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Consider a random sample from a bivariate distribution function
F' in the max-domain of attraction of an extreme value distribution
function G. This G is characterized by two extreme value indices
and a spectral measure, the latter determining the tail dependence
structure of F. A major issue in multivariate extreme value theory
is the estimation of the spectral measure ®, with respect to the L,
norm. For every p € [1,00], a nonparametric maximum empirical
likelihood estimator is proposed for ®,. The main novelty is that
these estimators are guaranteed to satisfy the moment constraints
by which spectral measures are characterized. Asymptotic normal-
ity of the estimators is proved under conditions that allow for tail
independence. Moreover, the conditions are easily verifiable as we
demonstrate through a number of theoretical examples. A simulation
study shows substantially improved performance of the new estima-
tors. Two case studies illustrate how to implement the methods in
practice.

1. Introduction. Let I’ be a continuous bivariate distribution function
in the max-domain of attraction of an extreme value distribution function
G. Up to location and scale, the marginals of G are determined by the
extreme value indices of the marginals of F'. The dependence structure of G
can be described in various equivalent ways; in this paper we focus on the
spectral measure ® introduced inlde Haan and Resnick (1977). The spectral
or angular measure is a finite Borel measure on a compact interval, here
taken to be [0, 7/2].

Given a random sample from F', statistical inference on the upper tail of
F falls apart into two pieces: estimation of the upper tails of its marginal
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J.H.J. EINMAHL AND J. SEGERS/TAIL DEPENDENCE ESTIMATION 2

distributions, which is well understood, and estimation of ®, which we will
consider in this paper. The actual representation of the spectral measure
depends on the norm used on R?; here we will consider the L, norm for
every p € [1,00], with ®,, denoting the corresponding spectral measure. The
most common choices in the literature are p = 1, 2, and oc.

It is the aim of this paper to derive a nonparametric estimator of the
spectral measure, superior to its predecessors, and to establish its asymp-
totic normality. In [Einmahl et all (IM), a nonparametric estimator @,
was proposed for @ .. This estimator, which we will refer to as the empirical
spectral measure, was shown to be asymptotically normal under the assump-
tion that @, has a density, excluding thereby the case of tail independence.
Moreover the empirical spectral measure is itself not a proper spectral mea-
sure because it violates the moment constraints characterizing the class of
spectral measures. A related estimator in a more restrictive framework was
proposed in [Einmahl et all (1997)

The contributions of our paper are threefold: first, to propose a nonpara-
metric estimator for the spectral measure which itself satisfies the moment
constraints; second, to allow for arbitrary L, norms, p € [1,00]; third, to
prove asymptotic normality under flexible and easily verifiable conditions
that allow for spectral measures with atoms at 0 or 7/2, including thereby
the case of tail independence. We do this in two steps: first we define for
every p € [1,00] the empirical spectral measure @ and extend the results in
Einmahl et all (I_(ﬁ)j under the weaker condltlons mentioned above; second,
we use a nonparametric maximum empirical likelihood approach to enforce
the moment constraints, thereby obtaining an estimator <i> that is itself a
genuine spectral measure. A simulation study shows that the new estimator
<I>p is substantially more efficient than the empirical spectral measure <I>

As the new estimator takes values in the class of spectral measures, it
can be easily transformed into estimators for the aforementioned other ob-
jects that can be used to describe the dependence structure of G. This
holds in particular for the Pickandd (@) dependence function and the sta-
ble tail dependence function (@gsmm, M; M, M;
, ). For a general background on spectral measures and these
dependence functions as well as results for the corresponding estimators,

see for instance the monographs [Coles (2001), Beirlant et all (2004), and
de Haan and Ferreira (lZDDd).

An alternative to the nonparametric approach in this paper is the para-
metric one , ; , h&ﬁj) Parametric models for
the spectral measure are usually defined for p = 1 because this choice tends
to lead to simpler formulae. Many parametric models, such as the asymmet-
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ric (negative) logistic and the asymmetric mixed models, allow the spectral
measure to have atoms at 0 and /2.

The paper is organized as follows. In Section 2] we review the general
probabilistic theory for spectral measures. The asymptotic normality re-
sults for <i>p and CiDP are presented in Sections Bl and [, respectively. In Sec-
tion [B] some theoretical examples are discussed and used in a simulation
study; moreover, the methods are applied to a sample of insurance indem-
nity claims taken from |[Frees and ValdeZ (ILQ@) and to body measurement
data of the National Health and Nutrition Examination Survey 2005-2006
(National Center for Health Statistics, 2007). Sections [6 and [ contain the
proofs of the results in Sections Bl and [, respectively.

2. Spectral measures. Let (X7, X2) be a bivariate random vector with
continuous distribution function F and marginal distribution functions Fj
and F5. Put

1
2.1 Zim—— =12
=y IR
Define E = [0, 00]2 \ {(0,0)}. Assume that
(2.2) sPrs™H(Z1,Z2) € -1 % (), s — 00,

where ‘%’ stands for vague convergence of measures (in E): for every continu-
ous f:E — R with compact support, lims_... sE[f(s™1(Z1, Z2))] = Jg [ dp.
The exponent measure p enjoys two crucial properties: homogeneity,

(2.3) ple-)=clp(), 0<e<oo,
and standardized marginals,
(24) gl 00] x [0,00]) = ([0, 00] x [,00]) = 1/2,  0< 2 < 0.

