
T E C H N I C A L

R E P O R T

0307

EVOLUTION OF RECURRENT ASTHMA

EVENT RATE OVER TIME

IN FRAILTY MODELS.

L. DUCHATEAU, P. JANSSEN, I. KEZIC and C. FORTPIED

*

I A P S T A T I S T I C S

N E T W O R K

INTERUNIVERSITY ATTRACTION POLE

http://www.stat.ucl.ac.be/IAP



e%BjZ�$Bt BP ��{Z���t� sR�Y8s �%�t� �s�� B%�� �$8� $t P�s$j�k

8BI�jR

NZ{ *Z{Ys��sZ G

*�}s��8�t� BP _YkR$BjB�k�  $B{Y�8$R��k stI  $B8���${R� 3s{Zj�k BP z����$ts�k ��I${$t��

pY�t� =t$%��R$�k� ����jA�,��  �j�$Z8

_sZj FstRR�t

]�t��� PB� 7�s�$R�${R� N$8AZ��R =t$%��R$�s$� ]�t��Z8� *$�}�tA��,�  �j�$Z8

y%s ��9${

]s�Y��$t� 3B��}$�I

=] 7�V��  �s$t�Tj:Vjj�ZI�  �j�$Z8

7Z88s�k� qB 8BI�j �Y� �$8� �%BjZ�$Bt BP �Y� �%�t� �s�� $t ��{Z���t� �%�t� Is�s s {�Z{$sj
�Bj� $R }jsk�I Ak �Y� �$8�R{sj� ZR�I� *�}�tI$t� Bt �Y� R�j�{��I �$8�R{sj� �Y� $t���}���s�$Bt
BP �Y� �$8� �%BjZ�$Bt b$jj A� �t�$��jk I$&���t�� AB�Y $t }s�s8���${ stI R�8$}s�s8���${ P�s$j�k
8BI�jR� qY� �s} �$8�R{sj� $R 8BR� s}}�B}�$s�� bY�t R�ZIk$t� �Y� ��{Z���t� �%�t� �s�� sR
s PZt{�$Bt BP �$8� R$t{� �Y� jsR� �%�t�� bY���sR �Y� {sj�tIs� �$8�R{sj� ,��}R ��s{, BP s{�Zsj
�$8�� G� RYBb AB�Y �$8�R{sj�R $t s{�$Bt Bt Is�s BP st sR�Y8s }��%�t�$Bt ��$sj $t kBZt�
{Y$jI��t� qY� P�s$j�k 8BI�j $R PZ��Y�� �-��tI�I �B $t{jZI� AB�Y �$8�R{sj�R R$8Zj�st�BZRjk sR
�Y$R 8$�Y� A� 8BR� ��j�%st� $t }�s{�${��

��kbB�IRU ��{Z���t� �%�t�R� P�s$j�k 8BI�j� �s} �$8�� Ys9s�I �s��� sR�Y8s

d� yt��BIZ{�$Bt

i�{Z���t� �%�t� Is�s Ys%� 8BR�jk A��t stsjkR�I ZR$t� R�stIs�I RZ�%$%sj ��{Yt$JZ�R b$�Y
st sII$�$Btsj sI`ZR�8�t� PB� �Y� {B���js�$Bt A��b��t �%�t�R B�$�$ts�$t� P�B8 �Y� Rs8�
$tI$%$IZsj� j�sI$t� �$�Y�� �B 8s��$tsj 8BI�jR w_��t�${� �� sj� wd�MdD� G�$ �� sj� wd�M�DD B�
�B P�s$j�k 8BI�jR w�{p$j{Y�$R� stI V$RA��� wd��dDD�  B�Y 8s��$tsj 8BI�jR stI {BtI$�$Btsj
8BI�jR Ys%� A��t ZR�I $t s }s�s8���${ stI R�8$}s�s8���${ {Bt��-� w�sY?� stI ]Y�%���
wd���DD�
N$��j� s���t�$Bt� YBb�%��� YsR A��t �$%�t �B �Y� �$8�R{sj� �Ys� $R ZR�I PB� RZAR�JZ�t� �%�t�R
stI �Y� $t���}���s�$Bt s��s{Y�I �B $�� *$&���t� �$8�R{sj�R {st A� ZR�I w��jjk stI N$8
w1(((DD� qY� 8BR� BP��t ZR�I �$8�R{sj� $R �Y� �s} �$8�U sP��� st �%�t�� �Y� RZA`�{� R�s��R
s�s$t s� �$8� ( stI �Y� �$8� �B �Y� t�-� �%�t� {B���R}BtIR �B �Y� tZ8A�� BP IskR $� �s,�R
�B �-}��$�t{� �Y� t�-� �%�t�� Vj���ts�$%� �$8�R{sj�R s�� �Y� �B�sj �$8� stI �Y� {sj�tIs�
�$8�� G$�Y �B�sj �$8�� �Y� �$8� �B stk �%�t� {B���R}BtIR �B �Y� �$8� R$t{� �stIB8$Rs�$Bt
���s�Ij�RR bY��Y�� B�Y�� �%�t�R Ys%� A��t �-}��$�t{�I 8�stbY$j�� ]sj�tIs� �$8� ,��}R
��s{, BP �$8� R$t{� �stIB8$Rs�$Bt� sR $t �B�sj �$8�� AZ� �Y� IZ�s�$Bt BP �Y� �$8� s� �$R, PB�

GVII��RR PB� {B���R}BtI�t{�U NZ{ *Z{Ys��sZ� *�}s��8�t� BP _YkR$BjB�k�  $B{Y�8$R��k stI  $BT
8���${R� 3s{Zj�k BP z����$ts�k ��I${$t�� pY�t� =t$%��R$�k� 7sj$RAZ�kjsst dnn� �M1( ����jA�,��
 �j�$Z8� eT8s$jUNZ{�*Z{Ys��sZo�Z��s{�A�



1 N� *Z{Ys��sZ �� sj�

st �%�t� {B���R}BtIR �B �Y� IZ�s�$Bt BP �Y� �$8� s� �$R, $t �Y� �s} �$8� ��}��R�t�s�$Bt wR��
3$�Z�� d stI �-}jsts�$Bt $t �Y� t�-� R�{�$BtD�
yt �Y$R }s}��� b� $t%�R�$�s�� �Y� �&�{� BP �Y� ZR� BP �Y� I$&���t� �$8�R{sj�R Bt �Y� P�s$j�k
8BI�j stI Bt $�R $t���}���s�$Bt� AsR�I Bt st sR�Y8s }��%�t�$Bt ��$sj $t kBZt� {Y$jI��t�
]Y$jI��t b$�Y Y$�Y �$R, PB� sR�Y8s wAZ� tB� k�� �-}��$�t{$t� $�D �t��� �Y� R�ZIk s� �Y� s��
BP E 8Bt�YR stI s�� PBjjBb�I Z} PB� dM 8Bt�YR� qY�k s�� �stIB8$R�I �B }js{�AB B� I�Z��
V}s�� P�B8 �Y� I�Z� �&�{�� B�Y�� }B$t�R BP $t����R� s�� �Y� �%BjZ�$Bt BP �Y� sR�Y8s ��{Z���t�
�%�t� �s�� B%�� �$8�� stI YBb �Y� s}}�s�st{� BP st �%�t� $t4Z�t{�R �Y� �%�t� �s��� qY�R�
$RRZ�R s�� }s��${Zjs�jk $8}B��st� $t �Y$R R�ZIk sR {Y$jI��t BP E 8Bt�YR I$&�� RZAR�st�$sjjk
P�B8 {Y$jI��t BP 1 k�s�R stI �Y���PB�� }YkR${$stR bst� �B ,tBb P�B8 �Y$R R�ZIk YBb �Y�
sR�Y8s �%�t� �s�� {Yst��R b$�Y s���
qY�R� }B$t�R BP $t����R� b$jj A� �s{,j�I Ak 8s,$t� ZR� BP �bB I$&���t� �$8�R{sj�R� �Y�
{sj�tIs� �$8� stI �s} �$8� $t �Y� {Bt��-� BP P�s$j�k 8BI�jR� b� sjRB b$jj �-��tI �Y� 8BI�j
�B s{{B8BIs�� AB�Y }�B{�RR�R $t Bt� stI �Y� Rs8� 8BI�j�

1� i�{Z���t� �%�t� Is�s ��}��R�t�s�$Bt

i�{Z���t� �%�t� Is�s {st A� ��}��R�t��I $t I$&���t� bskR I�}�tI$t� Bt �Y� �$8�R{sj� ZR�I�
VR s R�s��$t� }B$t�� �Y� ��}��R�t�s�$BtR $t��BIZ{�I Ak ��jjk stI N$8 w1(((D s�� ZR�I� AZ�
�Y�k s�� �-��tI�I $t B�I�� �B s{{BZt� PB� s R}�{$h{ $RRZ� $t sR�Y8s Is�sU bY�t s }s�$�t� YsR
st sR�Y8s s��s{, �Ys� {st jsR� PB� R�%��sj IskR� Y�\RY� RYBZjI tB� A� {BtR$I���I �B A� s� �$R,
PB� st sR�Y8s s��s{, s� �Ys� �$8�� ��jjk stI N$8 w1(((D I$R�$t�Z$RY A��b��t �B�sj �$8��
�s} �$8� stI {sj�tIs� �$8�� qY� �$8� s� �$R, PB� st �%�t� $t �B�sj �$8� ��}��R�t�s�$Bt R�s��R
s� �$8� ( bY�t �Y� RZA`�{� �t���R �Y� R�ZIk Zt�$j �Y� }s��${Zjs� �%�t� $R �-}��$�t{�I� y� $R
Zt{j�s�� YBb�%��� bYs� �B IB b$�Y �Y� �$8� bY�t �Y� RZA`�{� bsR tB� s� �$R,� �$�Y�� A�{sZR�
BP {�tRB�$t� B� �-}��$�t{$t� st sR�Y8s�${ �%�t�� qY$R �$8�R}st RYBZjI A� RZA��s{��I AZ�
�Y�t �Y� �B�sj �$8� IB�R tB jBt��� }��R�t� �Y� s{�Zsj �$8� R$t{� �stIB8$Rs�$Bt� 3Z��Y��8B���
�B�sj �$8� ��}��R�t�s�$Bt YsR j$��j� $t�Z$�$%� s}}�sj A�{sZR� s RZA`�{� $R s� �$R, PB� sjj Y$R\Y��
�%�t�R s� �Y� R�s�� BP �Y� R�ZIk �%�t bY�t $� $R ,tBbt �Ys� }s��${Zjs� �%�t�R {st Btjk
Ys}}�t sP��� }��%$BZR �%�t�R Ys%� �s,�t }js{�� qY���PB��� b� IB tB� {BtR$I�� �B�sj �$8� $t
�Y� ��8s$tI��� yt {sR� BP �s} �$8� ��}��R�t�s�$Bt� �Y� �$8� s� �$R, R�s��R s� 9��B� AZ� �Y�
j�t��Y BP �Y� �$8� s� �$R, tBb {B���R}BtIR �B �Y� �$8� R$t{� �Y� �tI BP �Y� }��%$BZR �%�t�
wB� R�ZIk �t��k $t {sR� BP h�R� �%�t�D Zt�$j �Y� �$8� BP �Y� }s��${Zjs� �%�t�� yt {sj�tIs�
�$8� PB�8Zjs�$Bt� �Y� j�t��Y BP �Y� �$8� s� �$R, }��$BI $R �Y� Rs8�� AZ� �Y� R�s�� BP �Y� s�
�$R, }��$BI $R tB� ��R�� s� 9��B AZ� s� �Y� s{�Zsj �$8� R$t{� R�ZIk �t��k wR�� 3$�Z�� dD�

VRRZ8� �Y��� s�� $t �B�sj ] RZA`�{�R� V }s��${Zjs� RZA`�{� YsR I$&���t� }��$BIR s� �$R,
IZ�$t� �Y� �B�sj BAR��%s�$Bt �$8�� �Ys� s�� R�}s�s��I P�B8 �s{Y B�Y�� Ak �$�Y�� st sR�Y8s�${
�%�t� �Ys� jsR�R Bt� B� 8B�� IskR� B� Ak s }��$BI IZ�$t� bY${Y �Y� RZA`�{� bsR tB� ZtI��
BAR��%s�$Bt� yP �Y��� s�� � � s� �$R, }��$BIR PB� }s�$�t� 7� �Y�t �Y� {B8}j��� $tPB�8s�$Bt Bt
sR�Y8s s��s{,R PB� }s�$�t� 7 {st A� }��R�t��I Ak � � ��$}j��R

ww0 ����� , 0 ����� , & ��� D, 3 3 3 , w0 � �	�
� , 0 � �	��� , & ���	� DD

bY��� PB� �Y� i

��
��$}j��� 0 � ��� $R �Y� R�s�� BP �Y� i


��
s� �$R, }��$BI� 0 � ��� $R �Y� �tI BP �Y� i


��

}��$BI stI & � � $R �Y� {�tRB�$t� $tI${s�B� stI 0 ����� ) (�
qY� Ys9s�I PZt{�$Bt PB� �Y� P�s$j�k 8BI�j b$�Y {sj�tIs� �$8� $R �$%�t Ak

	 � w0D )

F

	 � w0DJ � �-} w#? � D PB� 0 � ��� � 0 � 0 � ��� , i ) d, 3 3 3 , � �

( B�Y��b$R�



i�{Z���t� �%�t� �s�� �%BjZ�$Bt n

bY��� 	 � w0D $R �Y� AsR�j$t� Ys9s�I bY${Y $R sRRZ8�I �B A� $tI�}�tI�t� BP AB�Y �Y� �%�t�
Y$R�B�k stI �Y� {B%s�$s��R BP �Y� RZA`�{� stI J � $R �Y� P�s$j�k ���8 PB� �Y� 7


��
}s�$�t��

qY� P�s$j�k ���8R J � , 3 3 3 , J � s�� sRRZ8�I �B A� $tI�}�tI�t� b$�Y {B88Bt P�s$j�k I�tT
R$�k� VR P�s$j�k I�tR$�k b� b$jj Btjk {BtR$I�� �Y� Bt� }s�s8���� �s88s I�tR$�k b$�Y 8�st
Bt� stI %s�$st{� �

W � � w`D )
`
������� �

�-}w�`b�D

�
�����
�wdb�D

3

qY� j$,�j$YBBI PZt{�$Bt {B���R}BtI$t� �B �Y$R Ys9s�I $R �Y�t �$%�t Ak

�
�

�	� �

�	�
�

�
� �
w	 � w0 � ��� DD

� � �
�-} w�� � w0 � ��� , 0 � ��� DD

b$�Y {Z8Zjs�$%� Ys9s�I

� � w0 � ��� , 0 � ��� D )


 � ���
8


 � ���
	 � w0DQ03

yt �Y� {sR� BP �s} �$8�� }s�� BP �Y� $tPB�8s�$Bt $t �Y� ��$}j��R $R ��IZtIst�� stI b�
{BZjI RZ88s�$9� �Y� $tPB�8s�$Bt $t �Y� ��$}j��R sj���ts�$%�jk sR

ww0 ����� � 0 ����� , & ��� D, 3 3 3 , w0 � �	��� � 0 ��� �
� , & � �	� DD

yt B�Y�� bB�IR� Btjk �Y� j�t��Y BP �Y� �$8� s� �$R, $R t��I�I� stI tB� �Y� }s��${Zjs� �$8�
w��js�$%� �B R�ZIk �t��k �$8�D bY�t �Y� }s�$�t� $R s� �$R,�

qY� Ys9s�I PZt{�$Bt PB� �Y� P�s$j�k 8BI�j b$�Y �s} �$8� $R �$%�t Ak

	 � w0D )

F

	 � w0 � 0 � ��� DJ � �-} w�#? � D PB� 0 � ��� � 0 � 0 � ��� , i ) d, 3 3 3 , � �

( B�Y��b$R�

stI �Y� {B���R}BtI$t� j$,�j$YBBI PZt{�$Bt $R� sR A�PB���

�
�

�	� �

�	�
�

�
� �
w	 � w0 � ��� DD

� � �
�-} w�� � w0 � ��� , 0 � ��� DD

AZ� tBb b$�Y I$&���t� 8�st$t� PB� �Y� Ys9s�I 	 � w3D stI {Z8Zjs�$%� Ys9s�I � � w3, 3D�



; N� *Z{Ys��sZ �� sj�

n� _s�s8���${ P�s$j�k 8BI�jR PB� ��{Z���t� �%�t� Is�s

qY� G�$AZjj AsR�j$t� Ys9s�I $R �s,�t sR st �-s8}j� BP �Y� }s�s8���${ P�s$j�k 8BI�j PB�
��{Z���t� �%�t� Is�s� $� YsR s R��s$�Y�PB�bs�I $t���}���s�$Bt� !�Y�� }s�s8���${ Ys9s�I
�s��R {st A� ZR�I RZ{Y sR �Y� jB�tB�8sj� VR 8�t�$Bt�I $t 7�{�$Bt x� �Y� sj�B�$�Y8R PB�
�Y�R� �bB }s�s8���${ sRRZ8}�$BtR s�� s%s$jsAj� $t i�

qY� Ys9s�I PZt{�$Bt PB� {sj�tIs� �$8� w�BI�j dU G�$AZjjT{sj�tIs�D $R

	 � w0D )

