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Introduction

The aim of this mini-course is to introduce categorical groups as a topic of
research, interesting in and of itself, and to show that they are a higher dimen-
sional gadget useful for studying familiar constructions and for understanding
better certain classical results in (homological) algebra.

If you wish to enjoy this mini-course, please come armed with basic knowledge of
monoidal categories, 2-categories, and internal categories. Sections 7.1, 7.2 and
8.1 of [1] and Sections 6.1 and 6.4 of [2] cover all the needed material. Monoidal
categories and 2-categories are also covered by [5], which will be made available
to the participants.

Categorical Groups

In the first lesson, I will introduce the notion of a categorical group with
several examples from homological algebra, ring theory, algebraic topology and
algebraic K-theory. I will also discuss the links among categorical groups, inter-
nal groupoids in groups, and group extensions.

Abelian 2-categories

The second lesson will be devoted to the theory of symmetric categorical
groups, starting from strong homotopy kernels and cokernels and ending at long
exact sequences of homology categorical groups, which leads to the axiomatic
notion of an abelian 2-category.

Homological Algebra

In the third lesson, two applications of the higher dimensional point of view
introduced in Lessons 1 and 2 will be discussed. First, I will show that strong
homotopy kernels reveal the Snail Lemma, a generalization of the Snake Lemma
that remains completely hidden if we look at the Snake Lemma from the classical
“l-dimensional” point of view. Second, we will see that Sinh’s homotopical
classification of categorical groups subsumes the Mac Lane - Schreier theory of
group extensions.
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Lesson I: Categorical groups

My point of view on research in mathematics:

“Va savoir pourquoi une descente vue d’en bas ressemble tellement a une
montée.”
Goofy, Le super-héros est fatigué, Disney Studio (foreign market stories), 1969.

The aim of Lesson 1 is:

1. To discover the definition of categorical group starting from a very basic
example, the cokernel of a morphism between abelian groups.

2. To illustrate the notion of categorical group with some examples coming
from homological algebra, ring theory, algebraic topology, and algebraic
K-theory.

3. To understand the relation between categorical groups, internal groupoids
in groups, crossed modules, and group extensions.



. LESSON I: CATEGORICAL GROUPS
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Chapter 1

The definition

If T write the equation
VA BeC, AxB~A+B

you immediately think to abelian groups or, more in general, to abelian cate-
gories or, more in general, to additive categories. If I write the equation

vV f: A— BeC, Ker(f) ~ Coker(f)

you immediately think that I'm a bit crazy: indeed, if for every arrow f one has
Ker(f) ~ Coker(f), then every object in C is isomorphic to the zero object.

The problem with the “wrong equation” Ker(f) ~ Coker(f) is that, in some
sense, the two terms live in different places. Let us look at what happens in the
category Ab of abelian groups.

1.1 Example. Let f: A — B be an arrow in Ab. Its cokernel is the set of

equivalence classes
Coker(f) = {[b] | b € B}

with b; = by if there exists a € A such that by + f(a) = by, and operations
defined on representatives, that is, [b1] + [b2] = [b1 + b2] and 0 = [0]. But what
is the structure of Coker(f) before passing to the quotient?

We can describe a category Coker(f) as follows: the objects are the elements
of B, and an arrow a: by — bg is an element a € A such that by + f(a) = be.
The composition is the sum in A and the identity on an object b € B is the zero
element of A. Moreover, Coker(f) has a monoidal structure

(a: by — by) @ (a': b] = by) = (a+a': by + by — ba +h)

with unit object the zero element of B. Finally, each arrow in Coker(f) is invert-
ible with respect to the composition, the inverse of a: by — by is —a: by — by,
and each object of Coker(f) is invertible with respect to the tensor product, the
inverse of b is —b.



CHAPTER 1. THE DEFINITION

Clearly, the set of isomorphism classes of objects of Coker(f) is nothing but the
usual cokernel of f:

mo(Coker(f)) = Coker(f)

But Coker(f) is not just an intermediate step to construct the usual cokernel: it
contains more information than Coker(f). Indeed, the group of automorphisms
of the unit object of Coker(f) precisely is the kernel of f:

1 (Coker(f)) = Ker(f)
and this is the right form of the “wrong equation” I considered at the beginning.
With Example 1.1 in mind, we can give the definition of categorical group.
1.2 Definition. The 2-category CG of categorical groups.

1. The objects of CG are categorical groups (also called cat-groups, 2-groups,
gr-categories, categories with a group structure). A categorical group is a
monoidal category G = (G, ®, I, a,l,r) such that

(a) each arrow is an isomorphism, and

(b) each object is weakly invertible with respect to the tensor product:
VXeG IX " eG: XX 2~ X"®X
2. The arrows of CG are monoidal functors F' = (F, Fy, Fy): G — H with

F°Y FX®@FY - F(X®Y) Fi:1—FI

3. The 2-arrows of CG are monoidal natural transformation a: F = G

FQX’Y Fr
FX®FY ——=F(XQY) I——=FI
ax®ayl \L(XX@Y & la[
GX ®GY s G(X®Y) GI

2

1.3 Exercise.
1. Categorical groups look like groups.

(a) Let G be a monoidal groupoid such that for any object X there exists
an object X™* such that X ® X* ~ I. Prove that X* ® X ~ I holds
true for any X.

(b) Let F': G — H be a functor between categorical groups and assume
that FX@ FY ~ F(X®Y) for every X,Y € G. Prove that I ~ F1I.

2. Categorical groups are more than groups.

September 9, 2014 4



CHAPTER 1. THE DEFINITION

(a) Let G be a monoidal groupoid such that for any object X there exists
an object X* and an arrow nx: I — X ® X*. Prove that there exists
a unique arrow €x : X*®X — I such that (omitting the associativity
isomorphisms)

id id
IoxP®  xex 90X X0l ¥ xgxeXx

le lid@sx TX*T l(-:x@id

X X®I X*l—>I®X*

X

X

The 4-tuple (X, X*,nx,cx) is called a duality in G.

(b) Let F': G — H be a functor between categorical groups equipped and
let F;°Y: FX ® FY — F(X ® Y) be a natural and coherent family
of arrows. Prove that there exists a unique arrow Fj: I — FI such
that

IoFXx 28 rrerx FXol ¥ pxeFl

lFXT iF;X TFXT J/F,j”

FleX FX®I
FX T PUeX) FX g FEel)

3. What about monoidal natural transformations between monoidal functors
between categorical groups?

4. Prove that in a categorical group the dual of an object is essentially unique:
given dualities (X, X*, nx,ex) and (X, X, ax, 8x), there exists a unique
x: X* — X such that

X®RX* X*® X
X /
I

XX XX

id @x r®id

5. Prove that in a categorical group G the choice, for every object X, of a
duality (X, X*,nx,ex) induces a “monoidal” equivalence (—)*: G — G.
Solution: for a given arrow f: X — Y, define f*: X* — Y™ as follows:

id® id®f 'eid id
X O oy gy 248 O oy gy O

1.4 Definition. The 2-category SCG of symmetric categorical groups.

September 9, 2014 5



CHAPTER 1. THE DEFINITION

1. The objects of SCG are symmetric categorical groups (also called Picard
categories), that is, categorical groups which are symmetric as monoidal
categories. The symmetry will be denoted by cxy: X ®Y =Y ® X.

2. The arrows of SCG are symmetric monoidal functors, that is, monoidal
functors F': G — H compatible with the symmetry:

X,Y

X
FX®FY —=F(X®Y)

CFX,FY\L \LF(CX,Y)

2

3. The 2-arrows of SCG are monoidal natural transformations.

(There is also the 2-category BCG of braided categorical groups, with same
arrows and 2-arrows as SCG, but it is less relevant in these lessons.)

1.5 Exercise.

1. Define
m9: CG— Grp 7w : CG— Ab

where Grp is the category of groups and Ab is the category of abelian
groups. Prove that my and m are 2-functors: if a: F' = G is a 2-arrow in
CG, then 7o(F) = mo(G) and w1 (F) = m1(G).

Find convenient candidates

[<]o: Grp— CG  [-]1: Ab— CG
in order to have my 4 [—]o and [—]; 4 7.
2. Let F': G — H be an arrow in CG. Prove that

(a) F is essentially surjective iff mo(F') is surjective,
(b) F is faithful iff m (F) is injective,

(c) F is full iff mo(F') is injective and m (F') is surjective.

Deduce that F' is an equivalence in CG iff mo(F') and 71 (F') are group
isomorphisms. (This last point is not completely obvious. Why?)

References for Chapter 1

Bla
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Chapter 2

Examples

I start with two strictly related examples of categorical groups arising in homo-
logical algebra.

2.1 Example. Fix two groups A and G with A abelian and consider the cate-
gory Ext(G, A): objects are extensions, that is, exact sequences of the form

X o

0 A B G 0

(with the group B not necessarily abelian) and arrows are group homomophisms
B: B — B’ such that

B/
Observe that, by the Five Lemma, Ext(G, A) is a groupoid. Fix now an action

(or operator) ¢: G — Aut(A) and consider the full subcategory OpExt(G, A, ¢)
of Ext(G, A) of those extensions such that

Aut(A)

where x: B — Aut(A) is the action induced by the fact that A is isomorphic to
the kernel of . The groupoid OpExt(G, 4, ¢) is in fact a symmetric categorical
group: the unit object is the semi-direct product extension

OHAiHA-AXl(pGpHG-GHO

7



CHAPTER 2. EXAMPLES

with operation
(a1,m1) Xy (a2, 22) = (a1 + 21 - g, T172)
and the tensor product is the Baer sum
(To be inserted)

Clearly, mo(OpExt(G, A, ¢)) is the usual abelian group OpExt(G, A, ¢) of iso-
morphism classes of extensions with fixed operator .

2.2 Example. As in Example 2.1, fix two groups A and G with A abelian
and an action ¢: G — Aut(A). We can construct two abelian groups (with
point-wise sum in A)

CHG,A) ={g: G — A|g(1) =0}
9 _J f:GxGE—A] f(z,1)=0= f(0,y)
z <G’A””’—{ - fy,2) + fwy2) = Fl@,y) + f(ay, 2) }

and a group homomorphism

§: CYG,A) = Z(G. A, 9) , (69)(x,y) = g(y) — g(zy) + g(=)

By considering the cokernel of § as in Example 1.1, we get a symmetric categor-
ical group Coker(d) which should be called the second cohomology categorical
group of G with coefficients in A. Moreover, there exists a symmetric monoidal
functor

E: Coker(d) — OpExt(G,A,¢) (f:GxG—A)—» (A= Ax;G— Q)

where the operation in A X7 G is the semi-direct product deformed by the
factor-set f:

(a1,21) 5 (ag,x2) = (a1 + x1 - a2 + f(x1,22), x122)
Theorem: the functor £ is an equivalence of symmetric categorical groups.

2.3 Exercise. The theorem stated in Example 2.2 is a “pay-one-take-two” re-
sult. Apply 7y and 7 to the equivalence £: Coker(d) — OpExt(G, A, ¢) and
get two classical isomorphisms.

