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1 Introduction
Convexstructures ofthetechnologyandprefences haveplayedan impor-
tantroleineconomicanalysis ofoptimalone-sectorgrowthmodels. T hey
guaranteethatthesequenceofoptimalstocksmovesmonotonicallytowards
auniquesteadystate. (as inCass (19 65) andKoopmans(19 65)). Inthese
models, per-capitaoutputshouldconvergetoasteadystateduetotheas-
sumptionofdiminishingreturns toper-capitacapitalintheproductionof
per-capitaoutput. H oweverthesestudieswereunabletoexplainthenon-
convergenceofcountrieswhosepotentialcausescouldbethedi¤erenttime
preferences, technologies, demographies, marketstructuresoreconomicpoli-
cies.

Inamodelofendogenoustechnologicalchangeinwhichtheknowledge
accumulatedbytheagentsisthebasicformofcapital, R omer(19 86)relaxing
thisusualassumptionofdiminishingreturnsshowedthatper-capitaoutput
cangrowwithoutboundandthelevelofper-capitaoutputaccrossdi¤erent
countriesneednotconverge. Inthisanalysis, newtechnologycreatedbya
single…rmwhichhasapositiveexternale¤ectontheother…rmsisassumed
tobetheproductofaresearchtechnologythatexhibitsdiminishingreturns.
T hus, whereas production as a function ofthe …rm exhibits diminishing
returns, productionasafunctionofthestockofknowledgeintheeconomy
isassumedtoexhibitincreasingreturns.

O ntheotherhand, M ajumdarandM itra(19 82), D echertandN ishimura
(19 83) analyzedan optimalgrowthmodelwith anon-convex technology.
T heirkeyresultwasthatthesequenceofcapitalstocksisnecessarilymonotonic
andundersomeassumptions theyexhibitapovertytrap. Extendingthe
analysis toanopencountry, A skenazyand L e Van (19 9 9 ) in acontinous
timeframeworkandD imariaandL eVan (2001) inadiscretetimeframe-
workalsoshowedthatifthedebtconstraintishard, itcouldbeoptimalfor
apoorcountrytocollapse whilearichcountrytoconvergetoahighlevel
ofsteadystate.

Inthispaper, followingL eVan, M orhaimandD imaria(2001), wepresent
adiscretetimeversionoftheR omer(19 86)model andrelaxafundamental
hypothesis: nonconcavityoftheproductionfunction. W eanalyzethecase
ofadevelopingcountrywithaproductiontechnologythatexhibits linear
production-capitalratioattheearlystages ofindustrialization. T hen for
highercapitalstocks, theproductionfunctionbecomesconcaveasinthecase
ofadevelopedcountry. W eprovetheexistenceofsolutions tothesocial-
plannerproblem andcharacterizetheproperties oftheoptimalpaths. W e
showthataforagivenqualityofknowledgetechnology, thecountriescould
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take-o¤ iftheirinitialstockofcapitalareaboveacriticallevel;otherwise
theycouldfaceapoverty-trap. W eshowthatevenadevelopedcountrymay
faceapoverty-trap ifendowedwithalowqualityofknowledgetechnology.
B etweentwocountrieswiththesameproductionfunctionandthesamelevel
ofinitialcapitalstock, whenonefacesapoverty-trap, theothercouldtake-
o¤ ifitisendowedwithahigherqualityofknowledgetechnology. W eshow
thatthedi¤erencesinthequalityofknowledgetechnologybetweencountries
canprovideanexplanationforthenon-convergenceofthecountries.

T hepaperis organizedas follows. In Section 2, presentingthemodel
anditsassumptions, westudytheexistenceofsolutionstothesocial-planner
problem andanalyzetheproperties andtheconvergenceofoptimalpaths.
Finally, Section3concludes.

