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Abstract Extreme-value copulas arise in the asymptotic theory for compo-
nentwise maxima of independent random samples. An extreme-value copula
is determined by its Pickands dependence function, which is a function on the
unit simplex subject to certain shape constraints that arise from an integral
transform of an underlying measure called spectral measure. Multivariate ex-
tensions are provided of certain rank-based nonparametric estimators of the
Pickands dependence function. The shape constraint that the estimator should
itself be a Pickands dependence function is enforced by replacing an initial es-
timator by its best least-squares approximation in the set of Pickands depen-
dence functions having a discrete spectral measure supported on a sufficiently
fine grid. Weak convergence of the standardized estimators is demonstrated
and the finite-sample performance of the estimators is investigated by means
of a simulation experiment.

Keywords empirical copula - extreme-value copula - Pickands dependence
function - simplex - shape constraints - spectral measure - weak convergence

Mathematics Subject Classification (2000) 62G05, 62G32, 62G20

1 Introduction

Extreme-value copulas arise in the asymptotic theory for componentwise max-
ima of independent random samples. They provide the dependence structures
for the class of multivariate extreme-value or max-stable distributions. More
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generally, they constitute a flexible class of models for describing positive as-
sociation; see |(Gudendorf and Segers (2010) for a survey.

In this paper we will focus on the nonparametric estimation of extreme-
value copulas in general dimensions. In particular, we aim at multivariate

extensions of the rank-based estimators in |Genest. and Segers (2009) and the
projection methodology in [Fils-Villetard et all 4201)8

Let X; = (Xs1,...,Xip), ¢ € {1,...,n}, be an independent random
sample from a p-variate, continuous distribution function F with margins
Fy, ..., F, and copula C, that is,

F(x) = C(Fi(z1),...,Fy(zp)), x € RP,

where F(x) = P(X < «) (componentwise inequalities), F;(x;) = P(X; <
xj), and C' is the joint distribution function of (Fy(X1),..., Fp(X,)). We are
interested in nonparametric estimation of C' in the model where the margins
Fi,..., F, are completely unknown (but continuous) and C' is known to be an
extreme-value copula.

A p-variate copula C'is an extreme-value copula if there exists a finite Borel
measure H on the unit simplex A,_1 = {(w1,...,w,) € [0,1]7 : w1+ +w, =
1}, called spectral measure, such that

C(u) = exp(—{(—logus, ..., —loguy)), u € (0,1]7, (1.1)
the tail dependence function £ :[0,00)? — [0,00) being given by
lx) = / max{vi1z1,...,v,xp} H(dv). (1.2)
Ap71

The spectral measure H is arbitrary except for the p moment constraints
/ v; H(dv) =1, je{l,...,p}, (1.3)
Apa

which are equivalent to requiring that the margins of C' be uniform on (0, 1).
The tail dependence function £ in (.2)) is convex, homogeneous of order one,
that is {(cx) = cl(x) for ¢ > 0, and satisfies max(z1,...,x,) < l(x) < 1 +
-4z, for all ¢ € [0, 00)P. By homogeneity, ¢ is characterized by the Pickands
dependence function A : A,_1 — [1/p, 1], which is simply the restriction of ¢
to the unit simplex: for & € [0, 00)? \ {0},

Ux) = (214 + ) Alwr, ..., wp—1)
Ly

where w; = ———————.
r1+--+xp

Here and further on, we frequently identify A,_1 with {(w1,...,w,—1) €
[0, 1]1’_1 fwp A wp—g < 1}. The extreme-value copula C' can be expressed
in terms of A via

C(u):exp{(zg?_lbguj)A( §1ogu1 .. 08Uy )} (1.4)

_ logu; b logu;




for w € (0,117 \ {(1,...,1)}, with

A(w) = /A max{viwi, ..., vpyw,} H(dv), w e Ap_q, (1.5)

p—1

ee [Pickands (LL‘L&H) and [Zhang et al ([Z_QOE) The function A is convex as well

and satisfies max(wy,...,wp) < A(w) <1 for all w € A,_;.
Popular nonparametnc estimators for A have initially been developed in

Pickands (I@), with modifications in [Deheuveld (1991) and [Hall and Tajvidi
(Im ), and in [Capérad et all (1997). These estimators will be referred to as

the Pickands and CFG estimators, respectively; see Section [ for definitions.
In the previously cited papers, the marginal distributions were assumed to be
known. The more realistic case of unknown margins has been treated in the bi-

variate case in .Jiménez et all (2001) for a submodel and in [Genest and Segers
(M) for the general model. Multivariate extensions have been proposed in
[Zhang et all (2008) and [Gudendorf and Segerd (2011) for the case of known
margins. In Section Bl we will provide a proof for the convergence of these esti-
mators in case of unknown margins being estimated by the empirical distribu-
tion functions, thus generalizing the main results in (Genest_and Segers (2009)
to arbitrary dimensions. As in Kojadinovic and Yan (2010) and [Genest et. all

), the estimators could also be used as a starting point for goodness-
of-fit tests, but for brevity we do not pursue this here. Finally, a new type
of nonparametric estimator has been proposed in Biicher et all ([Z_QMJ) for the
bivariate case.

In the proofs of the asymptotic normality of the Pickands and CFG estima-
tors, a certain expansion of the empirical copula process due to Stutd M)
and [Tsukahara (2005) plays a crucial role. The second-order derivatives of
extreme-value copulas typically exhibit explosive behaviour near the corners
of the hypercube, violating the assumptions in the two papers just cited. In

(I%l' it was shown that the same expansion continues to hold under
much weaker conditions on the partial derivatives. In Section [2 these issues
are considered for multivariate extreme-value copulas.

