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A SUBSPACE-BASED METHOD FOR SOLVING
LAGRANGE-SYLVESTER INTERPOLATION PROBLEMS*

HUSEYIN AKCAYT AND SEMIHA TURKAY'

Abstract. In this paper, we study the Lagrange—Sylvester interpolation of rational matrix
functions which are analytic at infinity, and propose a new interpolation algorithm based on the
recent subspace-based identification methods. The proposed algorithm is numerically efficient and
delivers a minimal interpolant in state-space form. The solvability condition for the subspace-based
algorithm is particularly simple and depends only on the total multiplicity of the interpolation nodes.
As an application, we consider subspace-based system identification with interpolation constraints,
which arises, for example, in the identification of continuous-time systems with a given relative
degree.
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1. Introduction. Many problems in control, circuit theory, and signal process-
ing can be reduced to the solution of matrix rational interpolation problems which
have been widely studied (see, for example, [14, 15, 2, 19, 21, 3, 4, 1, 5, 6, 7, 31,
30, 11, 10] and the references therein). Applications arise, for example, in robust
controller synthesis [19, 21], in the @Q-parameterization of stabilizing controllers for
unstable plants [18], in the problem of model validation [32], in circuit theory [34], in
spectral estimation [12], and in adaptive filtering and control [31, 26].

In the simplest form, given complex numbers z; and wy, for k = 1,..., N, an inter-
polation problem asks for scalar rational functions G(z) which meet the interpolation
conditions

G(zk)zwk, k:L...,N.

The interpolants can further be required to have minimal complexity in terms of their
McMillan degree. Let R and C denote the fields of the real and complex numbers,
respectively. An extension of this problem to the matrix case is as follows.

Given: a subset ¥ C C, points z1,...,2zp in 9, rational 1 X p row vector func-
tions v1(z2),...,vr(z) with vg(zx) # 0 for all k, and rational 1 x m row vectors
w1(2),...,wr(2).

Find: (at least one or all) p x m rational matrix functions G(z) with no poles in
¥ which satisfy the tangential interpolation conditions
& d’
27 ok(2)G(2)} = k()

Z=ZL Z=Zk

(1.1)

for0<j< Ng, 1 <k<L.
This problem is known as the tangential Lagrange—Sylvester rational interpolation
problem. One approach to finding a solution is to reduce the problem to a system of
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independent scalar problems, which is not interesting from the viewpoint of matrix
interpolation theory. In addition, a minimal realization can be obtained only after
the elimination of unobservable or/and uncontrollable modes. The contour integral
version of this problem is treated in the comprehensive work [6]. The bitangential or
bidirectional version is studied, for example, in [14, 15, 7, 4]. Related problems are
the nonhomogenous interpolation problem with metric constraints, as in the various
types of Nevanlinna—Pick interpolation and its generalizations [10, 20], and the partial
realization problem, that is, finding a rational matrix function analytic at infinity of
the smallest possible McMillan degree with prescribed values of itself and a few of its
derivatives at infinity [17, 1, 6, 27, 28]. Further applications of interpolation theory
to control and systems theory and estimation are presented in [6, 13, 29].

Prior work on the unconstrained tangential interpolation problem has been largely
carried out by Ball, Gohberg, and Rodman [6, 7]. The solvability issues of the inter-
polation problem, i.e., the existence and the uniqueness of the solutions, have been
analyzed in [8] by using a residual interpolation framework. A more direct algebraic
approach in [11] shows that solving a tangential interpolation problem is equivalent
to solving a matrix Padé approximation problem with Taylor coefficients obeying a
set of linear constraints. In [1, 2, 3, 4], the tangential interpolation problem above
was studied using a tool called the Lowner matrix. In [4], the problem of finding
admissible degrees of complexity of the solutions to the above interpolation problem,
that is, finding all positive integers n for which there exits an interpolant with McMil-
lan degree n, and the problem of parameterizing all solutions for a given admissible
degree of complexity were investigated. Clearly, the solutions of minimal complexity
are of special interest.

The main result in [7] states that the family of rational matrix functions satis-
fying (1.1) can be parameterized in terms of a certain linear fractional map. First,
the interpolation data is translated into a so-called left null pair that describes the
zero structure of a (p + m) x (p + m) resolvent matriz. The computation of the
resolvent matrix requires that the solution of a particular Sylvester equation be in-
vertible. The details can be found in [6]. In [11], a recursive method for computing
the resolvent matrix as a product of elementary first-order rational matrix functions
is presented. This scheme allows recursive updating of the resolvent matrix when-
ever a new interpolation point is added to the input data. In the special case when
the resolvent matrix is in column-reduced form, it is possible to extract the admissible
degrees of complexity as well as the minimal degree of complexity from the linear frac-
tional parameterization formula. The resolvent matrix obtained by an unconstrained
algorithm can be transformed into column-reduced form via a sequence of elemen-
tary unimodular transformations [16]. A detailed algorithm for the construction of a
column-reduced rational matrix function from a given null-pole triple is given in [9].
This algorithm is not recursive, whereas in [11] a column-reduced transfer function is
recursively obtained.

