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AN APOCALYPSE-FREE FIRST-ORDER LOW-RANK
OPTIMIZATION ALGORITHM WITH AT MOST ONE RANK
REDUCTION ATTEMPT PER ITERATION*
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Abstract. We consider the problem of minimizing a differentiable function with locally Lipschitz
continuous gradient on the real determinantal variety and present a first-order algorithm designed
to find a stationary point of that problem. This algorithm applies steps of a retraction-free descent
method proposed by Schneider and Uschmajew [SIAM J. Optim., 25 (2015), pp. 622-646], while
taking the numerical rank into account to attempt rank reductions. We prove that this algorithm
produces a sequence of iterates whose accumulation points are stationary and therefore does not follow
the so-called apocalypses described by Levin, Kileel, and Boumal [Math. Program., 199 (2023), pp.
831-864]. Moreover, the rank reduction mechanism of this algorithm requires at most one rank
reduction attempt per iteration, in contrast with the one of the P2GDR. algorithm introduced by
Olikier, Gallivan, and Absil [An Apocalypse-Free First-Order Low-Rank Optimization Algorithm,
Technical report UCL-INMA-2022.01, https://arxiv.org/abs/2201.03962, 2022], which can require a
number of rank reduction attempts equal to the rank of the iterate in the worst-case scenario.
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1. Introduction. As in [7], we consider the problem

(1) min_ f(X)
XerZX"

of minimizing a differentiable function f: R"™*™ — R with locally Lipschitz continuous
gradient on the determinantal variety [4, Lecture 9|

(2) 27 ={X eR™" |rank X <r},

m, n, and r being positive integers such that » < min{m,n}. This problem appears in
several applications such as matrix equations, model reduction, matrix sensing, and
matrix completion; see, e.g., [11, 3] and the references therein. As problem (1) is, in
general, intractable [1], our goal is to find a stationary point of this problem, i.e., a
zero of the stationarity measure

3) S(+f RS RIS R X o [Py, 00 (<Y O)]

that returns the norm of any projection of —V f(X) onto the tangent cone to RZX"

at X; the notation is introduced in section 2. Indeed, by [5, Lemmas A.7 and A.8],
the correspondence
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Rgrxn CoR™MXN . X PTKMM(X)(*Vf(X))
<r

depends on f only through its restriction f R and, by [10, Theorem 6.12] and [5,
Proposition 2.5], if X € R” " is a local minimizer of f|R?Xn, then s(X; f,RZ ") =0.

To the best of our knowledge, the second-order method given in [5, Algorithm 1]
and the first-order method given in [7, Algorithm 2], dubbed P?GDR, are the only
two algorithms in the literature that provably accumulate at stationary points of (1).
Other algorithms, such as [11, Algorithm 3], known as P?GD, and [11, Algorithm 4],
which we call RFD because it is a retraction-free descent method, can fail as they can
produce a feasible sequence (X;);en that converges to some point X with the property
that lim;_, s(X;; f,RZ)™) = 0 < s(X; f,RZX™). Such a triplet (X, (X;)ien, f) is
called an apocalypse and the point X, which necessarily satisfies rank X < r, is said
to be apocalyptic [5, Definition 2.7].

P2GDR is P?2GD equipped with a rank reduction mechanism. On the one hand,
this mechanism ensures the apocalypse-free property. On the other hand, as men-
tioned in [7, section 6], it can generate a significant computational overhead in some
situations. Indeed, its for loop can consider up to r rank reductions of the current
iterate to each of which the P?GD map [7, Algorithm 1] is applied. This is further
discussed in section 7.

In this paper, we introduce a first-order optimization algorithm on R7” ™ (Al-
gorithm 3), called RFDR, that accumulates at stationary points (Theorem 6.2) and
is thus apocalypse-free. We also deduce that s(-; f,RT”*™) goes to zero along every
convergent subsequence of the generated sequence (Corollary 6.3). RFDR is RFD
equipped with a rank reduction mechanism. RFDR and P?GDR, which is the only
other first-order optimization algorithm on R” " known to accumulate at stationary
points, have their own advantages. On the one hand, the search directions used by
P2GD are more closely related to the negative gradient than those used by RFD;
while this does not imply that P2GD converges faster than RFD, such an observation
was made experimentally in [11, section 3.4] on a matrix completion problem. On
the other hand, RFDR presents two advantages over P2GDR. First, it inherits the
advantage that RFD has over P2GD, namely being retraction-free; in other words,
the updates are performed along a straight line. Second, its rank reduction mecha-
nism is more efficient than the one of P2GDR because it ensures the apocalypse-free
property by performing at most one rank reduction attempt per iteration (compare
Algorithm 2 with [7, Algorithm 3]).

