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ABSTRACT

Solvency requirements are based on the idea that risk can be accepted if enough
capital is present. The determination of this minimum level of capital depends on
the way to consider and measure the underlying risk. Apart from the kind of risk
measure used, an important factor is the way to integrate time in the process. This
topic is particularly important for long term liabilities such as life insurance or
pension benefits.

In this paper we study the market risk of a life insurer offering a fixed guaranteed
rate on a certain time horizon and investing the premium in a risky fund.

We develop and compare various risk measurements based either on a single
point analysis or on a continuous time test. Dynamic risk measures are also
considered.
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1. Introduction:

Solvency requirements for insurance companies are more than ever of first
importance in the context of the recent financial crisis and the achievement of
Solvency 2 rules. One of the most important aspects of Solvency 2 is to recognize
that risks affecting insurance companies are of different natures and that in
particular, financial risks are at the heart of the question, especially for life
insurance companies. Amongst the various financial drivers of risk, equity risk
plays a very special role. In deed, even if traditionally insurance companies invest
the biggest part in risk free instruments (bonds, cash,...), a significant proportion of
premiums are invested in equity in order to boost the returns. Pension funds have
also important positions in equity. At the same time, investing in equity is riskier
and will require more capital. A good equilibrium has to be found between the
safety of the liability proposed to the clients and the performance of the investment
strategy. A pertinent measurement of this market risk is therefore crucial. In
particular the influence of the time horizon is a classical question in finance

( see for instance Bodi(1995),Campbell/Viceira(2002),Lee(1990),Samuelson(1994)
, Thorley(1995)).

Solvency 2 rules are only based on an annual measure (annual value at risk at
99.5%). The purpose of this paper is to compare various instruments of solvency
measure of the market risk, integrating the time dimension and the horizon of the
liabilities.

In order to integrate time in the process, we have considered 3 different ways to
check the solvency of the contract. First, we can consider classical risk measures
such as value at risk or tail value at risk but applied to the long term risk.

The idea is then to analyze the form of the needed capital in relation with the
maturity of the liability. A second approach is based on a continuous check of the
solvency throughout the duration and not only at maturity or at the end of the year.
The classical actuarial concept of probability of ruin has been used and
comparisons can be done with “static” risk measures. Finally the technique of
dynamic risk measure can be proposed to obtain time consistent measurement.

The paper is organized as follows. In section 2 we describe the general framework
of the model in terms of asset and liability structure. Section 3 is based on a static
risk measurement and analyzes the influence of the time horizon on the probability
of default at maturity and on the solvency capital using a value at risk or a tail
value at risk approach. In section 4, we consider a continuous time measurement
based on probability of ruin during a whole time interval (and no more at a single
point) using a similar philosophy as in classical actuarial ruin theory. In section 5
we move to dynamic risk measures and we compute solvency requirements based
on iterated values at risk. Section 6 concludes the paper.



2. General framework:

In order to capture the market risk of a life insurance contract with guarantee, we
consider a unit amount of money paid at time t=0 ( single premium) assumed to be
invested on the asset side in a fund driven by a classical geometric Brownian
motion . On this amount paid initially by the policyholder we assume the insurer
will guarantee a fixed return at a fixed maturity t = N (liability side). Being only
interested in the market risk, we will consider in this paper only pure financial
products without any mortality effect. The methodology can be easily adapted
introducing a deterministic life table.

For N=1, we have a yearly guarantee (horizon of one year as in Solvency 2). The
guarantee can be nominal (0% guarantee corresponding to the guarantee to pay
back at maturity the initial premium) or based on a positive return denoted by rg. In
general we assume: r;>0.