In this paper, we present a numerically efficient algorithm for solving the un-
constrained tangential interpolation problem formulated above. This algorithm is
inspired by the recent work on the frequency domain subspace-based identification
[23, 24, 25, 33]. The solvability conditions for the proposed algorithm are simple,
and depend only on the total multiplicities of the interpolation points. The resulting
interpolating function is in the minimal state-space form. To this date, interpolation
properties of the subspace-based methods have not been investigated in the gener-
ality of this paper. Only in [24] was an interpolation result obtained for uniformly
spaced data on the unit circle of the complex plane. The problem of curve fitting is
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also closely related to the interpolation problem. The use of the frequency domain
subspace-based methods for curve fitting is briefly described in [22].

Let us reformulate the tangential interpolation problem described above in terms
of system properties. More precisely, let us consider a multi-input/multi-output,
linear-time invariant, discrete-time system represented by the state-space equations

z(k+1) = Axz(k) + Bu(k),

(1.2)
y(k) = Cx(k) + Du(k),

where z(k) € R" is the state and u(k) € R™ and y(k) € R? are, respectively, the
input and the output of the system. The transfer function of the system (1.2) denoted
by G(z) is computed as

(1.3) G(z) =D+ C(zI, — A)"'B,

where I, is the n x n identity matrix. We assume that that the system (1.2) is stable
and the pairs (A4, B) and (C, A) are controllable and observable, respectively. The
stability of (1.2) means that G(z) is a proper rational matrix that is analytic and
bounded in the region ¥ = {z € C : |z| > 1}, and both the controllability and the
observability of the pairs (A, B) and (C, A) mean that the quadruplet (A, B, C, D) is
a minimal realization of G(z).

The interpolation problem studied in this paper can be stated as follows.

Given: noise-free samples of G(z) and its derivatives at L distinct points zy € 9,

d?

(1.4) =

G(z) —wy;, j=01,...,Ny, k=1,2,...,L.

Z=ZL

Find: a quadruplet (A\, E, 5, ﬁ) that is a minimal realization of G(z).

Clearly, (1.4) is a special case of (1.1) with suitably selected left vectors vy (z) and
nodes z;. A subspace-based algorithm handling the tangential-type constraints (1.1)
as well can be derived along the same lines of the proposed algorithm. The minimality
and the uniqueness of the interpolant are the parts of the problem formulation. What
is left unanswered is a condition on the number of the interpolation nodes, counting
multiplicities. It is also clear that, if it exists, the subspace-based solution is a minimal
interpolating function in the set of all possible solutions.

The proposed interpolation scheme is particularly useful when the samples of G(2)
and its derivatives are corrupted by noise and the amount of data is large with respect
to n. In the noisy case, most interpolation schemes deliver state-space realizations
with McMillan degrees tending to infinity as the amount of data grows unboundedly;
thus such schemes are sensitive to inaccuracies in the interpolation data. Since our
algorithm is subspace-based, it inherits robustness properties of the subspace-based
identification algorithms. In particular, there is no need for explicit model param-
eterization, and this algorithm is computationally efficient since it uses numerically
robust QR factorization and the singular value decomposition. In the paper, we also
consider subspace-based system identification with interpolation constraints.

Note that a given interpolation problem on the right half complex plane can be
converted to an interpolation problem on the unit disk by using the Mobius transfor-
mation:

A.z—1
(1.5) s:1/1(z):AZ+1

We omit the details.

(A >0).
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2. Subspace-based interpolation algorithm. We begin by taking the z-
transform of (1.2),

N
e
—
N
X
I

AX(z) + BU(z),

(2.1)
CX(z)+ DU (z),

)~<
—~
N
~
I

assuming z(0) = 0, where X(z), Y(z), and U(z) denote respectively the z-transforms
of z(k), y(k), and u(k) defined by

(2.2) Uz) 2 ulk)z*.

=0
Let X;(z) be the resulting state z-transform when

o €5, k= 0,
u(k) = { 0, otherwise,

where e; denotes the unit vector in R™ with 1 on the jth position and 0 elsewhere.
By defining the compound state z-transform matrix,

21

(2.3) Xo(z) = [X1(2) Xao(2) -+ Xm(2)],

G(z) can implicitly be described as

(2.4) G(z) = CXC(Z) +D
with
(2.5) 2Xc(z) = AXc(2) + B.