This paper is organized as follows. After introducing the notation in section 2,
we define in section 3 the restricted tangent cone to RZ"™; the descent direction used
by RFD is the projection of the negative gradient onto that closed cone. In section 4,
we analyze the iteration map of RFD (Algorithm 1) under the assumption of local
Lipschitz continuity of V f. We introduce the RFDR algorithm in section 5, analyze
its convergence properties in section 6, and compare its computational cost with the
one of P2GDR in section 7. Section 8 contains concluding remarks.

2. Notation. In this section, we introduce the notation used throughout the
paper. This is the same notation as in [7], to which we refer for a more complete
review of the background material. The real vector space R™*" is endowed with the
Frobenius inner product (-,-), ||-|| denotes the Frobenius norm, and, for all X € R™*"
and all p € (0,00), B(X,p) and B[X,p] respectively denote the open ball and the
closed ball of center X and radius p in R™*". Given a nonempty subset S of R"*",
the tangent cone to S at X € S is denoted by T5(X), the distance from X € R™*"
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to § is denoted by d(X,S), and the projection of X € R™*™ onto § is denoted by
Ps(X). For every r € {0,...,min{m,n}},

R :={X e R™*" [rank X =1}

is the smooth manifold of m x n rank-r real matrices, and, if r > 1,
St(r,n):={UecR™|UU=1,}

is a Stiefel manifold. We also write R7**" := Rzii?m ). The singular values of

X € R™*"™ are denoted by o1 (X) > -+ > 0min{m,n} (X) > 0.

3. The restricted tangent cone to the determinantal variety. In this
section, we define the restricted tangent cone to R” " (Definition 3.1) and prove
that the descent direction introduced in [11, section 3.4] is the projection of the
negative gradient onto that closed cone (Proposition 3.2). Throughout this section,
re{l,...,r}, X e R™*" U € St(r,m), U, € St(m —r,m), V € St(r,n), V| €
St(n—r,n), mU=imX, imU, = (im X))+, imV=imX ", and imV, = (im X T)*.

The set introduced in the following definition is a closed cone contained in

A B

AeRXT Be R L
T (X) = {[U Uy [C D} Vv }

CeRmxr DeRIEXNE

<r—r

DEFINITION 3.1. The restricted tangent cone to RZ ™ at X is

AeRIXT, BeRoxn—r,
CeR™ I, DeRY TE,

B = OfX’I’L*f or C = Omffo

A B
C D

v

Tgmxn(X):=< [UU] [

<r

} aal

Furthermore,

TRZ";" (Omxn) ::TRZ‘TX” (Omxn) :R;n:n

The following proposition can be compared to [7, Proposition 2.7].

PROPOSITION 3.2. Let Z € R™*"™ be written as

A B

Z=[UU.] [C D

} aal

with A=UTZV, B=UT2ZV,, C=U] ZV, and D=U] ZV.. Then,

(4)

A B _
VU 0,5 er Ponvena (| VAT i 1BI >[I
- <r—r
A B T
U0y Penrn—e(D)| IV V1D
- <r—r .
Pppn0)(Z) = ) if 1Bl =Icl,
<r A» Oan—f T
UU U] C Pymvxn-x (D) [V V]
<r—r
A Orxn—r T .
[U UJ‘] C PRNLle?Lfl(D) [V VJ‘] Zf HBH < ||CH'
<r-r
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Moreover,
1
) P Z)|| > || Py Z) 1> —|| P, Z
) |Prssnc@)| 2 [P0 |2 T3] P2
and, for allZEPT mm(X)(Z)
(6) (2,.2)=Z|*.
Furthermore,
r—r
7 Z|| > || P, N>y ——|Z
U 1202 [Pr e 0(2)| 2 | e e 121

Proof. We prove only (4) as (5) and (6) are given in [11, section 3.4] and (7) in
[11, (3.7)]. Let ZETR"LXH( ). Then,

Z=[UU,] [g g} Vv

for some A € R™X*, B € RP"r, C'€ R™7™C, and D € RZ, 2" 7F such that B =
Opxcn_r OF C'=0p_px,. Thus,
v 9] 2
Ny A-A B-B
Z-7Z|*= b 2
1z-21=| A% 53]
=[|A-A|*+|B-B|*+|C-C|?+|D-D|?
> 0+ min{||B||, | C[}* + d(D,RZ, 5" F)2.