Solution: - Using my you get the cohomological description of extensions :
H?(G, A, ¢) ~ OpExt(G, A, ¢).

- Using m; you get the isomorphism Der(G, 4, ¢) ~ Autiq(A X, G) between the
group of derivations and the group of those automorphisms of A x, G inducing
the identity on A and G.

Now two examples coming from ring theory. The first one is obvious.

September 9, 2014 8



CHAPTER 2. EXAMPLES

2.4 Example. Fix a commutative ring R with unit. The category R-Mod of
left R-modules is a symmetric monoidal category with tensor product ®z and
unit object R. The Picard categorical group of R is the subcategory Pic(R) of
R-Mod of those modules which are weakly invertible with respect to the tensor
product, and taking only isomorphisms as arrows. It is an exercise to check
that mo(Pic(R)) is the Picard group Pic(R) of R, usually defined as the group
of projective modules of constant rank 1.

This example can be obviously generalized: from any (symmetric) monoidal
category C we get a (symmetric) categorical group Pic(C) by taking weakly
invertible objects and isomorphisms between them.

2.5 Example. Fix a commutative ring R with unit. There are several (not
obviously) equivalent ways to define the Brauer group of R. My favorite one is
of course to construct first a symmetric categorical group and then taking its 7.
We start with the bicategory Bim(R): objects are R-algebras (that is, monoids
in the monoidal category R-Mod), arrows M : A — B are A-B-bimodules, and
2-arrows are homomorphisms of bimodules. The identity arrow on an algebra
A is A itself, and the composition of two bimodules M: A - Band N: B — C
is the tensor product over B, that is, the coequalizer

pv ®id q
M@B@N_—=M@N—MQ®N
idun

(u is the action) which inherits a bimodule structure M ®, N: A — C from those
of M and N because coequalizers in R-Mod are stable under tensor product. As
for any bicategory, if in Bim(R) we identify arrows when they are connected by
an invertible 2-arrow, we get a category Bim(R) which in fact is a symmetric
monoidal category (the tensor product and the unit object are as in R-Mod).
We can now define the Brauer categorical group of R as

Br(R) = Pic(Bim(R))

More explicitly, objects in Br(R) are Azumaya R-algebras, and arrows are
Morita equivalences:

- An isomorphism A ~ B in Bim(R) is a bimodule M : A — B such that there
exists another bimodule N: B — A such that M ®, N ¥ Aand N ®, M ~ B
as bimodules. By the Eilenberg-Watts theorem, this is the same as giving a
Morita equivalence, that is, an equivalence of categories A-Mod ~ B-Mod.

- An algebra A in Bim(R) is weakly invertible with respect to the tensor product
if there exists another algebra B such that A ® g B is isomorphic in Bim(R) to
R, that is, A®g B is Morita-equivalent to R. Such an algebra A is usually called
an Azumaya algebra.

Finally, mo(Br(R)) = Br(R) is the usual Brauer group of R described as the
group of Morita-equivalence classes of Azumaya algebras.

2.6 Exercise. Check that m (Br(R)) = Pic(R) and m(Pic(R)) = U(R), the
group of units of R (the elements of R invertible with respect to the multiplica-
tive structure).

September 9, 2014 9



CHAPTER 2. EXAMPLES

Now the expected example from algebraic topology.

2.7 Example. Recall that, for a pointed topological space Y, the following
homotopy invariants are defined:

1. mp(Y), the pointed set of connected components;
2. m(Y) = mo(QY), the fundamental group of Y, where Q is the loop functor;
3. mp(Y) = mo(Q2"Y), which is an abelian group if n > 2.

These are “l1-dimensional” homotopy invariants (pointed sets, groups, abelian
groups). We define now “2-dimensional” homotopy invariants:

1. I (Y), the fundamental pointed groupoid of Y, the objects are the points
of Y, the arrows are the homotopy rel end-points classes of paths;

2. II,(Y) = II1,(2Y), the fundamental categorical group of Y;

3. U3(Y) =11, (Q2Y), which is a braided categorical group;

4. M1 (V) =11, (2"Y), which is a symmetric categorical group if n > 3.
Here, homotopy invariant means that

Iy: Top — Grpd , 1ly: Top — CG, 13: Top, — BCG, 11,41 Top, — SCG

are 2-functors, where Top, is the 2-category of pointed topological spaces, con-
tinuous maps preserving the base point, and homotopy classes of homotopies.

2.8 Exercise. Go back from 2-dimensional to 1-dimensional homotopy invari-
ants. Check that

mo(IIL(Y)) = mo(Y) and m (I (Y)) = m (Y)
More in general, check that
To(pt1(Y)) = mu(Y) and mi (41 (Y)) = mnya (V)
(Sorry, notation does not help here.)

The last example is step zero in algebraic K-theory. The idea is simple, but
calculations are far to be easy.

2.9 Example. Recall that the full inclusion of the category of abelian groups
in the category of commutative monoids has a left adjoint:

C’Mon<_r7> Ab 1T

The left adjoint r can be described as the cokernel of the diagonal
M —2> M x M —2> Coker(A) = r(M)

September 9, 2014 10
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The cokernel is taken in the category CMon, but it is an abelian group because
the diagonal is a final morphism, see Exercise 2.10. More explicitly, (M) can

be described as
M x M

r(M) =

where (b,a) = (d, ¢) if there exist z,y € M such that x-a=y-cand z-b=1y-d

X
x
[ ]

a

C
Now we can give the classical definition of the first abelian group in algebraic
K-theory: if M is a symmetric monoidal groupoid, then Ko(M) = r(mo(M)).
What I want to do now is to present Ko(M) as mp of a convenient symmetric
categorical groups.
Theorem: the inclusion SCG — SMG of the 2-category of symmetric cate-

gorical groups in the 2-category of symmetric monoidal groupoids has a left
biadjoint, that I call Kg.

e
PN

o<——0—>0

Ko
SMG —————= SCG

oo

Since in the previous diagram the part built up with right adjoints is obviously
commutative, the part built up with left adjoints is also commutative (eventually
up to a natural isomorphism). Therefore, we can describe Ko(M) as g of a
symmetric categorical group, as desired:

70(Ko(M)) =~ 7(mo(M)) = Ko (M)
2.10 Exercise.

1. A morphism f: M — N in CMon is final when for all n € N there exist
n’ € N and m € M such that n-n’ = f(m). Prove that the cokernel of f
in CMon is an abelian group if and only if f is final.

2. Compare the explicit description of (M) given in Example 2.9 with the
general construction of the category of fractions C[X7!] of a class ¥ of
morphisms having a right calculus of fractions.

Solution: if you put C = [M];, the category with one object and the
elements of M as arrows, and ¥ = M, then C[X71] = [r(M)];.

September 9, 2014 11



CHAPTER 2. EXAMPLES

3. If you know the classical definition of the abelian group K; (M), check that
™1 (Ko(M)) = Kl (M)

References for Chapter 2

Bla
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Chapter 3

Facets of categorical groups

Among categorical groups, there are the strict ones. A categorical group is strict
if it is strict as a monoidal category, that is, the coherent natural isomorphisms
r,l,a are identities

X@l=X=I0X, Xo(Y®Z) =(XoY)0Z

and moreover every object is strictly invertible with respect to the tensor prod-
uct
VXeG IX"eG: XX " =I=X"0X

Analogously, a monoidal functor (F, Fy, Fr) is strict if F» and Fp are identities
FXQFY=FXQY), I=FI

In this way we get the 2-category StrCG of strict categorical groups, strict
monoidal functors, and monoidal natural transformations. The aim of this sec-
tion is to show that the 2-category StrCG has different descriptions (somehow
more popular that strict categorical groups) and to understand correctly the
inclusion

StrlG — CG

3.1 Definition. An internal groupoid in Grp is a groupoid such that the set of
objects is a group, the set of arrows is a group, and all the strictural maps (do-
main, codomain, ...) are group homomorphisms. In a similar way one defines
internal functors and internal natural transformations in Grp. The notation is:

d ,
G: GiXeaGi—">G =e=Gy G——=G

where the following diagram is a pullback

o
Gi Xc,a Gi —— G

l id

G ——— Gy

13



CHAPTER 3. FACETS OF CATEGORICAL GROUPS

F:G— H: Gli>H1

dcl;{cﬂdg;

Fo

Fy

a:F=G: G H,

|

Go z Hy

0

3.2 Definition. A crossed module of groups is a diagram

G: GG ——G 2=y

where Gy and G are groups, * and 0 are group homomorhisms, and the following
is a kernel diagram

k [id,0]
GobGHGoﬁ’GHGO

The homomorphisms * and 0 are required to satisfy the following conditions

G 2% GobG % GovGy
T T
G " G 5 Gy

where Zg is given, for any group G, by the followong composition

& lid,id]
Ig: GG ——=G+G—G

A morphism F': G — H of crossed modules is given by a pair of group homo-

morphisms f: G — H and fy: Gy — Hp such that

GQbG 4*> G L‘ G()

"R

HobH?H?HO

(If you don’t like the operator bemolle b, you can replace it by cartesian product,
the homomorphism *: GobG — G by a group action -: Gy x G — G, and
Z¢: GbG — G by conjugation G x G — G.)

The following proposition states the announced equivalent descriptions of
StrC'G. We denote by XMod the category of crossed modules of groups, and by
Grpd(Grp) the 2-category of internal groupoids in Grp.

September 9, 2014 14



CHAPTER 3. FACETS OF CATEGORICAL GROUPS

3.3 Proposition.
1. The 2-categories Grpd(Grp) and StrCG are equal.
2. The categories Grpd(Grp) (forget 2-arrows) and XMod are equivalent.

Proof. 1. Obvious: if G is an internal groupoid in Grp, then the monoidal
structure on objects and on arrows is provided by the group operation in Gg
and G;. Conversely, if G is a strict categorical group, then the set of objects is
a group with respect to the tensor product, and the same holds for the set of
arrows.

2. Given an internal groupoid G as in Definition 3.1, we get a crossed module

X d=g-d
GobG ——= G —> Gy
from the following diagram, where both rows are kernels

[id,0]
GobG*)GO—FGHGQ

l [e,g]l lid

G G1 Go

g9

C

Conversely, if we start with a crossed module G as in Definition 3.2, we can
consider the coequalizer

GobG Go+G—L~GxGy
G

and taking G; = G x Gy we get an internal groupoid

d
G1 =—<— Gy
with e =ig, - ¢: Go = Go + G — G and d and c such that

G4>G1<;GQ G4>G1<;G0

AN

Now that we have a better understanding of the 2-category StrCG, our next
goal is to have a better understanding of the inclusion StrCG — CG. For this,
let us consider an intermediate 2-category

StrlG — MON — CG

September 9, 2014 15



CHAPTER 3. FACETS OF CATEGORICAL GROUPS

The objects of MON are strict categorical groups (that is, internal groupoids in
Grp), whereas arrows and 2-arrows are not necessarily strict monoidal functors
and monoidal natural transformations.

