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Context



Motivation

Defi Imag'IN CNRS SIROCCO (2017-2018): Multiphasic flow experiment
modeling gas and liquid in a porous medium.

e Goal : classify gas/liquid + accurate estimation of the perimeter.

e Datasize: Image composed with 2.107 pixels. Analysis to be

performed on a sequence of images.
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Defi Infinity CNRS OptMatGeo (2018): vote transfer matrix estimation
between two elections

. -: clustering the areas with similar transfer matrix (i.e. similar
electoral behaviour) + sharp transitions.

e Datasize: ~ 2.107
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Structured data (e.g. images, graphs).
Difficulty to label data.
For Physics or societal applications, the truth is not as sharp as

clustering but it is closer from regression (smooth behaviour) and
possibly sharp transition.
Huge amount of data.

Goal: Design algorithmic solutions with : to
extract _ behaviour.
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Mumford-Shah



1
minimize - / (u — 2)%dxdy + 3 / \VulPdxdy + AHY (K N Q)
u 2 (9] . N Q\K N——

El

~~ ~~ ~ length
fidelity smoothness

e 2. image domain,

e zc [*(Q): data,

o U € W12(Q): piecewise smooth approximation of z,
WH(Q) = {u € L*(Q) Ou € L*(Q)} where 9 weak derivative operator

° : set of discontinuities,

e H!: Hausdorff measure.

5/33



mirair’?ize 3 Jo(u—2z)2dxdy + 3 fQ\K |Vul2dxdy + \HY(K N Q)

» [Potts model (1952):

[Rudin et al., 1992] [Cai, Steidl, 2013] [Storath, Weinmann, 2014]

1
minimize 5”“ — 2|13 + /| Dullo
u

+ BlskeZisermn prolem (1957)

[Strekalovskiy, Cremers, 2014] [Hohm et al., 2015]
| :
minimize §||u —z|3+ ’yZ min(|(Du);|?, aP)
» [Ambrosio-Tortorelli| (1990)
[Foare et al., 2016]

.1 " 1
minimize 7 [ju — 2|3 + BlI(1 — e) © Dul|* + A(el| Del3 + 4—€He|\§)
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| | Potts | Blake-Zisserman | Ambrosio-Tortorelli |

Smooth estimate X \Y V
Data-term flexibility

Convergence

Large scale dataset

X|<|<| X
<| <| X| X
< | X | X| X

Open contours

= Revisit Ambrosio-Tortorelli model in order to provide a -

., flexible convergent discrete MS like model .




" [

Noisy data Estimation and contour Estimation and contour

detection obtained detection obtained with
with ROF [Cai et al. 2019] the proposed MS model
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D-MS for images



minimize W(u, e) := £(u; z) + B(1 — e) ® Du||? + AR (e)

u,e

Q:{l,...,Nl} X {1,...,N2};
z € R input data = image/graph (e.g. z = At + ¢);

u € Rl piecewise smooth approximation of z;

L: data fidelity term convex, l.s.c., proper;
D e RIEXIQ: models a finite difference operator;

e € RIEl; edges between nodes whose value is 1 when a contour

change is detected and 0 otherwise;

e R: favors sparse solution (i.e.“short |K|"), convex, |.s.c., proper.
z=m u;  uy ur €14
€12
- u s us| |
K z=mn us 116‘119 fe=1}
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minimize W(u, e) := £(u; z) + B(1 — e) ® Du||? + AR (e)

u,e

Q:{]:,...,Nl} X{l,...,N2};
z € R input data = image/graph (e.g. z = At + ¢);
u € Rl piecewise smooth approximation of z;

L: data fidelity term convex, l.s.c., proper;
e D e RIEXIQ: models a finite difference operator;
e € RIEl; edges between nodes whose value is 1 when a contour

change is detected and 0 otherwise;

e R: favors sparse solution (i.e.“short |K|"), convex, |.s.c., proper.

= ldentify the to design an algorithmic

scheme with _ (confidence in the solution).
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minimize V(u,e) := L(u;2) + 6]|(1 — e) © Du|> + AR (e)
u, ~ ”

S(Du,e)

e Gauss-Seidel scheme = coordinate descent
Set el € RIEI
For k € N
ulkt1 e Arg ming, W(u, el)
ekt ¢ Argmine W(ulk+1 e)

e Under technical assumptions, convergence of the sequence
(ulkl, elk) oy to a critical point (u*,e*) of V.