Therefore,
A(Z, Ty (X)) > minf]| B, [C|[}* + d(D.RZ, "),
a bound which is reached only by (4). 0

In practice, the projection onto TRan (X) can be computed thanks to [11, Al-

gorithm 2]. This does not rely on Uj ‘and V1, which are huge in the frequently
encountered case where r < min{m,n}. The practical computation of the projection
onto TR?M (X) is described in [11, section 3.4] and does not rely on U, and V| either.
We discuss the practical implementation and the computational cost in section 7.

4. The RFD map. In this section, we analyze Algorithm 1—which corresponds
to the iteration map of RFD [11, Algorithm 4] except that the initial step size for the
backtracking procedure is chosen in a given bounded interval-—under the assumption
that f is differentiable with V f locally Lipschitz continuous. This serves as a basis
for the convergence analysis conducted in section 6 since the RFD map (Algorithm 1)
is used as a subroutine by the RFDR map (Algorithm 2). The analysis conducted in
this section is to RFD as the analysis conducted in [7, section 3] is to P2GD, although
it is simpler since RFD does not require any retraction as X + aG € RZ " for all
X eRZX", all a € (0,00), and all G € TRan (X).

Let us recall that, since Vf is locally Llpschltz continuous, for every closed ball
B g Rm)(’ﬂ’

Lip(w) = s IWFI=W

X,YeB X =Y
XAY
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Algorithm 1. RFD map (based on [11, Algorithm 4]).

Require: (f,r,«o,a,p,c) where f:R™*™ — R is differentiable with V f locally
Lipschitz continuous, r < min{m,n} is a positive integer, 0 < a < & < 0o, and
B,c€(0,1).

Input: X € R " such that s(X; f,RZ") > 0.

Output: a point in RFD(X; f,r, a, @, 8, ¢).

1: Choose G € PTR 0 (=Vf(X)) and a € [a,al;
<r

2: while f(X +aG) > f(X) — ca|G|?* do
3: a < af;

4: end while

5: Return X + oG.

which implies, by [6, Lemma 1.2.3], that, for all X,Y € B,

Lips(Vf)

(®) [f(¥Y) = f(X) = (VF(X),Y = X)| = —

Iy — x|

PROPOSITION 4.1. Let X e RZ ™ and & € (0,00). Let BCR™*™ be a closed ball
such that, for all G € Py, (X)(—7Vf(X)) and all a € [0,a], X +aG € B; an example
]RZL7>V</”

( (=Vf(X)) and

of such a ball is BIX,as(X: [ EZM]. Then, for all G€ Py (o
- R
all o€ [0, -
Li \v4
9) f(X +aG) < f(X) +]|G]%a <_1+11>B2(f)a)_

Proof. The example B[X, as(X; f,RZ™)] is correct by the first inequality of (5).

The inequality (9) is based on (8) and (6):

F(X +a@) — F(X) < (TS, (X +a6) — X) + 228y 4oy -
——afc) + 22D ey 0

Let us make two remarks concerning the preceding proposition. First, the ex-
istence of a ball B crucially relies on the upper bound @ required by Algorithm 1.
Second, in contrast with [7, equation (8)], the upper bound (9) does not depend on
the curvature of a fixed-rank manifold. In particular, (9) does not involve any sin-
gular value. This fundamental difference is the reason why RFDR is apocalypse-free
while requiring at most one rank reduction attempt per iteration, whereas P2GDR
can require up to r attempts.

1

Observe that the 5 factor in the sufficient decrease condition of the following

result does not appear in the Armijo condition given in [7, Corollary 3.2].

COROLLARY 4.2. Every X € RFD(X;f, roa,a, B,c) satisfies the sufficient de-
crease condition

(10) FR) < () — geas(Xs R
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1426 GUILLAUME OLIKIER AND P.-A. ABSIL

for some a € [mm{a QBW} ’}, where B is any closed ball as in Proposi-
tion 4.1. Moreover, the number of iterations in the while loop is at most

. {0 [ (=229 ),

where aq is the initial step size chosen in line 1.

Proof. For all a € (0,00),

1—c¢

Lipg(Vf)

Since the left-hand side of the first inequality is an upper bound on f(X + aG)
for all a € (0,4q], the condition for the while loop to stop is necessarily satisfied
if @ € (0,min{@a, 25—~ a7 }]. Therefore, either the initial step size chosen in [, @]

: : a 1—c
satisfies that condition or the while loop ends with « such that 3> QW. The

sufficient decrease condition (10) then follows from the second inequality of (5). The
upper bound (11) follows from the same observation. |

F0)+ 617 (-1 + B2V < )~ e i a<s

5. The proposed algorithm. We now introduce a first-order optimization al-
gorithm on R” " called RFDR. The iteration map of this algorithm, called the RFDR
map, is defined as Algorithm 2. Given X € R”*™ as input, the RFDR map proceeds
as follows: (i) it applies the RFD map (Algorithm 1) to X, thereby producing a point
X, (ii) if 0,-(X) is positive but smaller than some threshold A € (0,00), it applies the

mXn

RFD map to a projection X of X onto R™*", then producing a point X®, and (iii)
it outputs a point among X and X® that maximally decreases f.