3.4 Proposition. The full inclusion MON — CG is a biequivalence of 2-
categories.

Proof. This is arefinement of the classical (highly non trivial) theorem assert-
ing that every monoidal category is monoidally equivalent to a strict monoidal
category. O

Thanks to Proposition 3.4, we can concentrate our attention on the not
full inclusion StrCG — MON. The next example provides a new link between
categorical groups and group extensions, and gives a way to understand the
distance between monoidal functors and strict monoidal (or internal) functors.

3.5 Example. Fix two groups G and H and consider the following diagram

Ext(G, H) MON([G]o, Hol(H))
full full

SectExt(G, H) =———~ Grpd(Grp)([Glo, Hol(H))

not full Grpd(Grp)([Glo, [Aut(H)]o)

~

SplitExt(G, H) - Grp(G, Aut(H)
Ker

On the left column from the top to the bottom, Ext(G, H) is the groupoid of
group extensions of the form

X o

0 H B G 0

with arrows defined as in Example 2.1, and SectExt(G, H) is the full sub-
groupoid of those extensions such that o: B — G admits a section in Grp.
An object in the groupoid SplitExt(G, H) is an extension together with a spec-
ified section i: G — B of 0: B — H, and arrows are morphisms of extensions
commuting also with the specified sections

B B
NG N
H B G B G
R A

B’ B’

September 9, 2014 16



CHAPTER 3. FACETS OF CATEGORICAL GROUPS

The four objects on the right column are hom-groupoids (Grp is considered as a
2-category with only identity 2-arrows, so that the corresponding hom-groupoid
is just a set). The strict categorical group Hol(H) is the internal groupoid
corresponding, in the equivalence Grpd(Grp) ~ XMod of Proposition 3.3, to the
crossed module of inner automorphisms

T:H—=Auwt(H): T,(y)=x-y-z ', Awt(H)x H— H: (f z)— f(z)

The rows are equivalences. The bottom one associates to a group homomor-
phism ¢: G — Aut(H) the semi-direct product extension with its canonical
section

; i
OHH&H NWG;GGHO
PG
and, in the opposite direction, associates to a split extension
i
0—>H—>B==G—>0

the action 7 - x: G — B — Aut(H), where Y is the action induced by the fact
that H is the kernel of o. The equivalence on the top of the diagram, and its
restriction to extensions with section, can be described as follows. Consider an

extension
X o

0 H B G 0

and fix a set-theoretical section s: G — B of 0. We get a monoidal functor
F: [G]o — Hol(H) defined on objects by

Fo: G — Aut(H) , Fo(x)(h) = s(z)-h-s(z)™?
and on arrows by
Fi:G— HxAuw(H), Fi(z)=(1,Fy(z))
and with monoidal structure Fy"Y: Fy(z) o Fy(y) — Fo(x - y) given by
Fy: GxG — HxAut(H), Fy(z,y)=(s(z)-s(y) s(xz-y)"", Folz-vy))
Since in the previous diagram we have equivalences
Ext(G, H) ~ MON((Glo, Hol(H))  SectExt(G, ) ~ Grpd(Grp)([Glo, Hol ()
the “distance” between monoidal functors [G]o — Hol(H) and internal functors
[G]o — Hol(H) is the same as the “distance” between extensions of G by H and
extensions of G by H admitting a group-theoretical section: not every extension

admits a group-theoretical section just because the axiom of choice holds in Set
but not in Grp.
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The final comment in Example 3.5 suggests that, if we want to understand
correctly the inclusion

J: Grpd(Grp) = StrCG — MON

we have to look at the role of the axiom of choice, and what is well-known is that
we need the axiom of choice to pass from weak equivalences to equivalences. To
make this analogy precise, we need two preliminary facts.

3.6 Remark. Let E: G — H be a weak equivalence in Grpd(Grp), that is, an
internal functor wich is full, faithful and essentially surjective. Therefore, using
the axiom of choice in Set, the functor E has a quasi-inverse E*: H — G, but
in general such a quasi-inverse is not an internal functor (because the axiom of
choice does not hold in Grp). What is true is that for every weak equivalence
E in Grpd(Grp), the functor J(E) is an equivalence in MON. (Recall point 2
of Exercise 1.5: if a functor is an equivalence and is monoidal, then any quasi-
inverse can be equipped with a monoidal structure.)

3.7 Remark. Consider now any monoidal functor F': G — H between strict
categorical groups.We can construct the comma category (or strong homotopy
pullback)

Flld—sm
| =
E = 1d
G——H

An object of F' | Id is a triple (X € G,z: FX — H,H € H). An arrow
(X,z,H) = (X',2', H') is a pair of arrows f: X — X', h: H — H’ such that

FX —">H

Ffi lh

FX' ——H'

The functors F/ and E are the obvious projections, and the natural transfor-
mation ¢ is defined by

O xam =2 FX =F(E(X,z,H)) — F'(X,z,H)=H

It is easy to check that F | Id is a strict categorical group, F and F’ are
internal functors, F is a weak equivalence, and ¢ is monoidal. In other words,
we have obtained a span decomposition (or tabulation) with the left leg a weak
equivalence

Flid
Ec Grpdy KEGrpd(Grp)
G FeEMON H
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Putting together Remark 3.6 and Remark 3.7, we have (almost) proved the
following result, which expresses in a precise way how far is MON (or CG) from
Grpd(Grp).

3.8 Proposition. The 2-functor J: Grpd(Grp) — MON s the bicategory of
fractions of Grpd(Grp) with respect to the class of weak equivalences. This
means that:

1. J(E) is an equivalence in MON for every weak equivalence E in Grpd(Grp),
and

2. J is universal with respect to such a condition.
References for Chapter 3

Bla
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Lesson I1I: Abelian
2-categories

My point of view on the teaching of mathematics:

“Il n’y a jamais mauvais éleve, seulement mauvais enseignant.”
Jackie Chan, The Karate Kid, Columbia Pictures, 2010.

The aim of Lesson 2 is:

1. To study some constructions, essentially strong homotopy kernels and
strong homotopy cokernels, which can be performed in the 2-category
SCG and which lead to a convenient notion of exactness in SCG.

2. To give the definition of abelian 2-category, based on results obtained for
symmetric categorical groups, and to show some meaningful results which
hold true in any abelian 2-category.

3. To discuss the (not so obvious) relation between abelian categories and
abelian 2-categories.
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. LESSON II: ABELIAN 2-CATEGORIES
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Chapter 4

Kernels, cokernels, and
exactness

4.1 Definition. Let F': G — H be an arrow in CG. The strong homotopy
kernel of F' is the following diagram in CG:

G

KV P
k(F) A

Ker(F)

0 H

Objects of Ker(F') are pairs (X € G,2: I — FX), and arrows f: (X,z) — (Y,y)
of Ker(F) are arrows f: X — Y in G such that

F

X ! FY
1
The functor K(F): Ker(F) — G is defined by

K(F): (X,2) —>(Y,y) = X 2>y

The finctor 0: Ker(F') — H is the constant functor sending every arrow on the
identity of the unit object. The natural transformation k(F): 0 = K(F) - F' is
defined by

E(F)(x2) =2:0(X,2) =1 = FX = F(K(F))(X, )

Finally, observe that if F'is in BCG or in SCG, then so is its strong homotopy
kernel.
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The basic questions about the strong homotopy kernel are: what Ker(F')
says about F' ? What is the universal property of Ker(F') ? The answer to the
first question is an exercise.

4.2 Exercise. Let F': G — H be an arrow in CG. Prove that
1. F is faithful if and only if m (Ker(F')) = 0.
2. F is full if and only if 7mo(Ker(F')) = 0.

3. F is full and faithful if and only if Ker(F') ~ I (the category with only one
arrow).

Now we look at the universal property.

4.3 Proposition. Let F': G — H be an arrow in CG. The diagram
G

K(F) F
k(F)f

Ker(F)

H

constructed in Definition 4.1 satisfies the following universal properties.

1. It is a strong homotopy kernel:

(a) For every diagram in CG of the form
G
M F
ef
X H
there exists a unique M': X — Ker(F) such that M'-K(F) = M and

M E(F) = .
(b) For every diagram in CG of the form

N
SN

with « compatible with k(F), that is, such that

~

~

M-K(F)-F ==L N.K(F)-F

M.k(F)H /HN-IC(F)

M.-0=——————=N-0
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there exists a unique B: M = N such that 5 -K(F) = a.

2. It is a bikernel: For every diagram in CG of the form
G
M F
e
X H

there exists a fill-in, that is,

such that M’K(F)FW:F>MF

Ker(F
/ \ M’-k:(F)ﬂ ﬂs&
o' 4
—0

M -0

and for any other fill-in

Ker(F M K(F)-FZ5 0.
V . \ M”~k(F)ﬂ ﬂw
M. =———0

there exists a unique v: M’ = M" such that

M’ - K(F) LACVNENG Y K(F)
x <P”
M

Proof. 1. (a) Define M': X — Ker(F) by
[ X-=>Y = M({):(MX,ox:1—FMX)— (MY,py: I — FMY)

The fact that M (f) is an arrow of Ker(F) is precisely the naturality of ¢:
FMX %‘ FMY

A

(b) For M : X — Ker(F), let me write

MX = (MX,m(X): [ — F(MX))
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and similarly for NX, so that the components of a: M - K(F) = N - K(F) are
arrows in G of the form ax: MX — NX. We are looking for 8: M = N, and
the condition - K(F) = « means that Sx = ax, so that the proof reduces
to check that ax: (MX,m(X)) — (NX,n(X)) is an arrow in Ker(F'). This
means that

PMX) —2 | p(vx)
m& n(X)
I

must commute, and this commutativity is precisely the compatibility condition
between « and k(F).

2. The universal property of type “strong homotopy kernel” implies the univer-
sal property of type “bikernel”. Indeed, for any X € CG, we can consider the
following diagram in Grpd , where Ker(— - F) is the strong homotopy kernel of
— - Fin Grpd and J is the canonical comparison

Ker(— - F) > CG(X,G) —

CG(X, Ker(F))

CG(X,H)

Now, it is easy to check that the universal property of the strong homotopy
kernel means that J is an isomorphism of categories (that is, fully faithful and
bijective on objects), whereas the universal property of the bikernel means that
J is an equivalence of categories (that is, fully faithful and essentially surjective
on objects). O

4.4 Remark. Here is a quite “ideological” comment on the difference between
the strong homotopy kernel and the bikernel. Despite the fact that the universal
property of the strong homotopy kernel is somehow easier to use, I prefer the
universal property of the bikernel. Indeed, the universal property of the strong
homotopy kernel determines it up to isomorphism of categories, whereas the uni-
versal property of the bikernel determines it only up to equivalence of categories.
Now, the notion of equivalence is a genuine 2-categorical notion, whereas the
notion of isomorphism of categories is not a 2-categorical notion (for example,
it is not stable under natural isomorphism). A more technical point in favour
of the bikernel comes from Lemma 4.11, which in particular implies that every
faithful arrow in SCG is equivalent (but in general not isomorphic) to the kernel
of its cokernel.

