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Abstract

We consider an overlapping generations model with uncertain lifetime and en-

dogenous growth. Individuals have to choose the length of time devoted to schooling

before starting to work. We show that it depends positively on life expectancy but

that the positive e�ect of a longer life on growth could be o�set by a decrease in

the participation rate. Dynamics are characterized by a delay di�erential equation

and human capital converges with oscillations to a balanced growth path.
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1 Introduction

In their empirical study of the determinant of growth, Barro and Sala-I-Martin (1995) �nd
that life expectancy is an important factor for growth: a 13 year increase in life-expectancy
is estimated to raise the annual growth rate by 1.4 percentage points. The authors think
that it is likely that life expectancy has such a strong, positive relation with growth as it
proxies for features other than good health that reect desirable performance of a society.
There is however several channels through which life expectancy a�ects growth directly:
for instance, when the probability of dying young is high, the discount rate is also high
making it optimal for people to start working early in their life and not to stay at school
too long (part of this e�ect should be captured in Barro and Sala-I-Martin (1995) by the
variables \male/female secondary and higher education"). Moreover, when life expectancy
is short, the depreciation rate of human capital is high, making its accumulation more
di�cult. If the human capital accumulated at school is an important engine of growth,
we should thus expect that the growth rate depends upon life expectancy. We thus
want to investigate this question in an overlapping generations model �a la Blanchard
(1985), in which we assume that agents decide the length of time devoted to schooling
before starting to work.1 The resulting dynamics will be described by a delay di�erential
equation (DDE).2

2 The model

Time is continuous and the equilibrium is evaluated from time 0 onward. At each date
there is a continuum of generations indexed by the date at which they are born, t. Each
member of a given generation dies with a constant probability per unit of time, � � 0.
The e�ective horizon of an agent is thus 1=�.3 The number of persons born at time t is
normalized to 1. Thus a cohort born at time t has a size, as of time z, of e��(z�t) which is
also the expectancy at time t to live until time z. Thus, although each agent is uncertain
about the time of his death, the size of a cohort declines deterministically through time.
There is a unique material good, the price of which is normalized to 1, that can be used
for consumption. This good is produced from a technology using labour as the only input.

An individual born at time t; 8t � 0, derives from his consumption stream the following
expected utility: Z

1

t
c(z; t)e�(�+�)(z�t)dz; (1)

in which � is the subjective discount rate. To simplify the resolution of the model, the
utility function is assumed linear.4 c(z; t) is consumption of generation t member at time

1This contrasts with Lucas (1988) which has the unrealistic implication that people invest a share
of their time in education over all their life. Another extension of Blanchard (1985) model to allow for
endogenous growth is in Saint-Paul (1992) who assumes an AK technology.

2A recent and comprehensive theoretical analysis of DDEs arising from growth models is due to
Benhabib and Rustichini (1991).

3The assumption of a constant probability of death, independent of age, is the key of the tractability
of the model.

4This is a usual assumption in general equilibrium models generating a DDE system, because it allows
for an analytical characterization of the equilibrium delays. See for example Boucekkine, Germain and
Licandro (1997).



z. We assume the existence of perfect insurance markets. All lending and borrowing
contracts between generations are insured by competitive life insurance companies. The
intertemporal budget constraint of the agent born in t is:Z

1

t
c(z; t)R(z; t)dz =

Z
1

t+T (t)
!(z; t)R(z; t)dz with R(z; t) � e�

R
z

t
(r(s)+�)ds; (2)

in which r(s) is the interest rate and R(z; t) is the discount factor. The left-hand side is
the expected discounted ow of spending on consumption goods. The right-hand-side is
the expected discounted ow of earnings. The agent is assumed to go to school until time
t+T (t). After this education period, he earns a wage !(z; t) per unit of time. Notice that
the young agent thus has to borrow from the older agents to �nance his consumption.
The life insurance company would pay his debt in case of death.