Algorithm 2. RFDR map.

Require: (f,r,o,a,B,c,A) where f:R™*"™ — R is differentiable with V f locally
Lipschitz continuous, r < min{m,n} is a positive integer, 0 < a < & < oo,
B,c€(0,1), and A € (0,00).

Input: X € R " such that s(X; f,RZ") > 0.

Output: a pomt in RFDR(X; f,r,a, &, B,¢c,A).

: Choose X € RFD(X; f,r,a,@, 3, ¢);

if 0,.(X) € (0,A] then

Choose X € Py (X);
Choose X® e RED(X; f,r,a, @, f3,¢);
Return Y € argmin{XXR}f.

else .
Return X.
end if

The RFDR algorithm is defined as Algorithm 3. It produces a sequence along
which f is strictly decreasing. As announced in the second remark following Proposi-
tion 4.1, it turns out that the mere monitoring of the rth singular value of the iterates
is enough to make the algorithm apocalypse-free, which we prove in the next section.

6. Convergence analysis. The purpose of this section is to prove Theorem 6.2.
To this end, we use the abstract framework proposed in [9, section 1.3]. Indeed, the
problem considered in this paper can be formulated as follows: find X € RZ " such
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Algorithm 3. RFDR.

Require: (X, f,r,a,@,5,¢,A) where Xg e RZX", f:R™*™ — R is differentiable
with V f locally Lipschitz continuous, r < min{m,n} is a positive integer, 0 <
a<a<oo, 8,c€(0,1), and A € (0,00).

1+ 0;

: while s(X;; f,RZ ") >0 do

Choose X; 1 € RFDR(X;; f,r,a, @, 3, ¢, A);

141+ 1;

: end while

U@

that s(X; f,RZ ") = 0. It is thus a particular instance of [9, Abstract Problem 1]
where the Banach space is R”*™ its closed subset is R7”X"™, and “desirable” means
stationary. Moreover, RFDR, (Algorithm 3) is a particular instance of [9, Algorithm
Model 9], where the “stop rule” is f and the “search function” is the RFDR map
(Algorithm 2).

Thus, to prove Theorem 6.2, it suffices to verify that RFDR satisfies the two
assumptions of [9, Theorem 10], which we do below.

The first assumption is that the objective function f is continuous at each nonde-
sirable point or bounded from below on RZ ™. Tt is thus satisfied since f is continuous.
The following proposition states that the second assumption is satisfied.

PROPOSITION 6.1. For every X € R;”TX" such that S(X;f,Rng") > 0, there
exist €(X),0(X) € (0,00) such that, for all X € B[X,e(X)] N RZX™ and all
YGRFDR(X;JC)T’Q’@HB’C7A); -

(12) fY) = f(X) <=6(X).

Proof. Let X € RZX™ be such that s(X; f,R” ™) > 0. This proof constructs
g(X) and 6(X) based on the sufficient decrease condition (10) given in Corollary 4.2.
This requires deriving local lower and upper bounds on s(+; f,R”*") around X. It
first considers the case where rank X = r, in which the construction essentially relies
on the continuity of s(:; f,RZ ") on B(X,0,(X)) NRZ ™. Then, it focuses on the
case where rank X < r, in which the bounds on s(; f, R_Z‘TX") follow from the bounds
(14) on V f thanks to (7). If rank X < r, then the second inequality of (7) readily gives
a lower bound on s(X; f,R” ™). This is not the case if rank X =r, however. This is
where the rank reduction mechanism comes into play. It considers a projection X of
X onto R™*", and the second inequality of (7) gives a lower bound on s(X; f, R7ZX™).
The inequality (12) is then obtained from (15) which follows from the continuity of f
at X.

