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Abstract: We discuss efficient estimation in regression models that are defined by
a finite-dimensional parametric constraint. This includes a variety of regression
models, in particular the basic nonlinear regression model and quasi-likelihood re-
gression. We are interested in the case where responses are missing at random.
This is a popular research topic and various methods have been proposed in the lit-
erature. However, many of them are complicated and are not shown to be efficient.
The method presented here is, in contrast, very simple — we use an estimating equa-
tion that does not impute missing responses — and we also prove that it is efficient
if an appropriate weight matrix is selected. Finally, we show that this weight ma-

trix can be replaced by a consistent estimator without losing the efficiency property.

Key words and phrases: efficiency, influence function, missing at random, nonlin-
ear regression, nuisance function, parametric regression, quantile regression, quasi-

likelihood regression.

1. Introduction
In this article we consider a general class of regression models that can be

specified as a finite-dimensional parametric constraint,
E{ay(X,Y)| X} =0, ay= (am,...,algk)—r, (1.1)

with parameter ¥ belonging to the interior of some compact parameter space
© C RP. This means in particular that the parameter 9 is defined as a solution
of a system of equations. Since there can be more than one solution of (1.1), or
no solution at all, we will assume in the following that a solution ¥ exists and that
it is unique. The variables X and Y are multi-dimensional, and we allow that Y
is not always observed. In this setting it is possible to derive efficient estimators
of ¥ as solutions of an appropriately chosen set of estimating equations, which is

what we pursue in this article.
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The general model (1.1) covers the regression model given by
Y =1y (X ) + ¢,

with E(e]X) = 0, which we call a “nonlinear regression model”; see below for
more explanations. Model (1.1) also covers the quasi-likelihood model, which is
specified by the two-dimensional conditional constraint

Y —ryg(X)

E{ay(X,Y)|X} =0, ay(X,Y) = {Y —1p(X)}2 — vy(X)

(1.2)

In both examples Y is a one-dimensional response variable and X a vector of
covariates.

Let us first have a closer look at the easy but important case of a nonlinear
regression model, which includes the linear regression model as a special case
with r9(X) = 9T X. We should emphasize that we are considering models that
are solely specified by a conditional constraint of the form (1.1). This means
that for the nonlinear regression model we do not assume a parametric form for
the distribution of the covariate vector X or the error variable ¢ =Y — ry(X).
We also do not assume that X and € are independent — we only assume that the
errors are conditionally centered given the covariates, E(e|X) = 0. Since this
and the parametric form of the regression function is all the information given,
the nonlinear regression model can be described by the simple one-dimensional

constraint
E{Y —ry(X)|X} =0, (1.3)

which is indeed a special case of (1.1). It is also worth noting that it is not
necessary here to introduce an error variable €.

Efficient estimation of ¢ in the complete data data case has been studied by
various authors. Miiller (2007), for example, shows that a weighted least squares
estimator is efficient for ¢, i.e. it attains the minimum asymptotic variance bound
in the regression model above. The characterization sketched in that paper is
analogous to that obtained in Miiller and Wefelmeyer (2002) for autoregressive
models satisfying a parametric constraint. A (different) derivation of the asymp-
totic variance bound is sketched in Chamberlain (1987), with generalizations in
Chamberlain (1992). Two review articles are Newey (1990, 1993).
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Estimating ¢ efficiently is quite complicated in the classical regression set-
ting, which assumes that covariates and errors are independent. The indepen-
dence assumption is a structural assumption about the model, and must be
incorporated by constructing an efficient estimator. Efficient estimation of the
parameter in the classical setting with a linear regression function has been stud-
ied by Bickel (1982), Koul and Susarla (1983), and Schick (1987, 1993). Schick
(1993) also considers general semiparametric regression models with independent
covariates and errors. He uses a preliminary estimator of ¥ and an estimator of
the efficient influence function to construct an efficient estimator for 9. A further
approach, which requires weaker conditions, is in Forrester et al. (2003).

All the above articles study estimation of ¢ when no data are missing. We
are interested in the case when responses are possibly missing, in particular when
responses are missing at random (MAR). This means that we only observe Y in
those cases where some indicator § equals one, and the indicator ¢ is conditionally
independent of Y given X. This assumption is useful when information in the
form of covariate data is available to explain the missingness. In that case we can
estimate m(X) = P(d = 1|X) and the missingness mechanism is called ignorable.