By recursive use of (2.5), we obtain the relation

k—1
(2.6) #Xo(z) = A"Xo(2)+ Y AR, k> 1
j=0

Multiplying both sides of (2.6) with C' and using (2.4), we get

k—1
(2.7) #G(z) = CA*Xo(2) + D2+ CAF' B, k> 1.
7=0

Now, recall that the impulse response coefficients of G(z) are given by

D, k=0,
(28) 9 = { CAMIB, k> 1,

Thus, from (2.4), (2.7), and (2.8),

k
(2.9) #G(2) = CA* Xc(2)+ Y gr-j 2, k>0
j=0
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Hence from (2.9),

G(z) I,
2G(z) 2L,
(2.10) : = 04Xc(2) + T : ;
zq’l'G(z) zq"lf
where
[ C
(2.11) 0,2 C:A :
cAt
i 90 0 0
(2.12) r, 2 gf 7 !
L gq'—l gq'—2 9'0

For later use, let us write (2.10) in a compact form. The matrix O, is known
as the extended observability matriz and has full rank n if (A,C) is an observable
pair and ¢ > n. We define the Kronecker product of two matrices £ € C™*"™ and
F € CP*4 by

FEnWF  EsF --- FE,B
A | EnF  ExnF -+ EyF
(2.13) EQF= , . . € CmPXna,
E B EpoF - EpnF
Let
1
A z
(2.14) Z4(2) = : )
za1
[0 0
1 0
(215) T2 |01 0 ¢ R,
| 0 o100

By a slight abuse of notation, let J, 1 denote the ¢ x ¢ identity matrix I,. Observe
that J; 2 is obtained by shifting the elements of 7, ; one row down and filling its first
row with zeros. Let [J,;; denote the matrix obtained by j — 1 repeated applications
of this process to J;,1 and J8,2 = I,. Note the following relations:

Jia's i<a
2.16 ;= a2
2.16) g ={ g2 95
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Thus, the lower triangular block Toeplitz matrix in (2.12) can be written as

=

(2.17) Lyg=) T4+ ©gj-

Q

<
I
=

Hence, from (2.11)—(2.17) we arrive at the following compact expression for (2.10):

»Q
)_.

(2.18) 24(2) ® G(2) = OgXc(2) + [J ® ] [24(2) © In] .

<.
I
o

This equation forms the basis of the frequency domain subspace-based identifi-
cation algorithms [24, 23]. In subspace-based identification algorithms, Z,(z) ® G(z)
and the right-hand side of (2.18) are evaluated at a set of distinct points on the unit
circle and then stacked into columns of long matrices. This procedure yields a matrix
equation affine in O,. From this equation, the range space of O, is recovered by a
projection. Once the observability range space is recovered, a realization of G(z) is
derived in a routine manner. We will adapt the same strategy.

First, we differentiate both sides of (2.18) I times with respect to z:

d! NN di=i
CMHqu)—;(j)qu(z)@dzl_jG(z)

(2.19)
g—1 dl
:qu CXe(2)+ Y [T, ® g)] {Zq(z)(@.fm], >0,
7=0
where
(2.20) Hy(2) £ Z,(2) ® G(2).

Then, we augment H,(zx) and the first Ny, derivatives of Hy(z) at zj in a data matrix:

d dNx
(221) M2 |Hy(z) THy(z) - o

H,(2) , k=1,...,L.

Z=Zk

Using the right-hand side of the first equality in (2.19), let us derive a compact
expression for Hj in terms of the elementary matrices

01 0 0
0 2

(2.22) D 2 0 € R(Vk+1)x (Nk+1)

: . N,

0 e 0
and

A d AL

(223) W2 |2,(2) 2,(2) o Ty Zal2) . k=1,...,L,
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as follows:
o= |26 £2,6) a6 - Eeze)]  e6e)
dz dz? dzNe 1 .
+ [o z,2) 23z,(2) - ( N ) o (z)] 2 LG(z)
dz 1 dzNe—=1771 iy,
Ni—2 2
+ [0 0 Z,) - < N > CiNk_QZq(z)] @ T30+
de z2=z
+0 0 0 - Z(2)]_,, © T Gla)
= Wi ® G(zk) + [WiDi] ® iG(Zk) + x Wi D3] ® CﬁG(Zk)
N dz 21 dz?
+ N%' WDt ® %G(zk).
Note that Di =0 for all 7 > Ng. Hence,
Ny, 1 ]
(2.24) szzﬁ[wkpfc]@)wkj, k=1,...,L.
j=0

It remains to compute the derivatives of Z,(z). To this end, let

0 0 -~ 0
Al 0 0
(2.25) .2 . . , € R4,
0 0 - (¢g—1)

Then, it is easy to verify that
dl
dzt
Hence from (2.23) and (2.26),

(2.26) Z4(2) =TT 0T, 24(2),  1>0.

(227) Wi =T, [Iq oz - JqfY;] Ines1 © T, Z4(2)] s k=1,...,L.

An alternative compact expression for Hy, is obtained by evaluating the right-hand
side of the second equality in (2.19) for I = 0,..., N, k= 1,..., L, and augmenting
the similar terms in compound matrices as follows:

q—1
(2.28) My =0y X+ [T®g]We® L),  k=1,...,L
§=0
where
229 X2 | Xo(2) Lxe(2) Ay (2) k=1,...,L
. R = | Xolz) - Xo 2o i L =1,...,
Now, we collect Hy, X, and Wy, k= 1,..., L, in the compound matrices
(2.30) HE[H Hy - Hi],
(2.31) XEX A A,

(2.32) WE DWW,y - Wy,
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Hence,
q—1 .