Note that p is concentrated on [0, 00)2\ {(0,0)}, i.e., u([0,00]?\ [0, 00)2) = 0.

Let || - | be an arbitrary norm on R?; for convenience, assume that
I(1,0)]] = 1 = ||(0,1)||. Consider the following polar coordinates, (r,0),
of (z1,22) € [0,00)%\ {(0,0)}:

ro= |l(z1,2)] € (0,00),

(2.5)
0 = arctan(z1/z2) € [0,7/2].

As we will see later, the choice of radial coordinate r through the norm
has important implications; the choice of the angular coordinate 6 is unim-
portant, that is, we could just as well have used z1/(z1 + 22) € [0,1] or

z1/||(21, z2)|-
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Given the exponent measure p and using polar coordinates (r,f) as in
([23)), define a Borel measure ® on [0, 7/2] by

(2.6) ®(-) = pu({(21,22) €[0,00)* 17 > 1,0 € -}).

The spectral measure ® admits the following interpretation in terms of

(Zl,ZQ) in m:
(2.7) sPr[||(Z1, Z2)|| = s,arctan(Z1/Zs) € -] = &(-), s — 00.

By homogeneity of p, see (23)), for every p-integrable f: E — R,

[e.9]
(2.8) / = / / F(1(r,0), 2a(r, 0))r=2 dr (d)
E [0,7/2] JO

where z1(r,6) = rsin@/||(sinf, cos0)|| and z3(r,0) = rcos/||(sin b, cos )|
form the inverse of the polar transformation (23). By ([238]), in the po-
lar coordinate system (r,0), the exponent measure yu is a product measure
r=2dr ®(df). In particular, the exponent measure p is completely deter-
mined by its spectral measure ®. The standardization constraints (2:4]) on
1 translate into moment constraints on ®:

sin 6 cos 0

2.9 / +<I>d9:1:/ —_®(dh).
@9 f o TEmo,comp 299 0y T8, cos 0] - 49

Note that X; and X5 are tail independent, i.e., sPr[Z; > 5,75 > s|] — 0
as s — oo, if and only if u is concentrated on the coordinate axes, or,
equivalently, ® is concentrated on {0,7/2}; in that case, ®({0}) = 1 =
®({7/2}). On the other hand, the variables X; and X5 are completely tail
dependent, i.e., sPr[Z; > s,Z5 > s] — 1 as s — oo, if and only if u
is concentrated on the main diagonal, or, equivalently, ® is concentrated
on {m/4}; in that case, ®({n/4}) = |[[(1,1)]]. In general, the total mass
([0, 7/2]) of a spectral measure is finite but even for a fixed norm it can vary
for different exponent measures p, with one exception: in case of the L; norm,
by addition of the two constraints in (2.9]), ([0, 7/2]) = 2 for every exponent
measure p. The spectral measure was introduced in lde Haan an

(@) for more details on the results in this section see Beirlant et all dZQOA]
and B&Hammnd.&md (2006).

Dividing the spectral measure ® by its total mass yields a probability
measure () on [0, 7/2]:

(2.10) Q(-) = @(-)/2([0,7/2]),
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which we coin the spectral probability measure. By (2.7])

(2.11)  Prlarctan(Z1/Zs) € - | |(Z1, Z2)|| = 8] > Q(+), s — oo.

In words, @ is the limit distribution of the angle arctan(Z;/Z3) when the
radius ||(Z1, Z2)|| is large. The moment constraints ([Z9) on ® are equivalent

to the following moment constraint on Q:
(2.12)

[t e = [ S 0e) = m(@).
j0.7/2] 1I(

sin 0, cos 0)|| (0,x/2] ||(sin@,cos0)||
Conversely, we can reconstruct ® from () by
(2.13) () =Q(-)/m(Q).

The spectral probability measure () allows nonparametric maximum likeli-
hood estimation, see Section @l The estimator of ® then follows through

13)).
In Einmahl et all (2001), tail dependence is described via the measure A

arising as the vague limit in [0, 00]? \ {(cc, 00)} of

(2.14)  sPr[(s{l — Fi(X1)},s{1 — [2(X2)}) € -] 2> A(-), 5 — 00.

Let P be the probability measure on [0,1]? induced by the random vector
(U1,Us) := (1 — F1(X1),1 — F5(X3)). Then (2I4) can be written as

(2.15) t7Pt-) S A(-),  t]o.

Comparing (Z14) with ([2.2I), we find that © and A are connected through a
simple change-of-variables formula: for Borel sets B C [0, 00]? \ {(00,0)},

(2.16) AB) = p({(z1,22) € E: (1/21,1/22) € B}).
From (ZI4)) or also from (Z3]) and (Z4)), it follows that

Alc-) = cA(-), 0 < ¢ < oo,

(2.17) A([0,u] x [0,00]) = A([0,00] x [0,u]) =u,  0<u< o0

The equality above with v = 0 shows that A does not put any mass on the
coordinate axes. Combining (2.6 and (ZI6]), we find
(2.18)

®(-) = A({(u1,u2) € (0,00 : |(ui,uy V)| = 1, arctan(ug/ug) € - }).
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p=1 p=2

)’=Yp(X) y=xtan6 Y=Yp(X) y =xtan @

F1G 1. The region Cp e in (2Z20) for p=1 (left) or p =2 (right) and 0 < 0 < /2.

