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Introduction

History of synchronization

e Christiaan Huijgens (1670): pendulum clocks synchronize...

Rayleigh (1877): organ tubes sound in unison..., tuning forks,...

1900: electrical and electromechanical systems (Van der Pol)

Rotating bodies, e.g. moon vs earth

e Chaos synchronization

(Secure) communication: Pecora and Carroll (1990)

e Controlled synchronization: communication, ship mooring, robot
coordination, sound and light show,...
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This presentation
Contents

e Introduction (Henk Nijmeijer)

An observer view on synchronization (Henri Huijberts)

e Communication and Synchronization (Henri Huijberts)

Synchronization in diffusive networks (Henk Nijmeijer)

e Controlled synchronization (Henri Huijberts)

Coordination of mechanical systems (Henk Nijmeijer)

Control view on synchronization

e Dynamics

Observer theory vs synchronization

Controlled synchronization

Examples of simple/chaotic systems

Theory: literature

No complete review
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Christiaan Huijgens,

born April 14, 1629 , The Hague, died July 8, 1695 , The Hague
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(Fig. 76.) (Fig.77.)
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Huijgens’ notebook, “Horloges Marines (Et Sympathie Des Horloges)”,

1 March, 1665.
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A figure from Huijgens’ notebook, 22 Febr. 1665
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menstruaties
precies gelijk

i
11 R neoaa S wwﬁqﬂ#ﬂ&m
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de dagen nade ovulatie, de ¢!

Women living together have

synchronous menstrual cycles.
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Herz: Und Kreizslaufzentrum Dresden
Dragden, Garmany

An application of master slave synchronization
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Synchronization in networks: different synchronization modes, partial
synchronization.
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This workshop:
e Control theory: observers, controlled synchronization
e Dynamics: synchronization in networks

e Applications: communication and coordination of mechanical

systems
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Introduction

An observer view on synchronization

e Communication and synchronization

Synchronization in diffusive networks

Controlled synchronization

Coordination of mechanical systems

The Lorenz attractor.
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Synchronization and observers

Two points of view on synchronization Two points of view on synchronization
Peccora and Carroll (1990), Lorenz system Peccora and Carroll (1990), Lorenz system
Transmitter (master) system : Transmitter (master) system : Receiver (slave) system
(”copy” of master)
1 =o(xy — 1) 1 =o(xy — 1)
i;erml_zQ_IleS I'2:T$1—$2—$1133 /I\QZT.’L‘l—/I\Q—.’L‘l/I\g
&g = —bxs + 129 T3 = —brs + T1T2 T3 = —bT3 + 1172

No Z1-dynamics, because x; already known.

N J N
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€2 = T2 — T2, €3 =1T3 — T3

éQ = —€9 — T1€3
ég = —b63 + 1€
Lyapunov function: V(ea,e3) = €2 + €2

V = —2¢2 — 2be?

(e2,e3) — (0,0), as t— o0

Control viewpoint: Slave is partial observer for master.

N
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€1 =T1 —T1, €2 =7T2 — T2, €3 =1T3 — XT3

él :0'(62 —61)

ég = —€9 — T1€3
é3 = —bes + x1e0
Lyapunov function: V(e ez, e3) = 1/0ei + €3 + €3

V = —2(e; — 1/2e3)? — 3/2¢2 — 2be2

(61762763) - (0307 0)7 as t— o0

Control viewpoint: slave is full observer for master.
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Two points of view on synchronization

Peccora and Carroll (1990), Lorenz system

i‘g =7rry — Ty —T1T3

of master)

Transmitter (master) system : Receiver (slave) system
(77 COpy”
C.E1:0'($2*.’L‘1) 5)\1:0'(32*53\1)

EL'\Q =Trry — EL'\Q — :L‘]fg

jl’g = —bl’g + 2122 §3 = —big -+ .’17153\2
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jl’l = O'(.T)z — 2?1)
i‘g =7rry — Ty —T1T3

i’3 = —bl’g + T122

Two related problems:

System X

Observer % 2(t)

Synchronization/observer problem

y(t) (')e%)

8
&
[

= 0'(53\2 — ./73\1)

To =Tx1 — 317\2 — l‘lfﬂ\g

Tr3 = —b§3 + .'171"/17\2
System X
y(t)
System 3 System $

z(t) Z(t)
e(t)

Convergent systems, Demidovich
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Synchronization/Observer problem statement

x(t) € R", state; y(t) € R, output, or measurement.
Observer: given y(t), t > 0, reconstruct asymptotically z(t),¢ > 0.

Reduced observer: given y(t), t > 0, reconstruct asymptotically z(t)
modulo y(t).

So if slave can be chosen freely, synchronization problem is equivalent to
observer problem.

N

y
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xample
i‘l = T2

To = axy +bxy, Y=11

observer: estimate for (z1,x2)

How to find observer? Try ”Pecora & Carroll copy”:

T1 =9

3.3\2 =ay+ bZy = axq + bZo

€1 =1 — 1, €2 =1T2 — T2

€1 = e, €& =bey

\ Does give reconstruction of x5 iff b < 0, but not reconstruction of x;!

i . A
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xample

.i‘l = X2

Ty =axy +bry, y=mx
reduced observer: estimate for xo.

How to find reduced observer? Try ”Pecora & Carroll copy”:

-~

To = ay + by = axy + bTo
62212—./1'\2

ég = b62

\Asymptotic reconstruction if and only if b < 0.

