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Abstrac t

T hispaper empirically comparesa variety of¯rm-value-b ased mod -
elsofcontingent claims.We formulate a generalmod elw hich takesthe
perpetualcouponb ond mod elsofM erton(1974 ),Leland (199 4 ) and An-
d erson,Sund aresanand Tychon(1996),asw ellassome immed iate gen-
eralizationsthereof,asspec ialcases.We estimate these usingaggregate
time seriesd ata for the U S corporate b ond market,monthly,from August
1970 through Decemb er 1996. T he d ata are average yield sfor ind ustrial
corporate b ond srated B B B , Treasury yield s,leverage measuresd erived
from the Flow ofFund sAc counts,interest c overagemeasuresd erived from
the NationalIncome Ac counts,and volatilitymeasuresd erived from the
stockmarket.Inthe b asic spec ī c ationw ith constant d efault free rates,
w e ¯nd that mod elsw ith end ogenousbankruptcyb arriers(theLeland and
the And erson,Sund aresanand Tychonmod els) ¯t quite w ell.T hus,in
these mod els,variationsofleverage and asset volatility are found to ac -
c ount for much ofthe time-seriesvariationsofobserved corporate yield s.
We thenuse the estimatesto calculate the implied prob ab ility ofd efault
w ithinNyears.We ¯nd und er plausible assumptionsonthe market risk-
premium for levered ¯rmsthat themod elsprod uce d efault prob ab iltiesfor
5yearsor more w hich are inline w ith the historicalexperience reported
by M ood ys.
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1 Introd uc tion
In this paperwe estimate structuralmodels ofcorporate bond yields using
monthlyobservationsofyieldindicesofU .S.investmentgradecorporatebonds.
FollowinginthetraditionestablishedbyM erton [32 ]structuralmodelsofcorpo-
ratebondstreattheseascontingentclaimsontheassetsofthe r̄m.Variations
inyieldareexplainedbyvariations in leverage,assetvaluevolatility,andthe
risklessinterestrate.Interestinstructuralmodelsoftheliabilitiesofthe r̄m is
motivatedinpartbytheoreticalconsiderations.T hesecontingentclaimsmodels
aretheextensionsoftheneoclassicaltheoryofthe r̄mtothecaseofstochastic
outputincontinuous time.A s suchtheylinkthevaluationof n̄ancialclaims
toeconomicfundamentals andpotentiallycanbeimbedded inanequilibrium
modeloftheproductioneconomy.Furthermotivationforstructuralmodelsof
corporateliabilitiesisprovidedbypastempiricalworkwhichhasfoundthatcor-
porateyieldspreadsovergovernmentbonds is relatedtostockmarketreturns
andmacroeconomicbusinesscycleindicators(Ja®ee[21 ]andD u®ee[1 1 ]).

D espitetheappealofstructuralmodels,theyhaveproveddi±culttoim-
plementsuccessfullyandarenotverywidelyusedinpractice.O neproblem is
thatmoststatisticalanalyses haveemployedlinearmodelswhereas thetheo-
reticalmodelsrelateyieldstofundamentaldeterminants inahighlynon-linear
way.T hustheseestimatesarebestviewedasapproximationswhichhaveveri-
ēdsomeofthequalitativepredictionsofthetheorybutwhichcannotbeused
directlyinpricing.Furthermore,structuralmodels havegreaterdatarequire-
mentsthanotherapproaches.PastseriousattemptstoimplementtheM erton
modelonU .S.corporatebondsproveddisappointing(Jones,M ason,andR osen-
feld [23][24]).T hemodels didnot t̄verywellandtendedtosystematically
underestimateobservedyieldswhenplausiblevaluesofassetvolatilitywereem-
ployed.Incommentingontheseresults,FisherB lack[5]noted,\ T hisisacostly
model.Itusesalotofcomputertime.A ttheendofitalltheaverageerrorin
pricingbonds is 6%.I am surprisedthatJonesetalareabletocreateamodel
withsuchalargeerror."

In thefaceoftheseresults practitioners havetended toadoptpragmatic
solutionswhichattempttoinferfairyields frommarketyieldsofothertraded
instruments thatarecomparablewithrespecttoratingandmaturity.Inthe
simplestapplicationthisgivesriseto\ matrixpricing"wheretheyieldofagiven
issueis derivedfrom asetofyields oftradedbenchmarks usingadhocrules
forinterpolation.R ecentlyanumberofadvances havebeenmadewhichgive
arigorous statisticalbasis forinferringissueyields from marketbenchmarks.
Importantstudiesoftheseso-called\ reducedform"modelsofcorporateyields
includeL ittermanandIben[27],JarrowandTurnbull[22]andD u±eandSingle-
ton[1 2][1 3].T hisapproachdrawsupondevelopmentsinthe1 980 'sinmodelling
thedefault-freeterm structure.Inparticular,thesehaveintroducedavariety
of° exiblefunctionalforms givingtheconditionalprobabilityofdefault.T he
results have been encouraging, and these reduced form models areusefulin
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somepracticalapplications.H owever,thereare importantlimitations tothis
approach.

T hesestudieshaveproposedavarietyof° exiblefunctionalformwhichmay
becalibratedtoagivensetofbenchmarks.Twodi®erentforms calibratedto
thesamebenchmarksmayimplysignī cantlydi®erentvalueswhenpricingsome
otherissue.T hus predictedvaluedependsuponthechoiceoffunctionalform,
achoicewhichmaynotbefullydeterminedonthebasisofgoodnessof t̄.

A secondproblemwithreducedformmodels isthatformanypricingprob-
lemstherearenoreliablebenchmarks.Inthis caseonewouldliketoestablish
values from r̄stprinciples.Forexample,supposethatagiven companyhas
asingle5 yearbondoutstanding.O nemightassumethatsuchabondcould
bepricedusingamodelcalibratedtothegenericzero-couponcurveforissues
carryingthesamerating(seee.g.,L ittermanandIbenforthisapproach).Sup-
posetheresultingyield prediction is signī cantlybelowthemarketyield for
this security.D oesthisrepresentatradingopportunityordoesitindicatethat
therisksofthissecurityaresignī cantlygreaterthanthoseoftheaveragesecu-
ritywithinitsratingclass? Itis di±culttoknowhowtoanswerthisquestion
withoutreferencetofundamentals.

A thirdlimitationtocorporatebondpricingusinga° exiblereducedform
modelcalibrated o®ofcloselyrelated issues is thatthis approach topricing
individualsecurities ignores systematicrisks in abond portfolio. Itis likely
thatdefaultevents ofdiverse r̄ms arecorrelated and coincidewith cyclical
down-turns.T his factis ignored inanapproachthattreats thebondmarket
as consistingofalargenumberofisolated segments,each ofwhich contains
benchmarksusedforcalibratingamodelwhichinturncanbeusedtopricethe
otherissueswithinthesegment.Suchanapproachwastespotentiallyvaluable
informationderivingfromthefactthatyieldsacrossthesesegmentsarepartially
driven bythe samecommonfactors. In contrast,afundamentalmodels can
readily takethis intoaccountwhen itis realized that r̄m assetvalues may
conform tosomemulti-factormodel.