Wages depend on individual human capital, h(t):

!(z; t) = h(t)w(z);

where w(z) is the wage per unit of human capital. The individual's human capital is a
function of the time spend at school T (t) and of the aggregate human capital H(t) at
birth:5

h(t) = H(t)T (t): (3)

The presence of H(t) introduces an externality as in Lucas (1988) and Azariadis and
Drazen (1990): the cultural ambiance of the society at the time of the birth inuences
positively the future quality of the agent (through for instance the quality of the school).
The aggregate human capital stock is computed from the capital stock of all generations
which are currently at work:

H(t) =
Z t�J(t)

�1

e��(t�z)h(z)dz; (4)

where t�J(t) is the last generation that entered the job market. Function T (:) evaluated at
birth gives the interval of time spent at school for any generation. Then, J(t) = T (t�J(t)).
To evaluate H(t) we need to know an entire span of initial conditions from �1 to zero:
we assume h(t) = h0(t) and J(t) = J0(t); 8t < 0.

The problem of the agent is to select a consumption ow and the duration of his edu-
cation in order to maximize his expected utility given his intertemporal budget constraint.
The �rst order condition for consumption is

r(z) = �

reecting the fact that, with a linear utility function, the equilibrium interest rate should
be equal to the subjective discount rate. Using this, we may rewrite the discount factor
as

R(z; t) = e�(�+�)(z�t):

The �rst order condition for T (t) is
Z
1

t+T (t)
e�(�+�)(z�t)w(z)dz = T (t)e�T (t)(�+�)w(t+ T (t)): (5)

5We do not explicitly introduce obsolescence of h(t), although this would not change the results as
long as the individual's human capital never becomes fully depreciated.



The left hand side is the marginal gain of increasing the time spent at school by one unit.
The right hand side is the marginal cost, i.e. the loss in wage income if the entry on the
job market is delayed.

Notice that some generations born at t < 0 are still at school at time -dt. At t = 0,
individuals from these generations should face the same problem that new born genera-
tions: Since they have cummulated at t = 0 a debt equal to the discounted ow of past
consumption, they must maximize (1) under (2). Equation (5) holds also for all these
generations

The production function allows one unit of e�cient labour to be transformed into one
unit of the good:

Y (t) = H(t): (6)

The equilibrium in the labour market thus implies that the wage per unit of human capital
is constant through time and is equal to one: w(z) = 1: At each time output is entirely
consumed, that is

Y (t) =
Z t

�1

e��(t�z)c(t; z)dz:

Since wages are constant over time, equation (5) becomes

T (t) = T �
1

� + �
; (7)

8 t � �T . The optimal time spent on education is thus negatively a�ected by the instan-
taneous probability of death. Notice that J(t) = T; 8t � 0.

Using equations (4), (3) and (7) we rewrite the aggregate stock of human capital as:

H(t) = T
Z t�T

�1

e��(t�z)H(z)dz; (8)

where H(z) = H0(z) � h0(z)=T; 8z < 0 (the past sequence of H(:) comes from the initial
conditions). Di�erentiating (8) with respect to time, we �nd the following DDE:

H 0(t) = Te��TH(t� T )� �H(t): (9)

Aggregate human capital decreases at a rate � as time passes and people die. This
is compensated by the entry of new generations in the job market. At time t, e��T

individuals of generation t� T enter the job market with human capital TH(t� T ).

The steady state growth rate of human capital  is the solution to

 + � = Te�(�+)T :

Solving for  leads to

 = �� +
W (T 2)

T
(10)

where W (:) is the Lambert W function that satis�es W (z)eW (z) = z, see Corless, Gonnet,
Hare, Je�rey and Knuth (1996). Since T is positive, W (T 2) gives a real solution, amongst
other complex solutions, which is unique and positive. As we show in the next section,
dynamics depend crucially on the complex solutions. Using the fact that @W (x)=@x =



Figure 1: Life expectancy and steady state growth rate
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W (x)=(x(1+W (x))), the e�ect of the instantaneous probability of death � on the growth
rate  is given by

d

d�
= �3 +W

�
T 2
�
+

2

1 +W (T 2)
;

and the sign is indeterminate.