2 TheIn…nite-H orizonG rowthM odel
W econsideraclosedeconomy inwhichthepreferences ofthe S identical
consumersaregloballyrepresentedbyastrictlyconcaveutilityfunctionof
consumption, u(c):T heassumptionisthat:

(U 1) u(c)is twice continously di¤erentiable, u0(c)> 0 ;u00(c)<
0 ;8c> 0 andu(0 )=0 ;u0(0 )=+1 :

T heinstantaneousproductionofoutputfora…rmisgivenbyF (kt;Kt;xt);
whichdependsonthe…rmspeci…cknowledge(kt), theaggregateknowledge
(Kt), andthelevelofallotherfactors suchasphysicalcapital, labour, etc.
Tosimplifyandtohaveper-…rm andper-capitavaluescoincide, werestrict
ourattentiontoanequilibrium inwhichthenumberof…rmsandthenum-
berofconsumersareequalbyassumingthatS =N =1 :FollowingR omer
(19 86) andL eVan, M orhaim andD imaria(2001), weassumethatthead-
ditionalfactorsare…xedinsupplysothattheoptimalsolutionforxis

_
x.

D ropping¡xfrom theproductionfunction, letf;handFbe:

F (k;K;
_
x)=f(k)h(K)

F(k):= F (k;k;
_
x)=f(k)h(k):

W econsidertwocases:
i)adevelopedcountrywheretheproductionfunctionisconcave:

f(k) = k¹; ¹ 2]0 ;1 [;
h(k) = k½; ½ > 0
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ii)adevelopingcountrywheretheproductionfunctionisalinearfunc-
tioninaninitialphaseandconcaveafterwards:

f(k) = f ±k; k·k
A + k¹; k¸k

and

h(k) = k½; ½ > 0

with±¡¹k¹¡1 < 0 ;0 < ± < 1 ;0 < ¹ < 1 and 1 < ¹ + ½: N otethat A < 0
asA =±k¡k¹ =k

³
±¡k¹¡1

´
< k

³
¹k¹¡1¡k¹¡1

´
=k¹ (¹¡1 )< 0 :

T hein‡uenceofthe…xedcostsontheoutputcanbemeasuredthrough
twoindicatorswhicharekand ±:T he…xedcosts aremoreimportantifk
increasesor/andif± decreases.

InvestinganamountItofforgoingconsumption, a…rm withacurrent
stockofprivateknowledgektproducesadditionalknowledgewhichinduces
arateofgrowth

kt+ 1¡kt=G(It;kt)

A ssumethat:
(G 1) G isconcaveandhomogenousofdegreeone. T hen:

kt+ 1¡kt
kt

=G(
It
kt
;1 )=g(

It
kt
)

(G 2) g(0 )=0 ;g0(0 )= 1
¸ < +1

(G 3) 0 ·g(y)·®:
ForanarbitrarypathK, thesocialoptimizationproblemmaximizesthe

utilityofarepresentativeconsumersubjecttothetechnologyimpliedbythe
pathK.

M aximize
+ 1X

t= 0

¯tu(ct)

s:t: 0 · kt+ 1¡kt
kt

·g(
F(kt)¡ct

kt
)

k0 > 0 ;given:

N otethatin socialoptimizationproblem, theproduction functionex-
hibits an initialphaseofincreasingreturns and asecond phasewith de-
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creasingreturns. N otealsothatthisproblem isequivalentto:

M aximize
+ 1X

t= 0

¯tu(F(kt)¡kt° (
kt+ 1¡kt

kt
))

s:t:kt·kt+ 1 ·ktg(
F(kt)
kt

)+ kt

k0 > 0 ;given:

where° :=g¡1:
Followingfrom (G 3), notethatkt·kt+ 1 ·kt(1 + ®). T henwehave,

kt·k0(1 + ®)tinducingthat,F(kt)·F(k0(1 + ®)t)·¯ k½+ 10
£
(1 + ®)(½+ 1)

¤t:
Inwhatfollowsweassumethat:

(P 1) 0 < ¯ < 1 and¯(1 + ®)(½+ 1) < 1 :
D enotingg

³
F (k)
k

´
byg< ®;wealsoassumethat:

(P 2) ° (x)=¸x;whenx2 [0 ;g].
N otethatatzeroan increaseofonepercentin theamountofinvest-

mentinducesan increaseof1 =¸ percentinthestockofprivateknowledge
whichenablesustointerpretthat1 =¸ re‡ectsthequalityoftheknowledge
technology.

2.1 ExistenceofaSolution
A sequenceek= (kt)t is calledfeasiblefrom k0 ifitsatis…es theconstraints
ofthesocialoptimizationproblem:

8t;k0 ·kt+ 1 ·ktg
µF(kt)

kt

¶
+ kt

Inthissection, we…rstprovethateveryfeasiblesequencefromk0 belongs
toacompactsetfortheproducttopology;secondweshowthattheobjective
function iscontinous forthis topology. Existenceofsolutions follows from
theseresults.