Forallofthesereasonswefeelthereis aneedforfurtherempiricalstudy
ofstructuralmodelsofcorporatebonds.A nadditionalreasonforundertaking
this isthatinrecentyearstherehasbeenrenewedtheoreticalworkinthisarea
designed toaddress the limitations encounteredwith pastcontingentclaims
models.T heoriginalmodelofM erton [32]andmostothercontingentclaims
analysisassumesthatdefaultoccurswhenthe r̄m'sassetsfalltoanexogenous
absorbingbarrieratwhichpointthecreditors immediatelyseizetheassets of
the r̄m, possiblynetofsomebankruptcycost. T his treatmentof n̄ancial
distress is inconsistentwithobservedexperience(see,forexample,thepapers
by Franks and Torous [1 6][1 7]and W eiss [35]). T his shortcominghas given
risetonewmodelswhichdeterminethelowerreorganizationboundaryofthe
modelendogenously. O neapproach has been to introduce agame-theoretic
modelofthebankruptcyprocess and inthiswayaddress thedeterminants of
deviationsfromabsolutepriority(see,A ndersonandSundaresan[2],A nderson
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Sundaresan,andTychon[3],A nderson,Pan,andSundaresan [4]andFanand
Sundaresan [1 4]).A nalternative,butcloselyrelated,approachbuilds onthe
realoptions theoryofinvestmentdecisionandtreats theliquidationdecision
as anoption(see,M ella-B arralandPerraudin [31 ]).A thirdlineofmodelling
followsB lackandCox[6]inassumingthatdebtserviceis paidbyissuingnew
equity;theendogenousbankruptcypointisthevalueofthe r̄m suchthatthe
marketpriceofequitydropstozero.(See,L eland[28]andL elandandToft[29]).
W hiletherearesomesimilarities across models,theirimplications forpricing
can di®ersignī cantly. Todate there has been noattempttodiscriminate
amongthesemodelsonempiricalgrounds.

T hepurposeofthecurrentstudyistoseetowhatextentthesenewmodels
areabletoaccountforbroadtimeseriesvariationsinobservedyieldsofdefault-
ablebonds.Secondarily, itattempts toidentifywhichofthemodels t̄s the
databest.Specī cally,weformulateageneralmodelwhichtakestheperpetual
couponbondmodelsofM erton(1 974),L eland(1 994)andA nderson,Sundare-
sanandTychon(1 996),aswellas someimmediategeneralizations thereof,as
specialcases.1 W eestimatetheseusingaggregatetimeseries datafortheU S
corporatebondmarket,monthly,from A ugust1 970 throughD ecember1 996.

Inthebasicspecī cationwithconstantdefaultfreerates,we n̄dthatmodels
withendogenousbankruptcybarriers(theL elandandtheA nderson,Sundaresan
andTychonmodels)̄ tquitewell.T hus,inthesemodels,variationsofleverage
andassetvolatilityarefoundtoaccountformuchofthetime-seriesvariations
ofobservedcorporateyields.Incontrast,theM ertonmodelwhichassumesan
exogenous bankruptcybarrier,does notperform well.W henweconsiderthe
alternativespecī cationwhichallows foratime-varyingdefaultrisk-freerate,
theperformanceoftheM ertonmodelimproves.H owever,itis stilldominated
bythatoftheendogenous bankruptcymodels.W ethenusetheestimates to
calculate the implied probability ofdefaultwithin N years. W e n̄d under
plausibleassumptions onthemarketrisk-premium forlevered r̄ms thatthe
modelsproducedefaultprobabilitiesfor5 yearsormorewhichareinlinewith
thehistoricalexperiencereportedbyM oody's.

T heremainderofthepaperisorganizedasfollows.Insection2 wedescribe
thedata.Section3 developsthegeneraltheoreticalmodelandshowshowknown
models from theliteraturearenestedas specialcases.Section4 presents the
empiricalestimates.Section5 isdevotedtoourconclusions.

2 Data
O neofthemotivationsforstructuralmodelsofcontingentclaimsistoprovidea
linkbetweencorporateliabilitiesandtheirfundamentaleconomicdeterminants.

1Allthese mod elstake ¯rm value asthe und erlyingstochastic process. Incontrast the
mod elofM ella-B arraland P erraud intakes¯rm salesasthe d rivingproc ess.Implementing
thisw ould require a d i®erent approach from that takeninthe current paper.
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Itis commonplacetoregardequityvalues forawiderangeof r̄m as being
determinedbyasmallnumberofcommonfactors and r̄m-specī cfactors.It
is muchless commontolookuponthedeterminants ofcorporatebondyields
inasimilarvein.H owever,inourview,itis likelythat n̄ancialdistress and
therecoveryrates onclaims ofdistressed r̄ms arebothhighlydependenton
systematicfactors.H owever,bythenonlinearnatureofdebtlikeclaims,the
sensitivitytotheseeconomicfactorswillvarysignī cantlyacrossdi®erentclaims
andovertime.L owergradeclaimsthatareclosertobeingdistressedarelikely
tobemoresensitivetofactors a®ectingequityvalues;whilehighgradeclaims
aremostlysensitivetochanges intherisk-freeterm structure.T headvantage
ofstructuralmodelsisthattheyarespecī callydesignedtore° ectthisvarying
sensitivityunderchangingcircumstances.

O ne possibleapplication ofstructuralcontingentclaims models is tothe
pricingofspecī cbond issues ofindividual r̄ms.Todosooneneeds todraw
uponinformationontheassetvolatilityofthe r̄m,its capitalstructureand,
inprinciple,uponthespecī ccovenants ofclaim wearepricingandofother
claims. W orkingwith this mass ofinformation specī ctothe r̄m requires
considerablee®ortandtends toobscurethefactors commonacross r̄ms.For
thisreasonwehavechoseninthepresentstudytoimplementstructuralmodels
usingaggregatedata.Intuitively, indices ofcorporatebondyields shouldbe
moretightlylinkedtocommoneconomicfactors,sincebyaveragingtheimpact
of r̄m-specī cfactorswillbeeliminated.A nadditionaladvantageofworking
withindicesofbondyieldsisthatliquiditypremiaarelikelytobefairlyconstant
andthereforecanbemodelledrelativelysimply.2

W e useobservations ofthegenericcorporate, on-the-run bond yields for
industrialcorporationsasreportedintheSalomonB rothersB ookofA nalytical
Y ields.T hisreportsmonthlyobservationsofyieldson30 yearbondswithS&P
ratings ofA A A , A ,and B B B forarelativelylongtime-period, from A ugust
1 970 throughD ecember1 996.Formonthtwedenotetheseyieldsas yaaat ,yat,
andybbbt respectively.Itshouldbenotedthatbyconstructiontheseyieldsare
averagesofrelativelynewlyissuedbondstradingclosetopar.

D uringoursampleperiodtheU .S.experienced v̄erecessions,aperiodof
double-digitin° ation,amajorstockmarketcrash,andalongperiodofsustained
non-in° ationarygrowth.Inthe r̄stthreelinesofTable1 wepresentdescriptive
statistics foroursampleofyieldson A A A ,A andB B B bonds respectively.It
should benoted thatboth the leveloftheyield and thevolatilityofyields
vary inverselywith creditquality. N ote thattheautocorrelation coe±cients
with 1 ,2,3,and 1 2 monthlags areallquitehighraisingthepossibilitythat
theyieldseries arenotstationary.Infact,muchofthevariationofcorporate
yieldsoverthisperiodofmorethan26 years islikelyaccountedforbychanges

2 It haslongb eenrec ognized that part ofthe premium ofcorporate b ond yield sover Trea-
suriesre°ec tstheir relatively low er liquid ity.(See Fisher [15]and G rinblatt [19]).How ever,
mod ellingofliquid itye®ec tsfor c orporate liab ilitiesisrelativelyrec ent and hasnot yet settled
onthe d eterminantsofliquid ity d i®erencesac ross¯rms.
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in thedefault-freerate.Toverifythis wehavecalculatedthespreads ofthe
corporate indexoverthe30 yearU .S.Treasuryyield,whichwedenoteas rt.
Summarystatistics arepresentedinlines 4-6 ofTable1. InthesampleA A A
spreadsaverage71 basispoints(b.p.'s).T hecomparable ḡuresforA andB B B
bondsare1 24 b.p.'s and 1 84 b.p.'s.ItshouldbenotedthatvolatilityofB B B
spreads is roughlytwicethatofA A A spreads. Indeed, overthe samplethe
B B B variedoverarangeofalmost30 0 b.p.'s.T heautocorrelationcoe±cients
ofthespreadsarelowerthanthoseoftheyieldssuggestingthattheremaybea
stationary(cointegrating)relationship betweencorporateanddefaultrisk-free
yields.Still,theseautocorrelationcoe±cients arerelativelyhigh.T his might
beexplicablebythefactthatthespreads dependuponothervariableswhich
arethemselves autocorrelated inthesample.Indeed, itis abasicpremiseof
structuralmodelsthatthespreadshoulddependuponsuchfactorsasleverage
andassetvolatilityaswellasthedefault-freeterm structure.