TU/e technische universiteit eindhoven \Q Queen Mary
Unvrsty o Ladon

-

Alternative:

T1 =X+ kieq

.%2 = afl + bai\g + k‘261
Suitable &y and ko yield
(e1,e2) — (0,0), as t— o0

(Reduced observer: similar)

N
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Linear systems (no complex dynamics):

it =Ar, zeR"

y=Cz

T=AF+K(y—7)
C

<)
Il
8)

é=(A-KC)e
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Nonlinear systems?
&= f(z), =xzeR"

y = h(z)

Try:
&= 1@ + k(@)

with k(Z,y) =0if h(Z) =y
Required for synchronization: x — T, as t — oo for any initial
2(0), z(0).

Find k(-,-)!

N
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A — KC has arbitrary pole location iff system is observable, i.e.

c
CA

I
S

rank
CA™1

Thus synchronization & — x for suitably chosen K.

N
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1. Linear error dynamics

Example: Chua circuit

1 = a(—x1 + x2 — p(21))
To =x1 — X2+ T3

jl’g = —)\l’g

e(x1) = mizy +ma(lzy + 1] — |z — 1))
with m; = —=5/7, mg = —3/7, 23 < A < 31, a = 15.6.
Double scroll chaotic attractor
Output: y = x1

Thus nonlinearity ¢(x1) is measurable!

N
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The double scroll attractor.
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2. Linearizable Error Dynamics

Example: Rossler system, a,b,c > 0

.i‘l = —T2 — I3
Lo = 1 + axs
,fg :C+Z’3(ZZI1 —b)

Yy=1x3

NB  z3(0) > 0 = z3(t) > 0, V¢ > 0.
New coordinates:

(€1,82,83) = (z1,72,log x3)

New output: y=logy=¢;

- A
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bserver:
T =a(—Z1 + T2 — p(1)) + kieq
To = T1 — To + T3 + koey

53\3 = ATy + k3e;

é1= (k1 —a)er + e
éo = (ka+1)ey —e2+e3
é3 = kseqr — Aea
Note: Linear Observable System, (e, ez, e3) — (0,0,0) for suitable
choice of ki, ko, k3.
Arbitrarily fast!

Similar design for Lur’e systems.

N
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Trajectories of the Rossler system.
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In new coordinates:

b1=—6—e3

f =6 +a&

€3 =&+ (~b+ce ?)
y==E

e Linear part is observable
e Nonlinear part is measurable

Observer: )
b= bt i)
5'2:51‘*‘@32-*-7@(53—53)
=8+ (~btcem?) Fhs(6s — &)
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. High-gain Observer

Assume:

e f(x) satisfies Lipschitz condition on positively invariant compact
domain ).

e The n functions h(x), Lyh(z), L?ch(ac)7 ... (Iterated Lie derivatives of
h in the direction of f) define new coordinates on domain Q.

There exists an observer of the form

7= f(@)+K(y—h@)

with K suitable (n,1)-vector.

\Example: Lorenz system on compact domain. )

. A
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Error dynamics:

€1 = —ey +kies
€y = e1 + aes + koes

é3 = ey + kzes

Suitable k1, ko, k3 = synchronization

TU/e technische universiteit eindhoven \Q Queen Mary
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4. Time rescaling

Suppose that for the system
i = f(z), y=nh()
there exist new coordinates & such that

£=s(y)(AE+ely), y=C¢
with some s(y) > 0.
New time: dr = s(y)dt.

£ (ag+ o)

In new time — linear error dynamics provided (A, C) is observable
(detectable).

N y
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5. Partial observers and partial synchronization

Problem: Reconstruct z(t) instead of z(¢).

An idea of possible solution: to find new coordinates (£1,&2) s.t. the

system is in a cascade form:

& =p(&)
& =q(&,&)
y=w(&), z=0v(&)

where the £;-subsystem admits an observer.

N
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Full order observer:

o~

F(k+1) = f(@(k), y(k)), T(0) =3y €R"

where 7 € R", and fis a smooth mapping on R” parametrized by v,

as k — oo for all initial conditions xg and Zg.

such that the error e(k) := z(k) — Z(k) asymptotically converges to zero

. A
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6. Discrete-time observers

x(k+1) = f(z(k)), x(0) =z € R"

where y € R' and h : R — R! is the smooth output map.

the measurements y(k)?

N

Problem: how to reconstruct the state trajectory x(k,xq) on the basis of
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Systems in Lur’e form

w(k+1) = Az(k) + ¢(y(k)), y(k) = Cx(k),
where x(k) € R™ is the state, y(k) € R' is the scalar output,
¢ : R = R", (C, A) detectable.
Observer:

{ z(k+1) = Az(k) + ¢(y(k)) + L(y(k) — y(k))
y(k) = Cz(k)

Error dynamics:

e(k+1)=(A— LC)e(k).

N
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Observation: The representation of a system in Lur’e form is

coordinate dependent.

Question: Is it possible to transform a system into Lur’e form by
means of a nonlinear coordinate change?
Local results due to Lin and Byrnes:

A discrete-time system with single output is locally equivalent to a system in Lur’e
form with observable pair (C, A) via a coordinate change z = T'(z) if and only if

(i) the pair (8h(0)/0x,0f(0)/0x) is observable,

(i) the Hessian matrix of the function h o f* o O~1(s) is diagonal, where
x = O~ 1(s) is the inverse map of

O(@) = [h(@),ho f(z),....ho " (@)]",

with ho f(z) = h(f(x)), f* == f, 7 = fo fi~1.