Let us first consider the case where rank X = r. On B(X,c,.(X)) N RQ”TX" =
B(X,0,.(X)) NR™*" s(-; f,RZ*™) coincides with the norm of the Riemannian gra-
dient of the restriction of f to the smooth manifold R7**" which is continuous. In
particular, there exists p(X) € (0,0,(X)) such that s(B[X, p(X)]NR**™; f,RZX") C
(50X £, R, § 5(X; ,REX). Let p(X) = p(X) + Jas(X; f,RZX™), o(X) =
p(X), and

1 1-c¢
8(X) = —es(X; f,R?X™)2min{ a, 26— )
A R { ﬂLlpB[K,ﬁ(K)](Vf )}
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1428 GUILLAUME OLIKIER AND P.-A. ABSIL

Let X € B[X,e(X)]NRZ ™. Then, B[X,as(X; f,RZ")] C B[X,p(X)]. Indeed, for
all Z € BIX,as(X; f,RZ™)],

17— XN <112 = X[ + X — X < as(X; [, RE™) + p(X) < p(X).
Therefore, Corollary 4.2 applies and, by (10), for all X € RED(X; f,r,a, &, ,c),

1—c
Lippx 5(x) (V)
and thus, for all Y € RFDR(X; f,r, o, @, 8,¢, A),

FX) < F(X) ~ ges(X: £, R min {a,zﬂ } < J(X) - 8(X),

FY) < f(X) < f(X) - 6(X).

This completes the proof for the case where rank X =r.
Let us now consider the case where rank X < r. By the first inequality of (7),
IVA(X)] = s(X; f,RZ)™). Let p(X) := A+ 3al|Vf(X)| and

R 12 0.5 1-c
(13) 0(X):= ﬂcmin{m,n} —r+1 e {m 26LIPB[X p(X (Vf) }

Since f is continuous at X, there exists p;(X) € (0,00) such that f(B[X,pr(X)]) C
[F(20) = 8(X), £(X) +8(X)]. Let e(X) := g min{A, ps(X), g =gy} Then, for
all Z € B[X,2¢(X)], since B

VAN = IIVAXON < IVF(Z) = VX
< Lip (Vf)[|Z-X]|
B[X,A]

< Lip (Vf)2e(X)

B[X,A]
_Ivseon
- 2
it holds that
(14 SIVFE)I< IV < SIVFN.

Let X € B[X,e(X)]NRZ ™. Let us first consider the case where rank X =r. Then,

0<or(X)=0.(X)—0.(X)<||X — X||<e(X) <A
Thus, given X as input, the RFDR map considers X € P]thxln (X) C B[X,2:(X)]n
R and XRe RFD(X; fir,a,@, B, c), where the inclusion holds because
IX = X< [IX = X[+ X = X < or(X) +e(X) < 2(X).
As X, X € B[X, ps(X)], we have
(15) FX) < F(X) +25(X).

Since B[X,as(X; f, RZ™)] C B[X, p(X)], Corollary 4.2 applies to X® with the ball
B|X, p(X)]. The inclusion holds because, for all Z € B[X,as(X; f, RZ™M),

1Z = X|| <1|Z = X[+ 1X = X|| < as(X; f,RE™) +2¢(X) <a|| VA(X)|| + A < p(X),
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the last inequality following from (14). Thus, for all Y € REDR(X; f,r, o, &, 8,¢, A),
FY) < F(XF)

o1 L-c
< f(X) = Zes(X; f,R™*™2min{ o, 20—
< f(X) 5 (X5 £, RS™) { ﬁLlPB[Xm(X)](vf)}

SRR S 170 o . Loc
S0 S gy —r 1 {a’ ST }
< f(X)—38(X)

< f(X) = 4(X),

where the second inequality follows from (10), the third from the second inequality of
(7), the fourth from (14) and (13), and the fifth from (15). Let us now consider the case
where rank X < r. Let X € RFD(X; f,7,a,a,p,c). Since B[X,as(X; f,RZ ™) C
B[X,5(X)], Corollary 4.2 applies to X with B[X,5(X)]. The inclusion holds because,
for all Z € B[X,as(X; f,RZ)")],

1Z - X[ <1Z = X[ + [ X — X[| < as(X; f,RZ™) +e(X) <a|| V(X)) + A < p(X),
the last inequality following from (14). Thus, for all Y € REDR(X; f,r, a, @, 8,¢, A),
FY) < F(X)

1 e
S X) — —CS X; aRmxn Qmin Q,2B i
J(X) = es(X; £ RZXT) { Lippx 5(x) (VS )}

_lc ||Vf(X)H2 min ¢ « s
<) = et —r 7 1 {azﬁLipB[Xﬁ(X)](vf)}
< f(X)—38(X)

< f(X) - 8(X),

where the second inequality follows from (10), the third from the second inequality of
(7), and the fourth from (14) and (13). 0

We have thus proven the following.

THEOREM 6.2. Consider a sequence constructed by RFDR (Algorithm 3). If this
sequence is finite, then its last element is stationary, i.e., is a zero of the stationarity
measure s(-; f,RZX"™) defined in (3). If it is infinite, then each of its accumulation
points is stationary.