T hus, inorderto t̄structuralcontingentclaims models tomonthlytime
seriesofyieldsongenericU .S.corporatebonds,weconstructmonthlyvariables
toserveasproxies forleverageandassetvolatility.O urleveragemeasuresare
basedondatacontainedintheannualaggregatebalancesheetsofnon-̄ nancial
corporations contained intheU .S.FederalR eserve'sFlowofFunds A ccounts.
Thesereportvariousmeasuresoftotaldebtandofnetworth.D ebt ḡuresare
reportedasbookvalues.N etworthisreportedatmarketvalueandisderived
as theresidualofassets (measuredatmarketvaluewhen available)less the
bookvalueofliabilities.T heaccounts alsoreportthetotalvalueofequities
basedonmarketprices.A ninspectionofthenetworthdatarevealverylittle
variation from yeartoyearthus suggestingthatin factthey re° ectmarket
valuationsonlyveryimperfectly.Incontrast,measures ofthemarketvalueof
equityvarysignī cantlyandappeartoholdmorepromiseforaccountingfor
observedvariations ofcorporateyields andyield spreads.T herefore,wehave
concentratedourattentiononleveragemeasuresderivedfromthemarketvalue
ofequity.

W econstructamonthlyseriesofthemarketvalueofequityfromtheannual
seriesby r̄stcalculatingthemonthlyaveragegrowthratesfromtwosuccessive
year-end ḡures.W edothesamethingfortheS&P 50 0 index.W ethencalculate
thedeviationofthemonthlygrowthratesoftheS&P 50 0 fromtheannualaver-
age.T hesemonthlydeviationsarecombinedwiththeaveragemonthlygrowth
rates oftheaggregatemarketvalueofequitytoobtainamonthlyestimateof
marketvalueofequity.Bythis methodourestimatetracks monthly° uctua-
tionsoftheS&P 50 0 butremainsconsistentwiththeannualdatafromtheFlow
ofFunds A ccounts.M onthlydebt ḡures areobtainedfrom annual ḡures by
assumingconstantgeometricgrowththroughouttheyear.Fromthesemonthly
seriesweobtainmonthlyestimatesofleverageasfollows:

L EV =TotalL iabilities/(TotalL iabilities+Equity)3

3We also implemented the some ofthe mod elsusingalternative leverage proxiesasfollow s:
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A mongpractitioners itiscommontofollowavarietyof° ow-based n̄ancial
ratios inordertoderiveinformationaboutbondsafety.Examples includecov-
erageratios,prō tabilityratios,andcash° owratios.Inthis spiritwehavein-
vestigatedsome° ow-basedaggregativemeasuresofdebtburdentoseewhether
theyaddtotheexplanatorypowerofstructuralmodelsofcorporateyields.In
particularfromtheU .S.N ationalIncomeA ccountsweusedseasonallyadjusted
measures ofaggregate interestpayments and corporate prō ts. M onthly es-
timates oflevelswereobtainedby interpolation.T hese in turnwereused to
constructameasureofinterestburdenasfollows:

B U R D EN =interest/prō ts
T hisinformationmustbeincorporatedwithinthenon-linearfunctionalform

ofthestructuralmodels.A convenientwaytodothis istorescaleB U R D EN so
thatithasmagnitudes ofvariationcomparabletoL EV andtocombinethese
twomeasures linearlytoyieldarevisedleveragemeasurewhichwedenoteas
L EV *.4 Intheestimationswenormalize r̄m valuetobeunitysothatL EV
and L EV *maybeinterpretedas anaggregatedebttoassetratio.W edenote
ourleverageobservationinmonthtas P t.

O urproxy forassetvaluevolatility is derived from themarketprices of
equity.G ivenastockpriceindex,It;wecalculatethemonthlyreturns R t=
lnIt¡lnIt¡1.T hevolatilityofequityreturns inmonthtis calculatedas the
standard deviation ofreturns overthe 1 2 months ending in month t.. T he
results reportedherearebasedontheS&P 50 0 index.W edenotethis by Àt.
Forsimplicitywetaketheratioofassetvolatilitytoequityvolatilitytobea
constant,a,sothattheimpliedproxyforassetvolatilityisaÀt.T heparameter
aisdeterminedfromthedata.

3 Ageneralstructuralmod elofcorporate b ond s
Structuralmodels ofcorporatedebtexplain variations in theyieldonacor-
poratebondwithgiven contractualfeatures (e.g.,term,coupon)in terms of
variations in r̄m leverageand r̄m assetvolatilityaswellasvariations inthe
default-freetermstructure.W hileallstructuralmodelssharethisproperty,dif-
ferentstructuralmodelsdi®erinimportantdetailsandcanhaveverydi®erent
implications forpricing.Inordertocomparemodels andtoprovideaframe-
workfortesting,weintroduceageneralframeworkthatgivesrisetoclosedform
solutionsforthecaseofperpetualcouponbondsandwhichneststhemodelsof
A nderson,SundaresanandTychon(A ST )[3],L eland[28],andM erton[32]as
specialcases.

LE V1= FinancialDeb t/(FinancialDeb t+ New Worth); LE V2 = FinancialDeb t/(Financial
Deb t+ E quity);and LE V3= TotalLiab ilities/(TotalLiab ilities+ New W orth).
T he variablesprod uced systematic allyw orse ¯tsthanthose w e report inthe paper and are

not reported here.
4 Spec ī c ally,
LEV ¤= 1:3LEV + :2 ln(ln(B UR DEN )):
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W econsidera r̄mwhoseassetshaveavalue,V ,whichfollowsastochastic
process,

dV =¹(̄ )V dt+ ¾V dz (1)

where¹ istherateofreturnon r̄massets,¯ isthecash° owrate,¾ isasset
volatility,anddz isaW ienerprocess.A ssumezerocorporatetaxes.A ssumea
° at,non-stochasticdefault-freetermstructurewithacontinuouslycompounded
rateofinterestofr.W esupposethatthe r̄m has issuedaperpetualbond
withfacevalueP promisingacontinuous couponatratec.Corporatebonds
carrytheriskthatthe r̄m willenterintobankruptcy.W eassumethatthe
bankruptcyregimeine®ectallowsforthepossibilityofdefaultwhichdoesnot
inducetheliquidationofthe r̄m.T huswesupposethatthedebtservice° ow
actuallyreceivedbythecreditorwillbeofthestatedependentform,s(V;c)dt.
If,however,bankruptcyresultsinliquidationthecreditorwillreceivetheassets
ofthe r̄m netofanyliquidationcosts.W eassumeliquidationcosts takethe
generallinearform,K+ (1 ¡µ)V whereK and µ areconstants.T hus atthe
liquidationbarrierthevalueofthebonds isgivenby,

B = M ax(µV ¡K;0 ): (2)

G iven thesespecī cations plus additionalassumption concerningthedrift
term,thebonds canbevaluedusingstandardtechniques.A llthemodelswe
considerhavesolutionswhichtaketheform,

B =
cP
r
(1 ¡Pd)+ PdM ax(µV ¤¡K;0 ) (3)

wherewecan interpretPd as aprobabilityofdefaultand V ¤as thedefault
barrier.T husstructuralmodelscanbeviewedasallstatingthatthevalueofa
riskybondequalsthevalueofarisklessbondtimestheprobabilityofnodefault
plus the value ofthe collateraltimes the probability ofdefault. Structural
models ofperpetualcoupon debtdi®erwith respecttohowthey assess the
probabilityofdefaultandthevalueofcollateralupondefault.5 W enowdiscuss
howspecialcases ofthismodelcorrespondtothepepetuitymodelsofL eland,
A nderson,SundaresanandTychon(A ST ),andM erton.