For the dual construction, we have to work in SCG. To work in CG or even
in BCG is not enough. The idea to describe the strong homotopy cokernel of an
arrow in SCG is the same idea followed in Example 1.1: with abelian groups, you
first construct a category, and then identify objects when they are isomorphic.
With symmetric categorical groups, you first construct a bicategory, and then
identify arrows when they are 2-isomorphic.
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4.5 Definition. Let F': G — H be an arrow in SCG. The strong homotopy
cokernel of F' is the following diagram in SCG:

e w\

Coker(F)

The objects of Coker(F') are those of H. A pre-arrow (X, f): A — B in Coker(F)
is a pair with X € Gand f: A —» FX ® B in H. An arrow [X, f]: A — B is an
equivalence classe of pre-arrows, with two pre-arrows

f:A—>FX®B and f:A—-FX ®B
being equivalent if there exists z: X — X’ in G such that

F(z)®id
FXB——FX'®B

A

The functor C(F): H — Coker(F) is the identity on objects and it sends an
arrow f: A — B on the arrow represented by the pair

(I.f lg - (Fi®id): A>B—>I®B — FI® B)

The natural transformation ¢(F): F - C(F) = 0 has component ¢(F)x repre-
sented by the pair
(X,rpx: FX - FX®1)

The symmetry of H enters in the picture in order to define the tensor product in
Coker(F): the tensor product of two arrows [X, f]: A — B and [Y,g]: C — D
is the arrow represented by the pair

d®cp,ry i

X®B, A C —— FX®B®FY®D—>FX®FY®B®D

iFQX’y@ﬁd@id

F(X®Y)®B®D

The associativity, unit, and commutativity constraints of Coker(F') come from
those in H via the functor C(F). It is to prove that the commutativity of H is
natural also with respect to the arrows in Coker(F') that we need a symmetry,
a braiding is not enough.
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Once again, the basic questions about the strong homotopy cokernel are:
what Coker(F) says about F' 7 What is the universal property of Coker(F) ?

4.6 Exercise. Let F': G — H be an arrow in SCG. Prove that
1. F is essentially surjective if and only if 7o(Coker(F)) = 0.
2. F is full if and only if 7 (Coker(F)) = 0.

3. F is full and essentially surjective if and only if Coker(F) ~ 1.

Here is another simple exercise which can help to grasp the difference be-
tween kernels and cokernels in (abelian) groups, and kernels and cokernels in
(symmetric) categorical groups.

4.7 Exercise.
1. In CG: Ker(G—=1)=G, Ker(l - G) = [m1(G)]o
2. In SCG: Coker(G — 1) = [n9(G)]; , Coker(I = G) =G.

Now we look at the universal property. The explicit statements are dual of
those of Proposition 4.3 and we leave them to the reader.

4.8 Proposition. Let F': G — H be an arrow in SCG. The diagram

e <

Coker(F)

constructed in Definition 4.5 satisfies the following universal properties.
1. It is a strong homotopy cokernel.
2. It is a bicokernel.

Proof. (Not really a proof) Consider a diagram in SCG of the form

/«w\

G—— X

The factorization M': Coker(F) — X of M through C(F) sends an arrow
[X, f]: A — B on the arrow

M(f) (M)

MA—> M(FX ® B) MFX @ MB 2% I®MB£>MB

O
The reader will find the following lemma useful in order to give a complete
proof of Proposition 4.8.
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4.9 Lemma. Let F': G — H be an arrow in SCG and [X, f]: A — B an arrow
in Coker(F). We get the following diagram in Coker(F):

[X,f]

B
C(F)(f)J/ iC(F)(lB)

One more exercise on kernels and cokernels in SCG. It provides the definitive
solution to the “wrong equation” used at the beginning of Lesson 1 (compare
with Example 1.1).

4.10 Exercise.
1. Let F: G — H be an arrow in SCG. Prove that mo(Ker(F')) ~ 1 (Coker(F)).

2. Let f: A — B be in Ab. Recall that o - [—]o and [—]; - 7. (see Exercise
1.5) and apply point 1 to [f]o: [A]o — [Blo and to [f]1: [A]1 — [B]1-
Solution: 71 (Coker[f]o) = Ker(f), mo(Ker[f]1) = Coker(f).

3. More is true: if f: A — B is in Ab, then Coker[f]o ~ Ker[f];.

Now that we dispose of kernels and cokernels in SCG, we can study the
notion of exactness. The prototype of exact sequences should be of course

G H
KV F F Y
E(E) de(F)
Ker(F) 5 H G 5 Coker(F)

and a sequence of the form

will be declared “2-exact” if in some sense it looks like one of the prototypes.
We make precise this idea with the following lemma.

4.11 Lemma. Consider an arrow F: A — B in SCG and construct the diagram

Ker(C(F))

/ N W>
K(F) F c(F)

Ker(F) A B Coker(F)

CKIENN, /

Coker(K(F))
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1. Fy is full and essentially surjective, and K(C(F)) is faithful.

2. C(K(F)) is essentially surjective, and Fy is full and faithful.
The above factorizations of F form two different factorization systems (in a
2-categorical sense) in SCG.

4.12 Exercise. Check that in SCG the factorizations of Lemma 4.11 can be
obtained also via the following diagrams.

1. The (full and essentially surjective, faithful) factorization:

Coker(eger(r) - K(F))

e . / : \ ]

Ker(F) A

[m1Ker(F)]y

2. The (essentially surjective, full and faithful) factorization:

C
))

@(C(F) : nCoker(F

TICoker(F)

) Coker(F)'2L o Coker(F)],

4.13 Definition. Consider a sequence in CG or in SCG
B
F G
~p
A——F>——>C

We say that the sequence (F,p,G) is 2-exact if the canonical factorization
F’: A — Ker(G) of F through K(G) is full and essentially surjective.

Here is the expected result which makes the notion of 2-exactness self-dual
in the symmetric case.

4.14 Proposition. Consider the following diagram in SCG

A—2 o

N

Ker(G) Coker(F)

K(G) B C(F)
The following conditions are equivalent:
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1. I’ is full and essentially surjective.
2. G is full and faithful.
4.15 Exercise. For an arrow F': A — B in CG, check that

1. A £y B —2>1 is 2-exact iff F' is full and essentially surjective,

2. 1 L A _Fy B is 2-exact iff F' is full and faithful.
The simple but fundamental fact about 2-exactness is the following result.

4.16 Lemma. If the sequence in CG

s 2-exact, then

o (F mo (G w1 (F w1 (G
ﬂoAL;’ITQBL))ﬂ'O(C and ’/TlAL;Trl]BL;WﬁC

are exact sequences in the usual sense.

4.17 Remark. The converse of Lemma 4.16 is not tru, here is a counter-
example. The sequence in SCG

I—-1— [Zg]l

is not 2-exact. Nevertheless, its image under 7y is 0 — 0 — 0 and its image
under 7 is 0 = 0 — Zo, and both are exact sequences.

4.18 Corollary.

1. Consider an arrow in CG together with its kernel

Ker(F) 2y £, p

We get an exact sequence of abelian groups and groups
’/T1@(F) — 7I'1A — 7T118 — ’/T0@(F) — ’/T()A — ﬂoB
2. Consider an arrow in SCG together with its kernel and its cokernel

K(F C(F
Ker(F) 3 o —F g <L Coker(F)

We get an exact sequence of abelian groups

mKer(F) m A mB 71 Coker (F)
moKer(F') moA moB moCoker(F)
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Proof. 1. We construct the connecting homomorphism §: mB — moKer(F')
as follows:

0: (bZIB%IB) — [IA,b-thf]B%IB—)FIA]

We leave to the reader to check the exactness in mB and in moKer(F').

2. Obvious from Exercise 4.10 and Lemma 4.16. O
The exact sequence of point 1 of Corollary 4.18 will appear again in the first

part of Lesson 3.

4.19 Remark. As already observed in the proof of Proposition 4.3, the con-
struction of Ker(F) from F: A — B makes sense even if F is not an arrow
in CG, but just a pointed functor between pointed groupoids. Moreover, the
universal properties stated in Proposition 4.3 are still valid. (What fails in this
more general case is Exercise 4.2: it is no longer true that Ker(F') measures
the fulness and the faithfulness of F.) In the same way, the formal definition of
2-exactness still makes sense for a sequence (Fp,G) in Grpd_, and point 1 of
Corollary 4.18 remains true: from -

Ker(F) =L p F.p

in %l*, we get an exact sequence of groups and pointed sets
mKer(F) — mA = mB — moKer(F) — mpA — moB
More in general, Lemma 4.16 holds true for 2-exact sequences in Grpd_ .
To illustrate the notion of 2-exactness, we go back to some examples.

4.20 Example. Here is the expected example from algebraic topology. Con-
sider a pointed continuous map between pointed topological spaces together
with its homotopy kernel

k
K(f) (f)X ! v

Recall that the homotopy kernel is the subspace of X x Y91 of the pairs of the
form (z € X,y: * — f(x)).

1. There is a 2-exact sequence of pointed groupoids

I (k(S)) I (f)
_

I (K(f)) I (X) ————1IL(Y)

2. In fact, there is a long 2-exact sequence of symmetric categorical groups,
braided categorical groups, categorical groups, and pointed groupoids

o IL(K(f)) = T (X) — oY) — L (K(f)) — I (X) — (V)
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3. Therefore, by applying mo: Grpd — Set,, we get the usual homotopy
exact sequence

o K () = m(X) = m(Y) = moK(f)) = mo(X) = mo(Y)

Proof. 1. To be inserted.
2. We have to prove the 2-exactness of

o= LK) = Ho(X) —» (YY) — IL(K(f)) = I (X) = IL(YY)
that is, of
o= IL(QK()) = QX)) — I (YY) — ILI(K(f)) — i (X) — I (Y)
But the Puppe sequence
o= QPK(f) = PX = Q%Y = QK(f) - QX = QY - K(f) = X =Y
is homotopy equivalent to the sequence of iterated homotopy kernels
o> K(kkkf) - K(kkf) > K(kf) = K(f) = X =Y

We can therefore conclude by applying point 1 to each point of this last sequence.
3. Obvious from point 2, because 7y sends 2-exact sequences in exact sequences
(Lemma 4.16 and Remark 4.19). O

4.21 Remark. Point 1 of Corollary 4.18 is the tip of an iceberg. In this course
I don’t need the whole iceberg, but in the next example I need one step more
than in Corollary 4.18. If F: A — B is a pointed 2-functor between pointed
2-groupoids, we can construct the comma-2-groupoid

Ker(F) SL 4 o

If we apply 7o (which identifies arrows when they are 2-isomorphic) and m; (the
hom-groupoid at the base point), we get a 6-term 2-exact sequence of categorical
groups and pointed groupoids

’/Tlg(F) — mA - mB — ’/Tog(F) — moA — mB
If we apply again mp and 7; and use the (easy to check) fact that
mo(mA) = 71 (mA)

we get a 9-term exact sequence of abelian groups, groups and pointed sets

W%Q(F) y mmoKer(F) ——= mmoA —= mmB
momi Ker(F) —— mym A = mom B = ngKer(F) m2A 2B
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4.22 Example. Let f: R — S be a morphism of unital commutative rings. A
classical result asserts that there exists an exact sequence connecting the groups
of units, the Picard groups and the Brauer groups

U(R) — U(S) =77 — Pic(R) — Pic(S) =?? — Br(R) — Br(R)

This sequence is a special case of the sequence constructed in Remark 4.21. Start
with the “Azumaya complex” Az(R), whose objects are Azumaya R-algebras,
arrows are Morita equivalences (or, equivalently, invertible bimodules), and 2-
arrows are natural isomorphisms (or, equivalently, bimodule isomorphisms).
Az(R) is a sub-bigroupoid of the bicategory Bim(R) introduced in Example
2.5. Comparing with Example 2.4, Example 2.5 and Exercise 2.6, we have:

- moAz(R) = Br(R), the Brauer categorical group of R,
- mAz(R) = Pic(R), the Picard categorical group of R,
- ﬂgg(R) = mpBr(R) = Br(R), the Brauer group of R,
- mAz(R) = mPic(R) = U(R), the group of units of R,

- momAz(R) = moPic(R) = Pic(R) (or mymoAz(R) = mBr(R) = Pic(R)),
the Picard group of R.