N
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Observable form:

Sl(k + ].) = Sg(k)
Sn—1(k+1) = su(k)
Sn(k + 1) = fs(s)
y(k) = si(k)

(Alternative result) A discrete-time system with single output is locally
equivalent to a system in Lur’e form with observable pair (C, A) via a coordinate
change z = T'(z) if and only if for the observable form there exist functions

01, +,¢n : R = R such that

fs(8) = @1(s1) + -+ + pn(sn)

N
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Alternative formulation. If the pair (0h(0)/0z,0f(0)/0x) is observable,

there exist new coordinates s; = ho fi=1(z) (i = 1,---,n) such that in

these new coordinates the system takes a so-called obser able form

Sl(k + 1) = 52(/(3)
Sn—1(k+1) = su(k)
sn(k+1) = fs(s

y(k) = si(k

~
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Example. Bouncing ball.

x1(k+1) = z1(k) + z2(k)
xo(k + 1) = aza(k) — feos(z1(k) + z2(k)) (1)
y(k) = h(z(k)) = z1(k)
with z; (k) the phase of the table at the k-th impact, xo(k) proportional
to the velocity of the ball at the k-th impact, « the coefficient of

restitution, w the angular frequency of table oscillation, A its amplitude,
and 8 = 2w?(1+a)A/g.

Condition i):
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Condition ii):

s = col(s1, $2) 1= O(z)

fo(s) :=ho f2oO7l(s) = —as; + (1 + a)sy — Bcos sy

Hessian is diagonal

N
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Transformation into extended Lur’e form
Extended Lur’e form:

z(k+1)

y(k)

o
Q >
8 8
=02
> =
=z
+
S
2
<
=
=
=
<
=
=
|
—
=
<
=
=
|
3
=

Observer for the extended Lur’e form:

z(k+1) Az(k) +@(y(k), - - y(k = N))
+L(y(k) —y(k))

y(k) = Cz(k)

When can a system be transformed into an extended Lur’e form?

N
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New coordinates:
{zl = —axi + T2 + [fcos Ty

Z9 = X1

In new coordinates:

{ z1(k+1) = —az (k)
zo(k+1) = z1(k) + (1 + a)zz(k)—F cos z2(k).

Observer:
/Z\l(k =+ 1) = —ugg(k')—l- 1(2’2(k) — gg(k))
Zo(k+1) = Zi(k)+ (1 + a)z2(k)—Bcos z2(k)+ 2(2z2(k) — 22(k))

TU/e technische universiteit eindhoven \Q Queen Mary
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Assume that the mapping O is a local di eomorphism. Let N € {0,---,n— 1}
be given. Then there is a local transformation into an e tended Lur’e form
with bu er N if and only if there locally e ist functions

ON41, Pt Rt 5 R such that the function fs in the observable form
S1 (k + 1) = Sz(k)
sn(k+1) = fs(s(k))
y(k) = si(k)

where fs(s) := ho f™ o O7'(s), satisfies

f5(817"'78n) = Z Soi(sia"ﬁsifN)

i=N+1

~
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7. Extended Kalman Filters
Nonlinear discrete time dynamics with a linear output map:

z(k+1)= f(z(k) +w(k), z€R
y(k) = Hz(k) + (k)

where:

o w(k) is noise in dynamics of transmitter, assumed to satisfy

(
E(w(k)) =0, E(w(k)w()T) = Qdu (Q > 0),

e v(k) is measurement noise, assumed to satisfy F(v(k)) =0,

E(w(k)o(1)T) = Réj.

TU/e technische universiteit eindhoven \Q Queen Mary
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Under certain conditions (differentiability, stochastic observability,
boundedness of state trajectories and noise signals), “practical”
convergence of the observer can be guaranteed, i.e., there exists a p > 0

and a 7 € Z4 such that

|z(k) —&(k)|| < p, VE>T

. A
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Extended Kalman Filter:

(k) = (k| k— 1)+ K(k)[y(k) — Hi(k | k - 1)]
&k + 1| k) = f(2(F))

P(k)=[I - K(k)H|P(k | k—1)
P(k+1]k)=FE)PEFET"+Q

K(k)=P(k| k- 1)HT[HP(k | k- 1)HT + R~
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Example: coupled logistic maps

) = (1= uar(k)(1 = z1(k)) + exa(k) + wi(k)
2ok +1) = (1 — uas(k)(1 — z2(k)) + exs(k) + wa(k)
)=

with Q = diag(1076,1076,1076), R =107°, u = 3.7, e = 0.35.
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8. Alternative methods:

e Bilinear systems

e Physics-based Observers (see ” Coordination of Mechanical
Systems”)

BUT no fully general method exists that works for all systems!

N\
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0.04
0.0z

-0.02
-0.04

0.04
0.0z

-0.02
-0.04

0.04
0.0z

-0.0z2
-0.04

Practical synchronization with p = 0.04.
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Communication and synchronization

1. Introduction

Pecora and Carroll, 1990:
”The ability to design synchronizing systems in nonlinear and,
especially, chaotic systems may open interesting opportunities

for application of chaos to communications, exploiting the
unique features of chaotic signals.”

Why and how?

.
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If 37 is a chaotic for constant Apin < A(t) < Apax:

It produces chaotic (seemingly random) signals, even when A(¢) is
(mainly) slowly time-varying.
This means that the original message A(t) is "hidden” inside the

seemingly random encoded message y.

This gives the possibility to use a chaotic communication scheme for

private communication.

Note: originally it was thought that chaotic communication schemes
would even provide secure communication. The work of numerous

code breakers, however, has shown that is too much to ask for

TU/e technische universiteit eindhoven Q.gQueen Meary
Uy of Lot

e

— 1 ¥

Y

ER ——

e )\ : message, "coded” by modulating a parameter
® Amin < A(E) < Amax, A(#) (mainly) slowly varying
e Y : transmitter

e y : encoded message

e ) : decoded message

Problem: design X such that |[\(¢) — X(t)| is small.