COROLLARY 6.3. Let (X;)ien be a sequence produced by RFDR (Algorithm 3).
The sequence has at least one accumulation point if and only if iminf; . || X;| < co.
For every convergent subsequence (X, )ken, limg_o0 $(Xi; fLRZ ™) = 0. If (X;)ien
is bounded, which is the case notably if the sublevel set {X € RZX™| f(X) < f(Xo)} is
bounded, then lim; o, s(X;; f,RZ ") =0, and all accumulation points have the same
image by f.

Proof. The “if and only if” statement is a classic result. The two limits follow
from [7, Proposition 2.12]. The final claim follows from the argument given in the
proof of [9, Theorem 65]. |
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1430 GUILLAUME OLIKIER AND P.-A. ABSIL

7. Practical implementation and computational cost. In this section, we
compare the computational cost of the P2GDR map [7, Algorithm 3] with the one
of the RFDR map (Algorithm 2). The comparison, summarized in Table 7.1, is con-
ducted based on detailed implementations of these algorithms involving only evalua-
tions of f and V f and some operations from linear algebra:

1. matrix multiplication;
2. thin QR factorization with column pivoting (see, e.g., [2, Algorithm 5.4.1]);
3. small scale (truncated) SVD, i.e., the smallest dimension of the matrix to
decompose is at most 2r;
4. large scale truncated SVD, i.e., truncated SVD that is not small scale.
Let us recall that, in this list, only the (truncated) SVD cannot be executed within a
finite number of arithmetic operations.

Detailed implementations of the P2GDR and RFDR maps are provided as Algo-
rithms 6 and 8, respectively. They both use Algorithm 4, which is a detailed imple-
mentation of the P2GD, P2GDR, RFD, and RFDR maps in the case where their input
is Opxn, as a subroutine. They also rely on Algorithms 5 and 7, which are detailed
implementations of the P2GD and RFD maps, respectively. All those algorithms work
with low-rank representations of the involved matrices as much as possible. In the rest
of the section, we analyze the computational cost of the five algorithms mentioned in
this paragraph.

Algorithm 4 involves one evaluation of Vf (in line 1), at most

2(1—c¢)
(16) 1+ max< 0, ln< . )/lnﬂ
« LIPB[Omea S(Omxmf,Rgrxn)] (Vf)

evaluations of f (in the while loop), and one large scale truncated SVD (in line 1).
The upper bound (16) follows from (11).

Algorithm 4. Detailed P2GD, P2GDR, RFD, and RFDR maps given zero as input.

Require: (f,r,«,8,c) where f:R™*" — R is differentiable with V f locally
Lipschitz continuous, r < min{m,n} is a positive integer, a € (0,00), 8,c € (0,1),
and $(0pyxn; f,RZX™) > 0.

Output: ([7,53,‘7) where USV T eRI"™™ is an SVD, 7€ {1,...,r}, and
UsVT e P2GD (0, xn; f, 1,y @, B,¢) = RED (O f5 75 v, v, By €) =
P2GDR(0yxcn; f, 7y @, @0, B, ¢, A) = REDR(Opy e f 1 @ty v, B, ¢, A).

: Compute a truncated SVD USV T € RZX™ of =V f(0pxn);

s D) -

: while f(aUXV ) > f(Opmxn) — cas do

a <+ af;

: end while

Yol

Algorithm 5 involves one evaluation of Vf (in line 1), at most

1-c
(17) 1+ max< 0, ln( )/lnﬁ
OB i, (14 I s frmrmy) (X3 fr )
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Algorithm 5. Detailed P2GD map (based on [11, Algorithms 2 and 3]).

Require: (f,r,a,3,c) where f:R™*" =R is differentiable with V f locally
Lipschitz continuous, r < min{m,n} is a positive integer, o € (0, 00), and
B,ce(0,1).

Input: (U,%,V) where UXV T eR™™ is an SVD, r € {1,...,r}, and
SUSVT; fRZS™) >0,

Output: (U,f],‘?) where UV T eR?*™ is an SVD, 7€ {1,...,r}, and UsvT e
P2GD(UXVT; f,r, o, B, ¢).

1: G —VfUSVT); G UTG; Gy GV; GGV, G+« UG; G GVT;
2: Compute QR factorizations with column pivoting Ga — Gi=U, Ry and G’I—
GJ =V R, where U, €St(r1,m), Vi €St(ra,n), Ry € R\, and Ry € R}**";

s [|GIP IR + ([ R 1

: if r =r then

Compute a truncated SVD USV T € R?;”XH” of {

while f([UU JUSVTVV]T)> f(USVT) - cas do
o+ af;

Compute a truncated SVD USV T € R?;Tl X2 of {
9: end while

10: SN U UULU; V+[VV]V;

11: else

12: G%G—Uél-f-(éﬁ—éb)v—r;

13: if G=0,,x, then

Y+al aRj }
aRl 0T1><’I’2 '

?