As the estimators for A considered here fail to be Pickands dependence
functions themselves, it is natural to ask how to enforce the shape constraints
on such functions in the estimation procedure. In dimension p = 2, it is suf-
ficient to ensure that A is convex and takes values in the range m|%9ﬁ]v) <
A(w) < 1, for instance by truncation and convexification m, .In
d1mens1on p = 3, however, this procedure is no longer sufficient m
m page 257) and one needs to rely on the spectral representation in (LH).
In Section Ml we will apply an projection methodology (Fils-Villetard et a ]

) to obtain valid estimates: an initial estimate is replaced by its best
least-squares approximation in the set of Pickands dependence functions cor-
responding to discrete spectral measures supported on a fine grid.

The results of a simulation experiment aimed at investigating the finite-
sample performance of the original and projected Pickands and CFG estima-
tors are reported in Section Bl All proofs are relegated to the Appendix.




Throughout the article, we will apply the following notations. For a space
W, let £°(#) and €' (#') denote the spaces of real-valued bounded and real-
valued continuous functions respectively, where we endow both spaces with
the uniform norm || - || : f = sup,ey |f(2)|. Furthermore, we denote by
1(E) the indicator function evaluated in a set E. The arrow ‘~’ will stand
for weak convergence. For any p—variate real-valued function f with values
in R, first and second-order partial derivatives will be denoted by fl(:c) =

awlf(xl,...,xp) and fi;(x) = #Mjf(xl,...,xp).

2 Empirical copula processes

Let X1, Xo,... be an iid sequence of random vectors from a p-variate mul-
tivariate distribution F' with continuous margins Fi,..., F},. If the margins
Fy,..., F, are known, we can define the empirical cumulative distribution
function C,, of the (unobservable) random sample U; = (Ujq,...,U;p) =
(Fl(Xi,l); e ;Fp(Xi,p)) for i € {1, ey n} by

3I>—‘

Z i1 < U, Uip <up), u € [0,1)7, (2.1)

with associated empirical process
an, =nt?(C, - C). (2.2)

For ease of notation, we will write
an (i) =an(l,...,1,u;,1,...,1) forje{l,...,p}. (2.3)

In practice, the marginal distributions will need to be estimated. If we are not
willing to make any assumptions (except for continuity) we can estimate them
by the empirical distribution functions

Fn,] Zl :C ) .] € {17"'7p}a (24>

where we divided by n+ 1 in order to avoid later problems at the borders. By
so doing, we can construct n vectors U, = (UZ Tye-- U p) via

n

Uij = Fnj(X; g < Xij) (2.5)

l:l

forie{l,...,n} and j € {1,...,p}. The empirical copula will be denoted by

:%Z (zl U1,...,U1p<up) u€[071]}7 (26)



with associated empirical copula process
C, =n'?(C, - C). (2.7)
In Stutd (1984) and [Tsukahara (2005) it was established that if all second-

order derivatives of C exist and are continuous on [0, 1]?; the processes «;, in
22) and C,, in 27 are related via

Co(u) = an(u) = > Cj(u) o ;(u;) + Rn(uw), (2.8)

the remainder term R, satisfying

sup |Rp(u)| = O(n*1/4(10g n)'/2(log log n)1/4) almost surely.  (2.9)
ue(0,1]P
Let £°°([0, 1)) be the space of bounded real-valued functions on R, equipped
with the topology of uniform convergence. Weak convergence of maps taking
values in £°°([0, 1]?) will be understood as in ,
Definition 1.3.3) and will be denoted by ‘~~’. By classical empirical process the-
ory, we have «,, ~» o as n — oo, the limiting process being a mean-zero tight

Gaussian process with continuous trajectories and covariance function given
by

cov(a(u), a(v)) = C(uAv) — C(u) C(v), u,v € [0,1]7, (2.10)

where (u A v); = min(uj,v;). In view of the expansion (ZJ)), it then follows
that in ¢°°(]0, 1J*), we have C,, ~ C as n — oo, where

P
C(u )= > Cj(u) aj(uy) (2.11)

j=1

and a;(uj) = a(l,..., L u;,1,...,1).

Like many other copulas, extreme-value copulas do in general not have uni-
formly bounded second-order partial derivatives. For instance, in the bivariate
case, every copula having a positive coefficient of upper tail dependence will
have first-order partial derivatives that fail to have a continuous extension to
the upper corner (1,1); see@ (Im, Example 1.1). As a consequence, the
only bivariate extreme-value copula whose density is uniformly bounded is the
independence copula. However, as shown in the same paper, for copulas sat-
isfying Assumption [ below, the expansion (ZJ)—([23) of the empirical copula
process remains valid.

Assumption 1 (C1) For every j € {1,...,p}, the first-order partial deriva-
tive C; exists and is continuous on the set V, j = {u € [0,1]P: 0 < u; < 1}.

(C2) For every i,j € {1,...,p} (i and j not necessarily distinct), Cy; exists
and is continuous on Vy,; NV, ; and

sup  max{u;(1 —u;),u; (1 —uj;)} |CU( )| < 0.
uEVp’iﬁVp’j



In fact, for weak convergence C,, ~~ C in £°°([0, 1]?) to hold, condition (C1)
is already sufficient. In the context of multivariate extreme-value copulas, it
will be of interest to have a readily verifiable condition on the stable tail
dependence function ¢ for Assumption [I] to hold.