A considerable amount of work has been done on regression models with
responses missing at random, but little has been done on efficient estimation.
Robins et al. (1994), for example, assume a parametric model for 7(X) (or that
m(X) is known), and estimate the regression parameters efficiently by solving
an inverse probability weighted estimating equation. Efficient estimation of ¢ in
model (1.3) above, with MAR responses and with independence of covariates and
errors, is studied in Miiller (2009). There the influence function of an efficient
estimator for ¥ is derived and the construction of an efficient estimator is dis-
cussed. Perhaps surprisingly, this can be done in the same way as in the complete
data case: by simply omitting the covariates associated with missing responses
and by using only the data (X,Y") that are complete. We show in this paper that
the same applies for our regression model where the independence assumption
is not imposed: ¥ can be estimated efficiently by using a weighted least squares

estimator which uses only the data pairs (X, Y;) for which response values are at
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hand. More precisely, we will show that the solution J of the estimating equation
> 6ie(Xs) "o (Xi){Y: — ra(Xi)} =0 (1.4)
i=1

with respect to 6 is efficient. Here 7y is the vector of partial derivatives with
respect to the components of 6, and 0?(X) is the conditional error variance given
the covariates, 02(X) = E[{Y — r9(X)}?|X]. The conditional variance function
depends on 0, 02(X) = 03(X), but since we do not model it parametrically we
prefer to write it without the subscript . This will also be helpful to distinguish
the conditional variance in the nonlinear regression model from the conditional
variance in more complex models such as the quasi-likelihood model, where we
also assume a parametric model vy(X) for the variance function, 0?(X) = vy(X).
Note that the estimating equation above is called undetermined since o2(X) is
unknown. Estimation of o2 is addressed in Section 3.

To our knowledge, there is no published work where efficiency of the above
estimator is proved or where an efficient estimator for the nonlinear regression
model (1.3) with MAR responses is provided. We will therefore pay particular
attention to this model. This is also motivated by the fact that model (1.3) is a
fundamental model and therefore important. The efficient estimator can also be
used as a point of reference for related approaches in more complex models with
MAR responses. Wang and Sun (2007), for example, compare three estimators
for the regression function in a partly linear model, which coincides with model
(1.3) if we assume that the unknown smooth part of the regression function is
zero and if rg is linear, ro(X) = 67 X. Another example is Wang et al. (2010),
who consider a single index model with regression function g(8" X) which would
be our model (1.3) with a linear regression function if g were known to be the
identity.

The conditional constraint (1.1) implies that the unconditional constraint
F{ay(X,Y)} is zero, which is the model considered by Zhou et al. (2008) and
by Wang and Chen (2009). In both articles the proposed estimators are simi-
lar to our estimator in that they are solutions of an estimating equation — but
more complex. In contrast to our approach, the ‘missing’ terms of the esti-
mating equation are replaced by nonparametric estimators of the conditional

expectation F{ay(X,Y)|X} (which estimates zero if our model is in fact true).
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The estimation of this conditional expectation requires the careful selection of a
smoothing parameter. These procedures are therefore substantially more com-
plicated than our method. A general efficiency statement is not established, but
possible variance reductions are discussed. Our method, in contrast, is very sim-
ple since it exploits the conditional constraint. It does not require the selection
of a bandwidth or any other tuning parameter (except for the estimation of a
certain weight matrix — see Section 3). Since our model class is characterized
by a conditional constraint we cover many basic regression models, including the
nonlinear regression model. Above all we show that our method is efficient.
The paper is organized as follows. In the next section we define our estimator
of ¥ and show its asymptotic normality. Section 3 discusses a number of special
cases of the general theory. The efficiency of our method is established in Section
4. Finally, some concluding remarks and a discussion of open questions is given

in Section 5.

2. Estimation

The motivation for our estimating equation comes from the nonlinear re-
gression example. A simple estimator for this model (modified for the miss-
ing response setting) is the least squares estimator, which is the minimizer of
S 6i{Y; — re(X;)}? with respect to 6. It is obtained by solving the weighted

estimating equation
n
> Sire(Xs) {Yi — ra(Xi)} =0
i=1

with respect to @, where the weight vector 7(-)" is the p x 1 vector of partial
derivatives of 7(-) with respect to 6. Since the nonlinear regression model has
a simple structure — in particular there is no form for the variance assumed — it
is intuitively clear that more weight should be put on data points (X;,Y;) when
the variance is small and less weight when the variance is large. It appears to
make sense to improve the usual least squares estimator by choosing weights
Wy(X) = 7(X)"0~2(X), which now additionally involve the conditional vari-
ance 02(X) = E[{Y — ry(X)}?|X]. Both approaches incorporate the gradient

79 and can therefore be regarded as weighted least squares estimators, i.e. as
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solutions of
Za Wo(X:){Yi — re(X)} = 0.