In particular, for u € [0, 00),

A({oo} x (0,u]) = u®({0}),
A((0,u] x {oo}) = ud({m/2}).

The spectral measure corresponding to the L, norm,

(|21[P + |22P)1/P, if p € [1,00),
[1(21, 22)llp = :
21| V |22], if p = oo,
will be denoted by ®,. Write
00, if x €10,1),
1 1/p
(2.19) Yp(x) = <1 + - 1) if z € [1,00] and p € [1,0),
1 if x € [1,00] and p = oc.

Note that for = > 1, y,(z) is the (smallest) value of y € [1,00] that solves
the equation [|(z~',y~ )|, = 1. Now by @ZIF),

®,([0,0]) = A(Cpyp), 0 €[0,7/2],

where
(2.20)
([0, 00) x {0}) U ({oo} x [0,1]), if 6 =0,
Cpro=1 {(z,y):0<2<00,0<y < (ztand) Ayy(z)}, if0<0<7/2,
{(z,y) : 0 <z < o0, 0<y < yp(a)}, if 0 = /2.
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Further, note that xtanf < y,(z) if and only if 2 < z,(#), where for 6 €
[0,7/2],

(1 + cot? 0)1/” if p € [1,00),

2.21 x,(0) = ||(1,cot 0)], =
(2.21) p(0) = II( Nl {1vCot9 £ oo.

The relation between y,(x), 2,(0) and Cj, g is depicted in Figure [l

REMARK 2.1. In this paper we shall make no assumptions on the margin-
al distribution functions F; and F, whatsoever except for continuity. How-
ever, if in addition to (2.2 the marginal distribution functions F; and Fj
are in the max-domains of attraction of extreme value distribution func-
tions G; and (o, then F' is actually in the max-domain of attraction of a
bivariate extreme value distribution function G' with marginals G; and Go
and spectral measure ®. More precisely, if (2.2]) holds and if there exist real

sequences a,, > 0, b,, ¢, > 0, and d,, such that F{"(a,x + by,) LA G1(z) and
F3 (cny + dp) LN Ga(y) for all x,y € R and as n — oo, then

Fn(anx + by, cpy + dn) - G(x,y) = eXp[_l{_ log Gl(‘r)7 —log GQ(y)}]a

for all x,y € R. The function [ on the right-hand side is called the stable

tail dependence function (Drees and Hnané, ﬂm; HuanQ, M) and can be

expressed in terms of either A, u, or ® through

lz1,29) = A({(u1,u2) € [0,00* : uy < 21 or ug < a2})
= n({(z1,22) € [0,00]? > ;")

max(z1 sinf, x4 cos 0)
= : o (dh),
Jours™ Tndracs 4

T2 2xf1 or zo

where we used (28] for the final step. Standardizing the marginals of G to
the unit-Fréchet distribution yields the extreme value distribution function

(2.22) Gy(z1,22) = exp{—1(1/x1,1/x2)}, x1, w2 > 0.

In the notation of/Coles and Tawn (1991)), we have [(1/21,1/22) = V (z1, 22).
The Pickands dependence function A :[0,1] — [1/2,1] is defined by A(v) =
I(1—wv,v) for v e |0,1] , ); we have

1 1
e =e (54 2 A (Gw)
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The spectral measure H in |Coles and Tawn (ILM) and [Joe et all dﬂjﬁ) is

connected to our ®; through the relation

(2.23) H([0,w]) = &1 (arctan{w/(1 — w)}), w € [0,1].

The Pickands dependence function A can be recovered from H by the for-
mulas

Av) = max{w(1l —v), (1 — w)v}H(dw)
[0,1]

(2.24) —1—ugt /0 H([0, w]) duw.

EXAMPLE 2.2 (Asymmetric logistic model). The asymmetric logistic
model with parameters r > 1, 0 < 91,12 < 1 is defined by its stable tail
dependence function

I(z1,29) = (1 —1)a1 + (1 — o)z + {(121)" + (hoza) }/"

for (z1, 1) € [0, 00)? (m, @) The special case ¢ = 1y = 1 yields the
logistic model, originally due to (@) Tail independence arises for
r =1 or 119 = 0, whereas complete tail dependence arises for ¥ = 1y =1
and 7 — oo. It can be shown that for 1 < r < oo, the spectral measure ®,
has point masses ®,({0}) = 1 — 92 and ®,({7/2}) = 1 — 1, while on the
interior (0,7/2) the measure @, is absolutely continuous with density

%(9) = (r — 1)(¢1¢2)" (sin” 6 + cos? )"/ (sin  + cos §)"
x (sin 6 cos 0)" 2 { (1 cos )" + (1hy sin 0)"}/772,

3. Empirical spectral measures. Let (X;1,X;2),i=1,...,n, be in-
dependent bivariate random vectors from a common distribution function
F satisfying ([2.2). Our aim is to estimate the spectral measure ®, corre-
sponding to the L, norm for arbitrary p € [1,00]. For convenience, write
D,(0) = ®,([0,0]) for 8 € [0,7/2].