Assumption 2 (L1) For every j € {1,...,p}, the first-order partial deriva-
tive 0; exists and is continuous on the set W, ; = {2 € [0,00)P : 2; > 0}.

(L2) For every i,j € {1,...,p} (i and j not necessarily distinct), EU exists
and is continuous on Wy ; N W, ; and

sup  max(z;, z;) |l (x)] < oo.
IEWpYiﬂprj
1+ txp=1
Proposition 1 For p-variate extreme-value copulas, (L1) implies (C1). If in
addition (L2) holds, then (C2) holds as well.

In the bivariate case, sufficient conditions for (C1) and (C2) can be given
in terms of the Pickands dependence function A(w) = ¢(1 — w,w), where
w € [0,1]: (C1) holds as soon as A is continuously differentiable on (0,1), and
(C1)—(C2) hold as soon as A is twice continuously differentiable on (0,1) and
SUPgeye1 W(1 —w) A" (w) < oo (@, m, Example 5.3).

For completeness, we want to mention that in the above references, the
empirical copula is not defined as in ([Z2G]) but rather as

CP(u) = Fo(Fiy(w), ..., Fi(up)),

with Fi(u;) = inf{z; € R: F, j(z;) > u;}. Straightforward calculus shows
that, in the absence of ties,

sup |7 (u) — C(u)] < =,

uel0,1]p n

As a consequence, Stute’s expansion (2.8]) is valid for C,, if and only if it is
valid for C'2.

3 Nonparametric estimation of the dependence function

Among the most popular nonparametric estimators for A figure the Pickands
estimator AP ,M) and the estimator AS*S proposed by
M), referred to as the CFG estimator from now on. Writing

» .
. —logU; ;
i(w) = /\ 70gU’j-

wj

j=1
for w € A,_q, with ﬁi,j as in (28]), these estimators are defined as

1

AE (w

— % Z éz(w) and log ASFG(w) = f% Zl logéi(w) -,

=
-

|
—



with v = 0.5772 ... the Euler-Mascheroni constant. Explanations on the con-
struction of these estimators are provided for instance in the original ref-
erences given before, in |Genest. and Segers (IZDD_Q) and in the survey paper
\Gudendorf and Segers (2010). The multivariate extension of the CFG estima-
tor was presented ian_h_angﬂ_aiJ 4201)8), albeit under a different but equivalent
form.

In order to improve the small-sample properties of the above estimators, the
endpoint constraints A(e;) =1 for j € {1,...,p} can be imposed as follows.
Given continuous functions Ai,..., A, : Ap_1 — R verifying \;(ex) = djx
(Kronecker delta) for all j,k € {1,...,p}, define

1 1 P 1
. = — S \j(w) | = —1], 3.1
Tow e = ”(Azz(ej) ) 3

P
log AEI“;G( ) = log AS¥C (w Z \j(w) log ASTC (e;). (3.2)

In case of known margins, variance-minimizing weight functions A; can be de-

termined adaptively by ordinary least squares (lSﬁgﬁLé, 2007;
M) However, if the marginal distributions are unknown, these endpoint cor-

rections are asymptotically irrelevant ngngsL_and_SgggLs], |21)_Q9), since
n+1 log n>
= -1= lo -1=0 ,
T anre () o (S
joFa ntl ! 1
log A, = —— Z log | log + log (log | — ) ) dx
0 X
0 <(10g n)? ) .
n

as n — oo. Nevertheless, in finite samples, the simple choice \;(w) = w;
can make quite a difference. Similarly, for unknown margins, the multlvarlate

extension of the estimator in [Hall and Tajvidi (2000) simplifies to AHT (w) =
AR (w)/ A} (ej) = A} (w) {1+ O(n~" logn)}. A

_ The next lemma establishes a functional relationship between AP and

ASFG on the one hand and the empirical copula C,, on the other hand. Recall

the empirical copula process C,, in 2.7]).

Lemma 1 For w € A,_1, we have

1 1 ! d
7’Ll/2 - T Alw) | T / Cn(uwla s auwp) _u’ (33)
AP (w)  A(w) “

n1/2(1ogASFG( ) —log A(w /(C utr) du . (3.4)




The proof is not different from the one in dimension two and can be found

in|Genest and Segers (2009, Lemma 3.1). Equations (3:3) and (34) are instru-

mental for proving the weak convergence of the processes

AL =n'?(AL — A) and ASFC =n!/2(ATFC - A).
Theorem 1 Under Assumption [l above, AL ~ AY and ACFS ~ ACFG with

du
u

) =) [

du
u logu’

0
CFG (w) = A(w 1 wt o utr
ACFS (1) = A( >/O<c< )

as n — oo in the space € (A,—1) equipped with the topology of uniform con-
vergence.

The main idea of the proof consists in substituting C,, in (33) and (34)
by Stute’s expansion and to conclude using a refined version of the contin-
uous mapping theorem. As the proof follows the same lines as the one in

(2009), we will just point out the main adjustments.

4 Projection estimator

The estimators of the Pickands dependence functions considered so far are in
general not valid Pickands dependence functions themselves. In this section,
we adapt the methodology in |Fils-Villetard et. all (IZDDS) to project a pilot
estimate A,, onto the set &/ of Pickands dependence functions of p-variate
extreme-value copulas. To this end, we view . as a closed and convex subset of
the real Hilbert space L?(A,_1) with A,_; equipped with (p — 1)-dimensional
Lebesgue measure when viewed as a subset of RP~!. The inner product and
the norm on L2(A,_1) are denoted by (f,g) = [ fg and ||f]2 = ({f, f))'/?
respectively.