2.1.1 Compactness

L etekbeafeasiblepathfromk0 . T henbyassumption(G 3), foreveryt:

kt·kt+ 1 ·ktg(
F(kt)
kt

)+ kt·(1 + ®)kt
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so, kt·(1 + ®)tk0 ;thatis:

ek 2
+ 1Y

t= 0

£
k0 ;(1 + ®)tk0

¤
:

T hus, ekbelongs toacompactsetforthetopology. SincegandFare
continous, thefeasiblesetfromk0 iscompactfortheproducttopology.

2.1.2 Continuityoftheobjectivefunction

T heobjectivefunctionis:

U:ek¡!
+ 1X

t= 0

¯tu
µ
F(kt)¡kt°

µ
kt+ 1¡kt

kt

¶¶
:

B ymeansoftheproofavailableinL eVan, M orhaimandD imaria(2001),
weknowthatU iscontinousfortheproducttopology.

T hus, withtheobjectivefunctionbeingcontinousandthefeasiblepath
setbeingcompactfortheproducttopology, theproblem hasasolution.

2.2 Valuefunction, B ellmanequation
L etV (k0)denotethevaluefunctionofthesocialoptimizationproblem. It
isclearthatthevaluefunctionveri…estheB ellmanequation:

V (k0)= max
k0·y·k0 g

³F (k0 )
k0

´
+ k0

½
u
µ
F(k0)¡k0 °

µ
y¡k0
k0

¶¶
+ ¯V (y)

¾

V istheuniquecontinoussolutiontoB ellmanequation. L et

'(k0)= argmax
k0·y·k0 g

³F (k0 )
k0

´
+ k0

½
u
µ
F(k0)¡k0 °

µ
y¡k0
k0

¶¶
+ ¯V (y)

¾
:

B ythemaximum theorem, ' isuppersemi-continous.

2.3 Propertiesandconvergenceofoptimalpaths
Inthis sectionwederivesomepropertiesofoptimalpaths. First, weshow
thenon-nullityofoptimalconsumptionandcapital. Second, weprovethat
thereexistsacriticalvaluekcwhichmaybeinterpretedasthe”top” ofthe
povertytrap.

6



L emma1 F (k)
k andF0(k)areincreasingfunctions in [0 ;k[ and]k;+1 [:

Proof. i)
³
F (k)
k

0́
= 1

k2 [F0(k)k¡F(k)]:W hatfollowsfrom thede…ni-
tionofF(k)isthat:

F0(k)k¡F(k)=f ±½k½+ 1; k2 [0 ; k[
A(½¡1 )k½ + ¹k¹+ ½ + (½¡1 )k¹¡½; k2 ]k; + 1 [:

T herearetwocasestobecheckedwhenk2]k;+1 [:
½ · 1 ) F0(k)k¡F(k)= k½ [A(½¡1 )+ (¹ + ½¡1 )k¹]> 0 as A =

±k¡k¹ < 0 and
½ > 1 ) F0(k)k¡F(k)=k½ [¹k¹ + (½¡1 )(k¹ + A)]> 0 ask¹ + A ¸

k¹ + A =±k:T hus F (k)k isanincreasingfunctionin [0 ;k[ and]k;+1 [:
ii)

F00(k)=f ±(½ + 1 )½k½¡1; k2 [0 ;k[
A½(½¡1 )k½¡2 + (¹ + ½)(¹ + ½¡1 )k¹+ ½¡2 ; k2 ]k; + 1 [:

Itis clearthatF00(k)> 0 fork2 [0 ;k[:T herearetwocases tobechecked
whenk2]k;+1 [ :

½ · 1 ) F00(k)=k¹+ ½¡2 [(¹ + ½)(¹ + ½¡1 )+ A½(½¡1 )k¡¹]> 0 and
½ > 1 ) F00(k)=k½¡2 [(k¹ + A)(½¡1 )½ + (¹ + ½)¹k¹ + ¹(½¡1 )k¹]> 0 :
T hus, F0(k)isanincreasingfunctionin [0 ;k[and]k;+1 [.

