ll gin(0)> < 33) - <$>'

+0(e) + P* (n*?|R;| > €) . (12)

The first term in the right hand side of (12) can be rewritten and bounded above
by

sup
z€R

+ sup
z€R

P ( NS > _(6(6) ~70) < x> - o)

__1¢ 1 _
where g, = - ng(e) and 5% = . Z(gm(e) —3,)>%
i=1

i=1

The second term in (13) tends to 0 almost surely since S2 — ¢%(0) a.s. Indeed,

Sz o= %Z %(Xi)_%zwl(Xj)]

F I e -ty v




- —Z% Yin )—%ZYM(O)

8
n

E(1(X1)) + [E(GY(X1;0) — (EG*(X1;0))?]

—2E[1(X1)G?*(X1;0)] = 0%(0), as in (7).
Here we applied the result of Choi and Sung (1987) Which since the ¢;,, are uniformly
bounded, implies that — ZcmZ — FE(Zy) a.s. and — Zc Z; — AE(Z)) as., for

any sequence of i.i.d. random variables Z3,... ,Z, Wlth E |Z1| < oo. For the first
term in (13), we apply the Berry-Esseen bound (see e.g. Chung (1974)) to find that

it is bounded above by a constant times I',,, where

9:,(0) — g,
/1Sy,

n-32 "

Z |gm - n

r,=> E*

=1

{Zmn|+mm}-

Now,

n—3/2 Z |in(0) < 4n,~3/2 Z b1 (X 3 L AKBp 32 Z G6 (X;: 0)
i=1

=1

n~3?n g, |<<4n—W2§:|¢ >+ 4K ’WQE:(ﬁ4X@0)

=1

All these terms tend to 0 a.s. by application of the law of large numbers. This,
together with the fact that S2 — 0%(0) a.s., makes that T';, — 0 a.s.

5 Bootstrap approximation in the case of estimated parame-

ter

In this section we prove consistency of the bootstrap estimator for the distribution

of the test statistic in which the nuisance parameter has been estimated.

10



Theorem 4. Assume condition (ii) of Theorem 1 and moreover

(1) the components of the estimator 0= ((9\1, . ,@\k) satify (9) with E(k;(X1)) =0
and Var(k;j(X1)) >0forj=1,... k.

(2) the components of the estimator 0 = (@\I, . ,/«9\;’;) satisfy

1 n
0 — E:k ‘ —EEM:/CJ.(X
P

where for each j =1,... ,kand alle > 0: P*(n'/?|r},| > ¢) = 0.
(3) the partial derivatives GU) are continuous at € and not all zero at 6.

Then, as n — oo,

jgﬂ% P* (nl/Q(U;c(a*) — Unc(a)) < x) —P (nl/Q(Unc(b\) — 1ne(0)) < x)’ £o.

Proof. From the proof of Theorem 1 and the definition of ,u(J )(0) it follows that

n

Unc(0) — p1nc(0) = % > [gin(Xi§ 0)+ > k; (Xi)uffg’(O)] +op(n™?).  (14)

=1

Following ideas in Liu, Singh and Lo (1989) it is therefore sufficient to show that
—~ 1 <& ~
U:.(0 - — Jin(0) + R 15
LB - Uul®) = LSO~ 13 50+ (15

with Gin(0) = gin(6) + Zk ) (6) and g;,(0) = g;,(0) + Zk AL

and where, for each ¢ > O, P*( 1/2|R;’;| >¢) £ 0. To obtain the representatlon (15)

we consider the following decomposition

U2 (0) — Uye(9)
UTLC

= (Up(8) — Unc(0)) + (11nc(0) — p1nc(8)) + Ry + R (16)
with R, = Ry — Ryo, Ry = Rig — Ryge and
Ry = (Vi(O) = Va(8)) — (Vii(8) — Vi(8))
Ry = (Wi(8) = Woe(8)) — (Wi (8) — Wie(0))
= (V@) = 1u(8)) — (Va(8) — 11(8))
Riyy = (Wiel®) = tnc2(0)) — (Wie() — ptnca(8)).