The orthogonal projection of an initial estimator A, for A, for example
the Pickands or the CFG estimator, onto 7 is then defined as

APT = [1(A,|o7) = argmin | A — A, .
Acod

Projections being contractions, it follows that ||AP* — Ally < || A, — Al|2 for
all A € &/: the L?risk of the projection estimator is bounded by the one of
the initial estimator.

For practical computations, we are obliged to refer to finite-dimensional
subclasses 7, C &, yielding the approximate projection estimator

APT = [1(A, |y = argmin | A — A,]J2. (4.1)
A

m



For each positive integer m, the class o7, will be defined as the set of Pickands
dependence functions characterized by discrete spectral measures H with fixed
and finite support depending on m.

Specifically, let ¥}, ,,, be the (finite) set of points v = (v1,...,vp) € Ap_1
such that k; = muv; is integer for every j € {1,...,p}, so that in fact v =
(k1/m, ..., ky/m) where k; € {0,...,m} and k1 +- - -+k, = m. The cardinality
of ¥, m is of the order O(mP~1) as m — co. Let 7., be the set of (discrete)
spectral measures H € ¢, supported on ¥, ,,, that is, H = Eve“t/p,m he 0,
with d, the Dirac measure at v and where h, = H({v}) is the spectral mass
of the atom v. The vector h = (hy)vey, ,, satisfies the constraints

he > 0, Y0 € Yy,
(4.2)

Zve%,,m By vj =1, vj e {17 s ,p},

the second constraint stemming from (L3).
The Pickands dependence function A of a spectral measure H in .7, ,, can
be written as

Z hy max{wivi,...,wpvp}t, we Ap_1. (4.3)
VEYp,m

Being a linear combination of piecewise linear functions, the function A in
(&3 is itself piecewise linear. All Pickands dependence function of the form
@3) will be collected in the class 47%,. The next result can be seen as the

equivalent of Lemma 2 in [Fils-Villetard et al! (2008) stating the denseness of

the piecewise linear Pickands dependence functions.

Lemma 2 For every H € %, and every positive integer m, there exists H,, €
H.m such that the Pickands dependence functions A and A, of H and Hp,
respectively satisfy

2
sup | Am(w) — A(w)| < 2. (4.4)
’wEAp,1 m
The bound in ([#4) implies that SuPAe%ianeg{ |A—Als = O(m™1)

as m — oo. This rate is perhaps not sharp, for in case p = 2, Lemma 2
in [Fils-Villetard et all (2008) states the rate O(m~3/2). It remains an open

problem whether the latter rate can also be achieved in general dimension p.
In practice, the task is to compute the vector h such that the function

APT(w) = Aj (w) = Z ho max{wyv1, ..., wyv,}, wE A, 1,

'UEV/p,m
solves ([@)). The vector h is given as the solution to the least-squares problem

h = argmin || Ay — A,||3 = argmin (|| An||3 — 2(An, A,)), (4.5)
h h
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with h subject to the constraints (£2]). The optimisation problem in ([@H) is
a quadratic program with linear constraints, which in matrix notation reads

h = argmin(lhTDh — dTh), subject to {Ch —© (4.6)
h 2 h > 0.

The matrix D and the vector d regroup all the scalar products of the form
pril max(w v) max(w v’) dw and pril max(w v) A, (w) dw respectively, for
v,v" € ¥, m. The p equality constraints Zve%,m hyv; = 1 are encoded by
means of the matrix C' and the vector c.

For implementation, we used the R-package quadprog (Turlach and Weingessel,

) for solving quadratic programs under linear constraints. Although there

exist multiple packages for numerical multivariate integration, we preferred to
compute all the integrals appearing in D and d using Riemann sums on the
same fine grid. By so doing we reduce the risk of numerical problems as we
impose D to be positive definite.

The derivation of the asymptotics of the projection estimator follows the
same lines as in [Fils-Villetard et all (2008). Assume that e (A, — A) ~ ¢
in L?(A,_1) where ¢ is a random process in L*(A,_1) and 0 < &, — 0; for
the Pickands and CFG estimators, we have g, = n~'/2 and we have weak
convergence with respect to the uniform topology, which implies convergence
with respect to the L?-topology.

By Lemma 1 in [Fils-Villetard et al! (2008), we have

1AB; — AP[l2 < [0 (2] An — APl + 6, }]'/2,

with 8, = || AP* — IT(AP"|.%7,,) 2. From LemmaPlabove, we have 6,, = O(1/m)
as m — o0o. As a consequence, if m = m,, is such that 1/m,, = o(e,,) as n — oo,

then ||AP" — AP*||y = op(e,). From [Fils-Villetard et all (2008, Theorem 1), we

deduce that

e HAPT — A) = e L(APT — A) 4 0p(1) ~ II(¢|Ter (A)) (n—o00) (4.7)

in the space L?(A,_1), where T (A) is the tangent cone of & at A, defined
as the L2-closure of {\(A —A): A > 0,4 € &}.