InboththeL elandandA ST frameworksthedriftinequation(1)isassumed
tobe(¹¡¯)V sothatthevalueprocessfollowsageometricB rownianmotion.
Inthiscase,sinceperpetualbondsdonotdependdirectlyupontime,theymust
satisfytheordinarydi®erentialequation,

1
2
¾2V 2B V V + (r¡¯)V B V ¡rB + s(V;c)=0 (4)

5Note how ever that thisgivesa risk-neutralprob abilityofd efault.Ingeneralit w illnot b e
d irec tly comparable to historic ald efault rates.T hisissue isd iscussed b elow w henw e interpret
our estimates.
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wheresubscripts denotedi®erentiation.Forgeneralspecī cations ofstatede-
pendentdebtservice,s(V;c),andtheliquidationboundarythereis noknown
closedformsolutiontothisequation.H owever,theproblemsimplī esiffor r̄m
values inexcessofsomecriticalvalue,V ¤,thebondholderreceivescontractual
debtserviceatratecP and ifatthebarrier,V ¤,thebondholderreceives an
amountequivalenttothecollateralvalueinequation2.N otethatif r̄mvalue
attainsthebarrierV ¤,wedonotnecessarilyassumethatthe r̄m isliquidated.
Indeedinsomestructuralmodels itis assumedthatthe r̄m continuesoperat-
ing.Forthis reasonwerefertoV ¤as the\ defaultbarrier".W ewilldiscuss
belowhowthisbarrierisdeterminedindi®erentstructuralmodels.U nderthese
assumptionssolutionstoequation4 areoftheform,

B (V )=A 1 V ° 1 + A 2V ° 2 + U

where° 1 > 1 and° 2 < 0 :6 A 1 ,A 2,andU areconstantswhichmaybechosen
tosatisfyboundaryconditions.W eassumethatas thevalueoftheassets of
the r̄m growindē nitelylarge, thevalueofthebond tends toward thatof
default-riskfreeperpetual,i.e.,

B (1)=
cP
r
:

T hus usingthefactthat° 1 > 1 weseethatA 1 = 0 and U = cP
r .T he

secondusefulboundaryconditionisthatatthedefaultbarrier,thevalueofthe
bondmustmatchthatofthecollateral2.Inthiscaseitcanbecon̄ rmedthat

A 2 =
M ax(µV ¤¡K;0 )¡cP

r
V ¤° 2

T hiscompletesthesolutionforthevalueofaperpetualbondinthisgeneral
structuralmodelassumingthedefaultbarrier,V ¤isknown.Ifwedē ne

Pd=(
V
V ¤

)° 2 (5)

weseethatthissolutionispreciselyintheformgiveninequation(3).N otethat
° 2 < 0 sothat0 < Pd< 1 .A sV approachesV ¤fromabove,thisprobabilityof
defaultapproachesunity. T heL elandandA ST modelsarespecialcaseofthis
frameworkwhichdi®erwithrespecttotheassumptions madeabout n̄ancial
distresswhichwillimplyavarietyofdi®erentvaluesofV ¤.

L eland[28]assumesthatassetliquidationiscostlyandthatpartialliquida-
tions ofassets arenotpossible.Furthermore,hefollows B lackandCox[6]in
assumingthatcontractualdebtservice is madethrough issues ofnewequity.

6Spec ī c ally, °1 = 0:5 ¡ (r¡¯)
¾2 +

q
((r¡¯)¾2 ¡ :5)2 + 2 r

¾2 and °2 = 0:5 ¡ (r¡¯)
¾2 ¡

q
((r¡¯)¾2 ¡ :5)2 + 2 r

¾2
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H econsiderstwopossiblespecī cationsofthebankruptcyprocess.Inonecase
heassumesthatanetworthcovenantleadstotheliquidationofthe r̄mwhen
thevalueoftheassets ofthe r̄m falls tothevalueofthedebtwhen itwas
originallyissued.H eviewsthisformulationasapproximatingthearrangement
sometimes usedforrevolvinglines ofcreditwheretheborrowingamountand
interestrateare x̄edatinception.Inthesecond,whichheviews as amore
plausiblemodeloflong-term debt,heassumes thatdebtis protectedonlyby
theno-asset-salecovenant.W epresentthiscasehere.H earguesthatthe r̄m
willpaycontractualserviceonoutstandingdebtuntiltheassetvaluefalls to
thepointwherethevalueofequityiszero.A tthispointthe r̄m isliquidated,
andthebondholdersreceivetheavailablecollateral.H emakesthefurtherpara-
metricassumptionsthat¯ =0 andK=0 .U ndertheseassumptionsheshows
thattheliquidation(default)barrieris V ¤L givenbytheexpression,

V ¤L =
cP

(r+ 0 :5¾2)
: (6)

N otethatthisdefaultbarrier(i)isproportionaltothecontractualdebtser-
vice,(ii)is independentofthecurrentvalueoftheassetsofthe r̄m,(iii)does
notdependuponthemarginalrecoveryrateparameterµ,and(iv)isdecreasing
in levelofvolatilityofassets.Furthermore,notethatinthis formulationthe
shareholders donotdefaultonthecontractuntilequityfalls tozeroatwhich
pointthe r̄m is liquidated.Inotherwords,inbankruptcytherearenodevia-
tions fromabsolutepriorityofclaims.T his featureofthemodelisunrealistic.
A numberofstudieshavedocumentedthefactthat n̄ancialdistressoftenre-
sultsindeviationsfromabsolutepriority.Inparticular,Chapter1 1 oftheU .S.
bankruptcycodeseemstoallowsubstantialdeviationsinfavorofcommonstock
(seeFranksandTorous [1 6]).Itremainstobeseen,however,whetherthisfea-
tureofthemodelundermines its usefulness inpredictingyields onlong-term
corporatebondsfor r̄msfarfrom n̄ancialdistress.

ItispossibletogeneralizetheL elandframeworktoallowforapositivecash
payoutrate,¯,andfora x̄edliquidationcost,K.U ndertheseassumptionsthe
valueofthebondisgivenbyequations 3 and5 above.T heliquidationbarrier
isnow,

V ¤GL =
cP
r

° 2
(° 2¡1 )

: (7)

A s in thecaseofthebasic L elandmodel,theliquidation barrieris inde-
pendentofbankruptcycosts.T hereasonforthis is easytounderstand.Since
L eland assumes thatequityholders receivenothingfrom thebankrupt r̄m,
heimplicitlyassumesallbankruptcycosts(both x̄edandmarginal)accrueto
bondholders.T herefore,theassetvalueatwhichequitybecomesworthlesswill
beindependentofbankruptcycosts.