Consider the left-continuous marginal empirical distribution functions:

. 1 & .
(3.1) F;(xj)zﬁzquijm;j), r; €R, j=1,2.
=1
Define
A . 1— R,
(32) Uy=1-Fxy) =11 o e =12

n
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here R;; = > /L1 1(X;; < Xjj5) is the rank of X;; among Xyj,..., X,;. Let

A~

P, be the empirical measure of (U;1,U;2), i =1,...,n, ie.,

n

Pn() = %Zl{(ﬁzl,ﬁzg) S }

A~ A~

Observe that the transformed data (U;1,U;2), @ = 1,...,n, are no longer
independent. This dependence will contribute to the limiting distribution of
the estimators to be considered.

Let k = k,, € (0,n] be an intermediate sequence, i.e. k — oo and k/n — 0
as n — oo. We find our estimator ®,, by using (215 and (ZI8) with t = k/n
and P replaced by P,. In terms of distribution functions, this becomes

~ [k
Pn (Ecp,g)

D {(n+1-Ra) P+ (n+1-Rip) P >k7,
i=1

(I)p(e) =

= 3

n+1— Ry < (n+1—R,~1)tan9},

for 6 € [0, 7/2] and with C) ¢ as in (2Z20).

In [Einmahl et al! (2001), the limiting behavior of @, has been derived in
case p = 0o. We now present a generalization to all L, norms for p € [1, oo].
More precisely, we will study the asymptotic behavior of the process

VE[®,(6) - @,(6)}, 6€[0,7/2).
We will assume that
(3.3) A=A+ Ay,

where A, is absolutely continuous with a density A, which is continuous on
[0,00)2\ {(0,0)}, and with A4 such that A4([0,0)?) = 0, Ag({oo} x [0,u]) =
u®,({0}) and Ag([0,u] X {oo}) = ud,({n/2}) for u € [0,00). In contrast
to in |Ei ), @, is allowed to have atoms at 0 and m/2;
in particular tail independence is allowed. Also, the restriction of @, to
(0,7/2) is absolutely continuous with a continuous density. This excludes
complete tail dependence, i.e. ®, being degenerate at 7 /4, in which case A
is concentrated on the diagonal. The homogeneity of A in (2.I7]) implies that
Aeuy, cug) = ¢ A(ug, ug) for all ¢ > 0 and (ug,uz) € [0,00)% \ {(0,0)}.

Let P, be the empirical measure of (U1, Us2) = (1—F1(X;1),1— F5(X52)),
i=1,...,n, and let Tj,(v) = n™ 13" 1(U;; < u), u € [0,1] and j €
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{1,2}, be the corresponding marginal empirical distribution functions; for
u € (1,00], we set I'j,(u) = u. Furthermore, for 6 € [0,7/2], define the set

A n

Cpo = H (1) € 0,00\ {(00,00)} + (T (ur), Tan(w2) € Cpa .

From the identity I'j,(u) =1 — Fj(Fj_l(l —u)) for v € (0,1) it follows that

. [k k -
Pn (ECp,g) - Pn (ECp,g) .

This representation yields the following crucial decomposition: for 8 € [0, 7 /2],

VE@,0) - 0,00} = VE{EP.(£600) - 5P(5C00) ]

+ \/E{%P<§ép,9) — A(ép,g)}
+ \/E{A(épﬂ) - A(Cpﬂ)}
(3.4) =t Voup(0) +1np(0) + Yo, (0).

The first term, V,, ,, features a local empirical process evaluated in a random
set CA’pﬂ. The second term, 7, ,, is a bias term, which will vanish in the
limit under our assumptions. The third term, Y,, ,, is due to the fact that
the marginal distributions are unknown and captures the effect of the rank
transformation in BI)-(B2]).

Next we will define the processes that will arise as the weak limits of the
processes V,, , and Y, ,, in ([B.4]). Define W, to be a Wiener process indexed
by the Borel sets of [0,00]? \ {(c0,00)} and with ‘time’ A, i.e. a centered
Gaussian process with covariance function E[W) (C)Wa(C")] = A(C N C").
We can write, in the obvious notation, Wy = Wy, + Wjy,, where the two
processes on the right are independent. Note that

d
(WA(CP,G))GG[OJ/Q} = (W(q>p(9)))ee[o,7r/2}’

with W a standard Wiener process on [0, 00). Define Wi(x) = Wi([0,z] x
[0, 00]) and Wa(y) = Wa([0, 00] x [0,y]) for z,y € [0,00). Note that W; and
Ws are standard Wiener processes as well. For p € [1,00), define the process
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Zcp on [0,7/2] by

zp(0)
= 16 < 7T/2)/0 Az, z tan 0){W1(z) tan  — Wo(x tan )} dx

/;?9) A, yp () { W (2)y,, () — Wa(yp(x))} da, if p < 00,
+ ’ Vtan 0o
- Wi(1) /11 GA(l,y) dy — Wa(1) /Www Nz, 1) dz, if p= oo,

with y; the derivative of y,. Define Z; by
Zq(0) = —0,({0})W2(1), 6 €[0,7/2],

and write Z, = Z., + Z4. It is our aim to show that

Vis T Yap) = (Wa(Cp),0,Z,), 1 — oc.