Interestingly, equation (£7]) implies that the choice of m is not to be seen
as a bias-variance trade-off problem but rather as a discretization problem. As
soon as m = m,, converges to infinity faster than 1/e,, the finite-dimensional
projection estimator Ag{ has the same limit behaviour as the ‘ideal’ projection
estimator AP'. In practice, we will choose m sufficiently large so that any
further increase of m does not make any significant difference, of course subject
to constraints on computing time and numerical stability.

Finally, note that the convergence in (@Z)) is with respect to the L2
topology only, even if originally the weak convergence of ¢, 1(/1” — A) took
place in the stronger £°°-topology. The asymptotic distribution of the projec-
tion estimator under the /°°-topology remains an open problem.
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5 Simulation study

A simulation experiment was conducted to compare the finite-sample perfor-
mance of the following four estimators:

PD - the endpoint-corrected Pickands estimator in (81 with \;(w) = w;, in
the spirit of Deheuvels (@),

PD-pr — the projection estimator in (£I]) with the previous end-point cor-
rected Pickands estimator as initial estimator;

CFG — the endpoint-corrected CFG estimator in (8:2) with A;(w) = w;;

CFG-pr — the projection estimator in (&) with the previous end-point cor-
rected CFG estimator as initial estimator.

The set-up of the experiment was as follows. Followinng_h_angjL_a]J 4201)8)

and |Gudendorf and Segers (2011), random samples were generated from a

trivariate extreme-value distribution with asymmetric logistic dependence func-
tion A (Tawil, [1990):

A(w) _ (el/awi/a +¢1/aw;/a)a + (el/aw;/a +¢1/aw§/a)a
(07w 4 OV gy )
Fl—60-¢—0, wedly, (5.1)

with parameter vector (a,6,¢,v) € (0,1] x [0,1]3. For this model, Assump-
tion Bl can be verified by direct calculation. The dependence parameter «
ranged from 0.3 (high dependence) to 1 (independence, A = 1) and the vector
(¢,1,0) was set equal to either (0,1,0) (symmetric logistic copula or Gumbel
copula) and (0.3,0,0.6) (an asymmetric logistic copula). For each distribu-
tion, 1000 samples were generated of size n € {50, 100,200}. Simulations were
performed using the R-package evd (Stephensonl, [20112), which implements the
algorithms presented in [Stephensorl (IZDD_ﬂ) The discretization parameter m
was set to 20, at which value the grid 73 9o contains 231 points.

Monte-Carlo approximations for the mean integrated squared error (MISE)
E[[(A—A)?] for the four estimators considered above are reported in the tables
below. The three main findings are the following:

1- The projection step yields a gain in efficiency, especially in case of weak
dependence.

2- Without projection step, the CFG estimator outperforms the PD estimator.

3- After the projection step, the PD-pr estimator is more efficient than the
CFG-pr estimator in case of independence and weak dependence (a > 0.9),
but less efficient otherwise (o < 0.7).

Further, we find that as the dependence increases, all estimators tend to per-
form better. In accordance with asymptotic theory, the MISE is roughly pro-
portional to 1/n.
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a=0.3 a=0.5 a=0.7 a=0.9 a=1
n=50 PD 1.40-10~% 5.44-10~%* 1.36-1073 2.68-10~3 3.44-10-3
PD-pr 1.37-107% 5.14-107* 1.21-1073 2.08-10"2 2.44.1073

CFG 9.77-107% 4.27-107% 1.26-1073 2.54-1073 3.48-1073
CFG-pr 9.69-10~° 4.22.10~* 1.22-107% 243.10"% 3.31.10°3

n =100 PD 7.08-107° 2.84-10=%* 7.06-10~*% 1.34-1073 1.69-1073
PD-pr 6.99-10~° 2.74-10~* 6.53-10~* 1.03-10=3 1.08-10"3
CFG 5.03-1075 2.39-10% 6.56-10~% 1.23.1073 1.48.1073
CFG-pr 5.01-107° 2.37-107% 6.47-10* 1.18-1073 1.36-10"3

n =200 PD 3.31-107° 1.43-10-% 3.92.-10-% 7.02-10=%* 871-107%
PD-pr 3.29-10~° 1.40-10~* 3.73-10~* 5.72-10~* 5.14-10~%

CFG 2.45-107% 1.23-10% 3.39-10* 6.40-10~% 6.56-10"%
CFG-pr 245-107° 1.23.107% 3.36-10* 6.19-107% 5.78.107%

Table 1 Symmetric logistic dependence function, (¢, ,0) = (0, 1,0): Monte-Carlo approx-
imation of the MISE of four estimators of A based on 1000 random samples

a=0.3 a=0.5 a=0.7 a=0.9
n = 50 PD 1.42-1073  1.72-1073 2.20-1073 2.88-1073
PD-pr 1.22-1073%  1.45-1073 1.74-10-3 2.01-1073
CFG 1.15-1073  1.41-1073 1.84-1073 2.77-1073
CFG-pr 1.10-107% 1.35-107% 1.75-10~% 2.60-10~3
n = 100 PD 7.67-107%* 876-10~% 1.10-1073 1.51-1073
PD-pr 6.77-10"%* 7.70-10-%* 9.00-10~* 1.08-1073
CFG 5.90-10=% 7.06-10~% 9.05-10=% 1.20-1073
CFG-pr 5.70-10"%* 6.85-10~* 868-10~* 1.10-103
n = 200 PD 3.92.107% 4.72.107% 5.84-107* 7.60-10"%
PD-pr 3.52-107% 4.30-107* 5.08-107% 5.19-107%
CFG 3.01-107% 3.31-107% 443-10~* 5.81-10~%

CFG-pr 2.92-10"% 322-100* 4.29-100* 5.36-10"%

Table 2 Asymmetric logistic dependence function, (¢,,0) = (0.3,1,0.6): Monte-Carlo
approximation of the MISE of four estimators of A based on 1000 random samples
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A Proofs

A.1 Proof of Proposition [

If w € (0,1]7, then —logu € W, ; and

&) = b (rog ). (A1)
J

The assumptions on £ imply continuity of Cj on the set (0, 1]P. If w € [0,1]? with uj; > 0
and w; = 0 for some i € {1,...,p} \ {4}, then C;(u) = 0 and continuity of C; at such u
follows from the fact that 0 < £; < 1 and 0 < C(v) < min(v).

