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Dimensionality	
  reduc$on	
  
(a.k.a.	
  (NL)DR,	
  manifold	
  learning,	
  embedding,	
  projec$on,	
  …)	
  

•  Aims	
  at	
  represen$ng	
  high-­‐dimensional	
  (HD)	
  data	
  	
  
in	
  low-­‐dimensional	
  (LD)	
  spaces,	
  while	
  preserving	
  structure	
  

•  Can	
  be	
  
–  Linear/nonlinear	
  
–  Parametric/non-­‐parametric	
  
–  Supervised/semi-­‐supervised/unsupervised	
  

3D
	
  →

	
  2
D	
  



High-­‐dimensional	
  data	
  
COIL-­‐20	
  data	
  set	
  (1440	
  pictures	
  of	
  20	
  rotated	
  objects,	
  72	
  poses,	
  every	
  5°)	
  

	
  

M
D	
  
→
	
  2
D	
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Vectorised	
  
128-­‐by-­‐128	
  images	
  



NLDR	
  through	
  $me…	
  
	
  1901 	
   	
  Principal	
  component	
  analysis	
  (PCA)	
  
	
  1938 	
   	
  Classical	
  mul@dimensional	
  scaling	
  (CMDS)	
  
	
  1962 	
   	
  Nonmetric	
  MDS	
  (NMDS)	
  
	
  1969 	
   	
  Sammon’s	
  nonlinear	
  mapping	
  (NLM)	
  
	
  1982 	
   	
  Self-­‐organising	
  maps	
  (SOMs)	
  
	
  1991 	
   	
  Auto-­‐encoder	
  (back	
  prop.)	
  
	
  1993 	
   	
  Curvilinear	
  component	
  analysis	
  (CCA)	
  
	
  1996 	
   	
  Kernel	
  PCA	
  
	
  1998 	
   	
  Isomap	
  
	
  2000 	
   	
  Locally	
  linear	
  embedding	
  (LLE)	
  
	
  2002 	
   	
  Laplacian	
  eigenmaps	
  (LE)	
  
	
  2002 	
   	
  Stochas@c	
  neighbour	
  embedding	
  (SNE)	
  
	
  2006 	
   	
  Auto-­‐encoder	
  (deep	
  learning)	
  
	
  2008 	
   	
  Student-­‐distributed	
  SNE	
  (t-­‐SNE)	
  
	
  2010 	
   	
  Neighbour	
  retrieval	
  &	
  vis.	
  (NeRV)	
  
	
  2012 	
   	
  Jensen-­‐Shannon	
  Embedding	
  (JSE)	
  
	
  2014 	
   	
  Mul@scale	
  JSE	
  (Ms	
  JSE)	
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Spectral	
  
Neural	
  network	
  

Reconstruc@on	
  error	
  
Distance	
  preserva@on	
  
Similarity	
  preserva@on	
  



Mul$-­‐scale	
  quality	
  assessment	
  

K-­‐ary	
  neighbourhood	
  in	
  HD 

νi
K 

K-­‐ary	
  neighbourhood	
  in	
  LD	
  
ni

K 

Average	
  agreement	
  of	
  the	
  K-­‐ary	
  neighbourhoods	
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Mul$-­‐scale	
  quality	
  assessment	
  
Perfect (intersection = 100%) 

No intersection 

Rela$ve	
  quality	
  between	
  a	
  perfect	
  embedding	
  and	
  a	
  random	
  one	
  



Mul$-­‐scale	
  quality	
  assessment	
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Rela$ve	
  quality	
  between	
  a	
  perfect	
  embedding	
  and	
  a	
  random	
  one	
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Mul$-­‐scale	
  quality	
  assessment	
  

Log	
  scale	
  

Exponen@al	
  rela@onship	
  between	
  the	
  size	
  K	
  and	
  radius	
  r	
  of	
  	
  
a	
  K-­‐ary	
  neighborhood	
  in	
  a	
  uniform	
  P-­‐dimensional	
  distribu@on:	
  

K	
  propor@onal	
  to	
  r P	
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Mul$-­‐scale	
  quality	
  assessment	
  

AUC	
  
(scalar)	
  



Stochas$c	
  neighbour	
  embedding	
  
1.	
  Choose	
  size	
  K of	
  neighbourhoods	
  in	
  HD	
  space	



xi	



xj	


ξi	



ξj	



K	



2.	
  Convert	
  hard	
  neighbourhoods	
  into	
  soX	
  ones	



3.	
  Adjust	
  all	
  bandwidths	
  (same	
  entropies	
  for	
  all	
  i)	



4.	
  Define	
  soX	
  neighbourhoods	
  in	
  LD	
  space	



5.	
  Minimise	
  KL	
  divergences	
  (for	
  all	
  i)	



Student
	
  t-­‐distrib

uted	
  

(with	
  unit	
  bandwidths)	
  