.
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e

2. Control viewpoint

.

Design g such that |A(t) — A(t)] is small.
From a control point of view:

e System inversion

e Parameter estimation

e Adaptive observers

Will pay attention to last two points

A Yy
— ET

E

Y

YR
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Parameter estimation

Parameter estimation methods are well established for linear systems
However, are dealing with chaotic systems, which are nonlinear.

Still, if appropriate decomposition/transformation of system as well
as synchronizing subsystem exists, linear parameter estimation

methods can still be used.

Chaos helps in the convergence of estimates, because chaotic signals

are persistently exciting

TU/e technische universiteit eindhoven \QQueen Mary
Ve o Lonton
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After 3 has synchronized, y satisfies:

Y=Aui—y—uz, up ==, uz=7=I133

This is a linear system with output y, known inputs uq,us, and linear

dependence on the unknown parameter .

So linear parameter estimation methods can now be used to estimate !

technische universiteit eindhoven ‘Qﬁ Queen Mary
e bty rn

4 )

Parameter estimation: Example (Corron & Hahs, 1997)

Transmitter is a Lorenz system:

.C.L‘l = 10(.272 — acl)
.ftQ = )\Il — X9 — I1X3
Y ) s
r3 — T1T92 — §.Z'3
Yy = 22
Then the system
L) oa = 10y —#
S 1 : (y 8 Al)
I3 = 1Y — 343

(partially) synchronizes, i.e., (Z1(t), Z3(t)) — (x1(t), z3(t)) = 0 (t = +00)

-

J
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The receiver X is then e.g. given by (Corron & Hahs, 1997):

&1 = 10(y — 1)
i3 = d1y— Sis
YR wy = (k‘*l)y*i‘li‘[;*k’w% k>0
wl = @1 — kw1
A= qsli%gﬁ)(y*wo*w&\)’ q>0
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40 T T
— decoded message
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351 q

<
30
25 . . . .
0 10 20 30 40 50
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*observer error’

TU/e technische universiteit eindhoven @Queen Meary
Uy of Lot

e

error
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Some remarks:

e 1 and &3 need to synchronize with z1 and x3 before parameter
estimation can be achieved.

e However, if X is (piecewise) constant, it follows from the update law
for A:
gsign(wy)

— W, *wj\
1+ i (y = wo —wi)

A=
that wg — wl;\ synchronizes with xo after parameter estimation has
been achieved.

e Furthermore, if A is slowly time-varying, practical synchronization
between wg — wl;\ and zo will be achieved.

e Thus, the receiver can be viewed as an adaptive (practical) observer

for the transmitter.

.
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Synchronization before parameter estimation is not necessary! To
illustrate this, we consider a Rossler system:

Ty = —T2 — T3
Xr o To = x1 + A\xo

$.3:2+$3(1‘1—4) Yy=2=xs3

NB  23(0) >0 = z3(t) >0, V¢t > 0.

New coordinates: (1,&2,&3) = (21, 22,l0gx3), §= &3

& 0 -1 0 & —ed
Sl=11 2 o & |+ 0
& 1 0 0 & 2= — 4

N
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Receiver (using least squares estimator with exponential forgetting

factor):
w; = Kw;+ Lu; (1=0,1,2)
o y = go(w) + A1 (w)
A= v (w)p(§ —7) (v>0)
p = —v(o1(w)?p® —p)  (v>0)

where ug = log(y), u1 = —y, uz = z% — 4, K = comp(ko, k1, k2),
L = col(0,0,1), s + kos? + ks + ko is Hurwitz,
¢o(w) = kowor + (k1 — 1)woz + kawos + w1z + war + was, and

¢71(w) = Wp3 — W11 — W22.

N

. A
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Transmitter:
§=ANE+ Bu,  §=C§  u=o(y)
0 -1 0 1 0 _
—el
AN=|[1 X 0o |, B=]l0 0|, @)= )
2e Y —4
1 0 0 0 1

Use linear identification tools!

Chaos helps!

N
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~— decoded message
0.35 — message
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LXx10°
3 .

' observer error’
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Update law for A

A= —vhr(w)p(§ - 7) (v >0)
p = —v(d(w)’p®—p) (y>0)
§ = dow)+ A1 (w)

g = log(zs)

So if A is constant and parameter estimation has been achieved:
exp(¢o(w) + Agy (w)) synchronizes with 3

From this, also functions of w synchronizing with z; and zs can be

derived.

.
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Adaptive observers

Receivers constructed using linear parameter estimation methods may
be viewed as adaptive observers.

However, since these receivers have not been constructed as adaptive
observers, it is generally not straightforward to obtain the relationship
between receiver states and state estimates of the transmitter.

We now give two examples of how adaptive observers may be used as

receivers.

.
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Example: Chua circuit

1 = a(—x1 + 22 — pa(z1, N))
Ty = o1 — T2 + 23
3 = —fx2

oa(z1,\) e(1) + A (|21 + 1] = |21 = 1))
miz1 + (m2 + A(#)) (|21 + 1| — |21 — 1)

with m; =5/7,me = —6/7, « =9, B = 14.286.

Output: y = 1

Signal A(t): A(t) = Ao + Asign(sinwt)

N
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Suppose mq, my are unknown

Adaptive observer:

&1 = (=21 + 29) + er(Joy + 1| — |21 — 1)) + eo(dy — 1)
By =& — &y + &34+ 0(21 — 21)

fs = —fBio +0(21 — x1)

Adaptation law for ¢y (¢), ca(t)

¢ = —yi(zy — &1)*(Joy + 1] — |z — 1)

éo = —ya(x1 — 21)?