(2.33) H=0,X+> [Ty 9] W& I,
=0

where H and W are computed from the problem data {zj, {wg; };V:’”‘O}le by the for-
mulae (2.30), (2.32), (2.27), (2.24), (2.22), (2.14), (2.15), (2.25). This completes the
first stage of our subspace-based interpolation algorithm. Observe that H is affine in
O, as advertised.

Since O, is a real matrix and we are interested in the real range space, we can
convert (2.33) into a relation involving only real valued matrices:

q—1
(2.34) H=0,X+Y [T}, ®g]F,
j=0
where
(2.35) H 2 [ReH ImH)],
(2.36) F 2 [ReW ImW)| ® I,
(2.37) X 2 [ReX Ima].

Let z* denote the complex conjugate of z. When z; € R, from (2.14) we have
Z,(z;) € R2. This, by (2.27), implies that Wy € RZ*Ve+1) | From (2.5),

(2.38) Xc(2) = (21, — A)7'B.

Then, from (2.4), (2.38), and (2.29), it follows that X} € R™*™Wk+1) and, for all
j=0,...,Ni, wg; € RP*™ whenever z; € R. Thus, whenever z;, € R from (2.24) we
have H;, € RP4*™(Ne+1)  Hence, the imaginary parts of Hy, F, and Xj, are all zero,
and they need not be included in (2.35)—(2.37) if z;, € R; without loss of generality,
we will assume this in what follows. Let

(2.39) NE S e+ D+ Y 2+ 1)
k:zreR k:zpeC—R

Then, He RraxmN - F ¢ RmaxmN and X € RvmN,

2.1. Projection onto the observability range space. Let F1 be the pro-
jection matrix onto the null space of F given by

(2.40) FLE Ly - FU(FFT)F,

where FT denotes the transpose of F. The summand in (2.34) is cancelled for all j
when multiplied from right by F*. Thus,

(2.41) HF =0, XF* .

A numerically efficient way of forming HFL is to use the QR-factorization

(2.42) “ﬂ:[gi Rgz][gﬂ'
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A simple derivation yields
(2.43) HF* = RnQ1d,

and it suffices to use Rgy € RP9*™NN=9) ip the extraction of the observability range
space since Q7 is a matrix of full rank.

The range space of HFL equals the range space of O, unless rank cancellations
occur. A sufficient condition for the range spaces to be equal is that the intersection of
the row spaces of 7 and X be empty. In the following, we present sufficient conditions
in terms of the data and the system.

LEMMA 2.1. Let X, F, and N be as in (2.37), (2.36), and (2.39), respectively.
Suppose that N > q + n and the eigenvalues of A do not coincide with the distinct
complex numbers z,. Then,

f
(2.44) rank [ 3 ] =gm+n = (A, B) controllable pair.

Proof. The matrix [W?;Im] is rank deficient if and only if there exists a row

vector
(245) [0[0 o Qg B] 7£ 0
with af € R™, k=0,...,¢— 1, and 87 € R" such that

(2.46) o -+ ag_1 B] { W‘i’;[m ] — 0.

From (2.32), (2.23), and (2.31), (2.29), equation (2.46) holds if and only if

Zq(z) ® I, _ : _
o -+ gy Bl [ o) L_Zk =0, 0<j< Ny, k=1,...,L,
(3
d7
(2.47) —F(2) =0, 0<j<Ng, k=1,...,L,
dzJ .
where
q—1
A 1
= arz® + B(zI, — A)71B.
k=0

Equation (2.47) implies that for each k the elements of the rational vector F(z) have
common zeros at z; with multiplicity Ny + 1. Since E(z) is real-rational, zj is a zero
of E(z) if and only if 2} is also a zero of E(z). Therefore, E(z) happens to have a
total number of N zeros counting multiplicities. However, the elements of E(z) have
numerator degrees not exceeding n + g — 1. Hence, any element of E(z) cannot have
N zeros. Thus, E(z) = 0. This implies that ay = 0 for all k and (21, — A)~!B = 0.
The latter result follows from the fact that 3(zI,, — A)~! B is analytic and has a zero at
z = 00; hence it is orthogonal to EZ;E apz¥. Recall that (A, B) is an uncontrollable
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pair if and only if it is possible to find a vector 3 # 0 such that 8(zI, — A)~!B = 0.
Finally, note that [;} is rank deficient if and only if {W ?{,IW} is rank deficient. The

last assertion is due to the fact that, for any complex matrix Z and real vector z,
277 =0<+= z[ReZImZ]=0. O

Since all the eigenvalues of A are inside the unit circle, none of them coincide
with any of z;. Thus, by applying Lemma 2.1, we conclude that the two row spaces
of X and F do not intersect and the range space of HFL coincides with the range
space of O,. Then, using the singular value factorization of HF -+

RF = 0SP7
(2.48)

_[ea) | >

0
Yo

where f]s € R™*"™, we determine the system matrices Aand C as

A= (LU 1U,,
(2.49) A= VAR,

C = J3U,,
where
(2.50) J1= [I(qfl)p O(qfl)pxp] )
(2-51) Jo = [O(q—l)po I(q—l)p] )
(2.52) I3 = [T Opx(g-1)p] »

0;x; is the i x j zero matrix, and XT = (XTX)71 X7 is the Moore-Penrose pseudoin-
verse of the full column rank matrix X. Provided that (C, A) is an observable pair,
the pseudoinverse in (2.49) exists if and only if ¢ > n. Therefore, in order to apply
the lemma it suffices to let ¢ = n + 1. In this case, we have the sole requirement
N > 2n with N defined by (2.39). From Lemma 2.1, it follows that A and C defined
in (2.49) are related to A and C' in (1.2) by

AT,

1
(2.53)
cT

A
6 =
for some T' € R"*", R

As noted before, in (2.48) HFL can be replaced with Ras.