So the liability at maturity is given by:

L(N)=¢e"" 2.1)

On the asset side, we denote by A(t) the value of the risky asset at time t, given by
a geometric Brownian motion:

A(t) =exp((6—c®/2)t+ow(t)) (0<t<N) (2.2)
where: ® = mean return of the fund

o = volatility of the fund

w= standard Brownian motion.
We can easily introduce an asset allocation in order to measure the influence of
the investment policy on the risk. We consider in this context a continuous

rebalancing between the risky asset modeled by (2.2) and a riskless asset,
assuming a deterministic constant risk free rate. Denoting by:

r =risk free rate
B = proportion in risky asset (0 < <1)

then the new mixed asset becomes:

Ay (t) =exp((B3 + (1-B)r —p°c”/2)t+Pow(t)) (2.3)



3. Static risk measurement

We start our solvency analysis of this product by applying static risk measures
based on the eventual deficit at maturity of the contract (at time N).

3.1. Probability of default:

A first interesting question is to look at the probability of default at maturity without
any extra capital (i.e. the risk to have not enough assets at maturity to pay the
required liability). In particular we can consider this probability as a function of the
time horizon N. This probability can be easily computed:

o(N) = P(A(N) <L(N)) = P(exp((6 —5° / 2)N + ow(N)) <e")
=P((6-6”/2)N+cw(N)<Nr)

_pw(N) < NUe =(3-0"/2)),
(0}

N(rG—(S—GZ/Z)))

= O
ovN
= d(aVN) (3.1)
With :
a I —(8—62/2)

(e}
(3.2)

Vam -

(The number a representing the spread between the guaranteed rate and the
mean return normalized by the volatility).

d(s) = L Je‘tz’zdt

For a coherent level of guarantee (compared to the mean return of the asset), this
spread is negative:

[, <8-0°/2

Then the probability of ruin decreases with the time horizon.

We can conclude here that investing in risky assets such as equities for the long
run gives better chance to achieve a fixed guaranteed return. This could lead to
more aggressive strategies for long duration ( Bodie Z. (1995), Campbell /Viceira
(2002) ).



Example 3.1 :
We will work with the central following scenario:

- guaranteed rate: re = 2%
- risk free rate : r=4%

- mean return of the equity fund: 8 =7%
- volatility of the equity fund : 0=16%

Figure 1 shows the evolution of the probability of default as a function of the time
horizon N . For this scenario, the probability of default on one year is equal to
40.81% but on 30 years this probability decreases to 10.14%.
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Figure 1: Probability of default

Remark 3.1. :

We can also look at the influence of the asset allocation on this probability.
Using a mixed investment strategy, the probability of default, considered now as a
joined function of the time horizon and the asset allocation becomes:

o(N,B) = P(A,(N) <L(N)) = ®(a(p)./N)
with ;
ap) = ¢ — (B3 + (L-B)r—p*c’/2)

Bo




3.2. Value at risk :

The Solvency 2 framework is based on a quantile measurement. So we will use in
this section the value at risk methodology. We introduce the following notations:

SC = initial solvency capital using a value at risk methodology

VaR = value at risk

r = risk free rate

a(N) = chosen safety level for a horizon of N years ( 99.5% on one year in
Solvency 2) .

For this safety level we can for instance choice the following value based on yearly
independent default probabilities (probability of default of (1 — a) independently
each year):

oy = (o) (3.3)

Assuming first that the solvency capital is invested in the riskless asset, we can
define the solvency capital SC as the solution of:

P{A(N) + SCe™ < L(N)}=1-a,
This probability is given by:

In{~SC.e™}+r,N—(8-c*/2)N

Pe® /NN 1 SCe™ < ™M} = P{w(N) < }
c
In{~-SC.e™}+r,N—(8-c’/2)N
=D( )
N
So we obtain in this case the following value for the solvency capital:
N _ e(6—02/2)N+c\/Nzl_uN
SC= w (3.4)

e

where

z, =B quantile of the normal distribution such that : ®(z;) =8



We can no more conclude here in absolute terms that the risk measure is
systematically a decreasing function of the time horizon even if a decreasing form
appears on long term as showed by the following example:

Example 3.2.
- safety level on one year : 0=99.5%
- safety level on N years : ay = ()"

Figure 2 shows then the evolution of the value at risk as a function of the time
horizon N with same assumptions as in example 3.1.

