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User ratings about items are collected in a huge data matrix

~ 107 known ratings (0.01% - 0.1%)
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A sound idea to estimate the missing ratings Is to exploit similar patte
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A sound idea to estimate the missing ratings Is to exploit similar patte
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How to efPciently capture similar patterns at the global level ?



A simple yet powerful approach is to learn a low-rank matrix model
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Rationale: user preferences are only inBuenced by a limited number of dominar
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The problem boils down to a rank constrained optimization problem

min Z (W ,'J - W i )> St rank(W)= r
W RA 2 (jr
| |

guadratic error pxed-rank
on the known ratings constraint



The general problem of learning a low-rank matrix
has been actively researched over the last few years

A challenging problem with many applications:

min f(W) s.t. rank(W)=r

W c R4 42
Convex relaxations Fixed-rank matrix factorizations
e.g. Fazel (2002), Candes and Recht (2008) e.g. Rennie and Srebro (2005), Jain et al. (201
" —_ T
min f(W)+ + TWI, W G H
W < Rd1! do |
promotes

low-rank solutions



We address the problem of learning a Pxed-rank matrix
from a geometric optimization viewpoint

In the thesis, we

study the geometry of several bxed-rank matrix factorizations
exploit the geometry of the underlying search space in the design of novel

evaluate the proposed algorithms on several machine learning problems

The proposed algorithms

scale to high-dimensional problems
favorably compete with the state-of-the-art

connect with a number of algorithms recently proposed In the literature
9
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In the thesis, we focus on the problem of learning
a linear regression model parameterized by a Pxed-rank matrix

Given:

Solve

X eX

data

y!I R Y = Tr( WX)
| |
observation linear regression model
arg min Ex ,{ (9! ¥)°}
W! W |

loss function

search space
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We brst consider the problem of linear regression
on bxed-rank symmetric positive semidePnite matrices

X! R d y! Ry p=Tr( WX)
| | | |
data observation linear regression model
min Ex ,{(¥' y)’}  subjectto W =WT! 0, rank(W)=r
d! d
W eR® loss function

G. Meyer, S. Bonnabel and R. Sepulchre
Regression on Fixed-Rank Positive SemidePnite Matrices: A Riemannian Approa
Journal of Machine Learning Research, 12 (Feb):385-417, 2011 13



We then relax the symmetric positive semidePnite constraint
and generalize the results to Pxed-rank non-symmetric matrices

X | Rézxd y! R P = Tr( WX)
| | . |
data observation linear regression model
min Ex ,{(®' ¥)’}  subjectto w =WT! 0, rank(W)=r
W RExd: |

loss function

G. Meyer, S. Bonnabel and R. Sepulchre
Linear Regression under Fixed-Rank Constraints: A Riemannian Approach
Proceedings of the 28th International Conference on Machine Learning (ICMII_)



Low-rank matrix completion bts into our regression framework

m|n Z (W;J - W” )2 S.1. rank(W) = r
W R4 42 (jjr1

min Z (B ! Vi )4 S.t. rank(W ) =r
W | Rdl X do (i) )! Q
where Vi =Tr(Weje')=Wj and Yij = W
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Further modern machine learning problems are cast
as a linear regression problem on bxed-rank matrices

Learning of a low-rank distance

Automatically compute a problem-specibc distance from data

Learning on data pairs

Learn a bilinear forgh= x"Wz ,fromx ! R% z1 R% y! R

Ranking from a matrix similarity measure
Extract and order samples that are the most relevant to a given query sample

Multi-task regression
Joint learning of multiple linear regression models
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Gradient based learning is a typical approach
to solve linear regression problems

Batch gradient descent algorithms minimize the cost function

1"
Hi:

fn(W) = (%! vi)®>  withrespectto {(Xi,u)}",

1
Online gradient descent algorithms adaptively minimize the cost function

(W) = (4! ye)? with respectto {(X: Ye)}a 1

Gradient descent in a vector space

Wi = Wil sigradf(Wy)
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The framework of optimization on matrix manifolds
naturally extends gradient algorithms to non linear search spaces

Tw, W | sy gradf (W)

Wt+1 — IQWt (I Stgradf (Wt))

P.A. Absil, R. Mahony, R. Sepulclrgtimization algorithms on Matrix Manifolds
Princeton University Press, 2008 I8
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Driving application: distance learning in high-dimensional feature spa