A ndersonandSundaresan[2]arguethatinordertoputthestructuralmod-
ellingofcorporateliabilitiesonsolidfoundationsthestartingpointshouldbea
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seriousconsiderationofthebankruptcyregimethatappliestothe r̄m.W ork-
ingindiscretetimetheyshowhowagame-theoreticmodelof n̄ancialdistress
canbeimbeddedinframeworkwhichreadilyallowsvaluationofcorporatelia-
bilities usingstandardtechniques.M anystaticbankruptcymodels previously
seen inthecorporate n̄anceliteraturecouldbeadaptedtothis dynamicset-
ting.T hey illustratethetechniquewithaparticularmodelwhichallows for
partialdefaults ofthedebtcontractwhichdonotresultinthe r̄m's liquida-
tion.A ssumingthatliquidationmayinvolveadead-weightloss forcreditors,
theypointoutthatshareholdersmayhaveanincentivetobehavestrategically
inunderperformingthedebtcontracteventhoughavailablecash° owswould
allowthem topayfullservice.T heyshowthatthisfeatureleadstodeviations
from absolutepriority.Specī cally,byunderperformingtheirdebtcontracts,
shareholdersareabletoincreaseequityvaluesattheexpenseofreducingbond
values.H owever,itis notalways possibleforshareholders to n̄dareduction
indebtthatbondholderswillagreeto,inwhichcasethe r̄m isliquidation.B y
assumingthatdebtservicemustbemetoutofavailablecash ° ow,theyshow
thatsomestatesoftheworldwillresultinforcedliquidationofthe r̄m.T hus
theyshowthatthecash ° owrate,¯,has asignī cantimpactonbondyields
andindirectlyuponcapitalstructureandoptimalsecuritydesign

A nderson,SundaresanandTychon [3]linkthis gametheoreticanalysis to
more traditionalcontingentclaim modellingby consideringthe limitofthe
equilibrium inthediscretetimegameasthetimestep tendstowardzero.For
thespecialcaseofperpetualbondswhenthedebtservicemaybemeteitherout
ofcash° owsorfrom newequityissues,theyshowthatthemodelis aspecial
caseofthemodelabove.T heirformulationallows onlyfor x̄edbankruptcy
costandthusimplicitlyassumesthatthemarginalrecoveryrateisunity,µ=1.
A llowinginsteadforgeneralµ;itcanbeshownthatthebondvalues aregiven
byequations3 and5 abovewherethedefaultbarrieris V ¤AST givenby,

V ¤AST =
(cPr + K)
µ(1 ¡ 1

° 2
)

(8)

T his defaultbarrieris increasingin candcanbeshowntobedecreasing
in assetvolatility, ¾2. H owever,unlike thedefaultbarrierfound by L eland,
we n̄d V ¤AST is sensitivetotheliquidationcostparameters.Specī callyitis
decreasinginthemarginalrecoveryrate,µ and increasinginthedead-weight
liquidation cost,K. T he economic interpretation ofthis is thatthegreater
costliness ofliquidation,thegreateris theshareholderabilitytoextractdebt-
serviceconcessions from creditors.T heconsequenceofthis featureis thatthe
bondyields for r̄ms forwhichliquidationis averyremoteprospectmaystill
re° ectasignī cantpremium tocompensateforpossiblepartialreductions in
debtservice.Belowwerefertothecaseofµ = 1 as theA ST modelandthe
caseofgeneralµ asthegeneralizedA ST model.

InhisanalysisofperpetualcouponbondsM erton[32]assumesthatcontrac-
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tualdebtserviceismetthroughassetliquidationandcontinuesuntilsuchtime
thatallassets areexhausted.T his implies thatthedriftoftheassetprocess
is(¹V ¡c).Furthermore,intermsoftheframeworkabovethiscorrespondsto
thecase¯ =0 ,µ=0 ,K=0 .T henheshowsthatdefaultprobabilityisgiven
by,

P M
d =

(2cP =¾2V )(2r=¾
2)

¡(2 + 2r
¾2)

M (
2r
¾2
;2 +

2r
¾2
;
¡2cP
¾2V

) (9)

where¡(:)isthegammafunctionand M (:)isthecon° uenthypergeometric
function. N ote thatthis formulation assumes thatassets maybe liquidated
freelyandthatsuchpartialliquidations donotinvolvealoss ofvalue.T hese
assumptionsmaybefaultedasbeingcounter-factual:bondcovenantstypically
dorestrictassetsales, and distressed sales ofassets maywellinvolvea loss
ofvalue.W hileweviewthis criticism as important,itremains possiblethat
M erton'sformulationmightbeadequateformodellingbondsof r̄msfarfrom
n̄ancialdistress as would seem likelyforthecaseofmostinvestmentgrade
corporatebonds.A saresult,wetesttheM ertonrestrictionbelow.

ItisworthnotingthattheM ertonformulationcanbemodī edtorestrict
assetsales andtoallowforcostlyliquidation.FanandSundaresan [1 4]show
thattheoptimalpayoutpolicyintheM ertonmodeliszerodividendswhenthere
isacovenantwhichprecludesassetsalestofundcoupons.U singthisresult,in
A ppendix1 weshowthattheM odī edM erton(M M )modelvalueofthebond
is:

B M M =
cP
r

2
64 1 ¡

Ã
1 ¡rµ

¯
+

K
cP
r

! Ã
V
cP
¯

! (¡2r=¾2)

M (2r¾2;2 +
2r
¾2;

¡2cP
¾2V )

M (2r¾2;2 +
2r
¾2;

¡2¯
¾2 )

3
75 (1 0 )

N otethatinthemodī ed M ertonmodel,theprobabilityofliquidationde-
pendsonthecostsofliquidation.

W enowturntotheestimationofthebasicL eland,A ST ,andM ertonmodels
usingouttime-seriesdataset.

4 R esults
A sdiscussedinsection2,weareinterestedto n̄dastablerelationshipbetween
corporateyields and ouraggregatemeasures ofleverageand volatility. T he
structuralmodels ofsection 3 providealternativeforms ofthis possiblerela-
tionship.W eimplementthem empiricallyusingthefollowingestimableform,

yt = ¸ + y(P t;aÀt;r;K;µ;̄ )+ ut
ut = ½ut¡1 + ²t
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H ereyt is theobservedmarketyieldforcorporatebondsratedB B B .W ehave
focusedonthisratingcategorybecauseofthegreatervolatilityofB B B spreads
relativetohighergradeissuesandbecauseweexpectthatstructuremodelsof
contingentclaimsarelikelytobemostusefulforrelativelylowergradeissues.
Thefunctiony(:)istheyieldimpliedbythebondvalue,B (:)calculatedusing
oneofthestructuralmodels from Section2 and is givenbytheformula,y =
cP =B .T hevariablesP tandaÀtareourproxiesforleverageandassetvolatility.
The x̄edbankruptcycost,K;themarginalrecoveryrate,µ,andthecash° ow
rate,¯,arealltreatedasconstants throughoutthesample.A llthemodels of
section3 treatedthedefault-freerateasnon-stochastic.Inthisspecī cationwe
treatthisasaconstant,r:

A numberofconsiderations leadus toincludeanadditiveconstant,¸, in
themodel.First,this mayre° ectapremium forthe illiquidityofcorporate
bondmarkets relativetoTreasuries.Second,itmayre° ectataxe®ect,since
interestonTreasuries is taxdeductibleformanyinvestorswhereas intereston
corporates isnot.Finally,ifthespecī cationofy(:)is biasedinsomerespect,
theadditiveconstantwillcorrectforthis. In theabsenceofamodelofthe
determinantsofliquidity,itwouldbedi±culttodecomposeagivenestimate¸
ofintotheseseparatee®ects.