Our estimator for the parameter vector ¢ in the conditionally constrained model

(1.1) is defined analogously as a solution ¥ of
25 Wo(X;)ag(X;i,Y;) =0, (2.1)

where Wy is a p X k weight matrix. Sometimes the system of equations (2.1) does
not have a solution. This is often the case for quantile regression or any other
model leading to non-smooth criterion functions. In that case we replace (2.1)

by the minimizer of

H 25 Wo(X,)ag(X;, V)

with respect to 6, where || - || is the Euclidean norm. In the nonlinear regression
model (1.3) Wy is just a vector, and in the quasi-likelihood model (1.2) Wy is a
p x 2 matrix. The estimating equation is unbiased for any choice of Wy(X) since
it is easy to verify that E{dWy(X)ay(X,Y)} = 0: using the MAR assumption
on the responses, which postulates that the indicators and the responses are

conditionally independent given the covariates, we obtain
E{6Wy(X)as(X,Y)} = E[Wy(X)E{day(X,Y)|X}]
— B[Ws(X)E(6|X) B{ag(X,Y)|X}] = 0.
Note that we explicitly use that E{ay(X,Y)|X} = 0, which is the only model

structure that we assume. This suggests that the above approach could yield
an efficient estimator. In particular, it becomes evident that the preconditions
for obtaining an appealing (simple and possibly efficient) estimator are ideal if
a constrained model of the form (1.1) can be assumed, and if the missingness of
the responses can be explained by covariates.

Whether a solution 9 of the above equation is efficient or not will depend on
the choice of Wy. Our approach to find the optimal weight matrix was to derive

the efficient influence function first (see Section 4 on efficiency), which is

61 My(X,Y)
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with

(X, Y) = =Wp(X)ap(X,Y), I =E{5y(X,Y)ls(X,Y)T},
(2.2)
Wo(X) = [ Bas(X, ¥)|X}] Ean(X, V)ag(X, ¥)T|X}

where 0/(00)E{ag(X,Y )| X} is of dimension k£ x p. Here we only assume that
the expectation is differentiable with respect to 6. In many models we can
even assume that ag is differentiable. If this is the case we will write briefly
E{ap(X,Y)| X} instead of 9/(00)E{ag(X,Y)|X}.

For reasons of clarity we set

L(9) = E{0ts(X,Y)},  La(8) =n""' ) 6ilp(Xi, Yr).
i=1
We have shown that L(9) = 0 and therefore estimate 9 by the solution 9 of the

corresponding estimating equation
L,(0) =0, (2.3)

with respect to 6, or, if (2.3) does not have a solution, to estimate ¥ by

9 = argmingco|La(9)]). (2.4)
It should be pointed out that the resulting estimator ) only uses completely
observed pairs (X;,Y;) — in particular it discards information that is given in the
form of (observed) covariates X;.

It remains to be shown that the influence function of 9 is indeed of the re-
quired form, i.e. we have to derive the asymptotic expansion of the estimator.
Since our estimator is the solution of an estimating equation, this is a standard
result for M-estimators, and rests on a Taylor expansion. Here we provide the
statement under fairly weak conditions, using Theorem 3.3 in Pakes and Pol-
lard (1989). The conditions in this theorem include the case where the criterion
function L, (0) is not smooth. It is also interesting to note that, regardless the di-
mension of the original set of defining equations (namely of E{ay(X,Y)| X} = 0),
the dimension of the final estimating function L,(#) always equals p — the di-

mension of 6.



8 URSULA U. MULLER AND INGRID VAN KEILEGOM

Theorem 1 Suppose that
(i) 9 — 10 = o0,(1).
(ii) ¥ is the unique solution of L(0) = 0.

(iii) L(0) is differentiable at @ = 9; the matriz I is of full rank and, for almost
every x, the matriz E{ay(X,Y)as(X,Y)"|X =z} is also of full rank.

w) For all j = 1,...,p, 0lp:(X,Y) is locally uniformly Lo-continuous with
(i) J p, 0ly,; y y
respect to 6 in the sense that
E[  sup  §{lp j(X,Y) — Ly, j(X,Y)}?] < K;a®%
92:||91792H<04

for all 6, € ©, for all o = o(1), and for some constants s; € (0,1}, K; > 0.