Value at risk

0,4

0,3

0,2

01 ‘ Value at risk
0 T T T T T T T T T T T T T T T T T T T T T T T T T T T T
01 1 3 5 7 9 11 13 15 17 19 21 23 25N

-0,2

Figure 2 : Value at Risk
Remark 3.2. : We could also assume that the initial solvency capital is invested in

the risky asset (cf. Briys /De Varenne ( 1997)). Then the solvency condition
becomes:

P{A(N)+SC.A(N) < L(N)}=1-a,

Similar direct computations lead to the following alternative value for the solvency
capital SC:

SC = Nl o /Do iNzLy g (3.5)

Remark 3.3 : as in section 3.1., we could introduce a mixed investment strategy for
the premium and/or the solvency capital.



3.3. Tail Value at risk:

Value at risk is a classical tool in risk management and is the reference for Basel
2 and Solvency 2. But from a theoretical point of view it is well known that value at
risk presents some important problems (Artzner et all ( 1997)).

The methodology presented above can be easily extended using tail value at risk
instead of value at risk. Assuming that the solvency capital is invested in the
riskless asset and denoting by:

SC = initial solvency capital using a tail value at risk methodology

then we obtain:
SC=e™(E{L(N) - A(N)|L(N)-A(N) >V, })
with

VvV = erGN . e(5—(52 12)N+04N .2y,

N

Then using the properties of the log normal distribution we get:

SC=e™(e"" ~E{A(N) |A(N)<e®~ /2" oMy

— e—rN (erGN _ESN : 1 (D(Zl_aN —G\/W))

Finally:
ro—r —r 1
SC=ele™ _g@ N _Z_¢(z, —oyN)) (3.6)
1-oy
Example 3.3.

Figure 3 shows then the evolution of the tail value at risk as a function of the time
horizon N with same assumptions as in examples 3.1. and 3.2. The form is similar
to the value at risk (first increasing then decreasing on a long term basis).
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Figure 3 : Tail value at risk

4. Continuous time risk measurement :

The different approaches presented in the preceding section show undoubtedly
that a horizon effect exists in terms of measurement of equity risk when based on
solvency tools. We used for this a static risk measurement consisting on a point
measure only at maturity. Another classical actuarial approach should be to check
the solvency not only at maturity of the contract but at any time. The purpose of
this section is to analyze this philosophy inspired by the actuarial classical ruin
theory.

4.1. Probability of ruin without capital:

We first look at the probability of ruin without solvency capital given by:
Y(N) =1-P{A(t) > L(t), Vte[0,N]} (4.1)

In order to compute this probability , we have to define the level of liability L(t) not
only at maturity but also at any time , the asset process being still defined by its
market value ( 2.2).

4.1.1. Accounting view :

We will first use an accounting view (mathematical reserve approach ) :

L(t)=e" (4.2)



Then the probability (4.1) can be seen as a probability related to the minimum of a
Geometric Brownian motion along an interval :

“P(N) _ P(minOSSSN e(6—02/2)s+cw(s) < erGS)

. o (4.3)
— P(mInOSSSN e(S rs—c°/2)s+ow(s) <1)

We can then obtain the following result :

Proposition 4.1.

Without solvency capital and using the accounting value (4.2) for the liabilities, the
ruin is sure whatever the mean return of the risky asset is.

Proof:
This is a direct consequence of the law of the minimum of a Geometric Brownian
motion ( see for instance Back(2005) ) :

If the process S is given by :

S(t) _ e(u—c52/2)t+csw(t)

and if :
z =min,{S(s)}
O<L<1
2
Then: P(z<L)=®(d,)+L .®o(d,) (4.4)
_ q _|nL$(M—62/2)t
with: 1,2 G\E

Taking L=1in (4.4) , we obtain for the probability of ruin (4.3) :

(6-r, —c*/2)N

oVN

(6-ry, —c*/2)N

oVN

¥(N) = O(—

) +O(

)=1

4.1.2. Surrender view :

Instead of using for the liability valuation the mathematical reserve, we could
introduce a classical surrender penalization ( see for instance Grosen / Jorgensen
(2002)) , and alternatively substitute to (4.2) the following form for the liability :

10



L(t) = p(t)e*
where the function P is a non decreasing function such that :

p(t) <1 for 0<t<N
p(N) =1

(1- P (1) representing the surrender charge in case of surrender at time t.