L emma2 @ 2W (k;y)
@k@y > 0 whereW (k;y)=u

³
F(k)¡k°

³
y¡k
k

´́
.

Proof. SeeL eVan, M orhaim andD imaria(2001).
L etB (x)=xg(F (x)x )+ x:

L emma3 O uroptimalgrowthmodelcanbewrittenas:

max
1X

t= 0

¯tW (xt;xt+ 1)

s:t: xt·xt+ 1 ·B (xt)
x0 > 0 is given

whichleadstothevaluefunctionverifyingtheBellmanequationgivenas

V (x0)= max
x0·y·B (x0 )

[W (x0;y)+ ¯V (y)]

whereB isanincreasingfunction. L etfxtgandfx0tgbeoptimalpathsstart-
ingfrom x0 andx00 respectively. Ifx0 < x00 thenx1 ·x01:
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Proof. T heresultcomesfromthefactthat@ 2W (k;y)
@k@y > 0 :SeeB enhabib

andN ishimura(19 85).

Proposition1 Iffkt;ctg is an optimalpath from k0 > 0 ;then 8t¸ 0
kt> 0 ;ct> 0 :Similarlyifk1 2'(k0)thenF(k0)¡k0 °

³
k1¡k0
k0

´
> 0 :

Proof. T heproofis basedon Inadaconditionoftheutilityfunction.
SeeL eVan, M orhaim andD imaria(2001).

Proposition2 L et¸ > 0 begiven. T hereexists k¤ > 0 suchthat8k0 <
k¤;k0 > 0 ;8k

»
optimalfrom k0 thenkt=k0 ;8t:

Proof.Choosek¤suchthatg

0
@
F
µ
k¤

µ
1+ g

µ
F (k¤)
k¤

¶¶¶

k¤
³
1+ g

³
F (k¤)
k¤

´́

1
A ·gand F 0(k¤)

¸ +

(1 + ®)< 1
¯ :Since

F (k)
k isincreasingbyL emma1 andlimk! 0

F (k)
k =0 ;such

ak¤exists. L etfork0 < k¤;thereexistsastrictlyincreasingoptimalpath.
W ehaveEulerequationgivenas :

u0(ct)° 0
µ
kt+ 1
kt

¡1
¶
=¯u0(ct+ 1)[F0(kt+ 1)¡°

µ
kt+ 2
kt+ 1

¡1
¶

+ ° 0
µ
kt+ 2
kt+ 1

¡1
¶µ

kt+ 2
kt+ 1

¶
]:

O urclaim isthatthereexiststsuchthatkt+ 1 < k¤andkt+ 2 ¸k¤:Ifnot, we
haveallwayskt< k¤;8t:T henkt! ks¸k0 > 0 andct! F(ks)> 0 with
F0(ks)= ¸(1¡¯)

¯ duetoEulerequation. N otethatwehave ° 0
³
kt+ 1
kt ¡1

´
=

¸;8tas
³
kt+ 1
kt ¡1

´
< g

³
F (kt)
kt

´
< g

³
F (k¤)
k¤

´
< g

0
@
F
µ
k¤

µ
1+ g

µ
F (k¤)
k¤

¶¶¶

k¤
³
1+ g

³
F (k¤)
k¤

´́

1
A ·

gand ° (x)=¸xforx2 [0 ;g]accordingtoA ssumption(P 2).
H owever, sinceF0 is increasingin [0 ;k[ and]k;+1 [ by L emma1 and

ks·k¤;F0(ks)·F0(k¤)< ¸(1¡¯)
¯ leadstoacontradiction.

H encethereexiststsuchthatkt+ 1 < k¤andkt+ 2 ¸k¤:Inwhatfollows,
considerapathfkn0 g convergingtozeroandletTn (kn0 )bethepointsuch
that

kTn(kn0 )+ 1 < k¤andkTn(kn0 )+ 2 ¸k¤:
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From t=0 toTn (kn0 )+ 1 wehave:

u0(cnt)°
0
µ
knt+ 1
knt

¡1
¶
=¯u0(cnt+ 1)[F0(knt+ 1)¡°

µ
knt+ 2
knt+ 1

¡1
¶

+ ° 0
µ
knt+ 2
knt+ 1

¡1
¶µ

knt+ 2
knt+ 1

¶
]

whichreducesto

u0(cnt)=¯u0(cnt+ 1)