Then

(a) the estimator O has the stochastic expansion

n' 20 = 0) =T "0V " 6ily(Xi, Y5) + 0p(1) (2.5)
=1

and is asymptotically normally distributed with covariance matrix
E[I7150y( X, Y){I *60y(X,Y)} | =171,

(b) the estimator D is efficient for estimating ¥, provided the joint distribution
of (X,Y) satisfies the mild regularity conditions stated in Section 4.

Here, part (b) is important: it shows that efficiency can be obtained without
using complicated procedures to replace the missing responses with estimators.
Our method, which completely discards the missing observations, is easy to com-

pute and is efficient if the weight matrix is suitably chosen.

Remark. Condition (i) can be easily shown using standard results (see e.g.
Theorem 3.1 or Corollary 3.2 in Pakes and Pollard, 1989), whereas condition
(i1) is needed for identifiability reasons. The differentiability condition in (74i) is
imposed on the function L(€), which will in many cases be smooth even if the
function £y is not smooth in #. Finally, note that condition (iv) also allows for
discontinuous functions £y such as sign and indicator functions. In the smooth

case, (iv) can be replaced by the following more direct condition:
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(iv)” For all j =1,...,p, the function (6, z,y) — d4p ;(x,y) is Holder continuous

with respect to 0 in the sense that

01Coy (2, y) — Loy (2, y)| < b;(6, 2, y)[[01 — 0o

for some constant s; € (0,1] and a measurable function b; with finite second
moment E[b?(é, X, Y)).

Proof. We have to verify that the stochastic expansion (2.5) in part (a) holds
true. The proof of (b) is in Section 4 where we show that I~1§0y(X,Y) is
the efficient influence function for estimating ¢ (see the characterization at the
end of Section 4). In Section 4 we work with some additional notation for the
(rather technical) derivation, to keep the presentation clear. For example we
write @), for the conditional expectation given X = z. It is easy to see that
lo(z,y) = —{0/(00)Qx(ag)} " Qulapag ) ~tag(x,y) from Section 4 and fp(x,y) =
—Wy(x)ag(x,y) from above (with Wy given in (2.2)) are identical.

We prove (2.5) by showing that the conditions of Theorem 3.3 in Pakes and
Pollard (1989) are satisfied. Here the criterion function is 0fg(X,Y). It can
quickly be verified that these conditions hold true, provided that:

(1) Our matrix I and Pakes and Pollard’s matrix —I" are the same, where

0
L= - E{6y(X, Y)})H.
Hence we must show that
B{5t(X,Y)lo(X,¥) T} = — L B{sto(X, V)|, (2.6)

(2) Condition (iv) above implies condition (iii) of Theorem 3.3 in Pakes and
Pollard (1989).

Let us begin with the matrix I on the left-hand side of (2.6). For reasons of
clarity we use some notation from Section 4 and set Q(ag) = 9/(90)Qx(ag)|o—s-

This lets us avoid writing 9/(00)Q.(ay) for the gradient which could be confusing
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since the conditional constraint Q,(ay) is zero. We have

I = E{dWy(X)as(X,Y)ayg(X,Y) Wy(X)"}
= E[6Qx(ay) E{ay(X,Y)ag(X,Y) | X} ap(X,Y)ay(X, V)T
x E{ag(X,Y)ay(X,Y) | X} 'Qx/(ay)]
= E[Qx(ay)  B{ay(X,Y)ay(X,Y)" | X} ' E{0ay(X,Y)ay(X,Y)"|X}
x E{ag(X,Y)ay(X,Y) "X} 'Qx (ay)]
= E{Wy(X)E(6|X)Qx (as)}.
Here we used E{day(X,Y)ay(X,Y)T|X} = E(6|X)E{ay(X,Y)ay(X,Y)T| X},
which follows from the MAR assumption. Handling the matrix on the right-
hand side of (2.6) is notationally cumbersome. We therefore consider just a
single entry of the matrix. Write Wy ; for the i-th row of Wy. Again using the
MAR assumption, and also the fact that E{ay(X,Y)|X} = 0, the (4, j)-th entry

computes as follows:

8(2 E{6Wy,i(X)ag(X,Y)},_y
= ;‘GE[E(5|X)WM( JE{ap(X,Y) ‘X}”e 9

:E(E(5|X)[W0,i( )56, 0 E{GG(X Y)|X} + Efag(X, Y)|X}7W9Z( )])‘6:19

= E[E(5| X)Wy (X ) 8 E{ae(X Y)IX}H ey

Comparing this with the above calculation for I it is now apparent that the entries
of I and —T" are the same. Hence, (2.6) is satisfied. It remains to prove condition
(2) above. This follows from Theorem 3 in Chen et al. (2003) (discarding the

nonparametric nuisance function A which is present in that theorem). O
3. Discussion and examples