® > G e

Y+alG aRj] }
aRl 07‘1 XTo

14: Repeat lines 5 to 10;
15: else
16: Compute a truncated SVD U | XV | € RZX" of Ge R?ﬁg]{m,n}ﬂg
17: s s+ ||X||% ro < rank X; - N :
18: Compute QR factorizations with column pivoting [U, U ] =
[UJ_ UJ_] |: Ir1 R1’1:| and [VJ_ KJ_] = [VJ_ VJ_] [ Irz R2’1:| where UJ_ €
Or3 X7y 1,2 Or4><r2 2,2

St(rg,m), VL € St(m,n), R1,1 c erxm’ Rl,g S R::’XTO, R271 c RTQXTO, and
R272 € R:‘IXTO;
19: Compute a truncated SVD USV T ¢ RE Ao Xermdre of
Y+ ol aRg Orxry
aRy  aRi1XR); aRi13Rj,|;
Orgxr  @R12ZR3, aRi2XRj,

20: while f([UUL U JUSVTIVV. V") > f(USVT) —cas do

21: a <+ af;

22: Compute a truncated SVD URV T € RZI™F7XEiretr of
Y+ alG aRg Orxry

aRy  aRi 3Ry, aRi1XRy,|;
Opyxr  @R12SR1, aRi %R,

23: end while

24: i(—ﬁ:;U(—[UUJ_UJ_]U;V%[VVJ_VJ_]V;
25: end if

26: end if
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evaluations of f and small scale truncated SVDs (in the while loop that is executed),
several matrix multiplications, at most four QR factorizations with column pivoting
(in lines 2 and 18), and at most one large scale truncated SVD (in line 16). The
upper bound (17) follows from [7, Corollary 3.2]. Let us point out that if G =

G‘g or G’g = Gl in line 2, then r; or ro is zero and empty matrices appear in the
algorithm.

Based on the analysis of Algorithms 4 and 5, we analyze Algorithm 6. As men-
tioned in section 1, in the worst case, i.e., if the input has rank r and its largest
singular value is smaller than or equal to A, then Algorithm 6 calls Algorithm 5 r
times and Algorithm 4 once. Besides matrix multiplications, this requires r + 1 eval-
uations of Vf, at most (16) plus r times (17) evaluations of f, at most 4r — 2 QR
factorizations with column pivoting, at most r times (17) small scale truncated SVDs,
and 7 large scale truncated SVDs.

Algorithm 6. Detailed P2GDR map.

Require: (f,r,«,8,¢,A) where f:R™*™ — R is differentiable with V f locally
Lipschitz continuous, r < min{m,n} is a positive integer, o € (0, 00), 8,c € (0,1),
and A € (0,00).

Input: (U,%,V) where UXVT eR™™ is an SVD, r € {1,...,r}, and s(UZV'T;
fLRZI™) >0,

Output: (U,%,V) where USV T € RI" is an SVD, 7€ {1,...,r},and ULV T €
P2GDR(UXVT; f,r, o, 0, B, ¢, A).

1: (U,%, V)« Algorithm 5(%,U,V; f,r,a, 3, ¢);
2ra{7e{1,...,r}|2(5,5) > A};

3: for je{l,...,r—ra} do

4: if j <r then

5: (UR, SR VR Algorithm 5(U(:,1:7 —j),2(1:7 —4,1:7—4),V(;,1:

f_j);f7r7a767c);

6: else

7 (UR, SR, VR Algorithm 4(f,7, o, B, ¢);
8: end if

9: if f(URSR(VR)T) < f(USVT) then

10: (0,5.7) (0, SR, 7R,

11: end if

12: end for

Algorithm 7 involves one evaluation of Vf (in line 1), at most

2(1—c) )
. I In
(18) Hma {07 { (a LipB[X,as(X;f,Rg’f")](vf) / B—‘ }

evaluations of f (in the while loop that is executed), several matrix multiplications,
one small scale SVD (in line 8 or 20), and at most one large scale truncated SVD (in
line 15). The upper bound (18) follows from (11).

Let us mention that if one is only interested in the RFD map, then the SVD
computed in line 8 or 20 is not necessary; it can be replaced, e.g., by a QR factorization
with column pivoting. However, Algorithm 7 uses an SVD because it is a subroutine
of Algorithm 8 which requires an SVD as input.
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Algorithm 7. Detailed RFD map via SVDs (based on [11, Algorithms 2 and 4]).

Require: (f,r,a,3,c) where f:R™*" =R is differentiable with V f locally
Lipschitz continuous, r < min{m,n} is a positive integer, o € (0, 00), and
B,ce(0,1).