F

	 � � � 0
��� � �

J � �-} w#? � D PB� 0 � ��� � 0 � 0 � ��� , i ) d, 3 3 3 , � �

( B�Y��b$R�

b$�Y ��RZj�$t� j$,�j$YBBI PZt{�$Bt

�
�

� � �

�	�
�

�
� �

}

p

	 � � � 0
��� � �
� ��� J � �-} w#? � D

Q

� � �
�-}

D

�	 � 

D

0
���
� ��� � 0

���
� ���

i

J � �-} w#? � D
i

]

qY� Ys9s�I PZt{�$Bt PB� �s} �$8� w�BI�j 1U G�$AZjjT�s}D $R

	 � w0D )

F

	 � � � w0 � 0 � ��� D
��� � �

J � �-} w#? � D PB� 0 � ��� � 0 � 0 � ��� , i ) d, 3 3 3 , � �

( B�Y��b$R�

b$�Y ��RZj�$t� j$,�j$YBBI PZt{�$Bt

�
�

� � �

� �
�

�
� �

}

p

	 � � � w0 � ��� � 0 � ��� D
� � � �

J � �-} w#? � D
Q

� � �
�-} w�	 � 
 w0 � ��� � 0 � ��� D

� �
J � �-} w#? � DD

]

yt �Y� R}�{$sj {sR� BP s {BtR�st� AsR�j$t� Ys9s�I �s��� 	 � w0D ) 	� �Y� j$,�j$YBBI PZt{T
�$BtR PB� �Y� �s} �$8� stI {sj�tIs� �$8� s�� �JZsj� ��js��I �B �Y� Ps{� �Ys� �Y� �-}Bt�t�$sj
I$R��$AZ�$Bt $R 8�8B�kj�RR�

Vjj �Y� }��%$BZR j$,�j$YBBI �-}��RR$BtR {Bt�s$t �Y� P�s$j�k ���8R J � AZ� tB� �Y� P�s$j�k
}s�s8���� �� qY� �sR$�R� bsk� $t �Y� }s�s8���${ {sR�� �B I�sj b$�Y �Y� ZtBAR��%�I P�s$j�k
���8R $R �B $t����s�� BZ� �Y� P�s$j�k I�tR$�k� �YZR BA�s$t$t� �Y� BAR��%sAj� j$,�j$YBBI w�j�$t
wd��1D� *Z{Ys��sZ �� sj� w1((1DD� V {jBR�I PB�8 PB� �Y� BAR��%sAj� j$,�j$YBBI PB� �Y� Bt�
}s�s8���� �s88s I�tR$�k $R �$%�t Ak

�
�

�	� �

�w
�
� L Q � D

�
�����
�w

�
� D

�	�
�

��� �

p

	 � � � 0
��� � �
� ��� �-}w#? � D

Q

� � �

X

�
� L

� �
�

�
� � 	 � 
 w0
� �
� ��� � 0

� �
� ��� D �-}w#? � D

~ � �	�
�



PB� �Y� {sj�tIs� �$8� b$�Y Q � )
�

� �
�
� � & � � � �Y� tZ8A�� BP sR�Y8s�${ �%�t�R PB� RZA`�{� 7�



i�{Z���t� �%�t� �s�� �%BjZ�$Bt x

3B� �Y� �s} �$8� �Y� BAR��%sAj� j$,�j$YBBI $R

�
�

�	� �

�w
�
� L Q � D

�
�����
�w

�
� D

� �
�

�
� �

p

	 � � � w0 � ��� � 0 � ��� D
��� � �

�-}w#? � D
Q

� � �

X

�
� L

�	�
�

�
� � 	 � 
 w0 � ��� � 0 � ��� D
���
�-}w#? � D

~ � � �
�

 3

qY� G�$AZjjT{sj�tIs� stI �Y� G�$AZjjT�s} 8BI�j s�� }��R�t��I $t 3$�Z�� 1� y� $R {j�s�
�Ys� st �%�t� IB�R tB� $t4Z�t{� �Y� Ys9s�I �s�� $t �Y� G�$AZjjT{sj�tIs� �$8� 8BI�j w3$�Z��
1sD bY���sR �Y� Ys9s�I �s�� {Yst��R sA�Z}�jk sP��� st �%�t� $t �Y� G�$AZjjT�s} �$8� 8BI�j
w3$�Z�� 1AD�

;� e-��tR$Bt BP }s�s8���${ P�s$j�k 8BI�jR

yt �Y� }s�s8���${ 8BI�jR }��R�t��I $t 7�{�$Bt n� b� I$I tB� �s,� $t�B s{{BZt� �Ys� �Y� h�R�
�%�t� $R I$&���t� $t ts�Z�� P�B8 �Y� RZAR�JZ�t� �%�t�R� 7ZA`�{�R �Ys� �t��� �Y� R�ZIk I$I
tB� �-}��$�t{� st sR�Y8s�${ �%�t� k��� qY���PB��� �BI�j 1 BP 7�{�$Bt 1 AsR�I Bt �s} �$8�
{st A� �-��tI�I �B $t{jZI� s R�}s�s�� ���8 PB� �Y� h�R� �%�t�� yt �Y$R �-��tI�I 8BI�j� b�
sRRZ8� �Y� PBjjBb$t� Ys9s�I �s��

	 � w0D )

T

z

Z

	 � � � 0
��� � �

J � �-} w#? � D PB� ( � 0 � 0 ��� �

	 � � � w0 � 0 � � � D
� � � �

J � �-} w#? � D PB� 0 � � � � 0 � 0 � ��� , i ) 1, 3 3 3 , � �

( B�Y��b$R�

b$�Y PB� �Y� R}�{$sj {sR� � � ) d w�BI�j nU G�$AZjjT�s}Th�R� �%�t� �-}D s {BtR�st� Ys9s�I
�s�� PB� �Y� h�R� �%�t� stI PB� �Y� 8B�� ��t��sj 8BI�j w�BI�j ;U G�$AZjjT�s}Th�R� �%�t�
G�$AZjjD s Ys9s�I �s�� AsR�I Bt G�$AZjj I$R��$AZ��I �%�t� �$8�R PB� �Y� h�R� �%�t��

_s�s8���� �R�$8s��R PB� �Y$R �-��tI�I 8BI�jR {st A� BA�s$t�I $t s R$8$js� bsk sR A�PB��
Ak 8s-$8$R$t� �Y� BAR��%sAj� j$,�j$YBBI AsR�I Bt �Y$R t�b Ys9s�I PZt{�$Bt� Vt �-s8}j� BP
RZ{Y s 8BI�j $R �$%�t $t 3$�Z�� 1{�  �PB�� �Y� h�R� �%�t� �Y� Ys9s�I �s�� $R {BtR�st� b$�Y
st sA�Z}� {Yst�� bY�t �Y� h�R� �%�t� B{{Z�R�

=} �B tBb� b� Ys%� {BtR$I���I �$�Y�� �s} �$8� B� {sj�tIs� �$8�� qY� 8BI�j {st A�
�-��tI�I PZ��Y�� �B �s,� $t�B s{{BZt� AB�Y �$8� R$t{� R�ZIk �t��k� sR $t �Y� {sj�tIs� �$8�
stI �$8� R$t{� jsR� �%�t�� sR $t �Y� �s} �$8�� G� b$jj {BtR$I�� �Y� PBjjBb$t� 8BI�j w�BI�j
xU G�$AZjjT{sj�tIs�T�s}D AsR�I Bt �Y� G�$AZjj I$R��$AZ�$Bt b$�Y �Y� Ys9s�I PZt{�$Bt �$%�t
Ak

	 � w0D )

T

�

z

�

Z

	 � � � 0
� � � �

J � �-} w#? � D PB� ( � 0 � 0 �����
p

	 � � � 0
� � � �

L 	 � � � w0 � 0 � ��� D
� � � � Q

J � �-} w#? � D PB� 0 � � � � 0 � 0 � ��� , i ) 1, 3 3 3 , � �

( B�Y��b$R�

_s�s8���� �R�$8s��R PB� �Y$R 8BI�j {st s�s$t A� BA�s$t�I Ak 8s-$8$R$t� �Y� BAR��%sAj�
j$,�j$YBBI AsR�I Bt �Y$R t�b Ys9s�I PZt{�$Bt�



E N� *Z{Ys��sZ �� sj�

qY� {Bt��$AZ�$Bt BP �$R, }��$BI i P�B8 $tI$%$IZsj 7 �B �Y� {Z8Zjs�$%� Ys9s�I $R �$%�t Ak

� � w0 � ��� , 0 � ��� D )

F

	 � 0
� �
����� J � �-} w#? � D PB� i ) d

D

	 � 

D

0
���
� ��� � 0

���
� ���

i

L 	 � 
 w0 � ��� � 0 � ��� D
��� i

J � �-} w#? � D PB� i ) 1, 3 3 3 , � �

Vt �-s8}j� BP �BI�j ; $R �$%�t $t 3$�Z�� 1I� e%�t A�PB�� �Y� h�R� �%�t� �Y� Ys9s�I
�s�� I�{��sR�R b$�Y st sA�Z}� $t{��sR� $t Ys9s�I �s�� Z}Bt �Y� B{{Z���t{� BP st �%�t��

x� 7�8$}s�s8���${ P�s$j�k 8BI�jR PB� ��{Z���t� �%�t� Is�s

qY� AsR�j$t� Ys9s�I PZt{�$Bt $R j�P� ZtR}�{$h�I $t {sR� BP �Y� R�8$}s�s8���${ 8BI�j� qY�
I$&���t{� A��b��t �Y� {sj�tIs� �$8� stI �Y� �s} �$8� $R tBb $t ���8R BP �$R, R��R�

yt {sj�tIs� �$8� w�BI�j EU ]B- P�s$j�kT{sj�tIs�D� �Y� �$R, R�� s� �$8� ( {BtR$R�R BP sjj
}s�$�t�R A�$t� s� �$R, PB� �Y�$� h�R� �%�t� Btjk sR {B8}s��I �B �s} �$8� w�BI�j �U ]B-
P�s$j�kT�s}D PB� bY${Y �s{Y }s�$�t� {Bt��$AZ��R s tZ8A�� BP � � �$R, }��$BIR s� �$8� (�

qY� }s��$sj j$,�j$YBBI PZt{�$Bt $t �Y� {sR� BP �Y� {sj�tIs� �$8� wb$�YBZ� �$�RD $R �$%�t
Ak

�
�

� � �

�	�
�

�
� �

m

N

N

N

t

J � �-} w#? � D
�
�

� � � V � w0 � ��� DJ � �-} w#? � D

u

U

U

U

{

� � �

b$�Y

V � w0 � ��� D )

F

d $P }s�$�t� > s� �$R, s� �$8� 0 � ���

( B�Y��b$R�

stI �Y� }s��$sj j$,�j$YBBI PZt{�$Bt $t �Y� {sR� BP �Y� �s} �$8� wb$�YBZ� �$�RD $R �$%�t Ak

�
�

�	� �

� �
�

�
� �

m

N

N

N

t

J � �-} w#? � D
�
�

� � �

���
�

� � �
V ��� w0 � ��� DJ � �-} w#? � D

u

U

U

U

{

� � �

b$�Y

V ��� w0 � ��� D )