Here V*, V,,, Wy., W,. are the four functions appearing in the decomposition

Ur. = Upe = (Vi = V) — (W}, — W) in (11). Also p; and pine are the two
terms in the decomposition fi,. = i1 — fine2 in (5). The i.i.d. sums in the right hand
side of (15) are easily obtained from the i.i.d. representations for U}.(0) — U,.(0)

and :U’nc(/é*) - ,U/nc(/é) in (16)

To show that the contributions of R} ;; and R, are negligible we can apply Lemma 1

in Janssen and Veraverbeke (1992). It therefore remains to prove that
PR, > €) 50 (17)
and
P*(n2|Rpy| > €) 55 0. (18)
To establish (17) note that, with

‘ (s) =2t
an(s) - n1/2n {

3

we have nV/2R* , = Q* (nV/%(6 —@)). With D(0, d) a sphere with radius d centered

at zero we have for each € > 0

P*(n 1/2|R 12| >¢)

sp*<sup |@:;c<s>|zs>+P*(1/2< 0)¢D(0,d).  (19)

s€D(0,d)
The second term in the right hand side of (19) is op(1) (see Janssen and Veraverbeke
(1992), p.1598 for details). To handle the first term in the right hand side of (19)
we use the discretization argument explained on p.1598 in Janssen and Veraverbeke

(1992), from which we also borrow the notation. This leads to

Qne(8) = Qne(07) + Qr1e(S)
rel®) = { Z (o 75) - Z‘”m (‘”7>]

- ;Y (0+—> ZYm (0+7>”.

12

with




Therefore the first term in the right hand side of (19) tends to zero in probability if
we show that

P*( Sup |Q; nc(s)) Ze> 50 (20)
s€D(v,0)
and

P (|QL.(0m)| > &) 50, (21)

where D(v,d) denotes some sphere with radius 0 centered at v.
To show (20), rewrite @7, .(s) as follows:

r,nc

1 — s or
fe(®) =023 S (01 ) b (0 -
Qiels) = 1 nz{ (0 5) (04 2%
1 n
where h,(t) = Yi,(t) — - ZY]n(t)
7j=1
or s or
With H;,,, [ —= | = su hin |0+ — ) — hin | @ + — )|, we have that
(ﬁ) s€D (o) ( ﬁ) ( \/ﬁ)'

sup }Q:,nc(s)‘ < Dncl + Dan
SeD(v,9)

1 — or or
_ p1/2= E A _ *H. -
Drar " p ler (\/’f_l) B Hine (ﬁ) ]

or
Dnc2 = n1/2E*Hinr <%> .

Using the uniform boundedness of the c;,, together with the law of large numbers

where

and condition (ii) of Theorem 1, we easily find that

Dpes < AKn"Y2E sup

8eD(v,d)

G? <X1;9—|— %) -G? <X1;9+ %)'] < 8KCY

and this can be made arbitrary small by appropriate choice of §.
0
For D,,.; we use the inequality P*(|Dpe1| > ) < e 2E*(D?.,) = e 2E* (anr (\/_7:)) .
n

By the uniform boundedness of the c¢;,, we obtain that

2
or RS S or
E(Hi, (—=)) <4E* (=~}  su GQ(X@-;0+—>—GQ(XZ~;0+—>'
( ' <\/ﬁ>) (n;SED(E,é) N N

13




and this tends to zero in probability, by the law of large numbers and condition (ii)
of Theorem 1.

To show (21), rewrite Q}_(dr) as follows:

Qre(07) = nY/ 2% zn: {hm <9 + %) —~ hm(e)}

=1

with h;,(t) as before.
5 2
To prove (21) it suffices to establish that E* (hln (9 + \/—%) — hln(O)) ] i 0,

as n — 0o. Using the uniform boundedness of the ¢;, we obtain that

(hln (0 + 5—\/%) — hln(0)>2] < 2K? {% zn: (G2 (Xi; 0+ 5—\/%) — G*(Xy; 0)>2

+ (% zn: (G2 (Xi;o + %) - G? ()Q;e)))2

By condition (ii) of Theorem 1, this right hand side tends in probability to a quan-
tity which is O(8) + O(6%), and this can be made arbitrary small by choice of 4.

E*

To establish (18) note that

P*(n'? | Ryas [> €)
~% ~% g
< P (12| (W7 (8) = pna(®) = (Wiel6) — junca(6))] = )
~ ~ €
FL{|(Wel®) = 110c2(8)) = (Wee(8) = pinca(6)] = ). (22)
The second term in the right hand side of (22) tends to zero in probability. The
first term in the right hand side also tends to zero in probability as follows, from

a modification (allowing weights) of the argument used on p.1602 in Janssen and
Veraverbeke (1992).
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