3.1 Estimation of the weight matrix

As pointed out in the introduction, the estimating equation will in general be
undetermined (and therefore of no use for applications) since the weights depend
on unknown features of the distribution, for example on the conditional variance

0?(X) in nonlinear regression. This is not a problem: the unknown quantities can
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usually be estimated consistently by some simple nonparametric approach. This
will not change the asymptotic variance of the resulting estimator. In particular,
it will still be efficient. The estimator of Wj(-) does not need to converge to
Why(-) at a certain specific rate: simple (uniform) consistency is sufficient.

To show that the asymptotic variance does not change, one can use the
results from Chen et al. (2003). They give high-level conditions under which
a parameter estimator defined by the solution of a set of equations depending
on a nonparametric estimator is consistent and asymptotically normal. These
results extend Pakes and Pollard’s (1989) article to the case of semiparametric
estimators, and cover as a special case our model when the unknown weight
matrix is replaced by a nonparametric estimator. Consider Theorem 2 in Chen
et al. (2003), which states the asymptotic normality of J. Most of the high-level
conditions under which this result is valid are straightforward to verify. Two

points, however, need closer attention:

(1) we need to calculate the asymptotic variance of 9, in order to confirm that

it is not affected by using an estimator Wy for the weight matrix Wy;
(2) we need to show that the required conditions on Wp are satisfied.

Let us address (1) first. According to Theorem 2 in Chen et al. (2003) the formula
for the asymptotic variance of ) depends on the matrices I'y and V; given in con-
ditions (2.2) and (2.6) of that paper. The matrix I'; is constant and therefore not
affected by using estimated weights. The matrix V; must be inspected more care-
fully: it is the asymptotic variance of an expression which involves the Gateaux
derivative of M (0, W) := E{6Wy(X)ag(X,Y)} in the direction Wy — Wy (with
Wp(X) a consistent estimator of Wy(X)), evaluated at § = ¢. The Gateaux
derivative is defined by

T (0, Wo)(Wo — W)

1 .
= liﬁ} - [M{@, Wy + 7(Wy — WQ)} — M (6, Wg)]

— lim ~{E@IVa(X) + 7{Wo(X) — Wo(X)}ao(X.Y)) ~ E{§Ws(X)as(X.V)}}

= B[5{Ws(X) — Wo(X)}ag(X,Y)].

Here the expected value is calculated in accordance with the definition of the
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vector M (6, Wpy), namely with respect to (4, X,Y"), i.e. the stochastic nature of
Wy is not taken into account. Writing the last expectation in the above display
as an iterated expectation (conditional on X) yields T'y(, Wy)(Wy — Wy) = 0.
In other words, the contribution to the asymptotic variance which comes from
using estimated weights is zero. The matrix V] is the same as in the case with
known weights.

For (2), note that the main requirement on Wy is condition (2.4) in Chen et al.
(2003), which requires that supgeg sup, |Wy(z) — Wy ()| = 0,(n~'/*). However,
a closer look at the proof of Theorem 2 in that paper reveals that the rate
0p(n~4) can be weakened to o,(1) if M (0, Wp) depends on Wy in a linear way
(or, equivalently, if I'a(0, Wy)(Wy — Wy) = M (0, Wy) — M (0, Wy)), which is the
case here. Hence, all we need is an estimator Wg(az) that is uniformly consistent
(in @ and ).

This sketches the main steps of the proof that the estimation of the weight

matrix does not impair the efficiency property of 0.

3.2 Conditional versus unconditional constraints

Our focus here is on inference for parameters defined via conditional equa-
tions. A related topic is inference for parameters defined via unconditional con-
straints of the form E{ay(X,Y)} =0, see e.g. Zhou et al. (2008) and Wang and
Chen (2009) for references on this type of models. Let us explain the relationship
between the two classes of models. The conditional model E{ayg(X,Y)|X} =0
a.s. is equivalent to E{W (X)ayg(X,Y)} = 0 for all possible functions W (-). In-
deed, the former equation clearly implies the latter one. On the other hand,
the latter set of equations yields that E[E{ay(X,Y)|X}?] = 0 by choosing
W(X) = E{ay(X,Y)|X}. This implies that E{ayg(X,Y)|X} = 0 a.s.. This
means that the conditional constraint is equivalent to an infinite collection of un-
conditional constraints, one of which (namely the one corresponding to W = Wy
given in (2.2)) is efficient. So, the approach with the conditional constraint makes
it possible to select the weight matrix that leads to an efficient estimator. On
the other hand, an unconditional constraint corresponds to one single equation,

or equivalently one single weight matrix.
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3.3 Examples