2.2. Extracting B and D from the data. We will now determine B and D
matrices in the realization using the given frequency domain data. Repeated applica-
tion of the differentiation formula

d X
—Xt=-Xx"1—
dz dz

to Xc(z2) = (21, — A)~'B yields the derivatives of G(z) as follows:

X71

dz
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where 6, is the Kronecker delta. Now, let

W0
(2.55) G 2 wzkl . k=1,...,L,
wk.Nk
and
Gi
(2.56) G2 g:?
G,

Observe from (2.54) that, for fixed A and C, the matrices B and D appear
linearly in G. Hence, we can uniquely determine B and D by solving the following
linear least-squares problem

2
5 A .l | B
(2.57) B,D—argrél’% g—y{D] .
where
1/2
1)~ 2 lzz |xks|2]
k s
is the Frobenius norm,
Aé Reg pNxm
(2.58) g= [ ImgG ] €eR ;
(2.59) ya [ Ereli ] € RPN *(ntp)
and
C(Zk.[n — A)il Ip
(2.60) v A Clal, A7 !
. k — . 9
(71)N’“Nk!0(zk[n 7A)7Nk71 0
V1
V2
(2.61) VEN R
YL

provided that Y is not rank deficient. For the last requirement, a sufficient condition
is presented next. R

LEMMA 2.2. Let N and Y be as in (2.39) and (2.59), respectively. Suppose that
N > n and the eigenvalues of A do not coincide with the distinct complex numbers
zi. Then,

(2.62) rank) = p +n = (C, A) observable pair.
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Proof. The matrix ) is rank deficient if and only if there exists {[B)} +# 0 such that

y[g}:o — Y6k =0, 0<j<Ny k=1,...,L

Z=Zk

As in the proof of Lemma 2.1, this equation implies that every element of G(z)
has a total number of N zeros counting multiplicities, a contradiction if G(z) is not
identically zero unless N < n. |

Thus, from (2.53) and Lemma 2.2, if N > ¢ +n and ¢ > n, we have

B=T71B,
(2.63) N
D=D.
Moreover,
(2.64) G(z) 2 C(zI, — A)'B+D = G(2).

2.3. Solvability conditions. By picking ¢ = n + 1 in the subspace-based al-
gorithm developed above, we obtain a sufficient condition for the interpolation of
G(z) from its noise-free samples and derivatives evaluated at L distinct points in 9 as
N > 2n+1, where N is defined by (2.39). This condition turns out to be a necessary
condition for the interpolation of G(z), as demonstrated next by a simple example.

Consider an nth-order stable single-input/single-output system represented by
the transfer function

boz™ + b by,
(2.65) Glz) = 0F thztdon
2"+ arz+ -+ ap

We are to determine 2n + 1 unknown real coefficients a1, ..., a,, b, ..., b, from the
evaluations of G(z) and its derivatives at a given set of distinct frequencies z;, € 9.
Let N be as in (2.39).

Let us first assume in (1.4) that Ny = 0 and 2, € C — R for all k; i.e., the
interpolation nodes are simple and purely complex numbers. Then, N = 2L. With
g = n + 1, the subspace-based algorithm delivers a minimal realization of G(z),
provided that 2L > 2n + 1. This condition is satisfied by choosing L = n + 1.
Clearly, this is the least amount of data one could use to interpolate an arbitrary nth-
order system, as can directly be verified by writing 2L-linear equations down from
(1.4) and (2.65) to determine the unknowns ay, ..., an, b, ..., b,. Notice that if some
interpolation nodes have multiplicities, then the resulting equations become nonlinear
inai,...,an,bo,...,0n.

Now, as a special case, let us consider the situation that all z; are on the unit
circle excluding the points +1. Thus, Algorithm 2.1 recovers nth-order stable systems
from n + 1 noise-free frequency response measurements, excluding the frequencies 0
and 7. If the frequencies contain 0, from (2.39) we then have N = 2L — 1. Hence,
with ¢ = n + 1 selected, we must have 2L — 1 > 2n + 1, which is fulfilled by letting
L = n+1. If in addition, the frequencies contain 7 as well, we end up with the
interpolation condition L = n+2. The last conclusion extends an interpolation result
in [24] derived for the uniformly spaced frequencies case to the nonuniformly spaced
frequencies case.