Intuitively, the total e�ect of an increase in life expectancy results from combining
three factors: (a) agents die later on average, thus the depreciation rate of aggregate
human capital decreases; (b) agents tend to study more because the expected ow of
future wages has risen, and the human capital per capita increases; (c) agents enter the
job market later in their life, thus the activity rate decreases. The two �rst e�ects have a
positive inuence on the growth rate but the third e�ect has a negative inuence.

Notice that the two last e�ects would still be e�ective even if we had introduced a
�xed retirement age (which does not change with life expectancy) or assumed that human
capital becomes fully depreciated after a given age. This is due to the fact that a rise in
life expectancy reduces the probability of dying during the activity period.

Numerical simulations show that, when life expectancy is below a certain threshold, or
when the discount rate is above a certain threshold, the two �rst e�ects dominate. From
�gure 1, we observe that if the discount factor is low enough the e�ect of � on  is hump
shaped. Starting from a situation in which agents have an in�nite horizon (� = 0), a rise
in � �rst leads to an increase in the growth rate. After some point, the sign of the e�ect
changes and a rise in � leads to a drop in . If the discount factor is high, the e�ect of
� on  is always negative. From an empirical point of view, we should thus observe that
the e�ect of life expectancy on growth is positive for countries with a relatively low life
expectancy, but could be negative in more advanced countries.

To study the dynamics of this economy, we de�ne detrended human capital as

z(t) = H(t)e�t:



Figure 2: Dynamics
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The DDE (9) becomes
z0(t) = (� + )(z(t� T )� z(t)): (11)

To solve it, we follow Bellman and Cooke (1963). We guess that z(t) = est is a solution.
Then,

s = (� + )(e�sT � 1): (12)

If sk is a solution of equation (12), by linearity

z(t) =
X

pke
skt:

Equation (11) is identical to the one handled by Boucekkine, del Rio and Licandro (1997).
Using the results of the later authors, we know that any root sk of the equation (12)
has non-positive real part. The only root with zero real part is sk = 0. Then, (11)
is asymptotically stable. Moreover, the solution path is oscillatory because except the
origin, the system only admits complex non-real roots.

An example of this oscillatory dynamics is provided in �gure 2. We have assumed that
� = :02, � = :1, z0(t) = 2 + sin(t) and J0(t) = T 8t < 0. The optimal time spent on
education is 8.33. The average level of the initial conditions gives the stationary level of
the solution, i.e. limt!1 z(t) = 2. We observe that z(t) converges to its stationary level.
There are two types of oscillations: �rst, there are discontinuities at t = T; 2T; :::; nT; :::
with a reduction in the amplitude of the uctuations from each interval to the next.
Second, echoes coming from the initial conditions could be observed at the interior of
each interval.

3 Concluding comments

When households have to decide the moment at which they will leave school to work, life
expectancy is a central factor that a�ects positively the optimal length of education, and
hence, the growth rate of the economy. However, the positive e�ect of a longer life on
growth could be o�set by a decrease in the participation rate.



To derive this result in a simple way, we have made the assumption of a linear utility
function and of the absence of physical capital. A further investigation of the role of life
expectancy on the dynamics of growth should include a more general utility function and
introduce physical capital. This enrichment of the model makes the problem signi�cantly
more di�cult to solve, because the optimal length of education would be no longer con-
stant over time. The dynamics will then be described by a mixed-delay di�erential system
with endogenous leads and lags (Boucekkine, Germain, Licandro and Magnus (1997) pro-
pose a shortcut to deal with this type of model). The solution to this problem is on our
research agenda.
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