As example we will use here an exponential form for this penalty (used in some life
insurance products):

p(t)=e* ™Y (A>0)

leading to the following liability function:

L(t)=e NV gt

_ o N g+t (4.5)

Then the probability of ruin (4.3) becomes:
: - c -
\P(N,}\,) — P(mInOSSSN e(S Ig—A—0"/2)s+ow(s) <e XN)

Using the general formula (4.4) we obtain the following result:

Proposition 4.2:

Without solvency capital and using a negative exponential surrender penalty of
the form (4.5), the probability of ruin is given by :

2(8-rg —x)_

™) o o

r, —c>/2)N

cVN
2(5-r1g —l)_l
=P@aJyN)+(Ee™) d((-a-21/6)VN)

f,— 21— G2 /2)N

TN

‘P(N,k):CD(_(S_

(4.6)
Remark 4.1: the first part of this probability corresponds to the probability of default

(3.1) only at maturity. The second term reflects the risk of insolvency before
maturity.

11



4.1.3. Fair valuation of liability:

Another possibility for the liability function is to introduce a fair valuation concept.
Then the liability at time t can be seen as the present value of the final liability
discounted at the risk free rate:

L(t) — efr(th) .erGN

or. L(t) = (TN gt
So this expression can be seen as a special case of section 4.1.2 with:
A=r—rg

This parameter is strictly positive as prescribed in section 4.1.2. if the risk free
rate is strictly higher than the guaranteed rate of the product. We can then obtain
the following corollary of proposition 4.2 :

Corollary 4.1 :

If the liability is measured at its fair value and if the guaranteed rate is less than
the risk free rate , the probability of ruin without solvency capital is given by :

2(6-r)

W(N) = D(avN) + (@ N) @ d((-a-2(r-r,)/aWN)  (@7)

4.2. Probability of ruin with riskless capital:

We assume now that an initial solvency capital SC is injected in the business at
time t=0 and invested in the riskless asset till maturity.
Then the probability of ruin (4.1) becomes:

¥(N,SC) =1-P{A(t) +SCe" > L(t), Vt[0,N]}

Using as liability valuation the surrender view of section 4.1.2, this probability can
be written as:

¥(N,SC,A) =1—P{A(t) +SCe" > e N g ! vt e[0,N}

12



This probability can be once again expressed as a minimum but unfortunately not
as the minimum of a Geometric Brownian motion:

LP(N,SC, }\,) — P(minogsgN (e(6—02/2)s+0w(s) /(e—xNe(rGM)t —SC.e”)) < 1) (4.8)

Nevertheless we can obtain an explicit form of this probability if we use a fair
valuation approach for the liabilities :

Proposition 4.3.

If the liability is measured by its fair value and if the guaranteed rate is less than

the risk free rate, the probability of ruin with a riskless solvency capital SC strictly

less than e &N

is given by:
In(e "N —-SC) - (8§ —r -G /2)N)
c/N
Ine "N —SC)+ (5 —r—o?/ 2)N)
SN (4.9)

(N, SC) = d(

2(8—r)_1

+(e N _SC) o @

Proof :

The fair valuation approach corresponding to the case A=r— I then probability
(4.8) becomes :

P(mino N (e(8—02/2)s+ow(s) /(e—kNe(rGH»)t . SC ert )) < 1)
<s< b
- reo? —(r—
— P(mInOSSSN (e(B r-o /2)S+GW(S)) <e (r-rg)N —SC)
We can then use directly formula (4.4) with :

L=e "N _SC

which satisfies the condition 0 < L <1taking into account the assumptions of the
proposition.

Remark 4.2. :
The condition on the solvency capital just means that the initial capital is less than
the present value of the total liability at maturity, which seems trivial.