1,72 adaptation gains

N

i . A
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&1 = o~z + 22 — pa(z1,N))
:i'g =] — T2+ X3

I3 = —fxy

ox(@1,A) = mazr + (m2 + A1) (|21 + 1| — |21 — 1)

Suppose m1 and mgy are unknown

Adaptive observer:

1.21 = a(—fcl —‘r.’f?g) +Cl(|l’1 —+ ].‘ — |x1 — 1|) + (52(:2‘1 — LI?])
To =21 — To + T3 +O(.’i’1 7.?71)

T3 = —PBTo+0(T1 — 1)
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Then due to
e Minimum-phaseness
e Relative degree one

e Linear dependence on unknown parameters

it follows that
e Error vanishes as t — oo

e ¢1(t) converges to the “true signal”. Chaos helps!
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Xd1-X1, Xd2-X2, Xd3-X3

o 2 4 6 8 10 12 1w 16 18 0 0 2 4 6 B 10 12 14 16 18
Time Time

A(t) = 0; Error and adaptation parameters vs time.
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Example: Rossler system.
i’l = —X2 — I3
Yr o To = x1 + Ao
3 =c+x3(x; —b) Yy =x3

b,c > 0. Suppose A is unknown parameter (message).

A -1 1
QM= 1 0 =i
0 0 1

New coordinates: z = Q(M\)E.

N

. A
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Xd1-X1, Xd2-X2, Xd3-X3
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A(t) = Ao + Asign(sinwt); Error and adaptation parameters vs time.
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Suppose A is unknown parameter (message).

y=23=(001)z,

-A -1 1
QM= 1 0 -
0 0 1
New coordinates z = Q(N\)¢&:
21 0 0 O 21 ce Y —b eY
s |=11 0 -1 2 |+ —eY +A| —ce V40
Z3 01 0 23 ce Y —0b Y
A fo(y) fi(y)

’
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Filtered transformation:
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Adaptive observer:

51 0 kb & k1 ey 771 0 Kk —kiko m
] = + - = _ -
& 1 ke & ko ! —ce¥ 4+ b 72 = 1 ke —(ki+k3i+1) 2o+
J 0 1 ks 7
New variables: (k1 +1)(ce ¥ —b) 0 Iy
ko(ce™¥ —b)—e¥ | + 7] o G+y)+| & | T-v)
moy Ay, & n 3} y ce™¥ —b 1 l3
2 22 &2 k2 b =—&+yF-y). >0
TU/e technische universiteit eindhoven ‘QS,,“&%V,LM”Y TU/e technische universiteit eindhoven \Q(Bmu&e‘wary
In new coordinates:
m 0 ki —k1ky m
72 = Lok —(ki+k3+1) 72
Yy 01 k2 Yy Coordinate transformation depends on A = to estimate the whole
A state vector it is required that 5(25) = A
(k1 + 1)(ce™¥ —b) 0 Chaos helps!
+| kalce ¥ —b)—ev | +A] 0 [(&2+y)
———r
ce ¥ —b 1 u
v —
fo B
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~

Convergence of 6(t) to A and observation error vs time
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Synchronization and spatial ordering

Coupled systems with local interactions

To model:
e spatially extended systems

e turbulence

Simplified models of high-dimensional systems:
e Spatial structure is modelled by the coupling

e Each free system from the array is low-dimensional

N

i . A
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Diffusive cellular networks «—>

Two ways to describe diffusion
(A. Turing): PDE or ODE.

Two problems: synchronization via
diffusion, generation of oscillations
by means of diffusion.

N
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Diffusive cellular networks

{z’J:f(Z‘J)-I-B’U,J j=1...k, Z‘jGRn, Uj,ijRm

y; = Cu;

CB is similar to a diagonal matrix with positive entries.

uj = =10y — 1) — V2 (W5 — y2) — - — Vir(Y; — vk)
with Yii = Yij > 0

Systems (3) are said to be diffusively coupled.

N

®3)
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Network equations:

x1 Y1 f(x1)
T = .1‘,2 y Y= v ; F(I) = f(xz)
Tk Yk flxy)

If the network cannot be divided into two or more disconnected
networks the matrix I" has only one zero eigenvalue.

N

. A
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The coupling matrix

k
Z’Yu —712 o Tk
=2
k
—721 > Y o~k
= i=1,i#2 ,
k—1
L E {= D D ¥
i=1

Yij =Y =0
o T is singular (all row sums are zero)

e I' =T7 > 0 (Gershgorin theorem)

N
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Boundedness of solutions in DCN

{B2

e Passivity: 3V >0, V <y”u .
V<yu

e Semipassivity: Dissipation inequality

is satisfied outside some ball.

e Strict semipassivity: Dissipation in-
equality is strict.

DCN of strictly semipassive systems with radially unbounded storage

function has ultimately bounded solutions.

J




TU/e technische universiteit eindhoven \Q Queen Mary
University of London

(®

xample. The Lorenz system

I = O'(yl — .Z'l) +u
Y1 =TT1— Y1 — T121
21 = —bz1 + 1

is strictly semipassive from u to y = x; with the storage function

1
V(zi,y1,21) = 9 (x? +y% +(nn—o —7“)2) .

V(l’hyhzhu) = yu_H(mlsthl)

where

o+r 2_b(0+7’)2
2 4 ’

H:Ux?—l—yf—l—b(zl—

>0
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Network equations:

{ij = f(z;) + Bu;
Y = C:Ej

Nonsingularity of CB == new coordinates (normal form).