Moreover, a ring homomorphism f: R — S induces a 2-functor
F:Az(R) — Az(S), A~ S®rA
Take now its kernel in the sense of Remark 4.21
Ker(F) — Az(R) — Ag(S)

Following the construction of Remark 4.21, we get first a 6-term 2-exact sequence
of symmetric categorical groups

miKer(F) — Pic(R) — Pic(S) — moKer(F) — Br(R) — Br(S)
and finally a 9-term exact sequence of abelian groups

W%@(F) U(R) U(s) mymoKer(F)

Pic(R) = Pic(S) — m3Ker(F) —— Br(R) —— Br(9)
References for Chapter 4
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Chapter 5

Abelian 2-categories

In order to unify and generalize results concerning diagram lemmas and exact
sequences from modules to sheaves of modules, someone invented (or discov-
ered?) abelian categories. Since several basic results on diagram lemmas and
exact sequences have an analogue for symmetric categorical groups, let us try
to invent abelian 2-categories. Of course, the basic example of an abelian 2-
category should be the 2-category SCG.

An abelian category can be defined in several equivalent ways. Here is
probably the most elementary one.

5.1 Definition. A category C is abelian if the following conditions are satisfied.
1. C has a zero object,
2. C has binary products and binary coproducts,
3. C has kernels and cokernels,
4. In C each mono is a kernel and each epi is a cokernel.

Let us try to transpose this definition to symmetric categorical groups. In
SCG the one-arrow category I plays the role of zero object. SCG has binary
products and binary coproducts (in any possible sense), and they coincide. SCG
has kernels and cokernels (in the convenient 2-categorical sense explained in
Chapter 4). Before understanding the last condition in Definition 5.1, we have
to understand what is a mono in a 2-category. Here is a possible answer: an
arrow F': A — B in a 2-category is a mono if for every diagram of the form
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there exists a unique 8: M = N such that 5- F = a.

5.2 Exercise. Show that an arrow F': A — B in SCG is a mono if and only if
it is full and faithful. Dualize from monos to epis.

Consider now a full and faithful arrow F': A — B in SCG and apply Lemma
4.11

Ker(C(F))
/ N Y(F\))
A . B -4 Coker(F)

The comparison F} is an equivalence, and then F' is a kernel (that is, it satisfies
the universal property of the bikernel of C(F")).

It seems that we have done: all the conditions of Definition 5.1 can be
transposed to a 2-category and SCG satisfies them. No! The problem is that in
condition 4 of Definition 5.1 there is an invisible part, and you can do nothing
with the definition of abelian category if this invisible part does not hold. Here
is the real condition 4.

4 In C each mono is a kernel and each kernel is a mono, each epi is a cokernel
and each cokernel is an epi.

Unfortunately, in SCG kernels are not monos (and cokernels are not epis). In-
deed, given a kernel in SCG

@(F)ﬂz&iﬂfi%

the arrow K(F') is always faithful, but it is almost never full (it is full if and
only if mB = 0).
Let us try with some other possible definitions of abelian category.

5.3 Definition. A category C is abelian if
1. it is additive, and
2. Barr-exact
or, equivalently, if
1. it is non-empty,
2. pre-additive (that is, enriched in Ab), and
3. Barr-exact
or, equivalently, if

1. it is semi-abelian, and
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2. its dual is semi-abelian
or, equivalently, if
1. it has binary products and binary coproducts,

2. it has a zero object, and

3. it is Puppe-exact: for every arrow f: A — B, the canonical comparison
wy in the following diagram is an isomorphism

Ker(f) b A ! B— Coker(f)

L]

Coker(ky) —o7” Ker(cy)

With all but the last version of the definition of abelian category, the problem
is that, despite some recent attempts, it is far to be clear what it means for a
2-category to be Barr-exact. What about Puppe-exactness? Here also there is
a problem (keep in mind Lemma 4.11): if we start with an arrow F: A — B in
SCG, the comparison wg: Coker(K(F)) — Ker(C(F)) simply does not exist. It
exists if and only if F' is full, and in this case wp is in fact an equivalence.

Ker(C(F))
/ A w?
Ker(F) o A ~ wp B oo Coker(F)

Py

C(K(F))

I

|

I

I
Coker(lK(F))

For this last problem we have a possible solution, but we need three new kinds
of bilimits (and of bicolimits).

Convention: from now on, 2-category mean track 2-category, that is, we assume
that all 2-arrows are invertible.

5.4 Definition. Let B be a 2-category with zero object.
1. The pip of an arrow F': A — B is a diagram of the form

0

Pip(F)  yme  Sa—Fop

e v

0
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such that 7p - F = idg, and universal (in the sense of bilimits) with respect
to such a condition. This means that, for any other diagram of the form

/—\ r
X 4 A——DB
\—/

such that A - F' = idg, there exists an arrow L: X — Pip(F') such that
L -7mp = A Moreover, if L': X — Pip(F) is another arrow such that
L' - mp = ), then there exists a unique 2-arrow : L = L’ such that

QTR =\
2. The root of a 2-arrow «a: 0 = 0 is a diagram of the form

0

Ra N
Root(a) —= A \S/ B

0

such that R, -a = idg, and universal with respect to such a condition.
This means that, for any other diagram of the form

T /’”‘\
X——A Ja B
\—/

such that T - a = idy, there exists a pair (T": X — Root(«),7": T’ - Ry =
T). Moreover, for any other pair (T”: X — Root(a),7": T" - Ry = T),
there exists a unique 2-arrow ¢: T = T” such that

3. The relative kernel of a sequence
B
7N
A——F——>C
is a diagram of the form

K(F,
VFN

Ker(F, p) —— B
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with k(F, ¢) and ¢ compatible

K(F,@)~F~G<%K(F,<p)~0

0-G 0

and universal with respect to such a condition. This means that, for any
other compatible diagram

E-¢
E-F-G<——F-0

N

X - B 0-G=——0
there exists a fill-in

R
E -K(F¢) FYL p.F

Ker(F
K(F,p
/ \ E’~k(F,<p)ﬂ ﬂw
_ ——— 0

A E' -0

Moreover, for any other fill-in

1"

B K(Fe) FoEp. p

Ker(F
K(F,p
/ o \ E”-’C(R@)ﬂ Wm

E" =0

there exists a unique 2-arrow ¢: E' = E” such that

B K(F,p) =2 B K(F, )

5.5 Definition. Let B be a 2-category with zero object.
1. The copip of an arrow F': A — B is a diagram of the form
0
A—EeB T ver Copip()
0

such that F' - o = idg, and universal with respect to such a condition.
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2. The coroot of a 2-arrow «: 0 = 0 is a diagram of the form

0
N Ca
A Yo B —— Coroot(a)
\/
0

such that a - C, = idg, and universal with respect to such a condition.

3. The relative cokernel of a sequence

is a diagram of the form
a2
©,G
B——F— Coker(p, G)

with ¢(¢, G) and ¢ compatible

F.-G-Clp,0) =229 . c(p,G

F-0

and universal with respect to such a condition.

The existence of roots, pips and relative kernels in CG and in SCG, as well
as the existence of coroots, copips and relative cokernels in SCG is guaranteed
by the following proposition (where all (co)limits are intended in the sense of
bi(co)limits).

5.6 Proposition. Let B be a 2-category with a zero object (denoted by 1).

1. If B has kernels, then it has relative kernels.

2. If B has relative kernels, then it has kernels, roots and pips.

8. The same happens with the dual notions of relative cokernels, cokernels,
coroots and copips.
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Proof. 1. The relative cokernel of a sequence

A

A 0

C

is the kernel of the factorization F': A — Ker(G) of F through the kernel of G.
2. Consider a sequence and its relative kernel

Ker(F, ) ————B

Yk(F ) G
T
K(FX F/ 50\

A= —C

1. If C =1, then Ker(F, ¢) ~ Ker(F).
2. If B =1, then Ker(F, ¢) ~ Root(y).
3. If A =1, then Ker(F,¢) ~ Pip(G).
O
5.7 Example. Using Proposition 5.6, we get the following explicit descriptions.

1. In CG, Root(«) is the full sub-category of A of the objects A such that
aqp=1id: I — 1.

2. In CG, Pip(F) is the discrete categorical group [ (Ker(F')]o. In particular,

3. In SCG, Coroot(«) has the same objects than B and arrows are equivalence
classes of arrows of B, with f, f’: X — Y equivalent if there exists A € A

such that

~I®Y—>I®Y Y

4. In SCG, Copip(F) is the connected categorical group [mo(Coker(F)];. In
particular, Copip(I — A) = [moA]; = Coker(A — I).

5.8 Definition. A 2-category B is abelian if
1. it has a zero object,

2. it has binary products and binary coproducts, and
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3. it is Puppe-exact: for every arrow F': A — B, the canonical comparisons
wg and vp appearing in the following diagrams are equivalences

Plp(F) F C(F)

B Coker (F)
- ¥/
0 cﬂFl ~ TK(C(F))

Coroot () —;— Ker(C(F))
//_\ .
Ker(F) MO 4 B ord  Copip(F)
\’_/j
C(K(F))l ~ TRGF 0

Coker(K(F')) —— Root(op)

Before giving some formal consequences of the definition of abelian 2-category,
and in particular in order to generalize Lemma 4.11 on factorizations and Propo-
sition 4.14 on 2-exact sequences, we need a point of terminology.

5.9 Definition. Consider an arrow F': A — B in a 2-category B and, for any
X € B, the induced functors

B(—, F): BX,A) —» B(X,B) B(F,—): B(B,X) — B(A,X)
1. F is faithful when B(—, F) is faithful for all X € B,
2. F is fully faithful when B(—, F) is full and faithful for all X € B,
3. F is cofaithful when B(F, —) is faithful for all X € B,
4. F is fully cofaithful when B(F,—) is full and faithful for all X € B.
5.10 Exercise. (Compare with Exercise 5.2.) Show that an arrow in SCG is
1. faithful in the sense of Definition 5.9 iff it is faithful in the usual sense,

2. fully faithful in the sense of Definition 5.9 iff it is full and faithful in the
usual sense,

3. cofaithful in the sense of Definition 5.9 iff it is essentially surjective in the
usual sense,

4. fully cofaithful in the sense of Definition 5.9 iff it is full and essentially
surjective in the usual sense.