W ehavespecī edtheresidualsoftheyieldequationasfollowinga r̄st-order
autoregressiveprocess.T his maycaptureautocorrelationofyieldspreads not
modeledwithourproxiesforleverageandassetvolatility.A lternatively,itmay
re° ectautocorrelationofliquiditypremia.

W eestimatetheparameters¸;a;r;K;µ;̄ ;and½ bynonlinearleast-squares.
T heresultsoftheestimatesforthefullsamplearepresentedinthe r̄stpanel

ofTable2.T heR -squarestatisticindicatethatthetwoendogenousbankruptcy
models t̄thedataequallywellandthattheM ertonwitha x̄edbankruptcy
barrier̄ tsratherlesswell.Indeed,di±cultyofthisspecī cationisalsoindicated
bythefactthattheparameters¸;a;andrallestimatedwithverylargestandard
errors.T heonlysignī cante®ectis foundtobetheautoregressiveparameter,
½.

In the A ST modelalltheparameterestimates aresignī cant.T hepoint
estimatesofa;r;K;and¯ areeconomicallyplausible;although,theestimated
bankruptcycostof22% appears onthehigh side.T heestimatedvalueof ¸
isnegativesuggestingthatthisparameterispartiallycorrectingforanupward
bias oftheA ST form inthis sample.T heestimatedautoregressiveparameter
is .83.W hilethis is ratherless thantheobservedautocorrelationoftheB B B
yieldspreads;itsuggests thatthetime-series variationofyieldspreads is not
fullyaccountedforbyourproxiesforleverageandassetvolatility.

T heparameterestimates ofthe L elandmodelareallsignī cant.T heco-
e±cienta is estimatedtobe.91 which suggests thattheL elandmodelmust
assumeapproximatelytwicetheassetvolatilityasdoestheA ST modelinorder
toaccountforthevariations observed inthesample.T heestimatedmarginal
recoveryrateis -1 52% ofassetvalue,whichis economicallyimplausible.
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In the r̄stpanelwereportsummarystatistics forthespreads calculated
fromthemodelsbasedonthefullsample.T hemeanspreadsfromtheestimated
models areallclosetothatobserved inthemarketimplyingthatthemodels
areallunbiased.H owever,thestandarddeviations oftheestimated spreads,
especiallyfortheM ertonmodel,exceedthoseofthemarketspread.T he t̄ted
spreads oftheL elandmodelhaveasimplecorrelationwiththemarketof.22;
while thatofthe A ST modelis .1 3. T he spreads ofthe M ertonmodelare
negativelycorrelatedwiththemarket.

T heplots ofthemarketspreads (spbbb)andthe t̄ted spread(sbm)are
presentedinFigures1 -3 fortheA ST ,L elandandM ertonmodelsrespectively.In
Figure1 weseethatattimestheA ST modelisabletotrackmarketmovements
verywell.A tothertimes themodelandthemarketdriftwidelyapart.T his
is particularlyapparentinthemiddleofthesample,correspondingtotheend
ofthe1 970 's andearly1 980 's.T hesameremarkapplies totheL elandmodel
(Figure2);although,heretheoverall t̄is somewhatbetterthanintheA ST
model.InthecaseoftheM ertonmodel(Figure3)therearefewerperiodswhen
themodeltracksthedatawell.

O verall,theseplots suggestthepossibilityofregimeshifts whichmake it
hardtomatchthemodelstothemarketovertheentiresample.W einvestigate
this ideabysplittingthesample into3 periods with breaks atO ctober1 979
(coincidingwithamajorshiftinmonetarypolicyintheU nitedStates)andin
June1 984 (followingaperiodofrecessionandexceptionallyhighinterestrates).
Themodelswerereestimatedonthesesubsamplesandtheresultsarepresented
inTable2,panels2,3 and4.T heseresultsdoindicatethreedistinctlydi®erent
periods.T heparameterestimates ofthemodels varysignī cantlyacross the
periodsasdoestheirgoodnessof t̄.

Intheperiod A ugust1 970 throughO ctober1 979,theA ST model t̄s the
databest.T hebankruptcyparameters andthecash ° owestimates arelower
than fortheoverallsample. In this modeltheautoregressiveparameterhas
fallento.56 suggestingthatmovements ofleverageandvolatilityaretracking
muchoftheobservedvariationofB B B yieldswithinthis period.T heL eland
model t̄sthedatalesswell,andtheM ertonmodelis stillworse.

D uringtheperiodfrom N ovember1 979 throughJune1 984,allthemodels
haveahardtimeoftrackingtheobservedmovements ofcorporateyields.In
allthemodels,especiallytheM ertonmodel,theestimatedstandardserrorsare
largeindicatingthatthemodelparametersarenotpreciselydeterminedbythe
data.

Inthe n̄alsubsample(July1 984-D ecember1 996),theendogenousbankruptcy
modelsperformquitewell.T heR -squaresexceed90 %,andthemodelparam-
eters areestimatedquiteprecisely.Furthermore,theestimatedautoregressive
parametersequal0 .63,sothatleverageandvolatilityareaccountingformuchof
theobservedvariationofB B B yields.T heM ertonmodelcontinuestoperform
poorlyduringthis subsample.

T heperformanceofthemodels isalsoindicatedinTable3 wheresummary
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statisticsofthecalculatedyieldspreads arecomparedwiththeobservedyield
spreads in themarket.D uringthe r̄stand lastsubsamples the L elandand
A ST modelsarehighlycorrelatedwiththemarket.T hespreads t̄tedfromthe
M ertonmodelarefairlyhighlycorrelatedwiththemarketinthe r̄stsubsample
butarenegativelycorrelatedinthelastsubsample.Intheintermediatesample,
allthemodelsarenegativelyrelatedtothemarket.

O veralltheseresultssuggestthattherecente®ortstomodifythecontingent
claimsmodeltoallowfortheendogenousdeterminationofthedefaultbarrier
basedoneconomicfundamentalshaveledtoanimprovementofstructuralmod-
els.W esawinsection3 thattheassumptionsoftheA ST modelandtheL eland
modelwerequitedi®erent.Inparticular,theA ST modelallowsforthepossibil-
ityofdebtrenegotiationsresultingindeviationsfromabsoluteprioritywhereas
theL elandmodeldoesnot.D espitethesedi®erencesofstartingpointswefound
thatthemodelswerefairlycloseintheirabilitiestotrackobservedgenericyields
usingaggregateproxiesforleverage,assetvolatilityandtherisk-freerate.

Intheestimatesabovewefoundevidencethattheconstantdefault-freerate
specī cationofthemodelwastoorestrictive.W henwebrokethesampleinto
threeseparateperiodswefoundtheparameterestimateschangedsubstantially
and in somecases the t̄s improvedconsiderably.Itmustberecognizedthat
thebreakpointsofthesamplewhichwechoseweresomewhatarbitrary.T hus
wenowinvestigateaversionofthemodelwithatime-varying,default-freerate
specī cation,

yt=¸ + y(P t;aÀt;rt;K;µ;̄ )+ ut

wherert is the 1 2 monthmovingaverageof30 yearTreasuryyields through
montht.T hismodelhasbeenestimatedforthefullsample(7/71 -1 2/96),and
theresultshavebeenreportedinTable4.