Nonlinear regression. The estimating equation for the nonlinear regression
model is given in (1.4) in the introduction. Let us check that it is indeed a
special case of the general estimating equation (2.3), i.e. of > 0:;0p(X;,Y;) =
— > 6We(Xi)ap(X;,Y;) = 0. Here ay is one-dimensional, ap(X,Y) =Y —
r9(X), which yields that the matrix E{ag(X,Y )ag(X,Y)"| X} is one-dimensional
as well, namely E{ag(X,Y)?|X} = 02(X), where ¢%(X) is the conditional vari-
ance of Y given X. Assuming that ry is differentiable in # we also have that
E{ap(X,Y)|X} = —79(X). This yields

lo(x,y) = 7(2) o (2){y — ro(x)}

as postulated. A simple consistent nonparametric estimator of o(x) is

n

Z Zzélkg k‘b 113 —) ){Y; 77“190()(")}2

(which can be regarded as a ratio of Nadaraya-Watson estimators), where k()
is a d-dimensional kernel with bandwidth b, ky(z) = k(z1/b, ..., 24/b)/b%. Here d
is the dimension of X and 1y is some consistent estimator for 1, e.g. the ordinary

least squares estimator.

Quasi-likelihood model. Now consider the quasi-likelihood model where we
assume parametric models for both the regression function and the conditional
variance function. Here it is also straightforward to calculate ¢y(z,y): assuming

that both ry and vy are differentiable in # we obtain

ps(x)  pa(x) — vj(x) {y —ro(2)}* — vo(2)

where pi(r) = E(Y*|X = 2), k € N, is the k-conditional moment of the dis-

tribution of Y given X = x. A simple consistent estimator for ug(x) is the

lo(z,y) = fe(x)T 1'19(93)1 [ve(x) ps(x) ]1 [ 4 rola)

estimator

Y,
ZZHMM— Xi)

similar to that in the previous example.
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Multi-response model. In the two examples above the response variable was
assumed to be univariate. Our method also applies if the responses are multivari-
ate, i.e. if we assume a multi-response model. Again it will be straightforward to

specify the estimating equation.

Quantile regression. The situation is different if ap(z,y) involves indicators
and cannot be differentiated with respect to #. An important class of applica-
tions are quantile regression models. Suppose, for example, that the conditional
median of Y given X is specified by a parametric model ry(X). This can be

expressed as a conditional constraint, namely as
E{ay(X,Y)|X} =0, with ag(X,Y)=1-21{Y —rg(X) <0}, 0€0O.

A simple caclulation shows that E{ag(X,Y)?|X} = 1 for any § € ©. Thus the

weights of the estimating equation reduce to
0 0
Wo(X) = == B{ag(X,Y)|X} = —225 P{Y = ry(X) < 0|},

The conditional probability P{Y —r¢(X) < 0[X} =: Fy x(rg(X)) must be es-
timated with a smooth estimator to ensure that the partial derivatives can be

calculated. One option is to use a kernel smoother of the form
. N Giky(z — X;) y—Y;
Y= Zzzlékbw— X;)\ h

where, as before, k is a kernel function and b and h are appropriate smoothing

parameters, and where K is a smooth distribution function, e.g. the cumulative

integral of a suitable kernel density function.

4. Efficiency

In order to derive the canonical gradient of ¥ (which characterizes the efficient
influence function) one can build on results from Miiller (2007) on estimating
¥ when all data are observed. We will also rely on results by Miiller et al.
(2006) on efficient estimation of expectations Fh(X,Y") in regression models (not
covering our model) with responses missing at random, that is, with observations
(X,8Y,6) as here. The characterization of an efficient estimator J of ¥ is given

at the end of this section.
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We begin with the characterization of the influence function of an arbitrary
differentiable functional x of the joint distribution of (X,Y") which is derived in
that article. The joint distribution P(dx,dy,dz) of the observations (X, JY,0)

can be written as
P(dz,dy,dz) = M(dz)Br(y)(d2){2Q(z, dy) + (1 — 2)Do(dy)}.