_ = minimum is attained at each iteration, e.g.

by assuming strict convexity w.r.t one argument. (Auslender1976,
Bertsekas1999)
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minimize V(u,e) := L(u;2) + 6]|(1 — e) © Du|> + AR (e)
u, N ~~ =
S(Du,e)

e PAM [Attouch et al. 2010]
Set el ¢ RIEI and ulll € RI€.

For k e N
ulltl = arg ming W(u, elM) + % ||u — ulk)2
el = arg mine W(ulk1 e) + %|le — elk||2

e Under technical assumptions, the sequence (ul¥l, el4l),cy converges to
a critical point (u*,e*) of V.

_ = closed form of the proximity operators.
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Definition [Moreau,1965] Let ¢ € o(#H) where #H denotes a real Hilbert
space. The proximity operator of ¢ at point x € H is the unique point

denoted by prox,x such that

1
(vx€H)  prox,x =argmin(y) + 5 lIx — vl
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Definition [Moreau,1965] Let ¢ € o(#H) where #H denotes a real Hilbert
space. The proximity operator of ¢ at point x € H is the unique point

denoted by prox,x such that

1
(vx€H)  prox,x =argmin(y) + 5 lIx — vl

® prox,|.,: soft-thresholding with a fixed threshold A > 0.

— Identity
—Soft-thresholding

.
ol
) ra
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Definition [Moreau,1965] Let ¢ € o(#H) where #H denotes a real Hilbert
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denoted by prox,x such that
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(vx€H)  prox,x =argmin(y) + 5 lIx — vl
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proxy.,: soft-thresholding with a fixed threshold A > 0.
prox”,”l,z[Peyré,FadiIi,2011].

proxp with p = {3,3,2,3,4}[Chaux et al.,2005].

proxp,, [Combettes,Pesquet,2007].

ProxXs> ., with overlapping groups [Jenatton et al., 2011]
Composition with a linear operator: prox,,, closed form if LL* = vId
[Pustelnik et al., 2012]

and many others: http://proximity-operator.net



minimize V(u,e) = L(u;2) + 5 (1 — e) ® Du||®> + R (e)

S(Du,e)

e PAM [Attouch et al. 2010]
Set el € RIEl and uld € R
For k € N
ulltl = arg min, W(u, el¥) + %|jlu — ulkl|2
elk1l = arg mine W(ulktl e) + %|je — eld)2

e Under technical assumptions, the sequence (ul¥l, el4l),cy converges to
a critical point (u*,e*) of V.
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minimize V(u,e) = L(u;2) + 5 (1 — e) ® Du||®> + R (e)
u, ~ v

S(Du,e)

e PAM [Attouch et al. 2010]
Set el% ¢ RIFl and ul® € R,

For k e N
ulk+1 — prOXéw(.7e[k])(u[k])

el 1 = arg mine W(ulktll e) + %He — el

e Under technical assumptions, the sequence (u[k],e[k])geN converges to
a critical point (u*,e*) of V.
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minimize W(u, ) := £(u;2) + /(1 — e) @ Dul|> +\R(e)
ue N v

S(Du,e)

e PAM [Attouch et al. 2010]
Set el € RIEl and ul® € R
For k € N
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minimize V(u,e) = L(u;2) + 5 (1 — e) ® Du||®> + R (e)
u, ~ v

S(Du,e)

e PAM [Attouch et al. 2010]
Set el € RIEl and ul® € R
For k € N
k+1] _ K
ulkHl = proxéﬁ(‘;z)-i-%S(D,e)(u[ )
k+1] _ K
e[ ] = proxé,@S(Du[k'H],-)—l-%’R(e[ ])
e Under technical assumptions, the sequence (ul¥l, el4l),cy converges to
a critical point (u*,e*) of V.

- = proximity operator of a sum of two functions.
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= O
prox ProX,, © Prox_ 7

p1+p2

[Combettes-Pesquet, 2007] N =1, @2 = ¢¢ of a non-empty closed
convex subset of C and ¢ is differentiable at 0 with #’(0) = 0.

[Chaux-Pesquet-Pustelnik,2009] C and ¢ are separable in the same
basis.
[Yu, 2013][Shi et al., 2017] Opa(x) C dp2(proxei(x)).

Other recent results [Pustelnik, Condat, 2017][Yukawa, Kagami,
2017][del Aguila Pla, Jaldén, 2017]
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minimize V(u,e) := L(u;2) + 6]|(1 — e) © Du|> + AR (e)
u, ~ ”

S(Du,e)

e PALM [Bolte, Sabach, Teboulle, 2013]
Set ul® € RI® and el € RIEI.