,t

This convergence and the decomposition in ([3.4]) then will yield the asymp-
totic behavior of Vk(®, — ®).

Assume that P is absolutely continuous with density p. Then the measure
t=LP(t-), for t > 0, is absolutely continuous as well with density tp(tuy, tus).
For 1 <T < oo and t > 0, define

(3.5) DT(t) = //ﬁ |tp(tu1,tU2) — )\(ul,U2)| duq dus,
T
where L7 = {(ug,u2) : 0 <ug Aug <1, ug Vug < T}

THEOREM 3.1.  Assume the framework of Section[d and suppose A is as
in B.3). Then, if Dy, (t) — 0 ast | 0 and if the intermediate sequence k is
such that

(3.6) VED, i (k/n) =0,  n— oo,
then in D[0,7/2] and as n — oo,

(3.7) VE(®, — ®,) 5 WA(C,,) + Z, =: .

-

The condition limyjg Dy /() = 0 in Theorem BT implies ®,({0,7/2}) =0
and thus Ay = 0. Indeed, in case Ay # 0, the convergence in ([B.7) cannot
hold: when e.g. ®,({0}) > 0, we have, since ®,(0) = 0, vVE{®,(0)—®,(0)} —
—oo. In contrast, the following result does allow ®, to have atoms at 0 or

7/2. Recall Dr(t) in B5) and oy, in B1).
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THEOREM 3.2. Letn € (0,7w/4). Assume the framework of Section[d and
suppose A is as in B3). Then, if D1(t) — 0 as t | 0 and if the intermediate
sequence k is such that

(3.8) \/E}r;fO{DT(k/n) +1/T} -0, n— oo,
then in D[n,m/2 —n] and as n — oo,
(3.9) VE(d, — ,) % a,.

In case of tail independence, i.e. ®,({0}) = ®,({n/2}) =1 and A =0, we
have o, = 0.

Under a stronger condition on the sequence k, the convergence of the
process Vk(®, — ®,) holds on the whole interval [0, 7/2], provided that we
flatten the process on intervals [0, 7, ] and [7/2 —n,, 7/2], with n,, € (0,7/4)
tending to zero sufficiently slowly. Define the transformation 7, : [0, 7/2] —
[0,7/2] by

M if0<0 <y,

0 ifn, <0< 7w/2—n,,
(3.10) (6) = ! j2=

/2 —n, ifn, <l<m/2

/2 if 0 =mn/2.

THEOREM 3.3. Let k be an intermediate sequence and let n, = (k/n)"
for some fized a € (0,1). Assume the framework of Section[Q and suppose A

is as in (B3). If

(3.11) Vk _inf {Drp(k/n)+1/T} -0, n— oo,
T>2/777L

then in DI[0,7/2] and as n — oo,
(3.12) VED, — @) o S ay.

Theorems [B.1] and will be instrumental when establishing our main
results in the next section.

4. Enforcing the moment constraints. Fix p € [1, 00| and let Q,, be
the class of probability measures @, on [0, 7/2] such that

(4.1) | 1)@ =0
[0,7/2]
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where

(4.2) f(0) = fp(0)

sin@ — cos 6

= 2].
[|(sin 6, cos 0)]|,,’ 6el0,m/2

If @, is the spectral probability measure of some exponent measure p with
respect to the L, norm, then @, € Q, by ([ZI2]). Conversely, if Q, € Q,,
then we can define an exponent measure p through (2.8)) and (2I3]) which
has @, as its spectral probability measure with respect to the L, norm.
As before, denote distribution functions of measures under consideration by
Qp(e) = QP([07 0])7 etc. N

In view of (2.I0), we define the empirical spectral probability measure ),
by

A o(-) 1

where N,, = |I,,| and

@m = arctan(Uig/Uil), ’iZl,...,?’L;
L = {i=1...,n: (05" U3 )lp > n/k}.

2

Typically,
- 1
[ 1@, =+ 3 s@w)
"iely,

is different from zero, in which case Qp does not belong to Q,, that is, Qp
is itself not a spectral probability measure.

Therefore, we propose to modify Qp such that the moment constraint
(1) is fulfilled and the new estimator does belong to Q,: define

Qp(+) = Z Pinl(Oin € -)
i€l

where the weight vector (P, : i@ € I,) solves the following optimization
problem:

(4.4) maximize [, pin,
constraints p;, = 0 for all ¢ € I,,,
Zi Pin = 17

The thus obtained estimator Qp can be viewed as a maximum empirical
likelihood estimator (MELE) based on the sample {©;, : i € I,}, see the
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monograph (M) Actually, the optimization problem in (£4]) can
be readily solved by the method of Lagrange multipliers [see, e.g., |(Ow
(@), p.22]: let fi,, be the solution in (—1,1) to the nonlinear equation

4.5 — =)
and define
1 1
(4.6) Pin = i € In,

N1+ finf(©in)’

then the vector (p;, : i@ € I,) is the solution to (£4). Observe that the
original estimator Qp corresponds to fi, = 0 and is the solution to (4]
without the final constraint >, pin f(©in) = 0.