{Z'j = q(25,9;)
y; = a(z4,y;) + CBu;

Coupling:

u=—T®L,)y, u=col(ui,...,ur),y=-col(yi,...,Yk)

Figenvalues of I 0= A1 < o < A3 < ... < )X

i . A
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Convergent systems (Demidovich, 1961)

z2=gq(z,y(t)), y(t)eD, Dis compact

The system is exponentially convergent if
e for any function y : t - D, t € (—o0, +00)
e I a unique bounded limit solution z(¢) defined on (—o0, 4+00)
o ||z(t) — Z(t)|| < Cem2(t—t) o > 0.

Test for convergence: 3P = P” > 0, s.t.

o (3tem)  (em) ]

has negative eigenvalues (Vw € D separated from zero).

N
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ull synchronization in DCN.

Full synchronization: z1(t) = 2o(t) = ... = x(t)

Assumptions:

e Strict semipassivity of each system from DCN with radially
unbounded storage function

e Exponential convergence of the system

z=q(z,y(t))
Result:
e I\ >0, s.t.
e if Ay > X the set 1 = 29 = ... = z;, contains

\ globally asymptotically stable compact subset.
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Example. DCN of Lorenz systems.

i} = o(xF —xj) +u,
z? = rz]l x? — x]lx? s Yj = T;
x;” = —bx? + mjlasf

u=—Iy

If the smallest nonzero eigenvalue Ao of I' is large enough

= full synchronization.

Intermediate regimes?

Partial synchronization.

N
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T" contains all information about the coupling

lobal symmetries

Let II be a permutation matrix commuting with I':

I -11mr=20

The set
ker(I, —1I® I,)

is invariant.

This set can be described by the equations of the form

$i=$j

\partial synchronization if z; = x; is stable and/or attractive for some 1, j )

. A
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Partial synchronization

Questions:
e are there any other invariant subspaces?
e how to find them?
e how to prove stability?
Hint:
e look for the symmetries
Symmetries:

e Global (depend on the coupling)

e Internal (depend on the properties of free systems)

Observation: the set x1 = o = ... = x is an invariant linear subspace.

~
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xample. A ring of four systems.

Ko+ K1 —Ko 0 —K;
r— —Ko Ko+ K1 —-Ki 0
0 -Ki Ko + K1 —Kp
—Ki 0 —Ko Ko + K1

Group of permutation matrices: Iy = I and

E O O I O FE 0 1
II; = , Iy = , 3 = , Bi=
O FE I O E O 1 0

.Alz{l'ERAln : .1'1:1'2,1'3:{[4}, A2:{$€R4n : 11:1’3,$2:$4}

A32{$€R4n DT = T4, T2 = T3}

N y
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Internal symmetries

Depend on the properties of free system.

Suppose:
e 1 permutation II, IIT —T'II =0
o 3J, Jf(x;) = f(Jx;)
e J commutes with BC: JBC — BCJ =0

Then the set
ker(Iy, —II® J)

is invariant.

.
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Stability of partially synchronized mode

Assumptions:

e Strict semipassivity of each system from DCN with radially
unbounded storage function

e Exponential convergence of the system

Z2=yq(zy())

Let 7' be the smallest eigenvalue of I'| (Te—TD)
Result:
e X >0, s.t.

e if 4/ > X the set ker(Iy, — II ® I,,) contains globally asymptotically

stable compact subset.

.

/

TU/e technische universiteit eindhoven Q.gQueen Meary
Uy of Lot

Example. A ring of four systems (cont’d).

Each cell is described by Lorenz system.

1 2
i} = o(xF —xj) + uy

1 .
xf—rx}—x?—x}x? s Y=, j=1,...4, u=-Ty
xS 1,2
z3 = bac + 2]

J=diag(-1 -1 1)
Additional invariant sets:
L ={zeRY : Jz; = xo, Ju3 = 24}
L={zeRY? : Jr; = a3, Jxy = 14}
L={zeR™ : Jay = x4, Jao = 23}

Ay ={zeR? : gl =22 =0, i=1,2,34}.

(2
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Example. A ring of four Lorenz systems (cont’d)

Ky X=XF X=Xz

conplete

§ _W”Chfni Blfn
% X = X=X Xgq
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On topology of DCN

A cellular diffusive network is said to be regular if
o All coupling constants are equal: v;; =y for all i # j

e Each cell is connected to N other cells.

N is the density of DCN.

.
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Problem statement: Asymptotic behavior of Ao when k& — co (large
DCN).

Ao is responsible for synchronization.

For regular networks the following relation is valid

lim A2(k, N) = 0.
k—o00

Conclusion: in large DCN full synchronization of unstable systems is
impossible.

.
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Examples of irregular and regular networks.
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Controlled synchronization

= f(x), zeR"
y = h(x)

Slave system : @ = g(&,y), & eR"

Master system :

In general, a given master system and a given slave system will not
synchronize. From a control point of view, there are two ways to try to
overcome this problem.

e If one is free to choose the slave system, it should be designed as an
observer for the master system.

o If the slave system is given beforehand, but there is still some
freedom to influence (i.e., control) the slave system, one could try to
design a controller to achieve synchronization. This is the

Controlled Synchronization Problem.

-

J
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Controlled synchronization problem: Find dynamic feedback
o= k(zny)
u = a(zny)
such that the closed loop system satisfies:
Jim_[l2(t)  #(0)] =0

Sometimes also internal stability required, i.e., the dynamics

i = g(#0,a(2n,0))
z = k(z,1,0)

are asymptotically stable.