Here M (dz) is the marginal distribution of X, Q(z,dy) is the conditional dis-
tribution of Y given X = z, and n(x) = P(§ = 1|/X = z). Further, for any
0<p<1, B, =pD1+ (1—p)Dy is the Bernoulli distribution with parameter p,
where D; denotes the Dirac measure at t. As shown in Miiller et al. (2006), a
gradient v for k is characterized by

lim 22 (Mo Qu) — K(M, Q) = E[7(X, 87, 8) {u(X) + 0v(X, Y)}]

n—oo

for all w € U and v € V, where
U = Lao(M) = {u € Ly(M) : M(u) = /udM - 0},
and
V= {v € Lo(M - Q) : Qu(v) = /v(a:,y)Q(x,dy) = 0 for all a:}

Here M, and @Q,, are Hellinger differentiable perturbations of M and @),

M (d) M (dz){1 + nfl/Qu(a;)} + o(n*1/2),
Quol,dy) = Q(z,dy){L+n""u(x,y)} +o(n~'/?).
The perturbed distributions M, and @, must both be probability distributions,

i.e. integrate to one, which explains the form of U and V. Write T for the tangent

space relevant for estimating x (i.e. for functionals of M and @),
T={uX):ueU}®{w(X,Y):veV},

where the orthogonality follows from the missing at random assumption. It
contains the canonical gradient, which is defined as a gradient that is also an
element of the tangent space, i.e. it is of the form v, (X, Y, §) = u.(X)+0v.(X,Y)
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with the terms of the sum being projections onto the tangent space. As a gradient
of K, 7. must satisfy the above characterization which now becomes

lim n'2{k(Mpu, Qno) — (M, Q)} (4.1)

n—0o0

= F{u.(X)u(X)} + E{ov.(X,Y)u(X,Y)}.

For a full specification of the tangent space see Miiller et al. (2006). That larger
tangent space has to be considered when the goal is to estimate functionals of
the full joint distribution, i.e. of functionals that also involve the conditional
distribution 7 (z) of the indicator variable ¢ given z.

After these general considerations we now also take the structure of our

model (1.1) into account, which is defined by a parametric constraint,

0 = E{ag(X, V)X = 2} = Qu(ag) = / ao(2,9)Q(z, dy).

The perturbed distribution must satisfy a perturbed constraint, Qzn.(ayg,,) = 0
for some ¥, close to ¥, say Up = ¥ + n~ Y2t with ¢t in RP. Using Qr(ay) =0
and Qz(v) = 0 we obtain

0= sz}(aﬁm) = Q:p{(l + n_l/Qv)agnt} + o(n_l/Q)
= Qu(as,) +n ?Qu(vay,,) +o(n™'/?)
= Qx(aﬂ) + n1/2t§9Qx(a9) }9:19 + nil/QQI (1)(119) + O(nfl/Q)
n=12Qu{vay + tQu(ay)} + o(n™'/?),

with Qg (ay) = %Qm(%)‘g:ﬁ- This leads to a constraint Q,(vag) = —Q4(ay)t
on v in V, which can be written in the form Qg (vay) = —Qz(ay)t} if ap is
differentiable in #. For fixed ¢ € RP we write H; for the solution space of this
equation,
Hy={veV:Q.(vay) = —Qu(ay)t},

and H, for the union of all affine spaces Hy, t € RP. In order to determine v, we
find it convenient to go further and decompose H, into the space Hy of solutions
of the homogeneous equation, Hy = {v € V : Q,(vay) = 0}, and into the solution
space of the inhomogeneous equation given above. This space can be written as
a linear span, analogously to Miiller (2007). The idea is to solve the equation

for the standard basis vectors ¢t = e;, j = 1,...,p. Call the solutions ¢;. Then
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the solution space of the inhomogeneous equation is the linear span [¢] of the

solutions £1, ..., ¢, where £ = (¢1,...,£,)" has the form
E(l" y) = _Qx(ag)Qz(aﬂa;g)ilaﬂ(xa y)

Simple calculations show that ¢ indeed satisfies Q,(agl") = —Qu(ay) and that
¢ is orthogonal to Hy, i.e. H, = Hy @ [¢]. The tangent space of the constrained

model is now specified,
T={uX):ueU}®{uv(X,Y):veH o[}

From now on we focus on estimating 9 and write it as a functional of P by
setting x(P) = ¢ if Q,(ay) = 0. The left-hand side of characterization (4.1) of
the canonical gradient now involves ¢t € RP and simplifies to n'/?(9,; — 9) = t.
The canonical gradient v.(X, Y, d) = u.(X) + dv.(X,Y) is therefore determined
by

E{u(X)u(X)}+ E{0v. (X, Y)u(X,Y)} =t forall te RP,uec U, ve Hyd|l.