Since Qp € 9, we can exploit the transformation formulas in Section
to define estimators of the spectral measure ®,: as in (2.13)),

i)p(‘) = Qp(‘)/mp(ép)

where for a bounded, measurable function A : [0, 7/2] — R,

/2 cos 0
h):=— h(0)d——F————
k) i= = [ 1) U
cf. @12). Further, for 6 € [0,7/2], define I(0) = [jg o f(9) dQ@p(V) and

@, (m/2)0,(0) — ap(m/2)P, (0
o) = Bl enla204(0)

B Jio.x/2) Bp df
WO = 5O) Jio.r2 12 deI(H)’
mp(Qp)yp(0) — mp(7p)Qp(0)
m;%(@p) ‘

Note that under the assumptions of Theorem E1l below, Q,({7/4}) < 1 and
thus [ f2dQ, > 0, so that ~,(6) is well-defined.

The next two theorems, providing asymptotic normality of <i>p, are the
main results of this paper.

(4.7) 5,(6) =

THEOREM 4.1. Let the assumptions of Theorem [31 be fulfilled. Then
with probability tending to one, equation [AID) admits a unique solution fiy
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and hence in this case the vector (i, : 1 € I,) in (LG is the unique solution
to (&4)). Also, in D[0,7/2] and as n — oo,

(4'8) \/E(Qp - Qp)
(4'9) \/E((i)p - cI)p)

Vp>
5.

N
N

Since Theorem 1] is based on Theorem [B.1], the spectral measure cannot
have atoms at 0 or 7/2. The following result, based on Theorem B3] does
allow for such atoms.

THEOREM 4.2. Fizn € (0,7/4) and let n, = (k/n)* for some 0 < a < 1.
Assume the framework of Section[2 and suppose A is as in B3). If

(4.10) VEDyy, (k/n) + VEn, — 0,  n— oo,

then in D[n,m/2 —n] and as n — oo, the convergence in ([A8) and @3]
holds.

REMARK 4.3. From (1), it is straightforward to express the limit pro-
cess 0, in terms of the process oy, and thus of W,. However, because of the
presence of the process Z,,, no major simplification occurs. As a consequence,
we were not able to show that <i>p is asymptotically more efficient than i)p.
However, the simulation study in Section [6l does indicate that enforcing the
moment constraints leads to a sizeable improvement of the estimator’s per-
formance.

REMARK 4.4. Replacing ®; by ®; in 223)(Z24) yields an estimator
A of the Pickands dependence function A that is itself a genuine Pickands
dependence function. The weak limit of the process vk(A — A) in the func-
tion space C[0,1] can be easily derived from the one of vk(®; — ®1). Non-
parametric estimation of a Pickands dependence function in the domain-

of-attraction context was also studied in (Capérad and Fougeres (2000) and

Abdous and Ghoudi (2003).

5. Examples, simulations, and real data analyses.
5.1. Ezamples.

EXAMPLE 5.1 (Cauchy). Consider the bivariate Cauchy distribution on
(0,00)? with density (2/7)(1 + x% + y?)~3/2 for 2,y > 0. Tt follows that

A[0,2] x [0,9]) =z +y— (@2 + )2, 0< 2,y < .
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and

6
®,(0) = /0 I(sin®, cos 9)]], dv

for 6 € [0,7/2]. It can be shown that D;,(t) = O(t) as t | 0. Therefore,

Theorems B and BT hold when k& = o(n??3) as n — oo. In Figure 2
the function @, is plotted for p € {1,2,3, 00} together with trajectories of
the empirical spectral measure and the MELE for a single sample of size
n = 1000 and at k = 30. Observe that both estimators share the same set
of atoms but with possibly different weights.

The bivariate Cauchy distribution on the full plane R? has density func-
tion (27)~ (1 + 22 4 32)~3/2 for z,y € R and spectral measure

0
o,(0) = % (1 —I—/O ||(sin®, cos V)|, dv + 1(0 = 7r/2)> .

In particular, ®,({0}) = ®,({n/2}) = 1/2. For every 0 < a < 1 and 7, =
(k/n)*, we find Dy, (k/n) = O((k/n)*~*) as n — oo. Hence the conclusions
of Theorems 3.3 and B2 hold provided k = o(n?*/*+1)) as n — oco. In fact,
the results of Theorem B2 can be shown to hold when k = o(n?/3) as n — oc.

EXAMPLE 5.2 (Mixture). For r € [0, 1], consider the bivariate distribu-
tion function

1 1
Fag) = (1-7) (1) (14 =), woz

cf. lde Haan and Resnick (1977, Example 3). Its density can be written as a

mixture of two densities, (1 — r)f1(z,y) + rfa(z,y), where

1 2 243 2
(1 x4+ 3xy +y )7 sy >l

fl(xay):x2—y27 fQ(xay) = (33+y)3 $2y2
Note that f; is the density of two independent Pareto(1) random variables.
Obviously for r = 0 we have (tail) independence. The law P of (1—F;(X), 1—
F(Y))=(1/X,1/Y) is determined by

P([0,u] x [0,v]) = uv(l +TW>, 0<u,v<1,

hence
Ty

r+y

A([0,2] x [0,y]) =7 , 0<z,y<oo.
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For p € [1,00], the corresponding spectral measure ®,, satisfies ®,({0}) =
¢,({n/2}) =1—1r and

0 1 /s
0y(0) =1t 2r [ RERDER Ty 4 (110 = 772

for 6 € [0,7/2]. It can be seen that Dr(t) = TO(t) as t | 0, uniformly
in T > 0. As a consequence, conditions (B.I1) and (£I0) in Theorems
and hold for a = 1/2 provided k = o(n'/?) as n — oco. If r = 1,
the spectral measure ®, has no atoms. Then D,/ (t) = O(t) as t | 0, so
that condition (36) in Theorems 31 and B holds provided k = o(n?/3) as

n — Q.