Compute a data-specibc distance that ensures good classibcation or clustering

y =dw (X;,X;)  X;,X; € R®
| |

distance model d is potentially large

Learning a low-rank distance greatly reduces the complexity of algorithms
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Full-rank distance learning algorithms
do not generalize directly to the learning of low-rank distances

Gradient iteration: Wi = argmin D(W,W;) + s (! yt)2
W1 0 |

closeness measure

Frobenius norm! W " W;!2 (Xing et al., 2002; Shalev-Shwartz et al., 2004)

® do not maintain the iterate within the search space of interest

Bregman divergences

von Neuman divergence (Tsuda et al., 2005)W log W ! WlogW,! W 4+ W)
LogDet divergence (Davis et al., 2007) Tr(WW ;1) —logdet(Ww ;') —d

® dgeneralized to low-rank matrices of a Pxed range space only (Kulis et al., 20
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The proposed approach rests on the geometry of bxed-rank factorizatior

RA! T S, (1) St(r, d)

w - & e - R U7
1 O U'u=1
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Fixed-rank matrix factorizations are not uniguely debned

For an arbitrary rotation matrixQ | O(r)

w -IO o [N

o o' o o IUH
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The search space can be identiPed as a quotient manifold

Total spaceRY" "

GO

equivalence class

G| ={GO : 0! O(r)}

Quotient manifol®4*" /O (r)



The tangent space is restricted to the set of horizontal vectors

Total spaceRY" "

—

me] G]={GO :0! O(r)}

Quotient manifol®4*" /O (r)



The Prst geometry yields a simple and efbcient algorithm

GO

G; ¢—> Giig Total space
Rd! r
G ;

/f B Quotient space

. [Gy]e (Gt1 ]® . RI*T /O (r)
JournZe et al. 2010

Riemannian metric gic1('ia) "q)) = Tr( 8L %)

Resulting algorithm Git1 = Gl st (% ! yt)xtXtTGt O(dr)
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The metric for the polar geometry has separate terms
for the subspace and the positive dePnite operator in that subspace

(U;O,0"R?0)

(U1, R Total space
St(r, d) I S+ (r)

= Quotient space

o o (St(r,d) ! Sy (r))/O(r)
[(Ue, RY)] (U1, Ry )] Bonnabel, Sepulchre 2009

Riemannian metric

1 - 1
g[(U,RZ)]! !—TI'("UT#U) | T TI'(R!ZQ:QZR!Z'%z)

Stiefel metric AfbPne-invariant metric of-§)
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We obtain separate iterations for learning the subspace of the matri»
and a positive debPnite operator within that subspace

(U;O,0"R?0)

(U1, R Total space
St(r, d) I S+ (r)

= Quotient space
o (St(r,d)! Sy (r))/O(r)

®
[(Ut, R{)] [(Ut+1, R )]

Resulting algorithm

Uiur =gf(U. ! s! grady T) O(dr+r?)

Rfa = Reexp( si(1! )R gradg. fR{HR;
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The tuning parametdr interpolates between two limit cases:
subspace learning and distance learning for a Pxed range space

(St(r,d) ! Sy (r))/ O(r)

w - |u R’ UT Upr =gf(U ! s ! grad, f)

Rf1 = Reexp(! si(1! )R 'grads: fR;HR;

Subspace learning) (— 1)

l.e., updates are performed on the range space only (Oja, 1992)

Distance learning at bxed range spate ( Q)

l.e., the range space Is Pxed by the initial condition of the algorithm (Kulis et al. :
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We show how to interpret previous contributions into the proposed framework

Connection with the algorithm of Davis et al. (2007) based on Log-Det divergenc

R?,, = Ryexp(—s: R:(§: — y:)Sym(U; X, U;)Ry) R,

D R2! s R2(j ! y)Sym(UT X, U)R2 + O(s?)