Input: (U,3,V) where USV T € R™*" is an SVD, r € {1,...,7}, and s(USV ';
£ RZEM) >0,

Output: ((7,53,‘7) where UV T eRT*™ is an SVD, 7€ {1,...,7}, and UsvT e
RED(UXVT; f,r,a,a, B, ¢).

1: G —VfUSVT); G UTG; Gy GV; 51 ||G1||%; 52+ ||Ga|%
2: if s1 > 55 then
3: Xg —XVT;

4: if r =7 then
5: while f(U(Xs +aG1))> f(USVT) —cas; do
6: a <+ af;
7 end while
8: Compute an SVD UsvT e Rgxn of Xg + aél;
9: U+ UU;
10: else
11: G—G-UG +(UGV)-Go)VT;
12: if G =0,x, then
13: Repeat lines 5 to 9;
14: else
15: Compute a truncated SVD U XV | € RZ" of Ge R?riﬁl{m_’n}fr;
16: 51 < 51 + | 2]%; ro ¢ rank X;
17: hil |:X2 + aél} T
: while f([U U] T >fUSV')—cas; do
QZKL
18: a <+ af;
19: end while
20: Compute an SVD UXV T € RETO*™ of [XQ u O‘TGl] ;
" aEKL
21: U« [UU.|U:;
22: end if
23: end if
24: else

25: Repeat mutatis mutandis lines 3 to 23 with s; replaced by so;
26: end if

In the worst case, i.e., if the input has rank r and its smallest singular value is
smaller than or equal to A, then, assuming that r > 1, Algorithm 8 calls Algorithm 7
twice. Besides matrix multiplications, this requires two evaluations of V f, at most
two times (18) evaluations of f, two small scale SVDs, and one large scale truncated
SVD.

Table 7.1 summarizes the operations required by Algorithms 6 and 8 in the case
where r > 1, the input has rank r, and its largest singular value is smaller than or
equal to A. We observe that Algorithm 6 requires more of each operation, except
perhaps the evaluation of f, than Algorithm 8.
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Algorithm 8. Detailed RFDR map.

Require: (f,r,a,3,¢,A) where f:R™*™ — R is differentiable with V f locally
Lipschitz continuous, r < min{m,n} is a positive integer, o € (0, 00), §,c € (0,1),
and A € (0,00).

Input: (U,%,V) where USV T € R™*" is an SVD, r € {1,...,7}, and s(USV ';
£ RZEM) >0,

Output: ((7,53,‘7) where UV T eRT*™ is an SVD, 7€ {1,...,7}, and UsvT e

RFDR(UXVT; f,r,a, 0, B, ¢, A).

: (U, %, V) « Algorithm 7(U, %, V; f, 7, a, 8, ¢);

2 if r=r and X(r,r) <A then
if r > 1 then

(UR, 2R VR  Algorithm 7(U(;,1:7 —1),8(1:7 —1,1:7— 1),V (:,1:
r—= 1);faraaaﬂac);
else
(UR, SR VRY  Algorithm 4(f,r, a, 3, c);
end if
if f(URESR(VR)T) < f(UZVT) then
(0.5.7) (0%, £5. 70,
end if
: end if

»—
s AN G R

—_

TABLE 7.1
Operations required by Algorithms 6 and 8 in the case where r > 1, the input has rank r, and
its largest singular value is smaller than or equal to A. c. p. is column pivoting.

Operation Algorithm 6 (P2GDR) Algorithm 8 (RFDR)
evaluation of f up to (16) + r- (17) up to 2-(18)
evaluation of V f r4+1 2

QR factorization with c. p. up to 4r — 2 0

small scale (truncated) SVD r-(17) 2

large scale truncated SVD r 1

8. Conclusion. We close this work with three concluding remarks.

1. Asin [5] and [7], everything said in this paper remains true if f is only defined
on an open subset of R”*" containing RZ*".

2. We stated in section 1 that RFD can follow apocalypses. It can indeed be
verified that RFD follows the apocalypses described in [5, section 2.2] and
[8, section 3.2]. In fact, for these two instances of (1), RFD and RFDR
respectively produce the same sequences of iterates as P2GD and P2GDR.
The main reason is that, for each of the two instances, if (X;);en denotes the
sequence produced by P2GD or P2GDR, then, for all i € N,

(19) Pr o (Y IO0) = Pr,y ) (< T (X0).

3. As RFD, RFDR requires the computation of at most one large scale truncated
SVD per iteration. An open question is whether it is possible to design a
first-order optimization algorithm on RZ ™ offering the same convergence
properties as RFDR without involving any large scale truncated SVD.
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