In the next Theorem, I list some of the fundamental results which can be
proved in any abelian 2-category.

5.11 Theorem. Let B be an abelian 2-category.
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1. (a) B is preadditive in a 2-categorical sense, that is, it is enriched in
SCG.

(b) B is additive, that is, binary products and binary coproducts are equiv-
alent.

2. B admits two factorization systems:

(a) Every arrow in B has a (fully cofaithful, faithful) factorization (use
the Coroot-Ker decomposition of Definition 5.8).

(b) Every arrow in B has a (cofaithful, fully faithful) factorization (use
the Coker-Root decomposition of Definition 5.8).

3. In B there are well-defined notions of relative homology and relative 2-
exactness of a compler. A complex in B is a diagram of the form

0

/MT\

/

X—sp-Lsp-SscYsy
i W
0 0

with o and ¢ compatible, and ¢ and v compatible

a-G Fy
X -F-G=—0-G F.-G.Y=—F-0

x| o

X - 0=——=0 0.Y =——=0

Consider the factorizations

(a) The canonical comparison Coker(a, F') — Ker(G',7) is an equiva-
lence. The object Coker(&, F') can be called the relative homology of
the complex.

(b) The following conditions are equivalent. When they are satisfied, we
say that the complex is relative 2-exact.

i. K(G,~) is the kernel of C(a, F).
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it. Cla, F) is the cokernel of K(G, 7).
iii. The relative homology of the complex is trivial: Coker(a, F') ~ L.

4. (This is a special case of point 3, obtained by taking X ~1 ~Y.) In B
there are well-defined notions of homology and 2-exactness of a sequence.
Consider a sequence (F,,G) and the factorizations

0

e
F' - %’ m - /
Ker(G) =~ Coker(F)

A

Ker Coker(F
Coker(F')— — — — — — > Ker(G')

(a) The canonical comparison Coker(F’) — Ker(G') is an equivalence.
The object Coker(F") can be called the homology of the sequence.

(b) The following conditions are equivalent. When they are satisfied, we
say that the sequence is 2-exact.

i. K(G) is the kernel of C(F).

ii. C(F) is the cokernel of K(G).
wi. F' is fully cofaithful.
w. G is fully faithful.

v. The homology of the sequence is trivial: Coker(F') ~ 1.

5. In B there is a well-defined notion of extension. Consider a sequence

N

A 0

C

The following conditions are equivalent. When they are satisfied, we say
that the sequence is an extension.

(a) (F,p) is the kernel of G and (G, ¢) is the cokernel of F.
(b) The complex

0
el
/\\
I—2spA—Esp-—Ssc—sg
0 0
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is relative 2-exact in each point.

6. The long homology sequence. Consider an extension of N-complexes in BB

There is a long sequence constructed with the relative homology of each
complez (as in point 3)

and such a sequence is 2-exact in each point.

5.12 Exercise. The definition of extension given in point 5 of Theorem 5.11
deserves some comments.

1. (Compare with Exercise 4.15.) For an arrow F': A — B in B, show that

(a) A — o B2 1 s relative 2-exact iff F is cofaithful,
(b) A LB Yo is 2-exact iff F is fully cofaithful,
(¢) I —2 . AL B s relative 2-exact iff F is faithful,
(d) 1 2 AL B is 2-exact iff F is fully faithful.
2. Show that 2-exactness implies relative 2-exactness.
3. Consider the “trivial extension”
I-A—-AxB—-B—-I

Show that this sequence is relative 2-exact in each point (so, it is an
extension), but it is not 2-exact in A and in B.

5.13 Example.
1. SCG is an abelian 2-category.

2. If D is any (small) 2-category and B is an abelian 2-category, the 2-
category of 2-functors 2-Funct[D, B] is abelian.
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If D is a preadditive (that is, enriched in SCG) small 2-category and B is
an abelian 2-category, the 2-category of additive 2-functors 2-Add[D, B] is
abelian. (Recall that a 2-functor F': D — B is additive if all the induced
hom-functors

Fxy:D(X,Y)— B(FX,FY)

are symmetric monoidal functors.)

In particular, in point 3 we can take as D a “categorical ring”, that is, a
preadditive 2-category with only one object.

The full sub-2-category of SCG of those symmetric categorical groups A
such that, for every object X € A,

CX’X2X®X—>X®X

is the identity, is abelian. This is a special case of point 4, taking as D
the discrete categorical ring [Z].

A more sophisticated example coming from algebraic geometry. The 2-
category of pre-stacks and the 2-category of stacks on a topological space
(or on a Grothendieck site) are abelian.

References for Chapter 5
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Chapter 6

Abelian categories and
abelian 2-categories

Let me start with an exercise.
6.1 Exercise. Consider a complex of abelian groups
Ag: .= A1 > Ay = Appr —

with homology groups H" (A4, ). We can embed it in the abelian 2-category SCG
in two different ways:

[A.]OI cee [An,1]0 — [An}() — [An,1]0 — ...

[A.]ll el [Anfl]l — [An]l — [An+l]l — ...

and then construct the relative homology categorical groups of the two com-
plexes as in Theorem 5.11

H"([Ae)o) and H"([As]1)
Check that
L. mo(H" ([Ae]o)) = H"(As) = m (H" ! ([As]0))
2. mo(H"([Ad]1)) = H" ! (Aa) = mi (H" ' ([Aa]1))

The previous exercise suggests the missing item in Example 5.13. If I want
to generalize Exercise 6.1 replacing the category Ab of abelian groups with an
arbitrary abelian category A, I have to construct an abelian 2-category B(.A)
out from A and two embeddings [—]o, [~]1: A = B(A).

The first candidate is B(A) = Grpd(A) or, equivalently, B(A) = A~. The
2-category Grpd(A) is defined precisely as Grpd(Grp) in Definition 3.1, but all
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the diagrams are in A instead of being in Grp. The 2-category A~ has objects,
arrows and 2-arrows depicted in the following diagram

f

A%

g

| o)
fo

Ay ————= By

9o

with the conditions

a-fo=fb, argg=9g-b, ara=f—g, a-b=fo—go

The biequivalence Grpd(A) ~ A7 is a special case of the Dold-Kan correspon-
dence. If you prefer, the biequivalence Grpd(A) ~ A~ can be seen as the abelian
version of the equivalence Grpd(Grp) ~ XMod of Proposition 3.3.

Question: if A is an abelian category, is Grpd(A) an abelian 2-category?
The answer is: no, almost never. To make clear the answer, I need one more
exercise and a Lemma.

6.2 Exercise. (Compare with Exercise 5.10.) Let A be an abelian category
and consider an internal functor F': A — B

AILBl

I

A() — BO
fo

1. F is fully faithful in the sense of Definition 5.9 if and only if it is internally
full and faithful. This means that the following is a limit diagram

2. F'is cofaithful in the sense of Definition 5.9 if and only if it is internally
essentially surjective. This means that in the following diagram (where
the square is a pullback), the composite ¢ - ¢ is an epi

ta c
Ag Xp,,a Bl ——= B, —— By

l ld

Ay ——— By
Fo
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3. F'is an equivalence if and only if it is internally full and faithful and the
composite ts - ¢ is a split epi.

6.3 Lemma. Let F: A — B be an arrow in an abelian 2-category B. The
following coditions are equivalent:

1. F is faithful and fully cofaithful.
2. F is cofaithful and fully faithful.
3. F is an equivalence.

Exercise 6.2 and Lemma 6.3 tell us that in an abelian 2-category the differ-
ence between weak equivalences and equivalences disappears (we already meet
this fact in SCG, see Exercise 1.5), whereas this is not the case in Grpd(A).

6.4 Corollary. Let A be an abelian category. The following conditions are
equivalent:

1. The 2-category Grpd(A) is abelian.
2. In Grpd(A) every weak equivalence is an equivalence.

8. In A each object is projective.

6.5 Example. If the abelian category A is the category of vector spaces on a
field, then the 2-category Grpd(A) is abelian.

The equivalence between condition 1 and condition 2 in Corollary 6.4 (and
the non-abelian situation already studied in Proposition 3.8) suggests how to
get an abelian 2-category from an abelian category.

6.6 Proposition. Let A be an abelian category. The bicategory of fractions of
Grpd(A) with respect to weak equivalences

Grpd(A) — Grpd(A)[%)]

is an abelian 2-category.

Proof. The proof consists in giving an explicit description of the bicategory
of fractions Grpd(A)[X] using “butterflies”

I': Grpd(A) ~ A” — Bfly(A)

I will leave to the reader to check that the bicategory Bfly(A) is abelian.
The objects of Bfly(A) are those of A7, that is, the arrows of A. An arrow

F: A — B in Bfly(A) is a butterfly, that is, a diagram of the form

N

a b
/ x
A By
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with m -t =0 and
0—-B—F—A4,—0

exact. The 2-arrows f: F' = F' are as in the following diagram
A7 ' B
a
m/ n/ B
\ /

Since in particular f is a morphism of extensions, it is an isomorphism. Compo-

sition of butterflies is depicted in the following diagram, where ¢: F'x; o F' — Q
is the cokernel of (n,m'y: B — F x; o F'

Q
/ Tq\
F t,s’ F/ ro-t’

F

F/

" (m,0) ) A , 0,n’)
A/<,m> | i
2 \F,/ /
AO/ \ / AN

The identity butterfly on an object A is depicted in the following diagram

A()XA

/ [id,a]

Ao Ao
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There is a 2-functor I': A~ — Bfly(A) defined by

B
kf) /

A—1op o 4

AOT)BO Ayg x B b
0]
Ap By
id 0
f a id
A—————=2B +— AyxB— % AyxB
g
l . lb
fo
AO By

g0

Now I list the main steps to prove the universal property of I': A~ — Bfly(A).

1. An arrow in A~
f

A——B

AQ —_— BO
fo

is a weak equivalence if and only if the square is a pullback and a pushout,
if and only if the sequence

(a,—f) (fo,0]

00— A—>AyxB——By——=0

is exact. The arrow is an equivalence if and only if the same sequence is
split exact.

2. A butterfly F': A — B is an equivalence if and only if the sequence
0>A—F—By—0

is exact. When this is the case, a quasi-inverse F*: B — A of F is given
by the flipped butterfly.