If (L2) holds, then also

sup max(z;, ;) |6 (@) < oo,
zeW, i NW,, 5
that is, without the condition 1 + --- + z; = 1. This result is based on the fact that the
function £ is homogeneous of order one: £(sx) = s£(x) for all s € [0,00) and = € [0, 00).
Hence if £; exists on W, ;, then for all s € (0,00) and & € W), ; we have

. 9 9 .
slj(sxe) = —A(sx) = —sl(x) =slj(x
(69) = G tow) = 5 s @) = 514(w)
and thus ) )
Kj(sil:) = Kj(il:)
Taking partial derivatives again, we find for all s € (0,00) and & € W, ; N W,, ; that

o . o . ..
sﬁij(sw) = _Bx-gj(sm) = —8$£J(CD) = Kij (:l:)
@ i

and thus . B
Zi]' (SZB) =s! Zij (:B)
It follows that . .
max(sx;, sx;) Lij(sx) = max(z;, z;) i (x),

that is, the map @ — max(xz;, xj)ﬁm () is constant on rays through the origin.

Next, we show the equivalence of (L2) and (C2). Fix 4,5 € {1,...,p}, not necessarily
distinct and let w € V, ; NV}, ;. On the one hand, if w € V},; NV}, ; N (0, 1]P (meaning that
every component of u is different from 0), then —logu € W), ; N W), ; and

Cu) (bl; — b)) ifi#3,

Coy(u) = { 0
K ) Cu) . .. o
2 (63 =65 — 1) ifi=j,

with the convention that the partial derivatives of ¢ are evaluated in — logw. On the other
hand, if w € (V},;NVp,;)\(0, 1]? (i.e. at least one coordinate of u vanishes), then C;;(u) = 0.
We have to verify two things: first, the continuity of C’U at points in the set (V,; N
Vi) \ (0, 1]P; secondly, the finiteness of the supremum in (C2).
First, let w € V,; NV, ; N (0,1]P. Let K be a positive constant not smaller than the
supremum in (L2). By assumption (L2) and the fact that 0 < éj < 1, we have

Gy (o) < Tme) (1 + K )

max(— logu;, —log u;)

Continuity of Cy; at points in the set Vj,; NV, ; \ (0, 1] follows.
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Secondly, as min(w)/(u;u;) < min(1/u;,1/u;) and —logz > 1 — x for all positive z,

. 1 1 1 1
[Cij(u)] < min(—7 —) {l—i-K min( , )}
Ui Uj 1—u; 1—uy
1 1 1 1
< (1+K) min(—,—) min(i, )
u; Uy 1—u; 1—wuy

< (1 8 min (o L),

wi(l— ;)" uy(1—uj)

which is equivalent to condition (C2).

A.2 Proof of Theorem [I]

The proof of theorem [I] will require the following preliminary result on weighted empirical
copula processes. Recall the process a;, in (Z2). Define gg(t) = t?(1 — )¢ for t € (0,1) and
a fixed value 6 € (0,1/2). Write E = (0, 1] \ {(1,...,1)}. Define the process G,, ¢ on [0,1]?
by
an(u) ;
Gn.p(u) = { d0(min(w)) ffuek, (A.2)
’ 0 if w € [0,1]7 \ E.

Similarly, define the process Gy on [0, 1]? by replacing a,, in (A2) by its weak limit «, see
(2I0)). The following result generalizes Theorem G.1 inm M)

Lemma 3 For every 6 € (0,1/2), the trajectories of Gy are continuous almost surely and
Gy ~ Gg in £2((0,1]7).

Proof (Lemmal3) The proof is entirely analogue as the one of Theorem G.1 inm
). For completeness, we sketch the main lines.
Fix u € E and define the mapping f., : E — R by

_ Lou(s) ~Cu)

fuls) = = min(w))

) s € E?
and consider the class
F ={fu:ueE}U{0},
where 0 of course stands for the zero function. The space .# will be endowed with the metric
P(f,9)=P(f-9° figeZ. (A.3)
Here, we adopt the notations offvan der Vaart and Wellnel (1996): P denotes the probability

distribution on E corresponding to C' and Py, denotes the empirical measure of the sample
(Ui, ..., Up) for i € {1,...,n}, that is

pr= [ rac Puf = =3 f(Ui, o Uig)
i=1

Moreover, put G, = nl/2 (P, — P), viewed as a random function on .%.
We will show that the collection .# is a P-Donsker class, i.e. there exists a P-Brownian
bridge G such that
Gp~ G in LX(F)asn — oco.