Parameterestimates ofthemodels arepresented in the r̄stpanelofthe
table.Itwillbenotedthatoverallgoodnessof t̄is improvedbytheintroduc-
tionoftime-varyingdefault-freerates.T heperformanceoftheM ertonmodelis
particularlyimproved.N ow,its parameters areestimatedquiteprecisely,and
theautocorrelationoftheresidualshas fallentobeinlinewiththatobtained
in theendogenous bankruptcymodels. In this version thepointestimateof
bankruptcycostsintheA ST modelisabout4% whichisquiteplausible.W ith
anestimatedmarginalrecoveryrateof95% theL elandmodelimpliesverysim-
ilarbankruptcycosts. Itis interestingthatin comparingtheestimates ofa
acrossmodelsweseethattheM ertonmodelrequiresthehighestlevelsofasset
volatilityto t̄thedata,theA ST requiresthelowestassetvolatilities,whilethe
L elandmodelis intermediatebetweenthetwo.W ecanalsocompareestimates
of¸ acrossmodels.H erealltheestimatesareofthesamesignandsameorderof
magnitudesuggestingthatthetime-varyingdefault-freeratespecī cationmay
haveeliminatedasourceofbiasencounteredintheprevious specī cation.A s-
sumingtheresultingparameterisanestimateofthecombinedtaxandliquidity
premiaofcorporatebonds,weseethatthe M ertonmodelestimates theseto
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be1 80 b.p.'s,whiletheyare1 60 b.p.'s and1 50 b.p.'s intheL elandandA ST
modelsrespectively.

T hesecondpanelofTable4,presentsthesummarystatisticsonthecalcu-
latedspreads over30 yearTreasuryBonds.Itis seenthatallthemodels are
unbiasedandhavecomparablevolatilities.T hecorrelationwiththemarketis
somewhathigherfortheA ST modelthanfortheL elandmodel.Inthis specī -
cation,theM ertonmodelattainsacorrelationthatisonlyslightlyworsethan
theendogenousbankruptcymodel.

T heresultsofthemodelswithtime-varyingdefault-freeratesareseengraph-
icallyinFigures 4-6.W hencomparedtoFigures 1 -3,itwillbenotedthatthe
modelsnowareabletoroughlytracktheobservedspreadsthroughouttheen-
tiresample.V isually,the t̄s ofallthreemodels totheobservedspreads are
quitesimilartooneanother.A pparently,thetimeseriesvariations inthelevel
ofdefaultfreeratesenables themodelstotrackthespreadsofcorporaterates
overTreasuries independentlyofthemodels'abilities toincorporateinforma-
tiononvariationsofleverageandvolatility.Furthermore,itappearsthat,once
thetime-varyingdefault-freerateistakenintoaccount,therelativesuperiority
ofendogenous bankruptcymodels overthe x̄edbankruptcybarriermodelis
diminishedsomewhat.

Finally,wethinkitis interestingtostudytheimplicationsofthemodelsfor
theprobabilityofdefaultandtotrytocomparethesetohistoricallyobserved
defaultfrequencies.Specī callyforeachsetofparameterestimatesandforeach
month'scombinationofleverage,volatility,andrisk-freerate,wehavesimulated
byM onteCarlo1 0 0 0 pathsoftheassetprocessover20 years.Fromthiswehave
calculatedthefrequencythatthemodelhitsthemodel'sdefaultbarrierwithin
1 -5,1 0 ,1 5,and20 years.Itisinterestingtocomparethesepredictionswithhis-
toricalexperience.R ecently,M oody'shaspublishedtheresultsofanextensive
studyofdefaultratesfrom 1 920 through1 996 [33]T hebenchmarkproducedby
themodelestimatesarenotdirectlycomparabletohistorical ḡuressincethey
arecalculatedonthebasisoftherisk-neutralprobabilities.T hecalculationof
comparableprobabilitieswouldrequireknowledgeoftheassetdriftparameter,
¹:W ehaveapproximatedthis byassumingthatthis driftre° ects aconstant
riskpremium,±,overtherisk-freeratesothatthedriftinmonthtiscalculated
as,¹t=rt+ ±.

In ḡure7,theresults ofthesimulations oftheA ST modelestimatedas-
sumingtime-varyingdefault-freerates arereported for± = 5% and ± = 0 %
(i.e.,theriskneutralcase).Inthesame ḡure,weplotthehistoricalN -year
cumulativedefaultprobabilitiesreportedforbondswithM oody'sratingofBaa
atN =0 [33].InthecaseofazeroriskpremiumtheA ST modelimpliesdefault
probabilities whichgreatlyexceedthehistoricalobservations.H owever,with
positiverisk-premiathemodelimplieslowerdefaultprobabilities.W eseethat
assuminga5% riskpremium results indefaultprobabilitieswhicharereason-
ablyclosetotheM oody's ḡures.H owever,the t̄iscertainlynotperfect.T he
A ST defaultprobabilities aretoohighat1 -5 years andtoolowat20 years.
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Statedotherwise, t̄tedprobabilitiesofdefaultconditionalonno-defaultprior
to5 yearsaretoolowcomparedtohistoricalexperience.D elianedis andG eske
[9]inarecentpaperhaveusedtheM erton [32]and G eske[1 8]models toex-
tractrisk-neutraldefaultprobabilities.Suchanapproachcanleadpotentially
tobetterestimatesoftheprobabilityofratingmigrationsanddefaults.

Finally,as afurthercomparisonwithhistoricalobservationswemaynote
that,eventhoughtheyallowforcostlybankruptcy,theA ST andL elandmodels
arenotentirelysatisfactoryinthattheyimplythatrecoveryratesondefaulted
bonds arequitehighrelativetoactualexperience.Forexample, A ltmanand
Kishore[1 ]reportthattherecoveryrateson investmentgradeissuesofsenior
unsecureddebtare48% ofprincipal.In contrastthe t̄ted A ST and L eland
models implyaveragerecoveryratessomewhatover90 %.

5 Conclusion
O verall,theseempiricalresultsarefairlyencouragingfortheprospectsof r̄m-
value-based structuralmodels ofcontingentclaims as the basis forstudying
thepricingofcorporatebonds.M ostofthemovements observed inhistorical
timesseriesofyieldsongenericcorporatebondscanbeaccountedforinstruc-
turalmodels usingproxies forleverageand assetvolatilityderived from the
FlowofFunds A ccountsandthestockmarket.T heresultssuggestthatrecent
modī cations (byA nderson/Sundaresanand L eland)ofthecontingentclaims
modelstoallowforendogenousdefaultbarriershavesignī cantlyimprovedthe
performanceofthemodels.

T his studyis exploratoryinnature,andthereareclearlymanyinteresting
areasforfurtherempiricalworkwithstructuralmodels.O uranalysishasbeen
simplī edbytheassumptionthatthebondsareperpetualcouponbondswithout
callfeatures andthattheonlyunderlyingstatevariables is thevalueofthe
assets ofthe r̄m.T his has allowedus touseclosed-form expression forthe
valueofthebonds.Evenusingfastnumericaltechniques itwouldhavebeen
verydi±culttocarryoutthehugenumberofbondvaluations involvedinthe
nonlinearregressions (Tables 1 -3)withoutmakingthis assumption.Probably,
theassumptionofanin̄ nitehorizonhasbeenfairlyinnocuous.A sacheckwe
usedourparameterestimates oftheA ST modeltonumericallycalculatethe
correspondingbondyieldsfora1 0 yearbond.T heresultingtimeseriesofyields
for31 7monthswasvirtuallyidenticaltothosewehavepresentedinthepaper.

A mongtheavenueswhichappearrelativelymoreimportanttobeexplored
aretheincorporationofastochasticrisk-freetermstructureinamodelwithen-
dogenousbankruptcybarrier,morecarefulmodellingoftheliquiditypremium,
andapplicationtospecī cbondissuesusing r̄m specī cmeasuresofleverage
andassetvolatility.
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6 Append ix1: DerivationofG eneralized M er-
tonM od el

W eprohibitassetsalesintheM ertonmodelandintroduceacash° owcovenant
whichsays thatthe r̄m is liquidatedwhenthecash ° owgenerated is insu±-
cienttopaythecontractualcoupon.T hismodī cationleadstotheimplication
thattheoptimaldividendpayoutpolicyis topaynodividends.(SeeFanand
Sundaresan).