3. There is an equivalence of categories
A7 (A, B) ~ Bfty(A)(A,B)splie
where a butterfly F': A — B is split when the sequence

0>B—>F—>A,—~0
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is split exact. Indeed, if s*: Ay — F and n*: F — B are such that
s*-s=1ida, and n-n* =idp, then we get the following arrow in A~

al lb
A() ?BO

4. For every butterfly F': A — B, there is a span in A~

A< AxB-P-B

[

AO F BO

s t

with the left leg a weak equivalence. Moreover, this provides a tabulation

of F:
L'lm,n]
F(lefﬂy Wiﬂ leg)
A - B

O

Now that we are able to construct the abelian 2-category Bfly(A) from an

abelian category A, we can look at the converse problem: is it possible to

construct an abelian category starting from a given abelian 2-category? The
hint to answer this question comes from Exercise 4.7: in SCG we have that

@(H — G) = [Tl'lG]O s Coker(G — H) = [71'0@]1

To generalize this situation, we need a simple construction inspired to the cat-
egory A~".

6.7 Definition. Let B be a 2-category. The 2-category B~ has objects, arrows
and 2-arrows depicted in the following diagram:

September 9, 2014 52



CHAPTER 6. ABELIAN CATEGORIES AND ABELIAN 2-CATEGORIES

The objects are a and b, the arrows are the triples (f, fo,¢: a- fo = f-b) and
(9,90,%: a-go = g-b, and the 2-arrow is the pair (a: f = g,a9: fo = go) such
that

a - fo % a- go

‘| |

f~b7>g~b

6.8 Remark. Assume now that the 2-category B has kernels and cokernels, in
the sense of bilimits. The universal properties of the kernel and the cokernel
give a biadjunction

Coker

B7 =—————= B~  Coker 4Ker
Ker

In particular, for each object X € B, the above biadjunction restricts to a
biadjunction
Coker
X{B=————=<8B|X Coker 4 Ker
Ker

Finally, for X = I, we get a biadjunction

Coker

which we take as definition of Q: B — B and X: B — B, with ¥ - Q.
Clearly, when B = SCG we get, as expected,

2(G) = Coker(G = 1) = [moGl1, QG) =Ker(I — G) = [m1GJo

6.9 Exercise. Let F': A — B an arrow in an abelian 2-category. The following
sequence is 2-exact in each point

I

Pip(F) QA OB Ker(F)

B Coker(F) A B Copip(F) ——1

6.10 Definition. Let B be a 2-category with a zero object. An object B € B is
1. discrete if for every X € B the groupoid B(X, B) is discrete,

2. connected if for every X € B the groupoid B(B, X) is discrete.
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6.11 Proposition. Let B be an abelian 2-category. For an object B € B we put

1. B is discrete iff the unit B — mo(B) is an equivalence iff m (B) ~ L
2. B is connected iff the counit w1 (B) — B is an equivalence iff mo(B) ~ L

3. The sub-2-category Dis(B) of the discrete objects is a category (only iden-
tity 2-arrows) and it is abelian. Moreover, my: B — Dis(B) is left adjoint
to the inclusion Dis(B) — B.

4. The sub-2-category Conn(B) of the connected objects is a category (only
identity 2-arrows) and it is abelian. Moreover, w1: B — Conn(B) is right
adjoint to the inclusion Conn(B) — B.

5. The biadjunction ¥ 4 restricts to an equivalence Conn(B) ~ Dis(B).

B z B
I
Conn(B) <——— Dis(B)

6.12 Example.
1. As expected, Dis(SCG) ~ Ab ~ Conn(SCG).

2. If A is a categorical ring, then my(A) is a ring and Dis(2-Add[A, SCG]) is
equivalent to the category of my(A)-modules.

3. If in point 2 we take as categorical ring A the discrete categorical ring [Z]o,
then Dis(2-Add[A, SCG]) ~ Ab. Therefore, we have two non-equivalent
abelian 2-categories producing Ab as the sub-category of discrete objects
(use point 5 of Example 5.13).

4. For any abelian category A, we can close the circle: Dis(Bfly(.A)) ~ A.

5. Problem: Let B be an abelian 2-category. What is the relation between
B and Bfly(Dis(B))?

References for Chapter 6
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Lesson 111: Homological
algebra

My point of view on applications of mathematics:

“Mais & quoi sert de faire des maths si on ne peut pas compter les uns sur
les autres.”
Youssoupha, L’amour, Bomaye Musik, 2012.

The aim of Lesson 3 is to give two examples showing that categorical groups
and, more in general, higher dimensional categorical structures can be used in
algebra to discover new facts or to understand well-known facts from a different
point of view. The two examples are:

1. The snail lemma, which is a generalization of the snake lemma.

2. The Sinh homotopy classification of categorical groups, which is a gener-
alization of the Mac Lane - Schreier theory of group extensions.
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The snail lemma

Let me start recalling the classical snake lemma in Ab. In fact, it holds in any
abelian category, and even more in general.

7.1 Snake Lemma. Consider the following diagram in Ab

Ker(c) —— Ker(a) — Ker(b)

k(c) k(a) k(b)
k(f d
Ker(f) ) A ! B
c a b
Ker(fo) o) Ao T By
q(c) q(a) q(b)

Coker(c) — Coker(a) — Coker(b)

If f: A — B is surjective, then there exists a morphism §: Ker(b) — Coker(c)
making exact the sequence

Ker(c) — Ker(a) — Ker(b) — Coker(c) — Coker(a) — Coker(b)

Proof. To be inserted. O
The problem we want to study in this chapter is: do we really need the
assumption that f: A — B is an epi?
The starting point for the snake lemma is the diagram

k
Ker(f) 2 4 o p

N
Ker(fy) — Ao —— By

k(fo) fo
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Such a diagram can be seen as an arrow F': A — B in the category Ab~" together
with its kernel (that is, the level-wise kernel). But Ab~ is not just a category,
we know that it is a 2-category and that it can be embedded in SCG (see the
beginning of Chapter 6)

Ab™ ~ Grpd(Ab) — SCG

Moreover, when F': A — B is seen as an arrow in SCG, we can take its strong
homotopy kernel Ker(F') and we get an exact sequence of abelian groups (Corol-
lary 4.18)

7T1@(F) — 7T1A — 7'('118 — 71'0@(}7) — T&'()A — ﬂoB
Let us now work out this construction in detail. The internal groupoid in Ab
corresponding to an object A = (a: A — Ag) of Ab~ is

d
(Ag X A) Xeq (Ag x A) = Ag x Ax A" Ay x A== A

d(xzo,z) =20, c(x0,2) =20+ a(z), e(xo) = (20,0)
m(xo,x,y) = (xo,x +y) , i(zxo,z) = (20 + a(x), —x)
and an easy computation shows that
m1(A) = Ker(a) and m(A) = Coker(a)
On arrows, the passage from Ab~ to SCG gives

A4f>B — AOXAM>BO><B

O

AO 4>f0 BO Ao BO

fo

Following the general description of the strong homotopy kernel given in Defi-
nition 4.1, we get that (Ker(F'))o is nothing but the pullback

AO Xfo)bBHB

Lk

A0—>BO

fo
and (Ker(F)); with the domain and the codomain maps is
d
Ag Xfo,bB X A—= Ay ng,bB
c
d(wo,y, ) = (x0,y) , c(x0,y,7) = (w0 + a(z),y + f(x))
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Going back to Ab~", the strong homotopy kernel Ker(F) corresponds to the
unique factorization through the pullback

<a,f>: A—)AO ><f07bB

as in the following diagram

A d B
<a’af> /

a AO ng,b B b

Ao fo Bo

We have discovered the
7.2 Snail Lemma. Consider the following diagram in Ab

A1 .p

al lb
Ao —— By
fo
There is an exact sequence of abelian groups
Ker{a, f) = Ker(a) — Ker(b) — Coker(a, f) — Coker(a) — Coker(b)

Proof. Apply Corollary 4.18 to

A4 4 J.op

wl b

Ay XfobeHAo T>BO
)

which corresponds to the strong homotopy kernel Ker(F) — A — B via the
embedding Ab~ ~ Grpd(Ab) — SCG. O

Let me insist on the fact that, contrarily to what happens in the snake
lemma, the connecting morphism Ker(b) — Coker(a, f) of the snail sequence
exists for obvious general reasons, explaiend in the following diagram, with no
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assumption on f: A — B.

Ker(b)
0
k(b
(0,k(b)) ©
Ao Xfo.0 B B
Coker(a, f) b
Ao fo Bo

Now we go back to the snake lemma and show how it can be deduced from
the snail lemma. For this, consider the diagram

k(f
Ker(f) V) A ! B
(a,f)
@ AO Xfo b B
’ / ’
Coker(a )
(k(f0),0)
K Ay B
er(fo) (/o) 0
q(c)
A
Coker(c)

7.3 Corollary. In the previous diagram:

1. The comparison X\: Coker(c) — Coker(a, f) is always a mono.

2. If f: A — B is an epi, then the comparison X is an epi (and then it is
an isomorphism).

Therefore, if f is an epi, the snake sequence exists and the exactness of the snail
sequence tmplies the exactness of the snake sequence.

Ker(c) —— Ker(a) Ker(b) Coker(¢) — Coker(a) — Coker(b)

|

Ker{a, f) — Ker(a) — Ker(b) —= Coker(a, f) —= Coker(a) —= Coker(b)
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To end this chapter, I would like to understand, from the point of view of
internal groupoids in Ab, the assumption that f: A — B is an epi. Let me write
once again F': A — B for the arrow in Ab~

41—t o5

l lb

AOHBO
Jo

Consider its kernel in the category Ab~, its strong homotopy kernel in the
2-category Ab~" and the canonical comparison A:

S~

Ker(F)

Ker

We can extract from the diagram preceding Corollary 7.3 the following diagram

Ker(f) H) A

ci l(amf)

Ker(fo) —— Ao X5, B

(k(fo),0)
qi J{q

Coker(c) — Coker(a, f)

which shows that the comparison A: Coker(¢) — Coker{a, f) entering in the
corollary is nothing but mo(A: Ker(F) — Ker(F')). This simple remark is the
key to understand the condition on f: A — B in the snake lemma, but here we
need the notion of fibration of groupoids.

7.4 Definition. A functor F': A — B between groupoids is a fibration when,
for every arrow g: B — FA in B, there exists an arrow f: A’ — A in A such
that F'(f) = g.

Here is why fibrations enter in the picture.

7.5 Proposition. In the biequivalence Ab~ ~ Grpd(Ab):

A4f>B — AOXAM>BO><B

A

AO ? BO AO BO

fo

the internal functor is a fibration if and only if the arrow f: A — B is an epi.
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And, finally, here is a general property of fibrations which explains why
fibrations permit to pass from the snail lemma to the snake lemma.

7.6 Proposition. Let F': A — B be a fibration between groupoids in Ab (more
in general, between pointed groupoids). The comparison A between its kernel
and its strong homotopy kernel

Ker(F) A B

S

Ker(F)

is a weak equivalence. Therefore, mo(A) and w1 (A) are isomorphisms.
References for Chapter 7

Bla
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Chapter 8

Homotopical classification
of categorical groups

In this chapter we go back to the relation between group extensions and cat-
egorical groups, relation which already appears in Chapter 3. Let us fix two
groups G and H and recall from Example 3.5 that there is an equivalence of
categories

SplitExt(G, H) ~ Grp(G,Aut(H)), E— ¢g

i jS
E: H——X=——7%

S
X g
Js X=¥PE

Aut(H)
Now the question is: what about Ext(G, H)? There exists a functor

Ext(G,H) — Grp(G,Out(H)) , E— ¢p

E:g—" ¥ G

SNk

Aut(H) —— Out(H)

but this functor is not an equivalence; Indeed, passing to isomorphism classes of
extensions, the induced map [E] — g is (well-defined but) neither surjective
nor injective. Now we can make the previous question more precise:

Question 1: Can we replace Grp(G,Out(H)) with something else in order to
obtain an equivalence?