It is easy to see, for example, by the partial fraction expansion or similar tech-
niques, that these results hold for multi-input/multi-output systems with multiple
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interpolation nodes as well. Therefore, Algorithm 2.1 is capable of using a minimum
amount of the frequency domain data for the Lagrange-Sylvester interpolation of
stable systems.

2.4. Summary of the subspace-based interpolation algorithm. Let us
summarize the interpolation algorithm in the following.

ALGORITHM 2.1. Subspace-based interpolation algorithm.

1. Given the data (1.4), compute the matrices H and F defined by (2.35) and
(2.36) through (2.30), (2.32), (2.24), (2.27), (2.22), (2.25), (2.15), and (2.14).

2. Perform the QR-factorization in (2.42).

3. Calculate the singular value decomposition in (2.48) with HFL replaced by
Roo defined in (2.42).

4. Determine the system order by inspecting the singular values, and partition
the singular value decomposition such that X5 contains the n largest singular
values. R R

5. With Jy, Jo, and Js defined by (2.50)—(2.52), calculate A and C from (2.49).

6. Solve the least-squares problem (2.57) for B and ﬁ, where G and j)\ are defined
by (2.58) and (2.59) through (2.60)—(2.61) and (2.55)—(2.56).

Clearly, io = 0in (2.48) when the data are not corrupted by noise, the system that
has generated the data is of McMillan degree n, N > ¢+ n, and ¢ > n. As we stated
earlier, Algorithm 2.1 produces a minimal stable realization of the interpolant, given
that the latter exits. In most interpolation problems, the existence and the uniqueness
questions are easily settled, and the construction of a solution (or all solutions) with
certain properties such as the McMillan degree constraints, in particular minimality,
remains a difficult one. The algorithm outlined above is straightforward to implement.
In the implementation of the algorithm, it suffices to let ¢ = n+ 1 and N = 2n +
1, where N is defined by (2.39). The system order, if unknown a priori, can be
determined in step 4 of Algorithm 2.1 from the inspection of the singular values. This
process also reveals redundancies in the data. Numerically, the most expensive step
in the algorithm is the singular value decomposition of Rs2. Notice with ¢ = n + 1
and N = 2n + 1 selected, that Rop € RP(MH1)xmn,

The main result of this paper is captured in the following.

THEOREM 2.3. Consider Algorithm 2.1 with the data in (1.4) originating from
a discrete-time stable system of order n. Let N be as in (2.39). If N > q+n and

q > n, then the quadruplet (E, E, 5, B) is a minimal realization of G(z).

2.5. Discussion. In the rest of this section, we will briefly comment on the
similarities and the differences between Algorithm 2.1 and the Lowner matrix—based
approach [1].

The most striking difference between the methods appears to be the formation
of data matrices. In [1], elements of a Lowner matrix are computed by taking partial
derivatives of the divided differences [G(z) — G(s)]/(z — s) evaluated at z = z; and
s = z;, where the number of the derivatives is determined by the particular choice of
the (block) row and column sets and the multiplicities of the nodes. If z; equals z;, a
limiting process has to be used to define that particular element. It is required that
the numbers of the chosen block rows and columns add up to N. The elements of ‘H
in the proposed algorithm, on the other hand, consist of linear combinations of the
derivatives of the products z!G(z) evaluated at z = 2, where for each k, [ satisfies
0 <l < Ni. A simple transformation that relates H to a Lowner matrix does not
seem possible unless all the z;, are the same, in which case the problem solved reduces
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to a conventional partial realization problem. In the latter case, notice that this link
is provided by the bilinear map (1.5).

Both algorithms rely on the factorization of the data matrices discussed above as
a product of two matrices which are directly related to the observability and control-
lability concepts. In [1], the Lowner matrix is expressed as a product of the so-called
generalized observability and the controllability matrices, whereas in the proposed
algorithm this relation is recovered after some projections. In fact, the proofs of
Lemmas 2.1, 2.2, and 3.1R in [1] use the same ideas.

The most striking similarity between the algorithms is the condition N > 2n. It
should be noted that the stability assumption is not essential in the formulation of the
interpolation problem, since the data are already assumed to originate from a finite-
dimensional dynamical system with a complexity bounded above and the number of
the nodes is finite. This assumption is necessary in an identification setup. Without
the knowledge that the data have originated from a dynamical system with a com-
plexity bounded above, the condition N > 2n is precisely one of the requirements for
the existence of a unique minimal-order interpolating rational matrix [1]. In addition
to this requirement, there is also a more stringent rank condition captured in As-
sumption 4.1 in [1]. Thus, both algorithms operate under the same conditions which
assure the existence of a unique minimal interpolating rational matrix. We have not
addressed the properness issue in this paper due to our standing assumption on the
origins of the data. Again, without the knowledge of the origins of the data, one has
to secure that the solution of the interpolation problem is a proper transfer function.
The properness is guaranteed by Assumption 4.2 in [1]. It is also noted there that this
assumption can be eliminated by means of a suitably chosen bilinear transformation.