13



4.3. Probability of ruin with risky capital:

Assuming finally that the initial solvency capital SC is invested in the risky asset A
given by (2.2) till maturity, we obtain for the probability of ruin :

¥(N,SC, 1) =1—P{A(t) + SC.A(t) 2 e MV e vte[0,N]}

In this case it is possible to obtain an explicit value of this probability whatever the
value of A is:

Proposition 4.4:

With a risky solvency capital and using a negative exponential surrender penalty of
the form (4.5), the probability of ruin is given by :

In(L+SC)

oVN

¥(N,2,SC) = d(av/N — )

AN 2(d-1g —k)_l

e 2 In(1+ SC) + 2AN
+ © d(—avN -
(1+ SC) (-aVN /N ) (4.10)
Proof :

The probability of ruin can be written in this case :

¥(N,SC,A) =1-P{A(t) + SC.A(t) > e MV e vte[0,N}}
= P(Min ... (A(s) + SCA(s)) /e ) < ™)

— P(min0£s£N (e(S—rG—K—62/2)5+GW(S)) < e—kN /(1+ SC))

We can then apply directly formula (4.4) to obtain the result.

Remarks 4.3 :

1°) For A=0 we obtain the accounting view ( section 4.1.1) and for A =T—TIg
the fair valuation ( section 4.1.3).

2°) Formula (4.10) shows the influence of the two possible tools available for the

14



insurer to decrease its probability of ruin: putting a surrender penalty on the
product and/or injecting an initial solvency capital.

4.4. Computation of the solvency capital :

For a fixed level of solvency capital SC, the formulas developed in sections 4.2
and 4.3 permit us to compute the corresponding probability of ruin. We could also
use a reverse methodology and try to determine the level of capital corresponding
to a maximum accepted probability of ruin (equivalent to section 3.2 in static
measurement). Taking into account the form of these probabilities of ruin (see for
instance (4.9) or (4.10)), no explicit solution of the capital can be hoped. Numerical
procedures must then be applied.

For instance, in the case of a risky solvency capital, using (4.10), the solvency

capital SC corresponding to a fixed level of safety Ol is the solution of the
following implicit equation:

In(L+SC), , e Ay In(L+SC) + 2AN
d(avN — + © d(—avN — =1l-a
(av GN)(1+SC) (—av oIN ) N

This equation can also be written as :

SC:ELN( (d*(SC)) j )
1—a, —D(d(SC))

with :
&)
4(5C) = ayN - MA+SC) i dx(sC) = —ayN - M@+SC) + 22N

o/N oVN

suggesting the following recursive algorithm for the computation of SC:

SCn:em[ ©(d*(SCy.,)) ] .

1-a, ~®(d(SC, ,)) @)

15



5. Iterated risk measurement :

Instead of using only a point approach as in section 3 or a continuous risk
measurement through a probability of ruin as in section 4, we could introduce an
intermediate requirement by asking an initial solvency capital such as to remain
solvent only at some fixed discrete times (for instance at the end of each year).
Dynamic risk measures must be then considered; in particular we can work with
the concept of iterated risk measures (see for instance Pflug / Romisch(2007) or
Hardy/Wirch (2004)).

5.1. General principle of iterated measurement:

We will use the following notations in this section:

X =risk=stochastic cash flow to be paid at maturity t = N

SC, (X) = solvency capital at time t to cover the risk X at timeN
p =static risk measure (for instance value at risk)

{3,,0 <t < N}=filtration (progressive arrival of inf ormation on X)
r =riskfree rate

Then the initial needed capital at time t=0 using a classical static risk
measurement is given by the present value of the risk measure (cf. section 3):

SCon(X) = e_rN-p(X|So) (5.1)

With dynamic risk measurement we are now interested to compute the needed
capital not only at time O but for instance at the end of each year.
Two approaches can be immediately introduced:

- the accumulated approach: successive solvency capitals are just the

accumulation with interest of the initial capital (assumed to be invested in a
riskless asset):

SCin (X)=e" SCon (X) = e_r(N_t)-p(X|So) (5.2)

As suggested by formula (5.2) no additional information is integrated in the
succesive capitals.

16



- The recalculated approach: the static risk measurement is applied at each time t
and gives then:

SCt,N (X) = e_r(N_t)-p(X|St) (5.3)

This approach seems to be more time consistent, taking into account the
progressive arrival of new information on the risk X.