Connection with the algorithm of Tsuda et al. (2005) based on vNeumann diverge

Log-Euclidean geometry (Arsigny et al. 200%): = exp(S), S —gl | RIxd

Rg+1 = exp(log R% s (9! ye)Sym(U tTX tU¢))
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Learni
rning the range space allows us to obtain a much better bt

than wh '
en the range space Is bxed with a commonly used heuristic

Learned subspace
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Mahalanobis distance learning experiment on speech recognition data

Mahalanobis

~ 7000 audio recordings . .
distance matrix

~ 620 Isolet data — A
features
Categories NG da (xi, %) = (x5 — %) A(xi — %)

pronounced alphabet letters
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The proposed algorithms perform better
than algorithms that Px the range space beforehand using PCA

Classibcation

accuracy (%)

100
. ‘ﬁ . x ___—t3 _,_—E-_‘
) Y ”’.
' —
80+ ¢ P
60+
40" ——0Online flat geometry
—=—0Online polar geometry
| —<—PCA + LMNN
20 PCA + LEGO
I ——PCA + ITML
—— PCA
OO 10 20 30 40 50

Rank of the Mahalanobis distance 33
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We generalize the previous geometries for symmetric p.s.d. matrices
to the case of bxed-rank non-symmetric matrices

R&! T R St(r,d;) S. (r) St(r, dy)

I I B

35



The search space can be again identiped as a quotient manifold

For an arbitrary invertible matrixmM | GL(r)

W —

(RE*" x RE2*T)/ GL(r)
{((GM'1 HM T): M | GL(r)}

For an arbitrary rotation matrixQ | O(r)

o o'[E o o I

(St(r,d1) ! S.(r)! St(r,d2))/ O(r)
{(UO,0"BO,VO):0 € O(r)}

W —_
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We propose an algorithm that converges
to a balanced factorizatiog "G = H™H

d1><r d2><|'
RILXT | RO

(G, Hy) | Cost MinimizatioR (s, g )

l Balancing
(Gt+1 , H t+1 )

./[(G—H:,Htﬂ )]

[(Gt,Ht)]

(R4 ™1 R%' ™)/ GL(r)

Cost minimization update

Gi= Gi! si($! y)X{ Hi(G{ Gy)
Fe=He —se($ — Yi)XtGe(H{ Hy)

Balancing update

Gt_|_1 — G’t eXp((Jét(H?Ht I G?Gt))
Hwa = Heexp(! (G G,! F/H,)

37



The proposed algorithm connects
with the gradient descent version of MMMF

Proposed algorithm
Gi+1 = Gt! s(9 ! Yt)Xth(GtTGt)

Hira = Hi — St (B —Yt)XtTGt(HtTHt)

Gradient descent version of MMMF (Rennie and Srebro, 2005)

0
~
+
=
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Gi!ose(8 ! y) XeHy

Hel se(o ! Yt)XtTGt

L
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+
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As opposed to the MMMF algorithm, the proposed algorithm
IS not sensitive to a discrepancy between the norms of G and H

Gole " BIHG!E

— Balanced Factorization
10° | — MMMF

Cost function

0 20 40 60 80 100 120 140

Computational time (sec)



We also generalize the algorithm based on the polar factorization

Cost minimization update

St(r,dg) ! Si(r) ! St(r,d2) Uwr =qgf(U,! s,grad,f)

B = Bt% exp(! s:B, %gradBf Bi
Viir =qf(Vi — st gradyf)

N
ﬁ‘l\)“_\

)B

Cost minimizatio
(Ut’Bt’Vt) >

(Uts1,Bts1,Vis1)

[(Ut+1,Bt+1,Vie1)]
(U, By, V)]

(St(r,dq) ! S.(r)! St(r,d»))/ O(r)
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A nice property of the algorithm is that regularization is very cheap

With the factorizationW = UBVT, we have that! W!Z =!B!?

The algorithm only requires the cheap modibcation

1
2

Biiy = BZ exp(! sBZSym((! Vi)V X U+ AB{)BZ)B;

regularization term

41



This algorithm also connects to
recently proposed algorithms for low-rank matrix completion

| E.=P (UB;V{ —W")
Proposed algorithm

Ui =qf(U,! s(E,V,B,! U, Sym(U/E,V.B,)))
Bra1 = BZ exp(—sBZSym(V I EJU,)BZ)B? B=BT -0
Vi =0f(Ve! si(E{ UBy! V(Sym(V| E{ UB})))

Singular VValue Projection (Jain et al. 2010)

(Ut+1 ,Bt+1 ,Vt+1 ) — SVDT(UtBtV%F ' StEt) B = |:\:|
| |

low-rank sparse
OptSpace (Keshavan et al. 2010)