It is sufficient to verify the conditions of Theorem 2.6.14 of lvan der Vaart and Wellner
M) The function F' on E defined by

F(s1,...,8p) = ]{)rruaxx{sl_e7 .. .7559,(1 - 51)_9, (1= sp)_e}
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is a suitable envelope function for .%. The fact that .# is a VC-major class and is pointwise
separable follows from the same arguments as in [Genest. and Segers M)

For the moment G, is defined on .# with the metric p in (A3). Consider the map
¢ : 0,17 — F defined by ¢(u) = fu if w € E and ¢(u) = 0 if w € [0,1]P \ E. Then
Gp,0 = Gnog¢and Gy = Go¢. The map £°(F) — £2°([0,1]?) : z — z o ¢ being continuous,
the continuous mapping theorem permits to conclude that G,, g ~> Gy in £°°([0, 1]P). Since
the trajectories of G are p-continuous almost surely and since ¢ is continuous, it follows that
the sample paths of Gy are continuous almost surely as well. This concludes the proof of
Lemma

We now proceed with the proof of Theorem [Il Define

Pl —ml/2 (1
By, (w) <A§(w) A(w)> ;
BGFG (w) = n'/?(log ATFC (w) — log A(w)),

for w € Ap_1. Applying the change of variables u = ¢~% in Lemma [I] we find that the

processes BY, and BSFC can be written as
(e o)
Bu (w) =/ Cle™™1%, ... e~ "r®) h(s) ds, (A.4)
0
in terms of a function h on (0,00) which is hF(s) = 1 for the Pickands estimator and

hCFG (s) = 1/s for the CFG estimator. In what follows, the function h denotes either A or
hCFG

Put I, =1/(n+ 1) and k, = plog(n + 1) and split the integral on the right-hand side
of (AA) into three parts:

125 kn [e)
Bn(w):/O +/l +/ — N1 (W) + T (w) + T30 (w). (A.5)

We will first prove that with probability one, the first and the third term on the right-hand
side converge to zero uniformly in w.

— If s €[0,ln], then e™® > 1 — I, and thus Cp(e”"1%, ... e~ "r®) = 1, which implies

In
0< Iin(w) = / n1/2(1 —e® A(w)) h(s)ds
0
l’n,
< n1/2/ sh(s)ds < nt/21, < n~1/2,
0

— If s € (kn,00), then w; > 1/p and thus e™"i® < 1/(n+1) for at least one j € {1,...,p},
so that Cy,(e~"15, ..., e~ "r%) = 0, which implies

|30 (w)] g/ n'/2e=s AW p(s)ds

n

nl/2

Tk Alw) < —1/2

where we used the fact that A(w) > max(w) > 1/p.

As a consequence, the only non-negligible term in (A5) is I2,,. By Assumption [I and
by Proposition 4.2 in [Segerd (2011), Stute’s expansion Z&)-(3) is valid, so that we can

write

P
In,2( )= Jo, n( Z J, ) + JIp+1, n(w)
j=1
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where

kn,
Tow) = [ an(en e hs) ds,
L

n

kn )
Jjn(w) :/ Oy, j (e W% Ci(e™ 1%, .. e” P¥) h(s) ds, je{1,...,p},
kn,
Jp+1,n(w) = Ry(e="1% ... e “P%) h(s)ds.

In

In view of the bound [29) on Ry, the term Jp41 5 is negligible: as n — oo,

sup |Jpt1,n(w)| = O(n71/4 log(n) fli” h(s)ds) — 0, almost surely.

weA, 1

Fix 6 € (0,1/2) and recall the process G,, o in [(A2). We have

kn
Jo,n(w) = / Gp,o(e™ ™1, ..., e %"P) Ko(s,w) h(s)ds,
In

kn
Jjn(w) = Gn,o(1,...,1,e7°%i,1,...,1) Kj(s,w) h(s)ds, jed{1,...,p}
In
with
Ko(s,w) = qp (min(efsw1 R efswp)),
Kj(s,w) = qg(e” ") C.'j(673w1 N A D jed{l,...,p}

The functions Ko, ..., K)p satisfy the bounds

0 < Kj(s,w) < K(s) = 8% 1,1 (s) + e~ @/P* 14 0 (s),
i€{0...p},  s€(0,00), wEAp1 (A6)

To prove these bounds, use equation (A, the fact that 0 < éj < land 0 < C(v) < min(v)
for v € [0,1]? and the fact that max(w) > 1/p for w € Ap_1. The function K in (A6)
satisfies [ K (s) h(s)ds < oo.

By Lemma[and the extended continuous mapping theorem (van der Vaart and Wellnet,

[1996, Theorem 1.11.1), we find

P
Bn~ B=Jo— Y _Jj, n— 0o
j=1

in £>°(Ap—1), where
oo
Jo(w) = / Go(e "W, ..., e %¥r) Ko(s, w) h(s)ds,
0
oo
Jj('w):/ Go(1,...,1,e %3, 1,...,1) Kj(s,w) h(s)ds, je{1,...,p}
0
Substituting the definitions of the process Gy and the functions Ky, ..., K, we obtain

o0
B(w):/o Cn(e~®1%,...,e"%r) h(s)ds, w € Ap_1.

An application of the functional delta method (van der Vaart and Wellner, [1996, Theo-

rem 3.9.4) now yields the result.
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A .3 Proof of Lemma

The proof is constructive and consists of the following steps:
1. Construction of the spectral measure Hy,.
(a) Discretisation of H yielding a measure Gy, on Ap,_1, which is not necessarily a
spectral measure.
(b) Modification of G, into a genuine spectral measure Hy, .
2. Proof of the inequality ([@4).