"
F0

¡
knt+ 1

¢

¸
+ (1 + ®)

#
;

as
³
kt+ 2
kt+ 1 ¡1

´
·g

³
F (kt+ 1)
kt+ 1

´
· F (kt+ 1)

kt+ 1 ·
F
µ
k¤

µ
1+ g

µ
F (k¤)
k¤

¶¶¶

k¤
³
1+ g

³
F (k¤)
k¤

´́ ·g. H ence,

u0(cnt)< ¯u0(cnt+ 1)
h
F 0(k¤)

¸ + (1 + ®)
i
< u0(cnt+ 1)sothatcnt+ 1 < cnt;8t=

0 ;:::;Tn+ 1 :N owlettingn! 1 ;kTn(kn0 )+ 1 convergesto
bk·k¤andkTn(kn0 )+ 2

convergestobk0 ¸k¤:B ytheuppersemi-continuityof';bk02'
³
bk
´
:Since

bk > 0 ;from proposition 1, bk0 > 0 : T hen cnT(kn0 )+ 1 ! F(bk)¡bk°
³bk0¡bk

bk

´
.

Followingfrom InadaconditionwehavethatF(bk)¡bk°
³bk0¡bk

bk

´
> 0 onthe

onehand:B utcnT(kn0 )+ 1 < cn0 < F(kn0 ):T hencnT(kn0 )+ 1 mustconvergetozero
ontheotherhand: acontradiction.

H encefork0 smallenough, (k0 ;k0;:::k0 :::)is theuniqueoptimalpath
fromk0 :

Proposition3 L et¸ > 0 begiven. T hereexistsk¤¤ > 0 suchthat8k0 >
k¤¤;8ekoptimalfrom k0 thenkt< kt+ 1;8tandkt! +1 :

Proof. Choosek¤¤ such thatF0(k¤¤) ¯
1¡¯ = ¸: O urclaim is thatif

k0 > k¤¤;then anyoptimalpath is strictly increasingandgrows without
bound. In ordertoprovethis, wewill…rstshowthatforanyk0 > k¤¤,
the path ek0 = (k0 ;k0 ;:::;k0;:::)is notoptimal. T henwewillshowthat
anyoptimalpathis strictlyincreasingandnooptimalpathfrom k0 > k¤¤

convergestoasteadystate.
i) Considerthepathek1 =(k0;k0 + ";k0 + ";:::;k0 + ":::)thatisfeasible

from k0 :k0 ·k0 < k0g
³
F (k0 )
k0

´
+ k0: Sincek0g

³
F (k0 )
k0

´
> 0 ;thereexists

"> 0 suchthatk0 + "·k0g
³
F (k0 )
k0

´
+ k0 :T henfork1 :=k0 + "andkt:=k1;
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8t·1 ;wehavek0 ·k1 ·k0g
³
F (k0 )
k0

´
+ k0 andk1 ·k1 ·k1g

³
F (k1)
k1

´
+ k1

thatiskt·kt+ 1 ·ktg
³
F (kt)
kt

´
+ kt:T husthereexists"> 0 suchthatek1 is

feasiblefrom k0: N owwewillshowthatsuchapathincreases thevalueof
U :

U (ek1) = u
µ
F(k0)¡k0 °

µ
"
k0

¶¶
+

1X

t= 1

¯tu(F(k0 + "))

= u
µ
F(k0)¡k0 °

µ
"
k0

¶¶
+

¯
1 ¡¯

u(F(k0 + ")):

U (ek0) = u(F(k0))+
¯

1 ¡¯
u(F(k0)):

T hen,

U (ek1)¡U (ek0)=
·
u
µ
F(k0)¡k0 °

µ
"
k0

¶¶
¡u(F(k0))

¸

+
¯

1 ¡¯
[u(F(k0 + "))¡u(F(k0))]

¸u0
µ
F(k0)¡k0 °

µ
"
k0

¶¶µ
¡k0 °

µ
"
k0

¶¶

+
¯

1 ¡¯
u0(F(k0 + "))(F(k0 + ")¡F(k0))

¸"
·
u0

µ
F(k0)¡k0 °

µ
"
k0

¶¶µ
¡k0
"
°
µ
"
k0

¶¶
+

¯
1 ¡¯

u0(F(k0 + "))F0(k0)
¸
:

Since lim
"! 0

k0
" °

³
"
k0

´
= ° 0(0 )= ¸, F0 is increasingandk0 > k¤¤, wehave

F0(k0)> ¸ (1¡¯)¯ : T hus, thereexists "> 0 such thatU (ek1)¡U (ek0)> 0
concludingthatek0 isnotoptimal.

ii) Iftherewereanoptimalpath suchthatk1 = k0 thenas thevalue
functionveri…estheB ellmanequation:

k0 =k1 2 argmax
k0·y·k0 g

³F (k0 )
k0

´
+ k0

½
u
µ
F(k0)¡k0 °

µ
y¡k0
k0

¶¶
+ ¯V (y)

¾

thepath ek0 =(k0 ;k0 ;::;k0 ;::)wouldthenbeoptimalwhich is impossible.
Sonecessarily, k1 > k0 :Similarlywhatfollows isthat8t;kt+ 1 > kt:

10



iii) W ritingtheEulerequation:

¡° 0
µ
kt+ 1¡kt

kt

¶
u0

µ
F(kt)¡kt°

µ
kt+ 1¡kt

kt

¶¶
+

¯
·
F0(kt+ 1)¡°

µ
kt+ 2 ¡kt+ 1

kt+ 1

¶
+ ° 0

µ
kt+ 2 ¡kt+ 1

kt+ 1

¶µ
kt+ 2
kt+ 1

¶¸
£

u0
µ
F(kt+ 1)¡kt+ 1°

µ
kt+ 2 ¡kt+ 1

kt+ 1

¶¶
=0 :

Sincekt is strictlyincreasing, lim
t!1

ktexists. Supposeonthecontrarythat
ktconvergestoks < +1 :T henwewouldhave

F0(ks)
¯

1 ¡¯
=¸:

B utF0+ (k¤¤) ¯
1¡¯ =¸ andks > k¤¤:acontradictionsinceF0is increasing.

Soktdivergesto+1 inducingthatper-capitaoutputgrowswithoutbound.

Proposition4 L etk¤¤ be de…ned byF0(k¤¤) ¯
1¡¯ = ¸. L etk0 > 0 : N o

optimalpathfrom k0 6=k¤¤convergestok¤¤:

Proof. Ifk0 > k¤¤; from proposition 3, any optimalpath from k0
willconvergeto+ 1 :Considerthecasewherek0 < k¤¤: L etfktg bean
optimalpath from k0 andassume itconverges tok¤¤: T his optimalpath
mustbe increasingandboundedabovebyk¤¤: T hereexists T 0 suchthat
8t¸ T 0;

kt+ 1¡kt
kt ·gandhence °

³
kt+ 1¡kt

kt

´
= ¸

³
kt+ 1¡kt

kt

´
: T heoptimal

consumption, fort¸ T 0 willbect=F(kt)+ ¸kt¡¸kt+ 1: W ealsohave,
8t¸ T 0;F(kt)¡ ¸(1¡¯)

¯ kt > F(kt+ 1)¡ ¸(1¡¯)
¯ kt+ 1;because the function

F(k)¡¸(1¡¯)
¯ kisdecreasingwhenkisclosetok¤¤andk< k¤¤:T hefollowing

inequalityholds:

+ 1X

t= T0

¯t¡T0
µ
F(kt)¡

¸(1 ¡¯)
¯

kt
¶
<

+ 1X

t= T0

¯t¡T0
µ
F(kT0)¡

¸(1 ¡¯)
¯

kT0

¶
:

B ut,

+ 1X

t= T0

¯t¡T0
µ
F(kt)¡

¸(1 ¡¯)
¯

kt
¶
=

+ 1X

t= T0

¯t¡T0 (F(kt)+ ¸kt¡¸kt+ 1)¡
¸
¯
kT0
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and
+ 1X

t= T0

¯t¡T0
µ
F(kT0)¡

¸(1 ¡¯)
¯

kT0

¶
=
F(kT0)
(1 ¡¯)

¡¸
¯
kT0 :

T hus,
+ 1X

t= T0

¯t¡T0 (F(kt)+ ¸kt¡¸kt+ 1)<
F(kT0)
(1 ¡¯)

i.e.
+ 1X

t= T0

¯t¡T0 ct<
F(kT0)
(1 ¡¯)