U. = U,! s, (I UUNE VB!

Vier = Vi! s(I! V(V])ET UB, B! R
Bi1 =argmin! P, (U BV L, " WH)IZ
B
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Matrix completion with random data and uniform sampling

We generate rank-2 matricesv' | R% ¢ for various sizes d

A fraction p=0.1 of entries are randomly selected for training (batch mode)

The competing algorithms all stop when the RMSE drops belotv 10

43



The proposed algorithms compete with state-of-the-art algorithms
both in terms of achieved test error and time to reach convergence

Test RMSE
3xlO!3
Bl Balanced factorization
ok Bl Polar factorization
| Bl MMMF (Grad. Desc.)
Bl OptSpace
2 Bs\VP
ERADMIRA
1.5 EsvT

1000 2000 3000 4000 5000

Problem size

Time to reach convergence (sec)

—¢ Balanced factorization
-©-Polar factorization
~*—MMMF (Grad. Desc.)
10" } —©-OptSpace

—*-SVP

- ADMIRA

10 ¢ A
[ =L

11|

1000 2000 3000 4000 5000

Problem size 44



Collaborative Pltering experiment on MovielLens data

The MovieLens data contains 1 million ratings for 6040 users and 3952 movies

We perform 90/10 - train/test splits and average the results over 10 runs

The RMS error on the test set is computed for different values of the rank
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The algorithm based on the polar factorizatiopyv '

yields the smallest test error for this experiment

Rank

Algorithm
Balanceq Polar | MMMF SVP |[OptSpacq ADMIRA
5|1 09 | 087 | 0,86 | 0,88 | 0,90 | 1,07
71088 | 0806 | 0,86 | 0,89 | 0,89 | 1,04
0| 0,88 | 0,85 | 0,86 | 0,90 | 0,89 | 1,04
121 0,88 | 0,85 | 0,87 | 0,92 | 0,89 | 1,03
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Most algorithms for learning a low-rank matrix are prst-order methods

There are several reasons for that:

second-order derivatives are often too expensive to compute
iInvariance symmetries of bxed-rank factorizations is a source of difbcultie

high numerical accuracy might not be required for the problem at hand

We develop Riemannian trust-region algorithms that

naturally handle invariance symmetries of Pxed-rank factorizations

maintain a linear complexity in the problem size

come with a well-characterized convergence theory
48



Trust-region algorithms on Riemannian manifolds are well-characteriz

Absil et al., (2007) set up the framework of Riemannian trust-region algorithms

algorithms enjoy superlinear convergence properties

generic implementation available (GenRTR)

1: Solve trust-region subproblem

LTI T+ gw (e grad (W) + 2 g (tw , Hesst (W)t )

S.t. gw (Cw,tw)! "?

2. Update iterate as well as trust-region radius

How to compute the Riemannian Hessian ? Can it be computed efbciently ?
49



We provide closed-form formulas for computing the Riemannian Hess
and show that it can be computed efbciently when the problem is spa

Hessf(W )['w] - 1y, gradf (W)
|

OOdirectional derivative
of the gradient peldOO

We develop closed-form formulas for computing Riemannian connectiafs

We exploit those formulas to propose novel trust-region algorithms
for matrix completion and distance matrix completion

We exploit the underlying sparse structure of these problems
to maintain a linear complexity in the problem size

50



Trust-region algorithms converge faster
than their gradient descent counterparts

Time taken (sec.) Test error (RMS)
B TR Balanced
0.35 B TR Polar
B GD Balanced
0.3 B GD Polar
0.25
0.2
0.15
10 4 —»#— TR Balanced 0.1
3 -©-TR Polar
—8- GD Balanced 0.05
—©—GD Polar

0
10 ' ' ' | | |
1000 2000 3000 4000 5000 6000 7000 8000 9000 10§00 0 1000 2000 3000 4000 5000 6000 7000 8000 900010000

Problem size Problem size

Gradient descent ~ 40 min.
Trust-region ~ 4 min. 51
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Conclusions

We propose a new algorithmic framework for learning a bPxed-rank matrix

The proposed algorithms have a linear complexity and thus scale to high-dimensional p
They confer a geometric basis to recent contributions on learning bxed-rank matrices

They favorably compete with the state-of-the-art

Optimization on manifolds is an attractive framework for the learning of Pxed-rank matrice
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