1. Construction of the spectral measure Hy,. For v € ¥} m, consider the set Ap_1 4 m of
points t € Ap_1 such that v; < t; < v; + 1/m for every j € {1,...,p — 1}; recall that
tp =1—1t1 —---—tp_1, so that necessarily v, — (p — 1)/m < tp < vp. The collection of sets
{Ap—1,0,m : V € ¥pm} constitutes a partition of A,_1. Indeed, for every point t € A,_1
there is a unique point v € ¥} m such that t € Ap_1 4 m: Let v; be the integer part of mt;
forje{l,...,p—1}andput vp =1—v1 — - —vp_1.

(a) Discretisation of H, yielding Gp,. Define a discrete measure Gy, on A,_1 with
support contained in ¥, m by Gm({v}) = H(Ap—1,9,m) for v € ¥ m. In words, the mass
assigned by the spectral measure H on the set Ap_1 4, m is relocated to the corner point v.

Since the sets Ay, _1,4,m constitute a partition of A, 1, the total mass of Gy, is still
Gm(Ap—1) = H(Ap—1) = p. However, G, does not need to verify the moment constraints.
For j € {1,...,p} we have

[ tdn®= Y 0Ga@@h = Y v H A,
Ap—1 VEVp,m VEVp,m

which in general is not equal to unity.

Still, the moment constraints are not far from being verified. For t € Ap_1,4,m and j €
{1,...,p—1} we have v; < t; < v; +1/m. Integrating these inequalities over t € Ap,_1 4 ,m
with respect to H and summing them over v € 7}, », yields

/,

As a consequence, there exist numbers ¢; € [0, 1) such that

1
tjdGm(t)<1</A tjdGm(t)ﬁ’E, je{l,...,p—1}.
1

p—1 p—

Ci
Ap_y m
(b) Modification of Gm into a spectral measure Hy,. We will modify G, into a genuine

spectral measure H,, by (slightly) increasing the masses at the vertices eq,...,ep—1, where
e; is the jth coordinate vector in RP. Specifically, we set

Hy, = (1 _ao)Gm +ax 661 + - +ap71 6ep,1

for some nonnegative numbers ag,...,ap—1 to be determined by the moment constraints.
For j € {1,...,p — 1}, we must have

1= / t; dHm (8) = (1 — ao)(1 — cj/m) + aj.
Ay s

In addition, the total mass must be equal to
p=Hm(Ap—1)=(1—ao)ptai+- - +ap-1.

Substituting a; =1 — (1 —ao)(1 — ¢;/m) into this equation and solving for ag yields, after
some algebra,
—1
Z§:1 Ci
a0 = ——— =7
m-+ ) i1 Ci
—1
G HEY e .
aj = ! ;—711 17 ]6{1771)71}
m4 YV e
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This concludes the construction of the spectral measure H,,. Note that 0 < a; < p/m for
every j € {0,...,p— 1}
2. Proof of the inequality @4)). For w,t € Ap_1, write

f(w,t) = max{witi, ..., wptp}.

The Pickands dependence function A,, of the spectral measure H,, constructed above is
given by

Am(w) = /A flw, t) Hpy, (dt)

p—1
=(1-aop) / f(w,t)Gm(dt)-i—alwl+--~+ap,1wp,1.
Ap_q

Put Bm(w) = [ f(w,t) Gm(dt), the “Pickands transform” of Gm. Clearly Bp, > 0 and
By, is convex, being a weighted average (over t) of the convex functions w — f(w,t). As
a consequence, By, (w) < max{Bm(e1),...,Bm(ep)}. Now By (e;) = [t; Gm(dt), which
is equal to 1 —c¢j/m if j € {1,...,p — 1} and which is equal to p — Zf:_ll(l —¢i/m) =
1+Zf;11 ci/m = 1/(1—ap) if j = p. It follows that By, (w) < 1/(1—ag) forall w € A,_1.

‘We obtain, on the one hand,

Am(w) < B (w) + a1w1 + -+ +ap—1wp—1
< Bm(w) + max(ai,...,ap—1) < Bm(w) + %

and, on the other hand,

Am(w) 2 (1 —ao)Bm(w) = Bm(w) —

a 12t
0

= Bm(w) — — c;
1—ag m( ) m;Z

> B (w) — 2.
m

Therefore,
p
[A(w) = A (w)] < [A(w) = Bn(w)| + [Bm(w) — Am(w)| < [A(w) — Bm(w)| + p—
Furthermore,

A(w) = Br(w)| < 3 /A Flw, ) H(dE) — / F(w, ) G (dt)

vEYp m Ap,v,m

= X [ HEE — fw.v) H Ay )

VEVp,m |7 SPwm

= flw,t) — f(w,v)) H(dt)
2 )

< f(wvt)_f(wvv) H(dt)
Z /Ap,v,m| |

By checking all possible cases one verifies that | max(ai,a2) — max(bi,b2)| < max(la1 —

bil,|a2 —bz|) for all real a1, az, b1, b2. An induction argument then yields | max(a1,...,ar)—
max(bi,...,b;)| < max(lar — bi],...,|ax — bg|). It follows that |f(w,t) — f(w,v)] <
max(|t1 —vi|,...,|tp — vp|). As a consequence,
—1 —1
A(w) — Bu(w)| < 3 / Pl gy = = Lp.
B A m m
ve Vp,m, p,v,m

Inequality (@A) follows.
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