5.2. Simulations. In order to compare the two spectral measure estima-
tors, a simulation study was conducted involving the following distributions:

e Figure[Bl the extreme-value distribution G, in ([2:22)) with logistic de-
pendence structure r = 2 and 11 = 19 = 1 (Example 2.2]);

e Figure[d the bivariate Cauchy distribution on (0, 00)? (Example B.1I);

e Figure Bl the mixture distribution with r = 0.5 (Example [.2]).

For each distribution, 1000 samples of size n = 1000 were drawn. For each
sample, the empirical spectral measure and the MELE were computed for
various ranges of k and at p € {1,2,3,00}. For each estimate, the In-
tegrated Squared Errors ff(fi)p — ®,)2 and ff(ép — ®,)2 were computed,
where (a,b) = (0,7/2) for the logistic model and the Cauchy distribution
on (0,00)? whereas (a,b) = (0.057/2,0.957/2) for the mixture model. Next,
the ISEs were averaged out over the 1000 samples, yielding the estimates of
the Mean Integrated Squared Errors which are displayed in the figures.

From the plots, it can be seen that in all these cases the minimum MISE of
the MELE is smaller than the one of the empirical spectral measure. Overall
the MELE outperforms the empirical spectral measure, but in two cases,
away from the minimum MISE, the empirical spectral measure performs
slightly better than the MELE (Figure [B)). Moreover, most of the time, the
MISE is decreasing in p. Finally, the presence of atoms at the endpoints has
an adverse effect on the estimators.

5.3. Case studies.

5.3.1. Loss-ALAE data. In Frees & Valdez (1998), copula fitting was
illustrated on a data-set of 1500 insurance company indemnity claims, dis-
played in Figure[@l Each claim consists of an indemnity payment (Loss) and
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an allocated loss adjustment expense (ALAE), that is, an expense specifi-
cally attributable to the settlement of the individual claim such as lawyer’s
fees and investigation expenses.

The problem is which bivariate tail dependence structure to fit to these
data. The first question is whether the data are tail independent or not. If
yes, then the spectral measure should be the sum of the Dirac measures at 0
and 7/2. In Figure[6, the MELE (p = 1, k = 40) shows substantial increase
away from the endpoints, in clear contrast to the case of independence, for
which the spectral measure is flat on (0,7/2). Note that a formal test for tail
independence is not possible, since under the null hypothesis of tail inde-
pendence the limit process o, in Theorem Bl (and hence all limit processes
in subsequent theorems) is degenerate at zero; in contrast, tests with tail
independence in the alternative hypothesis can be constructed in the more
specialized framework of [Ledford and Tawn (1996). By way of illustration,
we compared the MELE for the Loss-ALAE data with the MELE for a
random sample of the same size from the bivariate lognormal distribution
fitted to the data (right-hand panel of Figure[@). The MELE for this sample
is compared to the MELE of the Loss-ALAE data in Figure [0 (left-hand
panel). Despite the fact that the correlation (on log scale) of both samples
is equal to 0.44, the MELE of the lognormal sample is much closer to the

spectral measure of independence (which is the true one for this samfle%.
The next question is then which model to fit to the data. In

1998), the logistic model (Example 2.2]) is proposed, while in [Beirlant et all
2004, Chapter 9), both the logistic (r = 0.73) and the asymmetric logistic
model (r = 0.66, 11 = 1, 1»y = 0.89) are fitted. In the left-hand panel of
Figure [7, the spectral measures (p = 1) of both parametric models are dis-
played and compared to the MELE. The asymmetric logistic model follows
the MELE much more closely. Interestingly, the spectral measure of the fit-
ted asymmetric logistic model does not have an atom at 7/2 while it has an
atom at 0 of size 1 — 9 = 0.11. Formal goodness-of-fit tests based on the

stable tail dependence function [ are described inlde Haan et all (2008) and
Einmahl et all (2008).

5.3.2. NHANES data. We consider the variables Standing Height (cm)
and Weight (kg) for females from the National Health and Nutrition Exami-
nation Survey (NHANES) 2005-2006 (National Center for Health Statistics,

). Data of females of age 18-64 years only have been retained; this leads
to a sample size of 2237. The MELE of the spectral measure (p = 1) has been
computed for k € {25,50} and compared to the spectral measure for tail
independence. Although the data have a non-negligible positive correlation
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(0.283), the MELE strongly suggests tail independence, since it hardly shows
any increase away from the endpoints 0 and 7/2. The conclusion is that ex-
tremely tall women are not extremely heavy and conversely. This nicely
illustrates the difference between (in)dependence and tail (in)dependence.
Similar results were obtained for the data for males.