-
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= f(x), xzeR"”
Master system :
y = h(z)
z=9(2,y,u), T€R" ueR™
Slave system : A
n = h(z)

Controlled synchronization problem: Find dynamic feedback
2= k(z,n,y)
u = oz,ny)

such that the closed loop system satisfies:

lim_[Je(t) - 2(1)]) = 0

t——4oo
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In fact, the controlled synchronization problem with internally stability

can be viewed as (a version of) the regulator problem.

So could try to solve the controlled synchronization problem by using
methods for solution of the regulator problem.

However, in most applications of chaos synchronization, the master
system possesses a chaotic attractor in which several equilibrium points
with unstable linearization are embedded.

This means that the Poisson stability hypothesis from the ”Byrnes &
Isidori solution” to the regulator problem is not met.

-
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Example of class of systems for which controlled synchronization
problem can be solved: Lur’e systems.

Master system:

&z = Az +U(y)
y = Cz
Slave system:
& = Ai+4U(y)+ Bu
n = Cz

where (A, B) is stabilizable and (C, A) is detectable.

-
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Example: Chua circuit.

i v a 0 x1 —a(mg — my)sat(y)
3.32 - 1 —1 1 T2 + 0
I3 0 -8 0 3 0
| —
A T(y)

y=x1, y=—a(m +1),a=156, mo=—-2, m =-2, 3=25

Slave system:

Choose F' = col(—1 —15.60), K = (4.36 0 0).

-
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T = Ax+Y(y)
Master and slave : y - o
t = AT+ ¥(y)+ Bu
n = C2
T = AT+ K(@{@-y)+¥(y)
T = Az+K(n—mn)+¥(y)+ Bu
Controller: § = Czf
n = CZ
= F(i-2)
with 0(A+ BF),0(A+ KC) C C.

-
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Example: Van der Pol differential equation.

Master system:

1 = @9
g = —m — (2% — D)o
y = 1
Slave system:
5:1 = o+ au
By = —y—(y*—1)iy+ fu

Want to try to achieve synchronization by means of (high gain) static
error feedback:

u=—c(t; — 1)

-
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.'fl = X2
Master system : &y = —x; — (23 — 1)z
y = 1

e The origin is the only equilibrium, and it is an unstable focus.

e There is a unique limit cycle C' that is (not uniformly) exponentially

attracting for all non-zero initial conditions.
e If Z(t) is a periodic solution starting on C, T is its period, and

p(t) = 23(t) — 1, then

T

1

pi= T/p(r)dr >0
0
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Case 1: =0, a #0.

Error dynamics:

Fundamental matrix:

exp(—ac(t — to)) Y(t,to)

Bltito) = 0 exp(— [ p(r)dr)

Since p > 0: synchronization if and only if ae > 0.

.
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Error dynamics when master system evolves on limit cycle C:

—ac 1
—Bc —p(t)

with
1 T
p0 =30 -1 pi= g [ pr)ir >0
0

Linear time-varying differential equation!

- J

4 )
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Case 2: a =0, B #0.
Error dynamics:
0 1
—Be —p(t)

N\ 2
Be > (?)
p

T
1= [ la@ldr, at) = p(0* + 5500
0

Synchronization if

where

2

Proof involves transformation into Hill equation, results on growth of

solutions of Hill equations (Levinson, 1941). Bound is conservative!

.
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Case 3: a # 0, 5 # 0.

Error dynamics:

—ac 1

—Bec —p(t)

Singular perturbations and Tikhonov’s Theorem: High-gain feedback
with ac — +o00 works if and only if

[
e
High-gain feedback with ac — —oo does not work.

Lower bound for ¢ can be given, but is very conservative. Have to take

recourse to numerical methods

.

J
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What can be learnt from this example?
e Have had to use many example-specific and ad-hoc methods.

e This leads to the conclusion that ”genuinely nonlinear” regulation
and controlled synchronization is difficult, and that hoping to be
able to solve the problem in its full generality seems to be in vain at
the outset.

e So should rather concentrate on classes of systems with specific
properties.

e One of these classes, fully actuated mechanical systems, will be

treated in the next section.
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Coordination of mechanical systems:

* Introduction
» Mutual synchronization controller

« Convergence properties
» Experiments

* Conclusions

* Future extensions

Synchronization and Control
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I ntroduction

Objective
Two or more mutually synchronized robot manipulators

Restrictions

Only position measurements

M otivation

O Synchronization tasks :
» mobile platforms (transportation, walking robots),
* object manipulation (manufacturing industry),

O Velocity sensor equipment

O Accessibility on the robot architecture

Synchronization and Control
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History

= * Huygens (1673): pendulum clocks linked via (flexible) beam

* Rayleigh (1877): nearby organ tubes, tuning forks

z * B. van der Pol (1920): electrical-mechanical systems

Definition

* Time conformity

» Certain relations between functionals and/or variables

Synchronization and Control
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Internal (mutual) synchronization

« All objects appear at

equal terms
 Synchronous motion as /

result of interaction/coupling - <)

External synchronization

master
* One object ismore D
powerful (master) / \
* Synchronous motion
is determined by the master .

Synchronization and Control
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Synchronization and Control
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Hydraulic platform
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General setup

* n actuated rigid joints

* All joints are revolute
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General assumptions

* Only joint position measurements

» Dynamic model and physical parameters are known
for all robots

» Desired joint positions, velocities and accelerations
are bounded

Synchronization index and functional
J(@.q)=la" q']
foo =l 3@.a)-3;(a,a) [, i=L..p  j#i,
fiy =] 31(0,6) = 34(ds.G) [ T=L....p
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Mutual synchronization controller

Rigid joint robot dynamics

M,(4)a+C (4, q) g +9,(a) =T, i=1..p
| deal feedback control law

T =M,(a)0,+C(d,6)0+9,(a)~ Ky § K, S

Synchronization errors S
S=4 ~Gi» S =G4~Q;
€ =G4, 6&;=q ~(q;
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Feedback control law with estimated variables

N NN N

T, =M,(q)0,+C (d,0) 0+ 6(4) ~ Ky S—K, 5

Synchronization errors
N N N

S =G ~ 0, s =qi_dri

€, =40 &;=0¢ —q;
Nominal reference tragjectories

. . . N p AN
Nominal reference trajectories _ d : s L
0 A _ _ o o qri_qd__ Ki,j(qi_qj)! qri_Qd__ Ki,j(qi_qj)
G: =0y~ ) K (@ -q); a;=d,~ ) Ki;(q-q)) = =k
j=Ly= j=L =i
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Observer for slavejoint variables Algebraic loop
aai =ai +/-1i,1ai dn —15 ANEN H -~
aqi :_Mi(qi) E(:(qiiqi)qi-i-gi(qi)_riD+l’li,2qi
N B NN H D D
d - o A ~ 0 0
Eqi =-M;(q) (g.9)g+g(q)-1,0 +4,q
0 0
0 0
; S d? P d” daf. . ANEN A H ~
Estimation joint errors EQi =- Z Ki,j(EQi_ach)+Qd_Mi(Qi)_lEC(inqi)§+Kd,i3+Kp,i$ U+4,q
-~ N

q =g —q, di ::di_ di

Seemingly problem: Algebraic loop !!!
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.. A A
yi(qu’S’Si’Qi’Qi)
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For i=1...,p

N N AN N

P d - d - . . .
|+ K )—q - K. —0g =v(4S.5,G,0
y e "J)dtq' ,-:;,ﬁ g %(9.5,5.4.9)

Such that
P O

Hn““ Z Kl,j _Kl,2 _Kl,p fd A O

0 i=L7#1 Mqlm Eyl%

0 - [Hg A O

0 -K,, |n+AZ Ky - -Ks, [E)_tqu: %{2[]

b o R

0 : . : mn A O o O
P v O B0

E -Kp1 -K2 R Z Kp,jﬁqpﬂ

i=Li#p

M_(K;;) Nonsingular for any K; ;20!
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Main result

Thereexist conditions on the minimum eigenvaluesof the control
gainsK ;, K, andtheobservergains i ,, U, suchthat

_~

s-0 s -0 -0 g -0
semi - globally exponentialy.
Thus, the robotsare semi - globally exponentidly synchronized

p.i

since for i =1...,p, ¢ — @; and g; — g, exponentialy
for any initial conditionin theregion of convergence.
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~ o~

e Convergenceof s,$,0;,6,

) : - ~\ 0T O
V= ;(sTMi(qi)s+sTKp,is)+%Z%‘iT q Mi@)  m@)l o

J(a)l, ui,2+ﬁiln%i8
f70~
1+] |

B, =Nold;, + 2V, Gy (Ui,l +,70Mi,m_1) _ui,z(l_ Mi,m)

N| -

n, (5.) =

Convergenceof s,§ imply g - g, and g, - ¢, !
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S — 0 impliesinthelimit t — o« that 6, =0 -0,
t P 0 =0 —0.
05,0 IR Kie, O 00 974974
o.g o = 0o
0o O ; E_GD
%pH %p,p'l' Kp,Jep,iD @E
0 i=IT#p 0
P 0
Hn + Kl,j Kz Kl,p O
g = 0%t [0
0 P a g
O Kos I+ Z Kz, ~Ksp %ZD: %1"5
0 : =172 ) od: 0 00
. ik
0 p d
-K -K I, + K, .
g : 2 1H
Mc(Ki,j)
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Experiments

Two CFT transposer robots

¢ 4 degrees of freedom (dof)
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Robot dynamics + friction effects
Mi(qi)di+Ci(qi’di)qi+gi(qi)+-[f(qi):Ti
» 0

Ty (q|) =B, di"'Bfl,i[ﬂ-_

1 premi D

Feedback control law with estimated variables

N N A

D+Bf2,i|j]-_—

i=1..,p

> b

[

T prgmi

N N
. Sarnp“ng frequency: 2 kHz Ti = Mi (qi)qri +Ci (q| ’qi)qri + gi (q|) +Tf (q|) - Kd,i 3 - Kp,iS
* encoders: 2000 PPR
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Synchronization errors

Synchronization errors € 858y Coupled case
3 . . T . T

. ?:Synchronlzatlon errors‘ e .8 2,‘92 . Uncolupled case

1x10'3 Obse‘rver errors a‘w,ﬁz, CoupI?d case
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Observer errors

1)(10'3 Observer eITors 6‘1'1, az’ Uncoulpled case
--------- e - e e e B 0s
i ' ‘ ‘ =)
© . ' ! ‘ : -
= 1 | | 1 o
---------------------------------------------------- B i e S S B
0 : ~ 0
B! o
o Of------3 o
‘ ‘ o . : : | 1L )
L T S - e s o | =
: : ‘ 1 02— ‘ 3 : M 2 3 4 5
02 04 08 08 1 0 02 04 06 08 1 e Eme ]
time [s] time [s]
~ N ~ N
€,=0, =0y, €,=0 —0,, €,=0,=0q4 4, =9, —q;, 4, =0,-0,
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Conclusions

» Semi-global exponential mutual synchronization
 Robustness against noise measurements
 Robustness against disturbances

Future extensions

 Different nominal references:
» partial synchronization

» Other mechanical systems:
» mobile systems
» satellite formations
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