F

d $P w0 ��� � � 0 ��� � D � w0 � ��� � 0 � ��� D
( B�Y��b$R�

y� $R RYBbt $t �j�$t wd��1D YBb }s�s8���� �R�$8s��R PB� �Y�R� ]B- 8BI�jR {st A�
BA�s$t�I Ak �Y� e�Tsj�B�$�Y8� 8s,$t� ZR� BP �Y�R� }s��$sj j$,�j$YBBI �-}��RR$BtR $t �Y�
8s-$8$Rs�$Bt R��}� yt B�I�� �B R�ZIk �Y� �&�{� BP �Y� P�s$j�k ���8 $t �Y� ]B- 8BI�j� ]B-
8BI�jR b$�YBZ� �Y� P�s$j�k ���8R s�� sII$�$Btsjjk h���I �B �Y� Is�s� AB�Y PB� �Y� {sj�tIs�
w�BI�j MU ]B- T{sj�tIs�D stI �Y� �s} w�BI�j �U ]B- P�s$j�kT{sj�tIs�D �$8��



i�{Z���t� �%�t� �s�� �%BjZ�$Bt �

E� V}}j${s�$Bt �B ��{Z���t� sR�Y8s �%�t� Is�s

_s�s8���� �R�$8s��R BP �Y� I$&���t� 8BI�jR $t��BIZ{�I $t 7�{�$BtR n� ; stI x s�� RYBbt
$t qsAj� d PB� �Y� sR�Y8s ��{Z���t� �%�t� Is�s� 3B� �BI�jR d stI 1 wtB� �s,$t� $t�B s{T
{BZt� �Y� I$&���t� ts�Z�� BP �Y� h�R� �%�t�D� �Y� 8BI�j AsR�I Bt {sj�tIs� �$8� j�sIR �B s
js���� ���s�8�t� �&�{� stI Y����B��t�$�k �R�$8s�� �Yst �Y� 8BI�j AsR�I Bt �s} �$8�� G$�Y
��R}�{� �B �Y� �%BjZ�$Bt BP �Y� ��{Z���t� �%�t� �s�� R$t{� �$8� BP �stIB8$Rs�$Bt w{sj�tIs�
�$8�D� �Y� AsR�j$t� Ys9s�I �s�� $R {jBR� �B s {BtR�st� %sjZ� w	 � ) (311��D b$�Y � � ) d3(1�nx�
qYZR �Y� ��{Z���t� �%�t� �s�� IB�R tB� R��8 �B $t{��sR� B� I�{��sR� sR s PZt{�$Bt BP �$8�
R$t{� �stIB8$Rs�$Bt� !t �Y� B�Y�� YstI� �Y� AsR�j$t� Ys9s�I �s�� PB� �s} �$8� $R I�{��sR$t�
B%�� �$8�� b$�Y � � ) (3M1ME� qYZR �Y� ��{Z���t� �%�t� �s�� $R js���� $88�I$s��jk sP��� st
�%�t� stI $R I�{��sR$t� b$�Y �$8� R$t{� jsR� �%�t��

GY�t �-��tI$t� �Y� �s} �$8� 8BI�j �B $t{jZI� s {BtR�st� stI I$&���t� Ys9s�I �s��
PB� �Y� h�R� �%�t� w�BI�j nD� �Y� Vy] $R I�{��sR$t� RZAR�st�$sjjk stI �YZR �Y$R �-��tI�I
8BI�j R��8R �B h� �Y� Is�s A������ qY� }s�s8���� �R�$8s��R PB� �Y� �-��tI�I 8BI�j s��
R$8$js�� AZ� �Y� I�{��sR� BP �Y� ��{Z���t� �%�t� �s�� b$�Y �$8� R$t{� �Y� jsR� �%�t� $R 8B��
}�BtBZt{�I w� � ) (3�E1D stI �Y� {BtR�st� Ys9s�I �s�� PB� �Y� h�R� �%�t� $R RZAR�st�$sjjk
R8sjj�� w	 � ) (31d�D �Yst PB� �Y� RZAR�JZ�t� �%�t�R� GY�t ��}js{$t� �Y� �-}Bt�t�$sj I$RT
��$AZ�$Bt PB� �Y� h�R� �%�t� �$8� b$�Y �Y� G�$AZjj I$R��$AZ�$Bt w�BI�j ;D� �Y� Vy] Btjk
I�{��sR�R Rj$�Y�jk� qY� Ys9s�I �s�� PB� �Y� h�R� �%�t� �$8� $t{��sR�R b$�Y �$8� w� � ) d3d(xD�
qY� jsR� }s�s8���${ 8BI�j w�BI�j xD bY��� AB�Y �$8�R{sj�R s�� {BtR$I���I `B$t�jk j�sIR �B
s PZ��Y�� I�{��sR� BP �Y� ���s�8�t� �&�{�� qY� Ys9s�I �s�� $R tBb I�{��sR$t� sR s PZt{�$Bt
BP �$8� R$t{� �stIB8$Rs�$Bt sR b�jj w� � ) (3�;xMD� stI �Y� I�{��sR� BP �Y� ��{Z���t� �%�t�
�s�� b$�Y �$8� R$t{� jsR� �%�t� $R �%�t 8B�� }�BtBZt{�I � � ) (3EM�� qY$R 8BI�j� YBb�%���
YsR s 8Z{Y Y$�Y�� Vy] �Yst �Y� �bB }��%$BZR 8BI�jR�
3$tsjjk� �Y� R�8$}s�s8���${ 8BI�jR j�sI �B R$8$js� ��RZj�R sR �Y�$� }s�s8���${ {BZt���}s��R�
yt �Y� {sR� BP {sj�tIs� �$8� w�BI�j ED� �Y� ���s�8�t� �&�{� stI Y����B��t�$�k �R�$8s��R
s�� sj8BR� �Y� Rs8�� bY���sR $t �Y� �s} �$8�� AB�Y �Y� ���s�8�t� �&�{� stI �Y� Y����BT
��t�$�k s�� Rj$�Y�jk R8sjj�� $t �Y� R�8$}s�s8���${ 8BI�j w�BI�j �D� 3$tsjjk� �Y� �-{jZR$Bt
BP �Y� P�s$j�k ���8 IB�R tB� Ys%� s js��� $8}s{� Bt �Y� �R�$8s�$Bt BP �Y� ���s�8�t� �PT
P�{� sR {st A� R��t $t �BI�jR M stI �� Vj�B�$�Y8R Ys%� A��t I�%�jB}�I $t i ws%s$jsAj�
P�B8 Y��}U\\�IZPB�Z8��Z��s{�A�\ A$B8���$�\RBP�bs���Y�8jD �B h� sjj }��%$BZR 8BI�jR PB�
�Y� G�$AZjj stI �Y� jB�tB�8sj I$R��$AZ�$Bt� qY� I$&���t� 8BI�jR s�� I�}${��I $t 3$�Z�� 1
ZR$t� sR }s�s8���� %sjZ�R �Y� �R�$8s��R BA�s$t�I P�B8 �Y� ��{Z���t� sR�Y8s �%�t� Is�s�

�� *$R{ZRR$Bt

qY� ZR� BP I$&���t� �$8�R{sj�R j�sIR �B JZ$�� I$&���t� $t���}���s�$Bt BP �Y� Is�s sR $t
�Y� sR�Y8s ��{Z���t� �%�t� Is�s �-s8}j�� qY� {sj�tIs� �$8�R{sj� stI �Y� �s} �$8�R{sj�
8BI�j �bB I$&���t� stI $8}B��st� sR}�{�R BP �Y� Is�s� yt �Y� �s} �$8�R{sj�� �Y� �&�{�
BP s ��{Z���t� �%�t� Bt �Y� ��{Z���t� �%�t� �s�� BP �Y� RZAR�JZ�t� �%�t� {st A� R�ZI$�I�
stI �Y$R R��8R �B A� �Y� 8BR� $8}B��st� �$8� �%BjZ�$Bt BP �Y� ��{Z���t� �%�t� �s�� $t �Y�
�-s8}j�� �B���Y�� b$�Y �Y� I$R�$t{� Ys9s�I �s�� PB� �Y� h�R� �%�t�� yt �Y� {sj�tIs� �$8�R{sj��
�%BjZ�$Bt BP �Y� ��{Z���t� �%�t� �s�� R$t{� �stIB8$Rs�$Bt $R R�ZI$�I� stI �Y��� R��8R �B A�
Btjk s 8s��$tsj �$8� �&�{� Bt �Y� ��{Z���t� �%�t� �s�� $t �Y� �-s8}j�� ���s�Ij�RR bY��Y��
�Y$R �&�{� $R 8BI�jj�I sjBt� B� `B$t�jk b$�Y �Y� �s} �$8�R{sj�� y� $R ��8s�,sAj� �Ys� �Y�
}s�s8���${ stI R�8$}s�s8���${ 8BI�jR j�sI �B sj8BR� �Y� Rs8� }s�s8���� �R�$8s��R bY�t



M N� *Z{Ys��sZ �� sj�

qsAj� d� _s�s8���� �R�$8s��R b$�Y R�stIs�I ���B� BP I$&���t� 8BI�jR AsR�I Bt {sj�tIs� �$8�� �s}
�$8� B� AB�Y�

�BI�j # wR���D � wR���D 	 wR���D � wR���D _s�s8���� Vy]

d�G�$AZjj T T(�1��M (�x�n� (�11�� d�(1�nx 	 � b� � n�(E�M
{sj�tIs� wT(�(dx1D w(�((xxD w(�(((�1D w(�((d1ED

1�G�$AZjj T T(�1x;; (�;(d� (�ndx� (�M1ME1 	 � b� � nMEn�(
�s} w(�(d1dD w(�((;dD w(�(((EED w(�(((x�D

n�G�$AZjj T �s} T(�1xdn (�n�dE (�n;E; (��E1( 	 � b� � nMnM�;
h�R� �%�t� �-} w(�(dd�D w(�((;(D w(�(((MnD w(�(((EMD

(�1d�1 	 �

w(�(((;�D
;�G�$AZjj T �s} T(�1xMx (�n�d1 (�n;n� (��E;d 	 � b� � nMn��1
h�R� �%�t� G�$AZjj w(�(d1dD w(�((;;D w(�(((M;D w(�(((EMD

(�d�M( d�d(x 	 � b� �

w(�(((�ED w(�((n�;D
x�G�$AZjjT�s} T(�1;xd (�;1d1 (�dn; (�EM� 	 � b� � nMMx�;
{sj�tIs� w(�(d1ED w(�((;xD w(�(((�nD w(�((1(nD

(�1(�M (��;xM 	 � b� �

w(�((1(nD w(�(((MxD
E�]B- P�s$j�kT T(�n(1 (�x��
{sj�tIs� w (�d1nD

��]B- P�s$j�kT T(�1;d (�n�E
�s} w (�ddD

M�]B- T T(�n(M
{sj�tIs� w (�(�dD

��]B-T T(�11d
�s} w (�(�dD

ZR$t� �$�Y�� �s} �$8� B� {sj�tIs� �$8�U �Y� I$&���t{� A��b��t �s} �$8�R{sj� stI {sj�tIs�
�$8�R{sj� $R Ps� js���� �Yst A��b��t }s�s8���${ stI R�8$}s�s8���${ 8BI�jR�
yP $� $R �-}�{��I �Ys� �Y� ��{Z���t� �%�t� �s�� b$jj tB� {Yst�� sR s PZt{�$Bt BP �Y� �$8� R$t{�
�stIB8$Rs�$Bt� �Y� stsjkR$R {st A� AsR�I RBj�jk Bt �Y� �s} �$8�R{sj� stI $� {st �YZR A�
R�ZI$�I YBb �Y� Ys9s�I �s�� �%Bj%�R sP��� st �%�t� YsR �s,�t }js{�� 3B� $tR�st{� $t sR�Y8s
��$sjR b$�Y sIZj�R PBjjBb�I B%�� �$8�� s I�s8s�${ {Yst�� BP �Y� ��{Z���t� �%�t� �s�� $R tB�
�-}�{��I� yt BZ� �-s8}j�� YBb�%��� bY${Y bsR AsR�I Bt kBZt� {Y$jI��t� $� bsR �-}�{��I
�Ys� �Y� ��{Z���t� �%�t� �s�� bBZjI �%Bj%� B%�� �$8�� RB �Ys� $t RZ{Y {sR�R b� RYBZjI h� �Y�
I$&���t� 8BI�jR }��R�t��I $t �Y� }s}��� y� �Z�t�I BZ�� YBb�%��� �Ys� sjRB PB� �Y�R� kBZt�
{Y$jI��t� �Y� ��{Z���t� �%�t� �s�� bsR tB� {Yst�$t� RZAR�st�$sjjk B%�� �$8� AZ� I$I RB sR s
PZt{�$Bt BP �Y� �$8� R$t{� �Y� jsR� �%�t��

V{,tBbj�I��8�t�R

_sZj FstRR�t s{,tBbj�I��R }s��$sj RZ}}B�� Ak �Y� �$t$R���k BP �Y� 3j�8$R{Y ]B88Zt$�k
w_�B`�{�  yN((\1M� yt���ts�$Btsj 7{$�t�$h{ stI q�{YtBjB�${sj ]BB}��s�$BtD stI Ak �Y� ytT
���Zt$%��R$�k V���s{�$Bt _Bj� _�B��s88� _x\1; T  �j�$st 7�s�� T 3�I��sj !^{� PB� 7{$�tT
�$h{� q�{Yt${sj stI ]Zj�Z�sj V&s$�R�



i�{Z���t� �%�t� �s�� �%BjZ�$Bt �

i�P���t{�R

*Z{Ys��sZ� N�� FstRR�t� _�� N$tIR�k� _�� N���stI� ]�� W�Z�$� i� stI 7kj%�R���� i� w1((1D�
qY� RYs��I P�s$j�k 8BI�j stI �Y� }Bb�� PB� Y����B��t�$�k ��R�R $t 8Zj�${�t��� ��$sjR�
]B8}Z�s�$Btsj 7�s�$R�${R stI *s�s VtsjkR$R� ;(� E(nTE1(�

��jjk� _�F� stI N$8� N� w1(((D� 7Z�%$%sj stsjkR$R PB� ��{Z���t� �%�t� Is�sU st s}}j${s�$Bt
�B {Y$jIYBBI $tP�{�$BZR I$R�sR�R 7�s�$R�� ��I�� d�� dnTnn�

�j�$t� F�_� wd��1D� 7�8$}s�s8���${ �R�$8s�$Bt BP �stIB8 �&�{�R ZR$t� �Y� ]B- 8BI�j AsR�I
Bt �Y� e� sj�B�$�Y8�  $B8���${R� ;M� ��xTM(E�

�sY?�� ]� stI ]Y�%���� 7� wd���D eR�$8s�$Bt BP �Y� ���s�8�t� �&�{� $t s {j$t${sj ��$sj bY�t
��{Z���t� �%�t�R I�ht� �Y� �tI}B$t�� 7�s�$R�� ��I�� dM� dM1dTdM1��

�{p$j{Y�$R�� ]�V� stI V$RA���� ]�G� wd��dD i����RR$Bt b$�Y P�s$j�k $t RZ�%$%sj stsjkR$R�
 $B8���${R� ;�� ;EdT;EE�

_��t�${�� i�N�� G$jj$s8R�  �F� stI _����RBt� V�z� wd�MdD !t �Y� �����RR$Bt stsjkR$R BP
8Zj�$%s�$s�� Ps$jZ�� �$8� Is�s�  $B8���$,s� EM� n�nTn���

GsRR�jj� F�q�� GB`{$�{YBbR,$� G�]� stI NstI�t� *�*� wd���D i�{Z���t� $t`Z�k �%�t�T�$8�
stsjkR$R� 7�s�$R�� ��I�� dM� nnxxTnnEn�

G�$� N�F�� N$t� *�O� stI G�$RRP�jI� N� wd�M�D i����RR$Bt stsjkR$R BP 8Zj�$%s�$s�� $t{B8}j���
Ps$jZ�� �$8� Is�s Ak 8BI�j$t� 8s��$tsj I$R��$AZ�$BtR� F� V8��� 7�s�� VRRB{�� M;� d(ExT
d(�n�



d( N� *Z{Ys��sZ �� sj�

 

 

a
1
2

b

1

2

c

d

1

2

1

2

3$�� d� qY� �%�t� Y$R�B�k PB� �bB }s�$�t�R wsD bY��� s j$t� I�tB��R �$8� s� �$R,� s hjj�I AB-
{B���R}BtIR �B sR�Y8s s��s{, �$8� stI st �8}�k AB- $R {�tRB��I �$8�� �B���Y�� b$�Y �Y� {sj�tIs�
�$8� wAD� �s} �$8� w{D stI �B�sj �$8� wID ��}��R�t�s�$Bt�



i�{Z���t� �%�t� �s�� �%BjZ�$Bt dd

time

H
a
z
a
rd

0 50 100 150

0
.0

0
.0

1
0
.0

2

a

time

H
a
z
a
rd

0 50 100 150

0
.0

0
.0

1
0
.0

2

b

time

H
a
z
a
rd

0 50 100 150

0
.0

0
.0

1
0
.0

2

c

time

H
a
z
a
rd

0 50 100 150

0
.0

0
.0

1
0
.0

2

d

3$�� 1� qY� Ys9s�I sR s PZt{�$Bt BP �$8� PB� s RZA`�{� I�}${��I s� �Y� AB��B8 BP �Y� }${�Z�� s{{B�I$t�
�B wsD �BI�j dU G�$AZjjT{sj�tIs�� wAD �BI�j 1U G�$AZjjT�s}� w{D �BI�j nU G�$AZjjT�s}Th�R� �%�t�
�-} stI wID �BI�j xU G�$AZjjT�s}T{sj�tIs�


