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1 Introduction

It is well known that a distribution is in the max-domain of attraction of an
extreme value distribution if and only if the distribution of excesses over high
thresholds is asymptotically generalized Pareto (GP) (Balkema and de Haan,
1974; Pickands, 1975). This result gave rise to the peaks-over-threshold meth-
odology introduced in Davison and Smith (1990); see also Coles (2001). The
method consists of two components: modelling of clusters of high-threshold
exceedances with a Poisson process and modelling of excesses associated to
the cluster peaks with a GPD. In practice, a way to verify the validity of the
model is to check whether the estimates of the GP shape parameter are stable
when the model is fitted to excesses over a range of thresholds. The question
then arises how to proceed if this threshold stability is not visible for a given
data set. From a theoretical point of view, absence of the stability property
can be explained by a slow rate of convergence in the Pickands-Balkema—de
Haan theorem. In case of heavy-tailed distributions, the same issue arises when
fitting a Pareto distribution (PD) to the relative excesses over high, positive
thresholds.

A possible solution is to build a more flexible model capable of capturing the
deviation between the true excess distribution and the asymptotic model. For
heavy-tailed distributions, this deviation can be parametrized using a power
series expansion of the tail function (Hall, 1982), or more generally via second-
order regular variation (Geluk and de Haan, 1987; Bingham et al., 1987).

The aim of this paper is to propose such an extension, called the extended
Pareto or extended generalized Pareto distribution (EPD/EGPD). A key dis-
tinction with other approaches is that although in previous papers the second-
order approximation is used for adjusting the inference of the tail index, infer-
ence on the tail itself is still based on the GPD; in contrast, in our approach
the EP(G)D is fitted directly to the high-threshold excesses. Indeed, as we will
show later, even if the (G)PD parameters are estimated in an unbiased way,
tail probability estimators may still exhibit asymptotic bias if based upon the
(G)PD approximation.

The main advantages of the new model are a reduction of the bias of estimators
of tail parameters and a good fit to excesses over a larger range of thresholds.
In an actuarial context, the relevance of using more elaborate models has
already been discussed for instance in Frigessi et al. (2002) and Cooray and
Ananda (2005).

In case of heavy-tailed distributions, it is more convenient to work with rel-
ative excesses X /u rather than absolute excesses X — u. Under the domain
of attraction condition the limit distribution of X/u given X > u for u — oo



is the PD. The EPD and EGPD presented here are related through the same
affine transformation that links these relative and absolute excesses. Build-
ing on the theory of generalized regular variation of second order in de Haan
and Stadtmiiller (1996), it is also possible to construct an extension of the
GPD with comparable merits applicable to distributions in all max-domains
of attraction. However, parameter estimation in this more general setting is
numerically quite involved (Beirlant et al., 2002b): the model contains one
additional parameter and the upper endpoint of the distribution depends in
a complicated way on the parameters, which complicates both theory and
computations.

Bias-reduction methods have already been proposed in, amongst others, Feuer-
verger and Hall (1999), Gomes et al. (2000), Beirlant et al. (1999), Beirlant
et al. (2002a), Gomes and Martins (2002), and Gomes and Martins (2004).
These methods focus on the distribution of log-spacings of high order statistics.
Moreover, ad hoc construction methods for asymptotically unbiased estimators
of the extreme value index were introduced in Peng (1998), Drees (1996) and
Segers (2005). In contrast, next to providing bias-reduced tail index estimators,
our model can be fitted directly to the excesses over a high threshold. The
fitted model can then be used to estimate any tail-related risk measure, such
as tail probabilities, tail quantiles (or value-at-risk), etc.

In the same spirit as in this paper, a mixture model with two Pareto compo-
nents was proposed in Peng and Qi (2004). The advantage of our model is that
it also incorporates the popular GPD. From our experience, this connection
can assist in judging the quality of the GPD fit; see for instance the case study
in Example 5.3.

The paper is structured as follows. The next section provides the definition
of the E(G)PD, which is shown to yield a more accurate approximation to
the distribution of absolute and relative excesses for a wide class of heavy-
tailed distributions. Estimators of the EPD parameters are derived in Section 3
using the linearized score equations, and their asymptotic normality is formally
stated. In Section 4, we compare the asymptotic distribution and the finite-
sample behavior of the estimators of the extreme value index following from
PD, GPD and EPD modelling. To illustrate how to apply the methodology to
the estimation of general tail-related risk measures, we elaborate in Section 5
on tail probability estimation with theoretical results and a practical case. The
appendices, finally, contain the statement and proof of an auxiliary result on
a certain tail empirical process followed by the proofs of the main theorems.



2 The Extended (Generalized) Pareto Distribution

Definition 2.1 The Extended Pareto Distribution (EPD) with parameter
vector (v,9,7) in the range T < 0 < 7 and § > max(—1,1/7) is defined
by its distribution function

L—{y(l+6—05y")} 1, ify>1,
Gror(y) = tl )} .

0, ify <1
The Extended Generalized Pareto Distribution (EGPD) is defined by its dis-
tribution function

Hy5r(2) = Gis-(1+12),  x€R.

The ordinary Pareto Distribution (PD) with shape parameter o > 0 is a
member of the EPD family: take v = 1/a and § = 0 (arbitrary 7). The
Generalized Pareto Distribution (GPD) with positive shape parameter v > 0
and scale parameter ¢ > 0 is a member of the EGPD family: take 7 = —1 and
d = y/o —1. Finally, the distribution of the random variable Y is EPD(~, §, 1)
if and only if the distribution of Y — 1 is EGPD(~, 4, 7).

We will use the E(G)PD to model tails of heavy-tailed distributions that sat-
isfy a certain second-order condition, to be described next. For a distribution
function F, write ' = 1 — F. Recall that a positive, measurable function f
defined in some right neighborhood of infinity is reqularly varying with index
B € Rif lim, o f(uz)/f(u) = 2° for all z € (0,0); notation f € Zs. The
following definition describes a subset of the class of distribution functions F
for which F € %#_1;,, v > 0. Note that the latter is precisely the class of
distributions in the max-domain of attraction of the Fréchet distribution with
shape parameter 1/7.

Definition 2.2 Let v > 0 and 7 < 0 be constants. A distribution function F
is said to belong to the class F(v,7) if #/7F(z) — C € (0,00) as x — 00
and if the function ¢ defined via

F(z) = Cz Y71 +y71(x)} (2.1)
is eventually nonzero and of constant sign and such that || € Z,.

Note that |§] € Z, with 7 < 0 implies §(z) — 0 as z — o0. In many examples,
the function d in Definition 2.2 is actually of the form é(x) ~ Da™ as x — oo
for some nonzero constant D, a class of distributions which was first considered
in Hall (1982). See Table 1 for examples; for later use, we also list p = 7 (see
Lemma 2.4 below).



distribution distribution function 0% T p =T

[parameters]

Burr (v, p, B) 1= (L+ar/v/p)le v p/v P
[v>0,p<0,5>0]

Fréchet(a) exp(—z~%) l/a —« -1
[a > 0]
GPD(v,0) 1—(1+4~z/o)~ M/ voo—1 —
[v>0,0>0]
Student-t, Clv) [T 1+ y—j)_(”+1)/2 dy 1/v -2 —2/v
[v > 0]

Table 1

Ezxtreme value index v and second-order constants T and p = 7 for selected heavy-
tailed distributions.

Let X be a random variable with distribution function F' and let v > 0 be
such that F'(u) < 1. The conditional distributions of relative and absolute
excesses of X over u are given by

!

PrX/u>y| X >u) = F(Ei%) and Pr(X—u>x|X>u):%

for x > 0 and y > 1. The next proposition shows that for F' € % (v, 1), the
EPD and the EGPD improve the PD and GPD approximations to these excess
distributions with an order of magnitude.

Proposition 2.3 If F € % (v, 1), then as u — oo,

sup T2 = B )] = o0, 22
sup PO T T /0] = o151 (23)

Proof Equation (2.3) follows directly from (2.2) by writing v + x = uy or
y = 1+ x/u and exploiting the link between the EPD and the EGPD. So let
us show (2.2). On the one hand, we have

| |

1+~-16(u) 1+~710(u)

-1 1 _ 5(“@/)
(?%)::y_yyl%—v tﬂuy)::y_yw<1__7_qu) 5(u) )'
u



On the other hand, since 0 < 1 —y” < 1 for y > 1 and since 6(u) — 0,

[y {1 + 8(u) — 8(u)y™}] "/
=y {1 =) (1 =y} ofls(u)]},  u— oo,

uniformly in y > 1. As a consequence,

L) 1004 5(u) — sy

1— d(uy)
= 7y 5() (ﬁ ~(1- zf)) vollsuly, = oo,

uniformly in y > 1. The asymptotic relation (2.2) now follows from the uni-
form convergence theorem for regularly varying functions with negative index
(Bingham et al., 1987, Theorem 1.5.2). O

If in (2.2) we would replace the EPD tail function G, s, (y) by the PD tail
function y~1/7, the rate of convergence would be O{|6(u)|} only. Similarly, if in
(2.3) we would replace the EGPD tail function H., 5, (z/u) by the GPD tail
function (1 + vz /o)~ for some o = o(u), then, provided 7 # —1, the rate
of convergence would again be O{|d(u)|} only. If 7 = —1, the EGPD is just a
reparametrization of the GPD, so that in that case, the GPD approximation
is already of the order o{|d(u)|}.

It will be useful to rephrase our second-order assumption on F' in terms of the
tail quantile function U defined by

U) =QU—1/y) with Q(p)=inf{zeR:F(z)>p}, (24
where y € (1,00) and p € (0,1). Note that U is a (generalized) inverse of 1/F.

Lemma 2.4 If F € Z(y,7) with lim, o 2"/"F(z) = C € (0,00), then
lim, .. ¥y "U(y) = C7, and the function a defined implicitly by

Uly) = C"y"{1+a(y)} (2.5)

satzsﬁe)s aly) =0(Uy) {1+ o)} =6(C"y"){1 +0o(1)} asy — oo, with ¢ as
m (2.1).

In particular, @ is eventually nonzero and of constant sign and |a| € %, with
p = 77 < 0. In addition, even if F' is not continuous, then still yF'(U(y)) =
1+ ofla(y)[} as y — oo.



3 Parameter Estimation

Our aim is to make inference on the distribution function F' on the region to the
right of some high, positive threshold . To this end, we assume F' € .7 (v, 1)
and rewrite (2.2) as follows: as u — oo and uniformly in y > 1,

F(uy) = F(u)Gy s, (y) + o{ F(w)|0(u)]}. (3.1)

Omitting the remainder term leads to an approximation of F(z) for x > u in
terms of F'(u) and the EPD parameters (v, d(u), 7). Replacing these unknown
quantities by estimates then yields our estimate for F'(z).

The purpose of this section is to construct estimators of the E(G)PD parame-
ters (v, 0(u), 7). As usual in extreme value statistics, the threshold exceedance
probability F'(u) will be estimated nonparametrically. Although the arguments
leading to the estimators will be of a heuristic nature only, the asymptotic be-
haviour of the estimators will be stated and proved rigorously.

Let X1,..., X, be a random sample from F. In view of (2.2), the estimates
of the EPD parameters will be based on the relative excesses X;/u over u, for
those i € {1,...,n} such that X; > u. In an extreme value asymptotic setting,
the threshold u needs to tend to infinity to make the approximation valid; at
the same time, in a statistical context, the number of excesses over u must
be sufficiently large to make inference feasible. Denoting the order statistics
by Xi., < -+ < X,,.,, we can ensure both criteria to be met by choosing a
data-adaptive threshold v = u,, = X, ., where k =k, € {1,...,n—1} is an
intermediate sequence of integers, that is, ¥ — oo and k/n — 0 as n — oc.
For convenience, assume F'(0) = 0, so that all X; are positive with probability
one.

Recall the tail quantile function U in (2.4) and the auxiliary function a in
Lemma 2.4. In addition to k& being an intermediate sequence, we will assume
that

Vka(n/k) = A eR,  n — oo. (3.2)

Writing 6, = d(u,) = 0(Xy—g:n), we will show later that (3.2) implies
VS, = A+0,(1),  n— oo (3.3)

Since in the definition of the EPD the term z7 is multiplied by J, the previous
display implies that the asymptotic distribution of tail estimators based on
(3.1) will not depend on the asymptotic distribution of the estimator of 7,
not even on its rate of convergence. Therefore, we will assume for the moment
that 7 (or p) is known. In the end, the unknown second-order parameters
will be replaced by consistent estimators, a substitution which will be shown
not to affect the asymptotic distributions of the other estimators. Note that



under the regime vk|a(n/k)| — oo as n — oo, which will not be considered
in this paper, the asymptotic distribution of the estimator of the second-order
parameter does play a role.

The estimators of v and 4,, will be found by maximizing an approximation to
the EPD likelihood given the sample of k relative excesses X, rin/Xn_kmn,
i€ {l,...,k}, over the random threshold X,,_j.,. The density function of the
EPD is given by

Gyn() = %xl/ﬂg F6(1— 2™V 1 6{1 — (14 )27},

The score functions admit the following expansions in § — 0:

0 1 1 4]
—log g, s.(7) = —— + = logz + — (1 — 27) + O(8?),
a,)/ 7,0 () v 72 72( ) ( )

0 1 .
2% log g5+ (z) = ;{(1 —7)z" — 1}

+{1—-2(1 —~v7)z" + (1 — 297 — 772)1’%}% + 0(52).

Define

k
Z log(Xn—k—l—i:n/Xn—k:n)a (34)

1

Hk,n -

™1

I
—

= e

Eyn(s) = (Xn—ryim/Xn-rm)®, 5 <0. (3.5)

7

Note that Hj, is the Hill estimator (Hill, 1975). Assume for the moment
that 7 is known. Given the sample of excesses X, _kiim/Xn—tm, ¢ = 1,..., k,
solving the linearized score equations yields the following equations for the
pseudo-maximum likelihood estimators for v and §:

:)/k,n = Hk,n + 8k,n{1 - Ek,n(T)}> (36)
(’?k,nT - 1)Ek,n(7—) +1= {]' - 2(1 - ’?n,kT)Ek,n(T)
+ (1 - 2’3/]{7”’7' - ’A}/k’nTZ)Ek7n(2T)}5k7n. (37)
Substitute the expression for 44, in (3.6) into the left-hand side of (3.7) and

solve for &m to get

~ (HknT—l)Ekn(T)—l-l Hkn’f—l 1
Ok = : : = : Egn - )
. Dk,n ka B (T) 1 - Hk,nT

the denominator being

Dk,n =1- 2(1 — "A)/n7k’7')Ek7n(7') + (1 - 2:)/k,n7— — "A)/k7n’7'2)Ek7n(27')
—7{1 — Exn(7)} Exn(7).



By (3.3), 0r. can be expected to be of the order O,(k~/?) as n — oo. This
justifies the following simplifications. Since the distribution of relative excesses

over a large threshold is approximately Pareto with shape parameter 1/, for
s <0,

Ekm(s)

= tol). o

see Theorem A.1. Hence, writing p = 7, we have Fy (1) = (1 —p)~' + 0,(1)
and Ej,(27) = (1 —2p) "' + 0,(1) as n — oo, so that

4

Dyn=— P 5 +op(1), n — oo.

(1 —=2p)(1 - p)

This leads to the following simplified estimators:

N 1
Okn = Hin(1—2p) (1 — p)°p~* | Bpp(t) — ——— ],
1-— Hkm’f
P

1—p

Ven = Hk,n - 6k,n

Up to now we have assumed that p is known. Let p,, be a weakly consistent
estimator sequence of p = 71; see for instance Fraga Alves et al. (2003a),
Fraga Alves et al. (2003b), and Peng and Qi (2004). Replace 7, which is
unknown, by 7, = pn/Hg n, to finally get

2 R NG A R 1

6k,n - Hk,n(]- - 2pn)(]- - pn)3pn4 <Ek,n(pn/Hk,n) - q) ) (38)
2 _ N :an

Ven = Hk,n - 5k,n1 A (39)

n

Further, put
Zim = VE{nF (X, _jn)/k — 1}. (3.10)

The joint asymptotics of Zy , with (9., Skn) will become relevant in Section 5
when estimating tail probabilities on the basis of (3.1) with u = X,,_.,,. Let
the arrow ~~» denote convergence in distribution.

Theorem 3.1 Let ' € F(v,7) and let X1,..., X, be independent random
variables with common distribution function F. Let k = k,, be an intermediate
sequence satisfying (3.2). Recall 6, = 0(Xy—gn) and Zy, in (3.10). If p, =
p+o0,(1) as n — oo, with p = 7, then Vké, = X+ 0,(1) as n — oo and

(VE(% ) VG — 50), z,m> - N3(0,5), n—oo,  (3.11)



a trivariate normal distribution with mean vector zero and covariance matrix

)2 _ _
,72(1p2p) _,yg(l 2;;)3(1 0) 0

N= | s 20l g (3.12)
0 0 1

An asymptotic confidence interval for v of nominal level 1 — « is given by

~ 1-— An o ~ 1-— An Za

with 2,2 the 1 — /2 quantile of the standard normal distribution.

The proof of Theorem 3.1 is given in Appendix B. It is based on a functional
central limit theorem for a certain tail empirical process, stated and proved
in Appendix A. Note that the asymptotic distribution of py , is unimportant;
the only requirement is that the estimator is consistent for p.

The fact that the limit distribution in (3.11) is centered for any A, is important
for two reasons:

1 It makes possible the use of larger k and thus of lower thresholds compared
to when the mean would be proportional to A. In this way, the model can
be fitted to a larger fraction of the data, leading to a reduction of the
asymptotic variances and thus of the asymptotic mean squared errors of
the parameter estimates.

2 Sample paths of the estimates as a function of k£ will exhibit larger regions of
stability around the true value. As a consequence, the choice of k becomes
easier.

These issues will be illustrated in the simulations in Section 4 and in the case
study in Example 5.3.

4 Comparison of Extreme Value Index Estimators

Under the conditions of Theorem 3.1, we have
1— 2
\/E(’?kn — *y) ~ N <07V2Q> , n — oo. (4.1)

According to Drees (1998), the asymptotic variance is minimal for scale-
invariant, asymptotically unbiased estimators of v of a certain form. The limit

10



distribution in (4.1) corresponds with the one of the estimators in Beirlant
et al. (1999), Feuerverger and Hall (1999) and Gomes and Martins (2002).

The maximum likelihood estimator for v arises from fitting the GPD to the
excesses X, kiin — Xn—km, ¢ = 1,..., k. Its asymptotics have been studied
in Smith (1987), Drees et al. (2004) and de Haan and Ferreira (2006, Theo-
rem 3.4.2). From the latter theorem, it follows that under the conditions of
our Theorem 3.1, we have

Vk (@EED — 7) ~ N (/\b(%p), (1+ 7)2) , n — 0o, (4.2)

where
1+ +p)

b(7, p) = :

Y1 =p)L+7—=p)

Comparing (4.1) and (4.2), we see that if 7 = —1 and thus p = —, the
asymptotic distributions of 44, and ’ygED coincide. This is in correspondance
with the fact that the EGPD with 7 = —1 is a reparametrization of the GPD
and the fact that the EPD estimators were obtained by solving the linearized

score equations.

Finally, under the conditions of Theorem 3.1, the asymptotic distribution of
the Hill estimator is

VE(Hyp —7) ~ N (A%fﬁ) ) n — 00; (4.3)

see for instance Theorem A.1 below. Of the three estimators considered, the
Hill estimator has the smallest asymptotic variance. Unless A = 0, however, its
asymptotic bias is never zero. The asymptotic distribution of the Hill estimator
and its optimal variance property are of course well known; see for instance
Reiss (1989, Section 9.4), Drees (1998) and Beirlant et al. (2006).

To illustrate the behavior of the three estimators, we generated samples from
four different distributions. For each distribution, we generated 10, 000 samples
of size n = 1,000 and computed the three extreme value index estimators for
k up to 500. For the EPD estimator, we estimated the second-order parameter
p using the estimator in Fraga Alves et al. (2003b). For each distribution and
each estimator, we computed Monte Carlo estimates of the bias, variance and
mean squared error by averaging out over the 10,000 samples.

Comparing the asymptotic results to the graphs in Figures 1-2 we learn the
following;:

Fréchet distribution with « = 1. We have y = 1/a =1, 7 = —a = —1, and

p =7 = —1. From (4.1) and (4.2), it follows that the asymptotic distribu-
tions of the EPD and the GPD estimators coincide, with zero asymptotic

11



bias and an asymptotic variance of 4/k. The Hill estimator has an asymp-
totic variance of 1/k only, but its asymptotic bias is nonzero.

Student t distribution with v = 4. We have v = 1/v = 1/4, 7 = —2, and
p =71 = —1/2. The asymptotic variances of the three estimators are o2 /k
with 02 = % = 1/16 for the Hill estimator, 0* = v*(1—p)?/p? = 9/16 for the
EPD estimator, and 0 = (1 + «)? = 25/16 for the GPD estimator. Of the
three estimators, the EPD estimator is the only one which is asymptotically
unbiased.

Pareto mizture distribution defined by F(x) = (1+¢) '™ (1 +cz™®), x > 1,
with shape parameter a = 2 and mixing parameter ¢ = 2. We have v =
l/a=1/2,7 = —a = —2,and p = y7 = —1. The weight of the second-order
component is equal to ¢ = 2 times the weight of the first-order component,
inducing a severe bias to the Hill and GPD estimators; the EPD estimator is
much less affected by this. The asymptotic variances of the three estimators
are 0% /k with o2 = 4% = 1/4 for the Hill estimator, 0% = y*(1 — p)?/p*> =1
for the EPD estimator, and 02 = (1 + )% = 9/4 for the GPD estimator.

Loggammoa distribution with shape parameter o = 4 and scale parameter 3 =
2. Although this distribution has positive extreme-value index v = 1/, it is
not in any of the classes .# (v, 7), since F(z) ~ constant x x~*/#(log x)*~1.
Nevertheless, the EPD estimator performs reasonably well when compared
to the Hill and GPD estimators.

5 Tail Probability Estimation

Let us return to the tail estimation problem raised in the beginning of Sec-
tion 3. Given the order statistics Xi., < --- < X,,., of an independent sample
from an unknown distribution function F' € .# (v, 7), we want to estimate the
tail probability p, = F(z,), where z,, — oo and thus p, — 0 as n — co. As
before, let k =k, € {1,...,n — 1} be an intermediate integer sequence, that
is, k — oo and k/n — 0. Assume that p, = F(z,) satisfies

npn/k — q €10,1), n — 0o. (5.1)

Let A, 0,, and 7, denote general estimator sequences and put 6, = & (Xn—km)
as well as

Tim = VE(Aa—7)  and  Ap, = VE(©, — 6,). (5.2)

Recall Zj,, in (3.10) and assume that
Tn=T+0,(1) and (ip, Ay Ziw) ~ (I,A,2), n—oo, (5.3)
a trivariate random vector. A possible choice for the estimators of v and ¢,

are the ones studied in Theorem 3.1. However, we will formulate our results so

12
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Student t, v=4; n =1000
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Fig. 1. Variance (top), bias (middle), and mean squared error (bottom) of the Hill
(dashed), GPD (dotdashed), and EPD (solid) estimator in case of the unit Fréchet
distribution (left) and the Student t distribution with v = 4 degrees of freedom
(right). The sample size was n = 1,000 and the plots were obtained by averaging
out over 10,000 samples.
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Fig. 2. Variance (top), bias (middle), and mean squared error (bottom) of the Hill
(dashed), GPD (dotdashed), and EPD (solid) estimator in case of a Pareto mizture
distribution (o =2, ¢ = 2; left) and a Loggamma distribution (o =4, 3 = 2; right).
The sample size was n = 1,000 and the plots were obtained by averaging out over
10,000 samples.



as to allow for general estimator sequences satisfying (5.3). For the estimator
of 7, one can for instance take 7,, = p,, /9, Where p, is an estimator of p = 7,
see for instance Fraga Alves et al. (2003b). As in Theorem 3.1, the asymptotic
distribution of 7,, plays no role.

Omitting the remainder term in (3.1) and replacing the unknown quanti-

ties ['(u) and (7,0(u),7) at the random threshold u = X, 4., by k/n and
(Yns On, Tn), respectively, yields the estimator

R -~ k__
Pen = Fn(xn) = EG%gmﬁl (‘In/Xn—kn)

In the same way, one can construct estimators for other tail quantities: return
levels, expected shortfall, etc. For brevity, we focus here on tail probabilities.

In order to describe the asymptotics of pi,, we need to make a distinction
between the case 0 < g < 1in (5.1) and ¢ = 0. The proofs of the following two
theorems are to be found in Appendix C. Results for tail probability estimators
based on the PD and GPD approximations can be found in de Haan and
Ferreira (2006, Section 4.4).

Theorem 5.1 Let F' € (v, 7), let k, be an intermediate sequence satisfying
(3.2) and let p, be such that (5.1) holds for some 0 < ¢ < 1. If (5.3), then

Vk <% a ) ~ =y 'Tlogg—7"'A(l=¢*) =2, n—oo. (54)

Theorem 5.2 In Theorem 5.1, if (5.1) is replaced by
np,/k — 0 and log(npn)/VE — 0, n — 0o,

then

\/E <ﬁk’n — 1) ~ V_IF n — oo.
log{k/(np,)} \ pn ’

For the EPD estimators 4,, = 43, and Sn = &w, Theorems 3.1 and 5.1 lead
to
Vi <]i - 1) ~ N (0,06%(q.p)), n— o, (5.5)
Pn
with asymptotic variance given by

a*(q,p) = (log q)*

(—p?, (1 - qﬂ>2 (=201 = p)"
p p p
1-q¢"(1=2p)(1—p)

; e +1.

— 2log(q)
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The importance of the fact that the limit distribution in (5.5) has mean zero
was already discussed after Theorem 3.1. An asymptotic confidence interval
of nominal level 1 — « is given by

[z%(l = a(qzm%) ﬁn<1 + a(cfn,mz‘“—ﬁ)] (5.6)

where ¢, = np,/k, and with z,/» the 1 — /2 quantile of the standard normal
distribution.

If we simply define 5, = 0, then App = —Vkd, in (5.2) and thus A =
—A in (5.3). The tail probability estimator p,, then reduces to the Weissman
estimator (Weissman, 1978)

k T 71/:777,
wWo— = r ) 5.7
7 n(X) (5.7

Theorem 5.1 then implies

Pn

~W
Vi <pi N ) ~ =y Tlogg+7 "]N1-¢7) =2, n—oo. (58)

For instance, if we estimate v by the Hill estimator, then in view of Theo-
rem A.1,

L o —1/Hp
E|— = -1

-1 1
~ N <—)\B <q + qu) ,1+(10gq)2>, n — oo.
gl p I—p

Even if the extreme value index estimator 4, is such that the asymptotic
distribution of I',, has mean zero, then still the asymptotic distribution (5.8)
of the Weissman estimator will have a mean which is proportional to A. In
other words, unbiased tail estimation requires more than unbiased estimation
of the extreme value index alone.

From Theorem 5.2 and its proof, we learn that for estimation of tail probabil-
ities p,, of smaller order than k/n, the difference between the Pareto approxi-
mation and the EPD approximation does not matter asymptotically. Still, for
Pn to be an asymptotically unbiased estimator of p,,, the estimator 4, needs to
be asymptotically unbiased for . For instance, if we use the EPD estimator

’?km, then

A~ _ 2

R A I YT
log{k/(np,)} \pn p
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Fig. 3. Trajectories of estimates of v (left) and of the exceedance probability over
€7 million (right) for the Secura Belgian Re data in Example 5.3.

Example 5.3 The Secura Belgian Re data in Beirlant et al. (2004, Sec-
tion 1.3.3) comprise 371 automobile claims not smaller than €1.2 million.
The data span the period 19882001 and have been gathered from several
European insurance companies. Figure 3 shows the estimates of v (left) and
of the probability of a claim to exceed €7 million (right). Nominal 90 % con-
fidence intervals for the EPD estimates are added too, see (3.13) and (5.6).
In the data-set, there were actually 3 exceedances over €1.2 million, yielding
a nonparametric estimate of 3/371 = 0.81%. In comparison to the Weissman
(Hill) and POT (GPD) estimates, the trajectories of the EPD estimates are
relatively stable, with 4 around 0.3 and p around 0.75%. By way of com-
parison, in Beirlant et al. (2004, Section 6.2.4) it is suggested to model the
complete distribution by a mixture of two components, an exponential and a
Pareto distribution, with the knot at about €2.6 million, which corresponds
to the order statistic X, ., with & = 95. Although this knot is detected by
the EPD estimator, it does not cause the tail parameter estimates to change
dramatically.

A Tail Empirical Processes

Recall Hy,,,, Ex,(s) and Zj,, from equations (3.4), (3.5) and (3.10), respec-
tively, and define

Fk,n - \/E(Hk,n - ’7)7 (Al)
Ekm(s) = \/E <Ek7n(8) - 1 L ) s s < 0. (AZ)
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Our proof of Theorem 3.1 will be based on the fact that (I'yn,Exn, Zkn)
converges weakly in the space R x %’[so,0] x R; here s9 < 0 and %[a, b] is
the Banach space of continuous functions f : [a,b] — R equipped with the
topology of uniform convergence. Of course, the asymptotic distribution of the
normalized Hill estimator I'y, ,, has been established in numerous other papers;
in the following theorem, it is the joint convergence which is our main concern.

Theorem A.1 Let F' € F(v,7). If k = k, is an intermediate integer se-
quence satisfying (3.2), then for every sop < 0, in R X €[—s0,0] x R,

(Fk,n7Ek,n7 Zk,n) M (FaEa Z)a n — oo,

a Gaussian process with the following distribution: Z is standard normal and
is independent of (I',E), and for s, s1, s2 € [so, 0],

KB = A sy I =7
51597 2
cov{E(s1),E(s2)} = ST s " v p—" var(I') = ~7,
_ s
cov{I',E(s)} = =)

Proof Let Y;,Y;,Ys, Ys,. .. be independent Pareto(1) random variables. For
positive integer k, denote the order statistics of Y7,..., Y, by Yip < -+ < Yis
also, let Yp., = 1. Similarly, denote the order statistics of Yi,... , Y, by Vi, <
-+ < Y. Then the following three vectors are equal in distribution:

(U(Yn—k+i:n) D= 0, cey ]{})
(U()/Zky/n—kn) 1= 0, cey k’)

(Xn—k—l—i:n 1= 0, PP k)

= I~

Since we are only interested in the asymptotic distribution of (I'y ., Eg 1y Zi.n),
we may without loss of generality assume that actually

(Xpprim 1 =0,....k) = (U(YirYn_en) :1=0,...,k).
The following property is well-known: if £ is an intermediate sequence, then
VE{(n/k)Y L. —1} ~ N(0,1), n — . (A.3)
[A quick proof is to employ the distributional representation Y m L (B +
o+ En)/(B1+. ..+ Ey), with Ey, ..., E, independent standard exponential

random variables.] As a consequence, we have Y, 4, = (n/k){1 + 0,(1)} as
n — oo, and therefore, by (3.2) and the Uniform Convergence Theorem for
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%, (Bingham et al., 1987, Theorem 1.5.2),

AVnken) _ 0 n— 0o
Vka(V_in) = Via(n/ k) 22=kn) A TH) = A+ 0,(1), . (A.4)
Since a(y) ~ 6(U(y)) as n — oo, this also shows that VA& (X, gn) = A+0,(1)

In the next three paragraphs, we will analyse the components I'y ,,, Ey ,, and
Zy,.n separately. In the fourth and final paragraph, these analyses will be com-
bined.

1. The component I'y,,. Let the function a be as in (2.5) and define n(y) =
log{1+a(y)}. Since lim, .. a(y) = 0, we have n(y) = a(y){1+o(1)} as y — oo,
and hence

VEn(Yy gm) = A+ 0,(1),  n— oo (A.5)
In particular, 7 is eventually nonzero and of constant sign, and |n| € #Z,. We
have

M=

Hk,n 1Og Xn k+i:n IOg Xn—k:n

@
I
—

log U(Y;Yy—rn) — log U(Yy_jin)

@
Il
—

{7 IOgY + U(Yyn kn) - U(Yn—k:n)}'

|
M?r

I
N ?r'|>—~
]~

@
I
—

As a consequence,

Iypn = \/E(Hkn —7)
k

L& (YY)
TR0 Vi (st 1)

By the Uniform Convergence Theorem for #,, for every z, > 0,

lim sup n(xy) —zf| = 0.
Y= 5> | M(Y)
By the last two displays and in view of (A.5),
VY,
max i - ) _ Pl =o0,(1), n — oo. (A.6)
i=1,...,k n(Ynfk n)

By (A.5) and since k' S8 Y/ = (1 — p)~! + 0,(1) as k — oo, we find

k
1
kn = 7 Z logY; — +)\<1
=1

v — 1>+op(1), n—oo. (A7)
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2. The component Ey ,,. Recall the notation n(y) = log{l + a(y)}, so that
U(y) = C7y" exp{n(y)}. We have

7L k:n k 1= (in ]{37’7,)
Y

% exp[s{n(YiYn-rn) — 1(Yn-rn) }-

Ekn =

MwMﬁw

wl»—* | =

=1

Writing ¢€;,, = n(YYn kn)/n( nkn) — Y, we find

k
Ejn( Z "exp{sn(Ya-kn) (VY — 1+ €in)}-

?vli—

Recall the elementary inequality |e* — 1 — 2| < (2?/2) max(e?, 1), z € R. Since
0<Y;”<1,0<Y’”<1and max;—;__,|ein = 0p(1) [see (A 6)], we get by

.....

(A.5),
sup | Eyu(s) — —ZYWS{1+877(Yn k) (VS = 1)}
s€[s0,0] i=1

= oIV} = 0,(k772), 1 — 0.

For 6y < 0, the class of functions {fy : 6 € [0y, 0]} from [1, 00) to (0, 1] defined
by fo(y) = 4%, y > 1, satisfies the Glivenko-Cantelli property
1 & 1

—Zﬁe—m =0p(1),  k— oo;
=1

sup
0e [90,0}

see for instance Example 19.8 in van der Vaart (1998) or just use the mono-
tonicity and continuity of ¢? in 6. In view of (A.5), we obtain

sup
s€[s0,0]

1L - 1 1
Ek,n(s) - E Z }/z - Sn(Yn—k:n) -
i=1

l—vys—p 1—7s
= Op{m( —kn)|} = Op(k71/2)> n — 0.

Using (A.5) again, we find

Bunls) = VE (Bun(s) - 12— )

1—7s
1 & 1 1 1
(e —— )+ - A(5),
ﬂ;(z 1—’ys>+8 <1—”ys—p 1—”ys>+6 (5)
with
sup |en(s)] = o0p(1), n — oo. (A.8)

$€[s0,0]
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3. The component Zy,,,. By (2.1) and (2.5), we find

yFU®y) =1+ofla)l}, y— oo

As a consequence,

F(Xn—k':n) ?(U(Yn kn))
Y el + op{la(Yaora) 3]
=Y, kn{l +o, (k7)) n— oo,

where we used (A.4) in the last step. We obtain

=f {(n/ >Y o), new (A9)

4. Joint convergence. Define

k_\lfzi: (log¥; — 1),
i( ! ) s € [so,0].

1—vs

For 6y < 0, the class of functions {fy : § € [0y, 0]} defined by fo(y) = 17,
y > 1, is Donsker with respect to the Pareto(1) distribution; this follows
from Example 19.7 in van der Vaart (1998) upon noting that |y — y%2| <
|0, — 05| logy for ; < 0, 6, <0 and y > 1. As a consequence, in R x €[s, 0],

(f“k,fEk) ~ (f‘,IE‘l), k — o0, (A.10)
a centered Gaussian process with covariance function

varT' = var(ylog Y1) = 42,

- - 1 1
cov{E(s;),E(s9)} = cov(Y{®, Y]%?) = — ;
{Els1), Es2)} M) =1z s17 =527 (1= s179)(1 = s27)
o 2
cor(FB(9)} = covl o7 =

By (A.7) and (A.8), it follows that in R x &[so, 0],
(Fk,naEk,n) ~ (F,E), n — OQ.
Finally, from (A.3) and (A.9) it follows that (I'y ., Egn, Zkn) ~ (ILE, Z) as

n — oo, where Z is standard normally distributed and is independent of
(T, E). O
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B Proof of Theorem 3.1

The fact that vVk5(X,_gn) = A+ 0,(1) as n — oo has already been shown in
the proof of Theorem A.1; in particular, see (A.4). Recall Iy, and Ej ,,(s) in
equations (A.1) and (A.2), respectively, and write 7y, = pn/Hj . We have

\/E <Ek,n(%k,n) - 1 ! N )

1 1 1
— l{} E n T n) 7 _ A k O B )
f( ko (Then) 1_7%) +\F<1_7pn/Hk.,n 1—Pn>
A 1 ATL
_ Ekm(Tkm) P Fk,n.

 Hyn (1= Vppn/ Hin) (1 = )

By Theorem A.1, Hy,,, =~ + k= Y/?T},, = v+ 0,(1) and thus 74, = 7 + 0,(1)
as n — oo. It follows that

1 p
k EnAn - T A :EnAn _7Fn 17 .
f( bn(Fen) 1—pn> nlTin) = Sl hn Fon(l)m o0

Substituting this into the definition of &m yields

\/%gk,n = 7(1 - 2P)(1 - p)3p—4 <Ek‘,n(7ﬁk,n) - #Fk,n) + Op(l)a

as well as

(B.2)
From 7, = 7+0,(1) and Theorem A.1, it follows that in R x €[sg, 0] x R x R,
(Fk,naEk,n7Zk,n77A—n,k) ~ (FaEa Z7 7—)7 n — o0.

For sy < 7, we have Pr(sy < 7, < 0) — 1 as n — oo, and thus, by the
previous display and the continuous mapping theorem,

(Fk,m Ek‘,n(%k,n)a Zk',n) ~ (F7 E(T)a Z), n — oQ.
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In view of (B.1) and (B.2), as n — o0,

(\/%(%n — ), Vkbjm, Zk',n)

- (“ Lk (r . ‘p”’ﬂzm) ,

(1 —2p)(1—p) (_F X 7@33@)) ,Z). (B.3)

p? p

The vector (I',E(7), Z) is trivariate normal, with Z standard normal and in-
dependent of (I',[E(7)), with I" as in Theorem A.1, and with

= P var{E(7)} = r
BT = A7(1[)— 2p)(1—p)’ tB(m)} (1=2p)(1 = p)?’
cov{l', E(7)} = 7(1 —

As a consequence, the distribution of the limit vector in (B.3) is trivariate
normal with mean vector (0, A,0)" and covariance matrix ¥ as in (3.12).

C Proofs for Section 5

Proof of Theorem 5.1 Put y, = x,/X,_mn, recall 6, = 6(X,_.n), and
define

ﬁn = F(Xn—k:n)é%&n,r(yn)‘
Since k — oo and p, — 0 as n — oo, it is sufficient to prove (5.4) with
Pn/pn — 1 replaced by log p,, — log p,,. Let us write

Vk(log p, —log p) = Vk(log . — log pn) + Vk(l0g i — log p)
and treat the two terms on the right-hand side separately.

1. The term /k(log p, — logp,). We have
~ el F(yanfkn)
log pn. — logpn = log G 5, +(Yn) — log —————
K ( ) F(Xn—kn)

Since (n/kn)F (ynXn—tn) — q and (n/k,)F (X, gn) = 1+ 0,(1) as n — oo,

Pnnion) | _Fltn) __ 0 n — 0o
F(Xn—k;:n) B F(Xn—k;;n) =4 + p(l)a .

Since moreover F' is monotone and regularly varying of index —1/+, this forces
Yo — Yy asn — oo with y /7 =¢, ory=¢q7 € (1, 00). By Proposition 2.3,
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we find

log pr, — log py, o (1) h s oo
—oln — 260 _ o,(1), ,

On
Finally, from v/k8, = A + 0,(1) as n — oo, we can conclude that

1 ~n —1 n
Vk(log p, — log p,) = \/%571M = 0,(1), n—oo. (C.1)

2. The term vk(log p, — log p,). We have

log P, — log p,, = {log(k/n) —log F(X,_xn)}
+ {log G%,Snﬁn(yn) —log Gy, (yn)}. (C.2)

The first term on the right-hand side is

log(k/n) —log F(X,_pn) = — log{nF (X, _.n)/k}
= —log(1 +k~%2,)
= k127, + 0,(k7/?), n — oo.
For the second term on the right-hand side in (C.2), we proceed as follows.

Since y, = y+0,(1) as n — oo and y > 1, it is sufficient to work on the event
Yn > 1. Then

1Og é’yn,gn,ﬁl (yn) - 1Og é’y,ﬁnﬂ' (yn)
= 10g[{yn (1 + 0 — 0uyy" )}/ 7] — log[{yn (1 + 6, — Sy7)} 7]

= ((_i) - (—%)) log yn

Yn
1 A~ A~ ~
+ (—ﬁ—){log(l + 0, — Spyrt) —log(1 46, — 0ny))}
1 1
4 <(_ﬁ_) — (—;)) log(1 + 6, — 6ny,,)- (C.3)

We treat the three terms on the right-hand side of (C.3) in turn. First,

Yn gl Yn'Y
= k71297, + O, (7Y, n — oo.