For k € N
Set v > 1and ¢, = yx(el¥)

ulk+1l — proxéﬁ(‘;z) <u[k] _ c_lkVuS(D“[k]’e[k]D

Set § > 1 and dj = dv(ulk+1)

elk+1] — Prox1 \r (e[k] _ dlk VeS (Dulk+1], e[k]))
k

e Under technical assumptions, the sequence (ul¥l, el4l),cy converges to
a critical point (u*,e*) of V.
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minimize W(u, e) := £(u; z) + B(1 — e) ® Du||?> +AR(e),

u,e

S(Du.e)

.
[Foare, Pustelnik, Condat, 2017]
Set ul®l € RI? and el € RIFI.

For /e N
Set v > 1and ¢, = yx(el).

ulk+1 — proxiﬁ(,;z) <u[k] — c—lkvl,S(Du[kLe[k]))
Set dy > 0.

elk+1] — PTOX 1 xR 4.5(Dulk+1],) (e[k])
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Proposed D-MS and algorithmic solution

Proposition [Foare, Pustelnik, Condat, 2017]

The sequence (ulkl, elkl), oy generated by SL-PAM converges to a critical
point of W if

the updating steps of ulkt1l and elk* have closed form expressions;
the sequence (ul¥, el¥), oy generated by SL-PAM is bounded;
L(A-,z), R and V(-,-) are bounded below;

V is a Kurdyka-tojasiewicz function;

o kB W Do

Vu and V. are globally Lipschitz continuous with moduli V(e) and
€(u) respectively, and for all kK € N, V(e[k]) and a(u[k]) are bounded
by positive constants.
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minimize W(u, e) := £(u; z) + B(1 — e) ® Du||?> +AR(e),

u,e

S(Du.e)

[Foare, Pustelnik, Condat, 2017]
Set ul®! € R and el € RIFI,

For ¢ ¢ N
Set v > 1and ¢, = yx(el¥).

ylkH PIOX 1 (.1 <u[k] ~ 1v,8(DulM, e[k])>
Set dy > 0.
elk+1] — prox 1 L XR+(Dulk+1, )<e[k]>

o The sequence (ull, e[k])geN converges to a critical point (u*,e*) of W

= Difficulty: Computation _
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Proposition [Foare, Pustelnik, Condat, 2017]
We assume that S is separable, i.e,

|E|

(Ve=(e)i<i<m)  R(e) = ai(e),
=il

where o;: RIEl —] — 00; +00] with a closed form proximity operator expres-
sion.
Let dy > 0, then

[K]
k+1]\2 diet
PIOX 1 ) | §(Dulk+1] _)(e[k]) — [ prox s B(Dulk+1)2 4 sz_
’ | oz, \ A(Dulkr? + & ) )
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minirglize L(u;2) + 8]|(1 — e) © Dul|? + AR (e)
u,

e R: favors sparse solution (i.e."short |K

") and convex.

1. Ambrosio-Tortorelli approximation:

1 _ oy K
R(e) = cllDelg + B withe >0 :
2. l1-norm: R(e) = |le||; 0.6
0.4
3. Quadratic /4;: 02
[Foare, Pustelnik, Condat, 2017] .
2 0
= SIE : fEL_ -1 1
R(e) =>4 max{|e,|, 48} .
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Proposition [Foare,Pustelnik,Condat, 2017]
For every n € R and 7,¢ > 0

Prox il L,g}(n) = sign(n) max{O, min [|n| — 7, max (467 ] )]}
b6

-
3¢ T 1
1. ' ;
“‘ ": —SI’Q x‘
PN ! 05 - |Il13/4e
0.6 - 8

0
0.4
0.2 0.5 T
0
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1. Visual results (proposed versus state-of-the-art) when
L(u;z) = 3[lu 2|3

2. Quantitative results.
3. Convergence comparisons (proposed versus PALM).
4. Sensitivity to the initialization.

5. Visual results when £(u;z) = 1[|Au — z|]3.
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Experiments
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Ground truth




Experiments 1

TV (Strekalovskiy, Discret AT Quadratic-€1
Cremers, 2014)  (Foare et al., 2016)

AR I

—1 ]
SNR = 24.67 dB SNR =22.42 dB SNR = 23.43 dB SNR = 23.75 dB
SSIM = 0.944 SSIM = 0.855 SSIM = 0.867 SSIM = 0.877
Time = 29.25 s Time = 1.92s Time = 1992s Time = 57.84s
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0 20 40 60 0 20 40 60

25/33



Convergence PALM versus SL-PALM: W (ull el]) w.r.t. iterations ¢

200

— PALM, d;, = 1.01 % 3||D||?