Setting v = 0 and ¢ = 0 we see that u, must be zero. Further we know that
ve € Ho @ [¢] where [¢] comes from ¥ being unknown. We can therefore assume
that v, is of the form J¢, where J is a p X p matrix to be determined and where

¢ functions as the score function. This yields

B{5JUX,Y)w(X,Y)} =t forall teRP, ve Ho [l

where
E{6JUX,Y)0(X,Y)} = —JE{6Qx(a))Qx(agay) 'as(X,Y)u(X,Y)}

= —JE[Qx(a))Qx(agay) ' E{day(X,Y)v(X,Y)|X}]
with

E{day(X,Y)v(X,Y)|X =z} = E{day(x,Y)v(z,Y)|X =z}
= F{§|X = z}F{ay(z,Y)v(z,Y)|X = 2} = Q2(0)Qu(ayv) = —Qm(é)Qw(aﬁ)t.

Here we used the missing at random assumption and the constraint Q. (vay) =

—Qgu(ay)t on v in V. Inserting this in the above gives

E{0JUX,Y)o(X,Y)} = JE[Qx(a))Qx(agay) Qx(ay)t].
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This equals ¢ if J = I~! with
I = E{6Qx(a;)Qx(aya)) ' Qx(ag)} = B{3((X,Y)I(X,Y) }.

Our canonical gradient for estimating ¢ is determined: it is v.(X,0Y,0) =
Sv.(X,Y) = 61" Y(X,Y).

Characterization of the efficient estimator. By the characterization of efficient
estimators, an estimator 9 is efficient for 9 if it is asymptotically linear with
influence function equal to the canonical gradient. The efficient influence function
for estimating ¢ is I~ 26¢(X,Y) in our model (1.1). An estimator ¥ is therefore

efficient for ¥ if it satisfies

'@ = 0) = 17" 6,49(X, Vi) + op(n~/?)
=1

with £9(z,y) = —Qu(a})Qu(aga) tag(z,y) and I = E{60y(X,Y )ls(X, Y)'}.

5. Concluding remarks and future research

We have derived efficient estimators for the parameter vector ¢ for the
large class of regression models that can be specified by a conditional constraint
FE{ay(X,Y)|X} = 0. Our method is not only efficient, it is also simple: we
choose a proper weight matrix for the completely observed cases and discard
those cases that contain missing values. Although we have studied the situation
where responses are missing at random, our considerations also apply to the sit-
uation when no data are missing, namely when 7(X) = P(0 = 1|/X) = 1 and all
indicators are equal to one.

There are several open questions for future research. For example, our class
of models does not include regression models where the regression function itself
contains a nonparametric part, such as partially linear models which are defined
by the conditional constraint E{Y —9 " X1 +n(X2)| X1, X2} = 0. This constraint
additionally involves the infinite-dimensional nuisance parameter 7. Of interest is
also the situation when both covariates and responses are missing, or when only
covariates are missing with the missingness explained by the response variable.

So far we have only studied estimation of the parameter vector, but it would

also be interesting to derive estimators for expectations Eh(X,Y), with the mean
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response FY as an important special case. Although the mean response is well-
studied, it is not clear yet how to estimate expectations in our model efficiently.
To our knowledge, this has not even been considered in the nonlinear regres-
sion model which is specified by E{ay(X,Y)|X} = E{Y —ry(X)|X} =0. In
this model we expect that, similar to the model with independent covariates and
errors (Miiller, 2009), the estimator n=! 37" | 75(X;), now with our efficient es-
timator from equation (2.4) plugged in, will be efficient for FY. This is in agree-
ment with the linear regression model, ry(X) = 9" X. Here n ™' 37 | r5(X;) =
n~tS 9TX; = 97X, which is a smooth function of two efficient estimators
and therefore efficient. Since efficient estimators are asymptotically normally
distributed with the asymptotic variance specified by the length of the canoni-
cal gradient, the construction of (approximative) normal confidence intervals for
moments of the response variable, and for more general expectations, would be
straightforward.

In applications it is often necessary to work with more complex models.
We would expect interesting and useful results in the field of generalized linear
models, for certain change point models, for models with censored/truncated
data (in addition to missing data), and for models used in case-control studies
in the field of biostatistics. For each of these models one needs to specify the
function ag(X,Y), from which the formula of the weight matrix and its estimator

can be obtained.
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