Second, 0, = O,(k~'/2) and therefore also 6, = O,(k~'/2) as n — oo. Hence
the second term on the right-hand side of (C.3) is

—‘y;l{log(l + Sn - Sny;”) —log(1+ 0, — dnyr)}
= {77+ Op(k ) H{0n — Onyir — b + Sayl + Op(k™1)}
= k2N (1 = y7) + 0, (K713, n — o0o.
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The third term on the right-hand side of (C.3) is O,(k~Y2)0,(k~Y?) =
O,(k~1). All in all, we find

Vk(logp, —logpn) = —Zn +77 2T, logy — v 1AL (1 —y7) +0,(1)  (C.4)

as n — oo. Combine (C.3) and (C.4) and recall y = ¢~ and p = 7 to find
the result. a

Proof of Theorem 5.2 Recall the Weissman estimator " in (5.7) and put
d, = k/(np,). From Theorem 4.4.7 in de Haan and Ferreira (2006), it follows

that
VE (Y
logd, \ pn
Moreover, writing v, = ©,/Xn_km,

— 1) ~s 47T n — oo.

b _
o

{140, — 6yin}y Vin =14+ 0,(k7Y%),  n— oo

As logd,, — oo, we find that p,, and p,’" have the same asymptotic distribu-
tion. O

Acknowledgments

We are grateful to two referees for their speedy reports containing thoughtful
and constructive remarks.

References

Balkema, A. A., de Haan, L., 1974. Residual life time at great age. The Annals
of Probability 2, 792-804.

Beirlant, J., Bouquiaux, C., Werker, B. J., 2006. Semiparametric lower bounds
for tail index estimation. Journal of Statistical Planning and Inference 136,
705-729.

Beirlant, J., Dierckx, G., Goegebeur, Y., Matthys, G., 1999. Tail index esti-
mation and an exponential regression model. Extremes 2, 177-200.

Beirlant, J., Dierckx, G., Guillou, A., Starica, C., 2002a. On exponential repre-
sentations of log-spacings of extreme order statistics. Extremes 5, 157-180.

Beirlant, J., Goegebeur, Y., Segers, J., Teugels, J., 2004. Statistics of Ex-
tremes: Theory and Applications. Wiley, Chichester.

25



Beirlant, J., Joossens, E., Segers, J., 2002b. Modelling excesses over high
thresholds by perturbed generalized Pareto distributions. Tech. Rep. 2002-
030, EURANDOM, Eindhoven.

Bingham, N. H., Goldie, C. M., Teugels, J. L., 1987. Regular Variation. Cam-
bridge University Press, Cambridge.

Coles, S. G., 2001. An Introduction to Statistical Modelling of Extreme Values.
Springer series in statistics. Springer-Verlag, London.

Cooray, K., Ananda, M. A., 2005. Modeling actuarial data with a composite
lognormal-Pareto model. Scandinavian Actuarial Journal 5, 321-334.

Davison, A. C., Smith, R. L., 1990. Models for exceedances over high thresh-
olds. Journal of the Royal Statistical Society, Series B 52, 393-442.

de Haan, L., Ferreira, A., 2006. Extreme Value Theory: An Introduction.
Springer, New York.

de Haan, L., Stadtmiiller, U., 1996. Generalized regular variation of second
order. Journal of the Australian Mathematical Society (Series A) 61, 381
395.

Drees, H., 1996. Refined pickands estimators with bias correction. Communi-
cations in Statistics — Theory and Methods 25, 837-851.

Drees, H., 1998. A general class of estimators of the extreme value index.
Journal of Statistical Planning and Inference 66, 95-112.

Drees, H., Ferreira, A., de Haan, L., 2004. On maximum likelihood estimation
of the extreme value index. The Annals of Applied Probability 14, 1179-
1201.

Feuerverger, A., Hall, P., 1999. Estimating a tail exponent by modelling de-
parture from a Pareto distribution. The Annals of Statistics 27, 760-781.
Fraga Alves, M. 1., de Haan, L., Lin, T., 2003a. Estimation of the parameter
controlling the speed of convergence in extreme value theory. Mathematical

Methods in Statistics 12, 155-176.

Fraga Alves, M. 1., Gomes, M. 1., de Haan, L., 2003b. A new class of semi-
parametric estimators of the second order parameter. Portugaliae Mathe-
matica 60, 193-214.

Frigessi, A., Haug, O., Rue, H., 2002. A dynamic mixture model for unsuper-
vised tail estimation without threshold selection. Extremes 5, 219-235.

Geluk, J., de Haan, L., 1987. Regular variation, extensions and tauberian
theorems. Tech. Rep. 40, CWI tract, Amsterdam.

Gomes, M. I., Martins, M. J., 2002. Asymptotically unbiased estimators of
the tail index based on external estimation of the second order parameter.
Extremes 5, 5-31.

Gomes, M. I., Martins, M. J., 2004. Bias reduction and explicit semi-
parametric estimation of the tail index. Journal of Statistical Planning and
Inference 124, 361-378.

Gomes, M. 1., Martins, M. J., Neves, M., 2000. Alternatives to a semi-
parametric estimator of parameters of rare events — the Jackknife meth-
odology. Extremes 3, 207-229.

Hall, P., 1982. On some simple estimates of an exponent of regular variation.

26



Journal of the Royal Statistical Society, Series B 44, 37-42.

Hill, B. M., 1975. A simple approach to inference about the tail of a distribu-
tion. The Annals of Statistics 3, 1163-1174.

Peng, L., 1998. Asymptotically unbiased estimators for the extreme-value in-
dex. Statistics & Probability Letters 38, 107-115.

Peng, L., Qi, Y., 2004. Estimating the first- and second-order parameters of a
heavy-tailed distribution. Australian and New-Zealand Journal of Statistics
46 (2), 305-312.

Pickands, J., 1975. Statistical inference using extreme order statistics. The
Annals of Statistics 3, 119-131.

Reiss, R.-D., 1989. Approximate Distributions of Order Statistics. Springer
Series in Statistics. Springer, New York.

Segers, J., 2005. Generalized Pickands estimators for the extreme value index.
Journal of Statistical Planning and Inference 28, 381-396.

Smith, R. L., 1987. Estimating tails of probability distributions. The Annals
of Statistics 15, 1174-1207.

van der Vaart, A., 1998. Asymptotic Statistics. Cambridge University Press,
Cambridge.

Weissman, I., 1978. Estimation of parameters and larger quantiles based on
the k largest observations. Journal of the American Statistical Association
73, 812-815.

27