= SL-PAM, d; = 1.01 % 3| D|?

- SL-PAM, dj, = 1.01  3||D||?> x 10~*
— SL-PAM, dj, = 1.01 % (|| D||? ¥ 102
wn SL-PAM, dj, = 1.01 % || D||? x 1073 |

150

100 ™
0 100 200 300
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e Efficient (convergence guarantees and time) algorithm for solving a
generic D-MS model.

e Flexibility in the data-term: possibility to handle many image
degradation to improve interface detection (Poisson noise, blur,...).

e Flexibility in the choice of the discrete difference operator.

e Clear benefit of joint image restoration and interface detection (cf.
comparison with Thresholded-TV).
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e Efficient (convergence guarantees and time) algorithm for solving a
generic D-MS model. = bi-convexity and other properties of the
objective function could be considered to have stronger convergence
guarantees.

e Flexibility in the data-term: possibility to handle many image
degradation to improve interface detection (Poisson noise, blur,...).

e Flexibility in the choice of the discrete difference operator.

e Clear benefit of joint image restoration and interface detection (cf.
comparison with Thresholded-TV).
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e Efficient (convergence guarantees and time) algorithm for solving a
generic D-MS model.

e Flexibility in the data-term: possibility to handle many image
degradation to improve interface detection (Poisson noise, blur,...). =
Strong assumptions on the degration operator that we would like to
relax.

e Flexibility in the choice of the discrete difference operator.

e Clear benefit of joint image restoration and interface detection (cf.
comparison with Thresholded-TV).
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e Efficient (convergence guarantees and time) algorithm for solving a

generic D-MS model.

e Flexibility in the data-term: possibility to handle many image
degradation to improve interface detection (Poisson noise, blur,...).

e Flexibility in the choice of the discrete difference operator. =
Discretization scheme to improve interface detection (choice of D).
Convergence to the true MS model (cf. [Belz, Bredies;2019]) .

e Clear benefit of joint image restoration and interface detection (cf.
comparison with Thresholded-TV).
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e Efficient (convergence guarantees and time) algorithm for solving a
generic D-MS model.

e Flexibility in the data-term: possibility to handle many image
degradation to improve interface detection (Poisson noise, blur,...).

e Flexibility in the choice of the discrete difference operator.

e Clear benefit of joint image restoration and interface detection (cf.
comparison with Thresholded-TV). = More generally, better to

perform one-step procedure rather than two-steps.
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Two-step versus one-step texture segmentation

Mask Synthetic texture ~ Optimal solution

H

T-ROF [Cai2013] Matrix factorization Proposed
[Cai2013] [Yuan2015] [Pascal2019]

= lllustration of Interface detection on a piecewise fractal textured image
s0,88hat mimics a multiphasic flow.



e M. Foare, N. Pustelnik, and L. Condat, Semi-linearized proximal alternating
minimization for a discrete Mumford-Shah model, accepted to IEEE Trans. on

Image Processing, 2019.

e Y. Kaloga, M. Foare, N. Pustelnik, and P. Jensen, Discrete Mumford-Shah on
graph for mixing matrix estimation, accepted to IEEE Signal Processing
Letters, 2019.

e B. Pascal, N. Pustelnik, and P. Abry, Nonsmooth convex joint estimation of local

regularity and local variance for fractal texture segmentation, submitted, 2019.
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Definition 3 (Kurdyka—Eojasiewicz property) Let o : RY — (—o0, +-0c] be proper
and lower semicontinuous.
(i) The function o is said to have the Kurdyka—tojasiewicz (KL) property at u €

dom do = {u eRY: do (u) #* @} if there exist n € (0, +00], a neighborhood
U of u and a function ¢ € @, such that for all

ueUnNlo @) <o) <o @+nl,
the following inequality holds

¢ (0 (u) — o (w)) dist (0, do (u)) > 1. 2.4)

(ii) If o satisfy the KL property at each point of dom do then o is called a KL function.

~ o
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(1) Sufficient decrease property: Find a positive constant p; such that
kel _ k|? k k+1
o[ = s e e, ve=o1,.

(ii) A subgradient lower bound for the iterates gap: Assume that the sequence gen-
erated by the algorithm A is bounded.! Find another positive constant py, such
that

ka+l ” <m ”zk“ —sz, wk e gw (zk), Vk=0,1,....

(iii) Using the KL property: Assume that ¥ is a KL function and show that the gen-
erated sequence {zX}, _ is a Cauchy sequence.
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