Question 2: For which morphisms ¢¥: G — Out(H) there exists at least one
extension F such that g = 97
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Question 3: How many different extensions of G by H can produce the same
morphism ¢: G — Out(H)?

From Example 3.5 we already know the answer to Question 1: there is an
equivalence of categories

Ext(G, H) =~ CG([Glo, Hol(H))

The answers to Question 2 and Question 3 are provided by the classical Schreier
- Mac Lane theory of group extensions, that I summarize in the next proposition.

8.1 Proposition. Fiz two groups G and H. Consider
2(H) = Ker(T) — H ——> Aut(H) —~> Coker(ZT) = Out(H)

and the action
Ow(H) x z(H) = 2(H) , [fl,a f(a)

Fiz also a morphism ¢ : G — Out(H). Consider the induced action

B G x 2(H) P Out(H) x 2(H) —— 2(H)

and the cohomology groups

CH(G, 2(H)) —2—= C*(G, 2(H)) —>—= C*(G, 2(H)) —>—= C*(G, 2(H))

I

Z%(G,2(H),¥) Z°(G,2(H),¥)
ql lq
H(G,2(H),§)  H(G,2(H),9)
1. Fiz two set-theoretical maps ¢: G — Aut(H) and f: G x G — H such
that
G —2> Aut(H)
¥
Out(H)
p(1) =idg , f(z,1)=1=f(Ly), o(@) o) elay) ™ =I(f(z,y))
and put
ki GXGxG — H |, k(z,y,2) = ¢(x)(f(z,y))+f(x,y2)— f(zy, z)— f(z,y)
Then
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(a) k € Z%(G, 2(H),y) (the element k is called the obstruction to the
realization of V)

(b) q(k) € HX(G, 2(H), ) depends only on 1: G — Out(H) and not on
p and f

(c) there exists an extension E: H — X — G such that g = 1, if and
only if q(k) = 0.

2. Write OpExt(G, H,v) for the full sub-category of Ext(G, H) of those ex-
tensions E such that vg = . If OpExt(G, H, 1) is not empty, then there
s a simply transitive action

H?(G, 2(H),v) x mo(OpExt(G, H, 1)) — mo(OpExt(G, H, 1))

and therefore H*(G, z(H), ¢) ~ mo(OpExt(G, H,1)).

We have answered the three questions, but I'm unhappy because the three
questions are clearly related, whereas the answers to Question 2 and Question 3
seem to be unrelated to the answer to Question 1. The simple but crucial idea
to correct this problem is that, if we look to an extension £: H - X — G as
a monoidal functor E: [G]g — Hol(H), then ¢g: G — Out(H) is mo(E), and
m1(E) is trivial:

w1 (E)=

2(H)

L.

— H x Aut(H)
e
G
()
G
We will use this idea to give a much more general version of Question 2

and Question 3, but before doing this we need one more remark on categorical
groups.

8.2 Remark.

1. Let G be a categorical group. The abelian group m G is a myG-module
under the action oG x 7 G — m G sending a pair ([X], f: I — I) on the
arrow

id id
I~ XX ~X®IoX —28 v o e X ~ X @ X~ T
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2. Let F': G — H be an arrow in CG. The pair of group homomorphisms
mo(F): moG - H, 7 (F): mG — mH

is equivariant

110G x mG ——mG
TF(J(F)X‘frl(F)i \Lﬂl(F)

7TOH X 7T1H*>7T1H

Now we can reformulate Question 2 and Question 3 more in general, using
categorical groups instead of group extensions. Instead of the categorical groups
[G]o and Hol(H), consider two arbitrary categorical groups G and H.

Question 2 bis: Given an equivariant pair of group homomorphisms
p: m1G = meH, 7: mG — mH
does there exist an arrow F': G — H in CG such that mo(F') = p and m1 (F) = r?
Question 3 bis: How many different arrows G — H in CG can give the same
equivariant pair (p,r)?
The answers to these questions are a generalization of the Schreier - Mac Lane
theory of group extensions. They follows from two facts, a simple lemma and
the fundamental Sinh’s homotopy classification of categorical groups. In order
to state these results, we need some constructions.
8.3 Definition.
1. The category Mod has, as objects, triples
(G e Grp,A e Ab,G x A — A an action)

Arrows are equivariant pairs (p,r) of group homomorphisms

GxA——A

G x A(——= A

2. The 2-category 22 has, as objects, pairs
(G, A) € Mod, h € H3(G, A))
Arrows are triples (p,r, g), with (p,7): (G, A) — (G', A’) an arrow in Mod
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and g € C*(G, A’) such that r,(h) = p*(h) + 9(9)

o o q

cl(aG, A) (@G, A) 73(G, A) H*(G, A)

CY(G, A) —= C*(G, &) —>=73(G, &) — = H*(G, A')

p*T p*T TP* Tp*

CHG, A) —5> CH(G, A) —> 1P(G' A)) —~ (G, A))

Composition of arrows in Z% is as in the following diagram

(p,7,9) 9"

(G, A, h) (G, A", ) (G", A", h")

\_//

(p-p"sr-r’,p*(g") 47 (9))

A 2-arrow f: (p,7,9) = (p',7',¢"): (G, A h) = (G, A',h') in Z° can exist
only if p = p’ and r = 7/, and is given by an element f € C'(G, A’) such
that ¢’ = g+ 9(f). All 2-arrows are invertible.

3. There is a forgetful 2-functor U: Z3 = Mod

(p,r,9): (G, A h) = (G',A,h) — (p,r): (G,A) — (G', A)

8.4 Definition. Let (G, A, h) and (G’, A’, 1) be objects in Z* and consider an
arrow (p,r): (G,A) — (G',A") in Mod. The obstruction to the realizability of
the arrow (p,r) is the element

obs(p, ) = [ (h) — p* (W) € H*(G, A')

8.5 Lemma. Fiz two objects (G,A,h) and (G',A',}') in Z° and an arrow
(p,7): (G, A) = (G',A") in Mod.
1. There exists an arrow in Z° of the form (p,r,g): (G, A,h) — (G', A’ )
if and only if obs(p,r) = 0 in H3(G, A").
2. Write
Zi,m (G AR, (G A1)
for the set of arrows (G, A,h) — (G', A', W) in Z° sent on (p,r) by the
2-functor U: Z> — Mod. If obs(p,r) = 0, then there is a transitive action

72(G,A') x 2}, (G, A, ), (G, A" W) = Z(,, (G, A h), (G, A", 1))
t, (p,rg) — (prg+i)
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Moreover, such an action induces a simply transitive action

H*(G, A" xmo 20, 1 ((G, A, h), (G, A 1)) = w02, (G, A, ), (G, A/ 1))
and, therefore, a bijection between the abelian group H*(G, A’) and the set
wo(gf’w)((G,A, h),(G', A’ 1)) of 2-isomorphism classes of arrows.

Proof. 1. Obvious, because [r.(h) — p*(h’)] = 0 if and only if there ex-
ists an element g € C*(G, A’) such that r.(h) — p* (k') = d(g), if and only if
(p,r,g): (G, A h) — (G',A’, ') is an arrow in Z°.

2. The action is transitive: let (p,r,9), (p,7,¢"): (G, A, h) — (G', A’,h') be two
arrows in Z°. Since d(g) = r.(h) — p*(h') = 9(¢’) the element t = ¢’ — g is in
73(G, A).

The induced action is well-defined: if two elements t,t' € Z*(G, A’) are such
that [t] = [t'] in H?(G, A’), then there exists an element f € C*(G, A’) such
that t' = t + O(f). If moreover f': (p,r,g) = (p,r,g’) is a 2-arrow in Z*, then
f'4+f:(prg+1t) = (p,r,g +1t')is a 2-arrow in Z°.

The induced action is simply transitive: consider elements t,t’ in Z*(G, A’) and
a 2-arrow f: (p,r,g+1t) = (p,r,g+1t') in Z°. We have that g+t = g+t +9(f),
and then #' =t + (f). This means that [t] = [t'] in H*(G, A"). O

8.6 Theorem. There is a biequivalence of 2-categories over Mod

3 S CG
X\ Am)

Mod

Proof. I'm going to give only the easy part of the proof, that is, the definition
of the 2-functor S on objects. For the rest of the proof, see Chapter 5 in [5].
Let (G, A,h) be an object in Z3. The categorical groups G = S(G, A, h) has,
as objects, the elements of the group G. The hom-set G(g1,¢g2) is empty if
g1 # g2, and is the abelian group A if g1 = ¢go. Composition is addition in A,
with the zero of A as identity arrows. The tensor product in G is defined by
g1 ® g2 = g1g2 on objects, and by a1 ® as = a1 + g - az on arrows ai: g1 — g1
and ag: go — g2. The unit object is the unit of G and, for every object, the
left and right constraints are identities. Finally, the associativity constraint is
given by agl,g%gS h(g1,92,93): 919293 — g19293. The triangle condition is the
fact that h € Z°(G, A) is normalized, that is, h(g1,1,g3) = 0, and the pentagon
condition is exactly the cocycle condition d(h) = 0. O

The next corollary is the answer to Question 2 bis and Question 3 bis.
If in the statement you put G = [G]o and H = Hol(H), then you recover
precisely Proposition 8.1, that is, the classical Schreier - Mac Lane theory of
group extensions.

8.7 Corollary. Let G and H be in CG and write
S 0G— 2%, G (mG,mG,h(G))
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Fiz an arrow (p,r): (moG, mG) — (moH, 71 H) in Mod and put

Obs(p,7) = [r«(M(G)) — p*(h(H))] € B*(mG, 7 H)

1. There exists an arrow F: G — H in CG such that mo(F') = p and m1(F) =
r if and only if Obs(p,r) = 0 in H*(myG, 7, H).

2. Write
CG, (G, H)

for the set of arrows G — H in CG sent on (p,r) by the 2-functor
(mo,m): CG — Mod. If Obs(p,r) = 0, then there is a transitive action

7*(70G, mH) x CG, (G, H) — CG, (G, H)
Moreover, such an action induces a simply transitive action
Hz(’f(’oG, 7T1H) X WO(@(p,r) (’R’QG, WlH)) — WO(@(;D,T) (71'0@, 7T1H))

and, therefore, a bijection between the abelian group H*(G, A’) and the set
WQ(%(pm) (moG, mH)) of 2-isomorphism classes of arrows.

Proof. This is the transcription of Lemma 8.5 using Theorem 8.6. qed
References for Chapter 8

Bla
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