Beyond	
  Kullback-­‐Leibler…	
  

	
  
Neighbourhood	
  retrieval	
  and	
  visualisa@on	
  (NeRV)	
  
Type	
  1	
  mixture	
  of	
  KL	
  divergences	
  —	
  Venna	
  et	
  al.,	
  JMLR	
  2010	
  

Jensen-­‐Shannon	
  embedding	
  (JSE,	
  ‘Jessie’)	
  
Type	
  2	
  mixture	
  of	
  KL	
  divergences	
  —	
  Lee	
  et	
  al.,	
  ESANN	
  2012,	
  Neurocompu@ng	
  2013	
  



Doing	
  Beaer…	
  	
  
but	
  not	
  perfect	
  yet!	
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K = 32	



For	
  the	
  specified	
  value	
  of	
  K,	
  
JSE	
  succeeds	
  best	
  in	
  liXing	
  the	
  curve…	
  
	
  
è	
  Use	
  several	
  values	
  of	
  K !	
  



Mul$-­‐scale	
  JSE	
  
•  Kl = 2, 4, …, 2Lmax−l+1 with 1 ≤ l ≤ L ≤ Lmax ≤ log(N/4)	


•  Mul$-­‐scale	
  similari$es	
  

Non-­‐weighted	
  average	
  of	
  single-­‐scale	
  similari$es	
  	
  

	
  

	
   	
  	
  

•  Sequen$al	
  iden$fica$on	
  of	
  the	
  bandwidths	
  in	
  HD	
  space	
  
(Usual	
  entropy	
  equalisa$on,	
  backward	
  from	
  2Lmax	
  to	
  2)	
  

•  A	
  priori	
  bandwidths	
  in	
  LD	
  space:	
  	
  
(Exponen$al	
  rela$onship	
  between	
  the	
  size	
  and	
  radius	
  of	
  a	
  K-­‐ary	
  neighborhood	
  in	
  a	
  uniform	
  P-­‐dimensional	
  distribu$on)	
  

•  Mul$-­‐scale	
  minimisa$on	
  of	
  JS	
  divergences	
  
(From	
  L = 1 to L = Lmax ,	
  limited	
  memory	
  BFGS)	
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Results	
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quality	
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Results	
  for	
  COIL-­‐20	
  	
  
embeddings	
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Results	
  for	
  3D	
  Sphere	
  	
  
quality	
  assessment	
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48.0 CMDS
51.0 NMDS
49.2 NLM
83.8 CCA
57.8 SNE
72.0 t-SNE
76.1 NeRV
84.4 JSE
85.4 Ms. JSE3	
  dimensions,	
  N = 3000	





Results	
  for	
  3D	
  Sphere	
  	
  
embeddings	
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Results	
  for	
  MNIST	
  digits	
  	
  
quality	
  assessment	
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784	
  dimensions,	
  N = 3000	





Results	
  for	
  MNIST	
  digits	
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Results	
  for	
  Toroidal	
  String	
  	
  
quality	
  assessment	
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66.8 CMDS
65.3 NMDS
64.6 NLM
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3	
  dimensions,	
  N = 3000	





Results	
  for	
  Toroidal	
  String	
  	
  
embeddings	
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Results	
  for	
  B.	
  Frey’s	
  faces	
  	
  
quality	
  assessment	
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560	
  dimensions,	
  N = 1965	
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Results	
  for	
  Abalone	
  	
  
quality	
  assessment	
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60.4 NeRV
62.9 JSE
71.7 Ms. JSE7	
  dimensions,	
  N = 1393	





Results	
  for	
  Abalone	
  	
  
quality	
  assessment	
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Conclusions	
  
and	
  perspec$ves…	
  

•  Mul$-­‐scale	
  approach	
  
L	
  Slightly	
  higher	
  $me	
  complexity:	
  O( N2 log N )	
  
J	
  Parameter-­‐free	
  
J	
  Performance	
  

•  Small	
  scales: 	
  as	
  good	
  as	
  t-­‐SNE,	
  ojen	
  beaer	
  
•  Large	
  scales: 	
  beaer	
  than	
  t-­‐SNE	
  and	
  NeRV	
  
•  All 	
  scales: 	
  best	
  results	
  all	
  around!	
  

•  M-­‐code	
  available	
  
compa$ble	
  with	
  gpuArray	
  (fast!)	
  

•  Lower-­‐complexity	
  implementa$on	
  in	
  the	
  future	
  
but	
  mul$-­‐scale	
  similari$es	
  are	
  not	
  sparse…	
  



Thank	
  you	
  for	
  your	
  aaen$on	
  
Any	
  ques$on?	
  Here	
  or	
  later…	
  john.lee@uclouvain.be	
  	
  

NMDS	
  
Ms.	
  JSE	
  