The Léwner matrix—based and proposed algorithms cannot be directly applied
when there does not exist a unique minimal interpolating function and the data are
not scalar. This may happen either in the presence of noise which corrupts transfer
function evaluations or when the true dynamics is of higher dimension. The problem
is then to find the admissible degrees of complexity, i.e., those positive integers n for
which there exist solutions G(z) to the interpolation problem (1.4) with deg G = n,
and to construct all corresponding solutions for a given admissible degree n. This
problem is known as the partial realization problem. If the original data do not sat-
isfy the criterion for the existence of a unique minimal interpolating function, one
needs to add interpolation data until the criterion becomes satisfied. The fact that
the data can be found so that the increase in degree is finite is nontrivial. The added
data will necessarily drive up the degree of the interpolating transfer function. In the
scalar case, dealt with in [2], the way this can be done is set out and is rather compli-
cated. The multivariable case is studied in [4] using the generating system approach.
While [4] gives the theory behind the determination of the minimal McMillan degree
and all admissible degrees, the current paper and [1] provide the theory behind the
construction in state-space terms of the solution of admissible degrees.

A departure of Algorithm 2.1 from the Lowner matrix—based approach is the
determination of the minimal order. Under the stated conditions, in Algorithm 2.1
the minimal order and the observability range space are extracted by a singular value
decomposition, while in the Lowner matrix—based approach the minimal order is
determined by checking ranks of several (generalized) Lowner matrices. The singular
value decomposition is not sensitive to random inaccuracies in data; that is, the true
singular values and the observability range space are consistently estimated as N
increases unboundedly, provided that n is finite or increases more slowly than N
[24, 25]. To our best knowledge, an asymptotic error analysis for randomly corrupted
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transfer function evaluations has not been performed for any of the interpolation
algorithms in the literature.

Deficiencies of the proposed interpolation algorithm and the Lowner matrix—based
approach are the same. As pointed out in [1], a parameterization of solutions when
the original data have to be added and derivation of recursive formulae for allowing
update of a realization when one or more interpolation data become available are
absent. It would be interesting to develop connections between the constrained in-
terpolation problems such as the Nevanlinna—Pick and the positive-real interpolation
and Algorithm 2.1. It is worth mentioning that the Nevanlinna—Pick interpolation
can be transformed into an interpolation problem without norm constraint by adding
the mirror image interpolation points to the original data [3].

3. Subspace-based identification with interpolation constraints. In this
section, we will consider identification of an mth-order stable system with transfer
function G(z) from noisy samples of the frequency response,

(3.1) wy =G+,  1=1,...,M,
with the interpolation constraints
d7
(3.2) —G(2) = Fy;, 7=0,1,....,N, k=1,...,L,
dzJ
Z=ZE
where 0 < 6, < 7w, 1l = 1,..., M, denote the discrete-time frequencies and 7; is a

sequence of independent zero-mean complex random variables with a known covari-
ance function that is uniformly bounded. The number of the constraints defined in
(2.39) satisfies N < n. The interpolation constraints (3.2) reflect the prior knowledge
on G(z). For example, by taking Ey; = 0 for all j < Nj, we enforce a zero with
multiplicity Ny + 1 at zi. These constraints may also be used as design variables to
focus on a frequency band of interest.

We would like to find an identification algorithm which maps the data {w;, 6;},
to an nth-order model G/ (z) that satisfies the interpolation constraints in (3.2) such
that, with probability one,

lim [|Gar — Gllso = 0,
M—o0

where

A Tw
[ Xloo = sup o1 (X ("))

and o1 denotes the largest singular value. Algorithms with this property are called
strongly consistent. This identification setup except for the constraints in (3.2) can
be found, for example, in [24].

A motivating example for the constraints in (3.2) is as follows. Suppose that the
system to be identified is nth order stable single-input/single-output continuous-time
system represented by the transfer function

s"tars+---+ay

where the denominator degree n is greater than the numerator degree m, and we are
given M noise corrupted frequency response measurements

(3.4) wy = Gliw)+m, 1=1,...,M.

(3.3) G°(s) =

7

Assuming by # 0, the relative degree of G¢(s) is defined as T 2n—m.
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A direct use of the Mobius transform technique (1.5) targets identifying the
discrete-time equivalent of G°(s) defined by

A C
(3.5) GU(z) = G° (¥(2)),
using wy, [ =1,..., M, at the transformed discrete-time frequencies
w
(3.6) 0, = 2 arctan (Tk) , k=1,..., M.

Then, the continuous-time identified transfer function denoted by C?fw(s) is obtained
from the discrete-time identified transfer function denoted by é%(z) by using the
inverse Mébius map z = ¥~1(s); ie., é‘j\/[(s) = C/}\'ﬁl\/[(l/}_l(s)). Due to noise and
unmodeled dynamics, the former is only a proper transfer function. R
If maintaining the relative degree is a concern, we then high-pass filter G§,(s) as
follows:
A G (s)

Curls) = o

where 1 > 0 is chosen sufficiently outside the bandwidth of @fw(s) This filtering
increases the order of the identified model by 7. This problem can be circumvented
by including the constraints

& .

@G (Z)Z:71—07 j—l,...,T,
in the problem formulation. Observe that when applied to (3.3), the Mébius map
(1.5) introduces a zero of G%(z) at z = —1 with multiplicity 7.

Now, the solution of the constrained identification problem (3.1)—(3.2) is partic-

ularly simple if one notes from (2.54) the following set of equations:

(3.7)  b0; D+ (=1)51C(2 L, — A) 7 'B=Ey;, j=0,....,Ny, k=1,...,L,

which describe N hyperplanes in the parameter space of B and D for fixed C' and
A. Hence, it suffices to solve the linear least-squares problem (2.57) with the lin-
ear constraints (3.7). With this modification, the frequency domain subspace-based
identification algorithm presented in [24] is strongly consistent. The inclusion of the
noise covariance information in the algorithm is straightforward and can be found in
[24]. This extension can be viewed as the tangential version of the Lagrange—Sylvester
interpolation problem (1.1).

4. Example. The purpose of this section is to illustrate Algorithm 2.1 with a
step-by-step numerical example. Suppose that the system to be found by interpolation
has the following state-space representation:

[ 0.5 05 0 0 1 00
—05 05 0 0 1 10
A= 0 0 05 o> P=lo 10|
.0 0 0 -025 111
(1110 1 —1 0
0_0101}’ b {o 11}
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Thus, n =4, p = 2, and m = 3. This system has the transfer function

224+32+1.5 _z3+0.5z2 +0.52+0.75
Gz) = 2242405 23 4+0.522 —-0.25
222 4+1.252+0.5 23 +325224+2524+07 24125

23 +1.2522 +0.752 +0.125 23 +1.2522 4+ 0.752 +0.125 2+ 0.25

Let us assume that the interpolation data are as follows:

z71=141% N1 =0, 20=1—1, No =0, 23=2, N3 =4

and
o — [ 19333053330 —0.8667 + 0.4000i 0
107 0.8878 — 0.5236i 1.9545 — 0.6569i  1.4878 — 0.3902i
o — | 1:9333+0.53330  —0.8667 — 0.4000i 0
%07 0.8878+0.5236i 1.9545+0.6569;  1.4878 + 0.3902i
[ 17692 —1.2051 0 _ [ —0.2840 0.2433 0
W30 = 07521 1.8201  1.4444 |0 BT | —0.2804 —0.3395 —0.1975
ey — | 0:2003 04251 0] . _[-02000 09844 0
827102084 02757 0.1756 | "% | —0.2333 —0.3341 —0.2341
s — [0.2456 —2.8518 0
7103531 0.5390 0.4162 |

Then we set ¢ = 5 and compute N = 9. Therefore, the inequalities N > ¢ +n
and ¢ > n are both satisfied. In step 1, we compute the matrices H € R'%27 and
F € R15%27, The QR-factorization in step 2 results in Rys € R'9%12 given by

[ —0.4622 0 0 00 - 0]
0.0381 —0.0518 0 0
—0.2544  0.0203 —0.0240 0

—0.0176  0.0194 —0.0075 —0.0009
Ry — —0.1144 —-0.0070  0.0091 —0.0089

0.0094 —0.0110  0.0094 —0.0025 ’
—0.0583  0.0035 —0.0045  0.0045

—0.0033  0.0057 —0.0061 0.0037

—0.0344 0.0033 —-0.0037 -0.0022 : .
| —0.0007 —0.0013 0.0015 —0.0027 0 - 0

which is not unexpected since n = 4. In step 3, we compute the nonzero singular
values 0.5460, 0.0609, 0.0249, and 0.0098. The matrices Aand C computed in step 5
are

0.5204 —0.1361 0.3199  0.5352
0.0882 —0.4983  0.4848 —0.1035

A= 0.0052 0.0820 —0.4810 0.7195 |’
—0.0295 0.1919 —-0.3546 —0.2911
O— 0.8460 0.2123 —-0.2149 —-0.3233

—0.0721 0.8069 0.5289 0.1046
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In step 6, we compute G € R18*3 and Y € R8%6 matrices, and the solution of the
least-squares problem is

1.0502 —0.5390 —0.0816
2.8626 1.8321 0.9041

B=1 01515 1.0084 04896 |°
—1.4555 —0.9375  0.0547
o 1.0000 —1.0000 —0.0000

—0.0000 1.0000 1.0000 |-

The realization (A\7 B,C, ﬁ) is similar to (A4, B,C, D). In fact, the estimates of the
interpolation data computed from the former has a maximum error 5.9746 x 10~'4.

5. Conclusions. In this paper, we presented a new algorithm for the Lagrange—
Sylvester interpolation of rational matrix functions that are analytic at infinity. This
algorithm is related to the recent frequency domain subspace-based identification
methods and is not sensitive to inaccuracies in data. A necessary and sufficient
condition for the existence and the uniqueness of a minimal interpolant was formulated
in terms of the total multiplicity of the interpolation nodes. The purpose of this
contribution was to pinpoint the kinship between the frequency domain subspace-
based identification of stable linear systems and the minimal rational interpolation of
stable systems.
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