:

B yJensen’s inequality, wehave

+ 1X

t= T0

(1 ¡¯)̄ t¡T0 u(ct)·u

0
@(1 ¡¯)

+ 1X

t= T0

¯t¡T0ct

1
A < u(F(kT0))

or
+ 1X

t= T0

¯t¡T0 u(ct)<
+ 1X

t= T0

¯t¡T0 u(F(kT0)):

T his means thattheutilityofthestationarypathkt= kT0 fort¸ T0 is
betterthantheutilityfrom T 0 oftheoptimalpath: acontradiction.

T heorem 1 L et¸ > 0 begiven. T henthereexistskcsuchthat8k0 < kc;
anyoptimalpathekfromk0 willsatisfykt=k0 ;8tand8k0 > kc;anyoptimal
pathekfrom k0 willsatisfykt< kt+ 1;8t;andkt! +1 :

Proof. L etkM bethesupremumofthek¤suchthatifk0 < k¤thenany
optimalpath ekfrom k0 willsatisfykt=k0;8t: L etkm bethein…mum of
thek¤¤ suchthatifk0 > k¤¤thenanyoptimalpathekfromk0 willconverge
to+1 :O urclaim isthatkM =km :ItisobviousthatkM ·km : Suppose
kM < km :Takek0 andk00 suchthatkM < k0 < k00 < km :From thevery
de…nitionofkM andkm ;thereexistsanoptimalpathfktgfromk0 whichis
strictlyincreasingandanoptimalpathfk0tgfromk00 whichisstationary, i.e.
k0t=k00;8t:B ytheincreasingness propertyoftheoptimalpolicy, wehave
kt·k00 ;8t:H encekt! bk:ItiseasytocheckthatF0

³
bk
´
= ¸(1¡¯)

¯ andthis
contradictsproposition4. T hereforekM =km :Posingkc=kM =km ends
theproof.
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3 ConcludingR emarks
i) L etk0 > 0 begiven. B yproposition 3, if¸ is smallenough then any
optimalpathfromk0 willconvergeto+ 1 :Inparticular, theR omermodel
formalizedindiscretetimehorizonbyL eVan, M orhaimandD imaria(2001)
is the limitcaseofourmodelby letting ¸ ! 0 : M oreover, considertwo
countrieswiththesameproductiontechnologyandthesamelevelofinitial
capitalstock. B yproposition3, whenonefaces apoverty-trap, theother
couldtake-o¤ ifitisendowedwithahigherqualityofknowledgetechnology.
T hatistomentionthatthedi¤erencesinthequalityofknowledgetechnol-
ogybetweencountriescanprovideanexplanationforthenon-convergence
ofthecountries.

ii) ConsidertheequalityF0(k¤¤) ¯
1¡¯ = ¸ andassumethatk¤¤> k:W e

have
A (±)½k¤¤

(½¡1)
+ (½ + ¹)k¤¤

(p+ ¹¡1)
=
¸(1 ¡¯)

¯

whereA (±)=±k¡k¹:B ydi¤erentiatingwithrespectto±;weobtainthat

dk¤¤

d±
=¡ k½k¤¤(½¡1)

A (±)½(½¡1 )k¤¤(½¡2 ) + (½ + ¹)(½+ ¹¡1 )k¤¤(½+ ¹¡2 )
< 0

because, sincek¤¤> k;thedenominatorispositive. O necanconcludethat,
givenk0 ;ifthein‡uenceofthe…xedcostsdiminishes (i.e. ± increases), the
economycantake-o¤.

Furthermore, bydi¤entiatingthegivenequalityF0(k¤¤)= ¸(1¡¯)
¯ with

respecttok;undertheassumption ofk¤¤ > k, weobtain that d k¤¤
d k

> 0 :
T hatis toconcludethat, givenk0 ;iftheamountof…xedcostsdiminishes
(i.e. kdecreases), theeconomycantake-o¤.

iii) Tosum up, aneconomywhichwantstotake-o¤ byusingknowledge
technologyrequiresthreefactors :
²L argeamountofinitialknowledge,
²Small…xedcosts,
²G oodqualityofknowledgetechnology.
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