G iventhisoptimalpayoutcondition,weknowthattherisk-neutralstochas-
ticprocessfollowedbythe r̄m'sassets is

dV =(rV ¡c)dt+ V ¾dB (1 1 )

Then,thefundamentalvaluationequationis:

1
2
¾2V 2DV V + (rV ¡c)DV ¡rD + c=0 :

D ē neZ =2c=¾2V ,R =2r=¾2 andD(V )= c
r+ Z R e¡Z h(Z ).

L etG(V )= Z R e¡Z h(Z ).
T hisreducestoKummer'sequation:

Z hZ Z + (2 + R ¡Z )hZ ¡2h=0

whichhasgeneralsolutionoftheform

C 1 M (2;2 + R ;Z )+ C2Z ¡1¡R M (1 ¡R ;¡R ;Z )
whereC 1 andC2 areconstantstobedeterminedbytheboundaryconditions.
Therefore,bythepropertye¡zM (a;b;z)= M (b¡a;b;¡z)ofthehypergeometric
function,

D(V ) =
c
r
+ C 1 (2c=¾2)V

¡2r=¾2 M (2r=¾2V;2 + 2r=¾2;¡2c=¾2V )
+ C 2(¾2V =2c)M (¡1 ;¡2r=¾2V;¡2c=¾2V )

W eusetwoboundaryconditions:
1.W henV goesto1 ,
D(V )goesto c

r.
T hisrequiresthatC2 =0 .
2.W henV goesto c

¯ ,
D(V )goesto(1 ¡®)V ¡K
U singtheseboundaryconditions,weget

D(V ;¢)= c
r

(
1 ¡

·
1 ¡r(1 ¡®)

¯
+

K
c=r

¸µ
V
c=¯

¶¡2r
¾2 M (2r¾2 ;2 +

2r
¾2;¡ 2c

¾2V )
M (2r¾2;2 +

2r
¾2;¡2¯

¾2)

)

(1 2)
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where¡(¢)isthegammafunctionand M (¢;¢;¢)isthecon° uenthypergeometric
function.D ebtvalueandthetotal r̄m valuearebothmaximizedbychoosing
minimumpayout.
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Table 1: Descriptive Statistics, 30-year, Risky Yields and Spreads over Treasuries; 8/70-12/96

Mean St. Dev. Min Max AR-1 AR-2 AR-3 AR-12
Yaaa 0.0938 0.0213 0.0665 0.1650 0.9818 0.9608 0.9404 0.7730
Ya 0.0991 0.0232 0.0700 0.1763 0.9826 0.9638 0.9451 0.7829
Ybbb 0.1051 0.0246 0.0725 0.1850 0.9831 0.9647 0.9455 0.7587
Spaaa 0.0071 0.0036 -0.0005 0.0193 0.9027 0.8629 0.8229 0.5116
Spa 0.0124 0.0048 0.0030 0.0259 0.9165 0.8811 0.8444 0.4608
Spbbb 0.0184 0.0070 0.0081 0.0375 0.9386 0.8988 0.8546 0.3667



Table 2: Estimation Results
Perpetual Models with Constant Implied Default-free Rate

a K λ β θ r ρ R2

Full
Sample
Merton 0.34 -0.04 0.14 0.90 0.69

937803 17980 17962 0.02
AST 0.45 0.22 -0.09 0.19 0.17 0.83 0.82

0.09 0.04 0.03 0.04 0.04 0.03
Leland 0.91 0.07 -1.52 0.01 0.81 0.82

0.09 0.003 0.09 0.001 0.03
(8/70

-10/79)
Merton 0.30 -0.04 0.09 0.76 0.59

525368 2320.03 2317.71 0.07
AST 1.11 0.08 -.05 0.16 0.12 0.56 0.85

0.61 0.38 0.08 0.15 0.08 0.08
Leland 0.91 0.07 -1.52 0.01 0.81 0.82

0.09 0.003 0.09 0.001 0.03
(11/79-
6/84)
Merton 0.30 0.03 0.12 0.78 0.59

768810 18606 18588 0.08
AST 0.17 0.03 -0.15 0.30 0.29 0.82 0.62

0.34 0.25 1.35 1.42 1.35 0.08
Leland 0.60 0.06 0.77 0.08 0.82 0.62

2.12 0.66 2.06 0.66 0.08
(7/84-
12/96)
Merton 0.30 0.00 0.09 0.77 0.61

549929 2138.07 2135.93 0.06
AST 0.38 0.25 -0.04 0.13 0.11 0.63 0.90

0.06 0.05 0.02 0.02 0.02 0.07
Leland 0.77 0.07 -1.60 0.00 0.63 0.91

0.06 0.002 0.06 0.0004 0.07
Standard Errors are given below parameter estimates.



Table 3: Descriptive Statistics, Fitted Spreads, Constant Default-Free Rate Models

Spreads
over
Treasuries,
Market and
Fitted

Mean Standard
Deviation

Correlation
with Market

1st Quartile Median 3rd Quartile

Full Sample
Market 0.0184 0.007 1.0 0.0125 0.0172 0.0227
Merton 0.0185 0.011 -0.09 0.0126 0.0199 0.0259
AST 0.0186 0.009 0.13 0.0134 0.0182 0.0237
Leland 0.0185 0.009 0.22 0.0128 0.0176 0.0245
(8/70-
10/79)
Market 0.0183 0.008 1.0 0.0112 0.0159 0.0242
Merton 0.0184 0.0083 0.582 0.0114 0.0169 0.0253
AST 0.0183 0.0080 0.845 0.0121 0.0156 0.0230
Leland 0.0183 0.0080 0.845 0.0120 0.0157 0.0233
(11/79-
6/84)
Market 0.0232 0.0064 1.0 0.01788 0.0229 0.0281
Merton 0.0229 0.0076 -0.205 0.01862 0.0220 0.0266
AST 0.0228 0.0072 -0.169 0.01696 0.0229 0.0274
Leland 0.0228 0.0074 -0.139 0.01774 0.0231 0.0280
(7/84-
12/96)
Market 0.0162 0.0043 1.0 0.0126 0.01525 0.0195
Merton 0.0164 0.0061 -0.145 0.01326 0.01657 0.0198
AST 0.0162 0.0054 0.686 0.01231 0.01517 0.0188
Leland 0.0162 0.0052 0.694 0.01250 0.01562 0.0189



Table 4: Perpetual Models with Time-varying  Default-free Rate
7/71-12/96
Parameter
Estimates

a K λ β θ ρ R2

Full
Sample
Merton 0.907 0.018 0.741 0.931

0.100 0.001 0.039
AST 0.545 0.041 0.015 0.068 0.753 0.933

0.099 0.013 0.002 0.019 0.038
Leland 0.801 0.016 0.948 0.756 0.933

0.104 0.001 0.034 0.038

Spreads
over

Treasuries
Mean Standard

Deviation
Correlation

with
Market

1st
Quartile

Median 3rd Quartile

Market 0.018 0.007 1 0.0125 0.0169 0.0216
Merton 0.018 0.006 0.479 0.0139 0.0175 0.0217

AST 0.018 0.006 0.522 0.0136 0.0168 0.0219
Leland 0.018 0.006 0.517 0.0135 0.0171 0.0218
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Figure 7: Implied Default Probabilities
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