But it could generate during the process unexpected variations of the solvency
capital.

Then a third approach called the iterated risk measurement, tries to anticipate
these possible future capital requirements; in this vision, the successive risks are
no more the future cash flow X but the needed capital at the next period of time. In
this recursive method we first compute the needed capital one period before
maturity (we will assume here annual units of time following the accounting rules
but off course formula can be developed using other time units).

At time t=N-1 we will use the recalculated formula (5.3) :
SChiin (X) = e_r-P(X|SN_1)
Then at time t=N-2, the solvency capital becomes :
SCyon (X) = e_r'p(SCN—l,N |SN—2)
In general , attime t :
SCn(X) = e_r'p(SCt+l,N|St) (5.4)

5.2. Application to solvency requirement:

Let us adapt here the value at risk computations of section 3.2 in this iterated
approach. More precisely we would like to generalize, in a dynamic iterated
environment, formula (3.4) written as:

SCO = e(rG_r)N _ e(S—r—crz/Z)N+c\/Wzl,aN

17



Proposition 5.1.

The iterated solvency capital at time t (t=0,1,..., N-1) using a value at risk
approach is given by :

—r(N— 5—r-c2/2)(N- N-
SCt’N — eI’GN.e r(N t) _A(t)e( r-o )( t)+0( t)zl—ul (55)
where A(t) is the asset value at time t .

In particular the initial solvency capital at time t=0 is given by:

_ 8-r-52/2)N+oN
SC,y =l N — gl ANy (5.6)

These values can be compared with a simple recalculated approach at each time:
—r(N- 8-r-c%/2)(N-t)+o/N-t
SCt,N — erGN.e r(N t) _A(t)e( r-c )( )+0— Zl—aN,t (5'7)
Proof :
We start the recursive calculation with the capital at time t=N-1.

This first computation gives by definition a same value as in the recalculated
approach:

_ §-r—c?/2
SCy ,y=€°Me " —A(N-1)e" " Pra

Then at time t=N-2, this capital is stochastic because of the presence of the future
value of the asset. This random variable, seen from time t=N-2 , can be written:

A(t . 1) _ A(t _ 2).e(éfcz/2)+c(w(t71)7w(t72))
So the needed solvency capital at time t=N-1 seen from time t=N-2 is a random
variable X given by :

X = erGN o’ —A(N _ 2) ez(es—csz/2)-r+cs(w(N-1)-w(N—2))+cszl,a1

The needed capital at time t=N-2 is then the amount SC_, such that :

P(SCy,e 2 X)=0
Or:

-o? —r+o -1)- — e}
P(SCy_, € > (eN.e™ — A(N —2) g " A rrolviNwil=alrotia ) o

18



Or:
P((w(t—1) — w(t—2)) > é(ln(e'e’“. —SCy, ") = IN(A(N = 2). 7 DT yy — g
So that:
In(e™" . ~SCy, €") ~ IN(A(N —2).e"" /2y — gz,
And finally:
SCy ,n=€Ne ¥ —A(N- 2)g2( o /220t

The same procedure can be used recursively to generate all the values (5.5).

Corollary 5.1 :

1°) If we use a same safety level for any time horizon and higher than 50% :
o, =a>1/2

then the iterated approach ( 5.5) gives higher capital requirements than the
classical approach (5.7).

2°) It is possible to have a same capital level in the 2 approaches if we adjust the
safety level according to the equilibrium relation:

Zy o = \/g.zl_d1

6. Conclusion :

Starting from the classical problem of solvency linked to a guaranteed interest rate
in life insurance and assuming the investment in some risky asset driven by a
geometric Brownian motion, we have developed various methodologies to
measure the risk and determine the solvency capital requirement. More precisely
we have compared 3 different approaches:

- a static approach based on a risk measure on the final position of the insurer;

- a continuous approach based on the probability of ruin during all the life of the
contract;

- a dynamic approach based on iterated risk measures on annual successive risks.
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These different results illustrate the importance of considering in the capital
requirement computation, not only the kind of risk measure used but also the way
to integrate the time horizon.
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