6. Proofs of Theorems [3.1H3.3l

Proor orF THEOREM [3.1l A. We first prove weak convergence of the
process \/E(Ci)p — ®,) in D[0,7/4]. More precisely, with A € {1, ;, :1,), D
we will show that for probabilistically equivalent versions of the processes
involved and any € > 0,

(6.1) lim hmsupPr{ sup ’\/_{<I> D,(0)}
Al0 n—oo 0€[0,7/4]

— {Wa(Cpp) + Z (9)}\ > 35} —0,

where Cfﬁp = (i)p,A and Wj = Wy a. In part B below, we will prove weak
convergence in D[O /2.
le Ace{l,l 3 3,. .} and M > 1; later on, M will be taken large. Let
= {ANA: A A e A}, where A = A(A, M) is a VapnikCervonenkis
(VC) class of sets defined as follows. For m =0,1,2,..., % — 1 define

(mAz,(0), (m+ 1)Az,(0)] if 6 € (0,7/4],

In(m,0) = [0, 00) if # =0 and m =0,
7] if # =0 and m > 0;
Ja(m) = [yp(1+ 27 = 1)(m+ 1)A), (1 + (27 = mA)).

Set A to be the class containing all the following sets:

1
N 1

=0 {(m,y) tx€Ia(m), 0 <y < ztanb + By, (a:tan@)la}7
for some 6 € [0,7/4] and By, Bl,...,B%_1 € [-1,1],

3@ y) : w e Jalm), > 2p(0), 0 <y < yp(2)(1+ K},
1
A

Yy
for some 6 € [0,7/4] and Ky, K1,...,K
{(z,y) - z<a}, {(x,y): y<a}, and
{(z,y): x <aory<a}l, forsomeac€ [0, M].
Next define A, = {As:Ac A}, where, for A € A, Ay = {(2,y) : (y,z) € A}.
Finally define A = AU A,.

—1 S [_%7 %]7
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From Timyyo Dy (t) = 0, t71P([0,00] x [0,4)) = A(0,0¢] x [0,1]) = 1
(0 <t < 1), and the homogeneity of A we obtain

(6.2) lim sup |t71P (tA) — A(A)] — 0,
tl0 AcAr
for all A € {1,3,4,...} and M > 1. Theorem 3.1 in [Einmahl (IM) now

yields our basic convergence result: for a special construction (but keeping
the same notation) we have

(63)  sup VE{2P, (£4) - 2P (E4)} - wy(a)

a.s.
—= 0, n — o0.

Throughout, we will work within this special construction.
In the sequel we can and will redefine Cy, 9, § € [0, 7/4], by

{(:E,y) 0<x<o0,y=20, y< %an((tanﬁ)f‘ln (%:17)),

v < 5@ (o (#00n (32))) 1

where @), is the quantile function corresponding to I'j,, j = 1,2, with
Qjn(y) == 0 for 0 < y < (2n)~! by convention. Define the marginal tail
empirical processes by

win(x) = \/E{%an (E$) - ZE}, x>0, 7=12,

n

and the marginal tail quantile processes by
Vjn(x) :\/E{%an (%x) —x}, x>0, j=1,2.

Note that wj, and vj, converge almost surely to W; and —W}, respectively,
for j = 1,2, uniformly on [0, M]. Observe that for x > 0,

n Zn o(x)
(6.4) 7 Q2n ((tan 0)T1y, (%:E)) = ztanf + T
where
(6.5) Zno(x) = wip(x) tan 6 + v, (a: tan @ + wl\;(;) tan 0) )
Also

(66) $Qzn (Eup (371 (2)))
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We will treat the terms V;, ,(0), Y,, »(#), and ry, ,(6) from ([B3.4]) in paragraphs
A.1-3 respectively.
A.1. First we deal with V;, ,(0) in [B4). Set

Coor = {(z.y) € Cpp: w <ay(0)} and Cppo=Chp\Cppn-

We focus on both sets separately when considering Vop(0). For p = oo,
Cp 0.1 has been dealt with in [Einmahl et all (2001). We will omit the small

modifications that are needed for general p € [1, co]. However for épﬂ,g, the
case p = oo is trivial compared to p € [1,00). Therefore we will consider

Vn,p,2(9) = \/E{%Pn (%épﬂ,g) — %P (%épﬂ,g)}

in detail now.
Recall z, ¢(x) in (3] and define s,(x) through

oo ) (e 25) -+ ),

Further, put

. - . i zn,@(x) x tan 0 B
Wm’A’g B {EGJAI:()m){ e n ( Yp() - \/E< Yp() 1)> }7

x>xp(0)
- ) Zn.0() x tan 6
%% = inf sp(x) A : + \/E< - 1)
m,A,0 xeJa(m) ( ) ( yp(x) yp($)

x>z (0)

Set, for either choice of sign,

+ Wr:rEAO
Rm,Aﬂ = (x,y) HIAS JA(m)7 Tz $P(9)7 0<y< yp($) 1+ —— )

Vk
and
1-1
Nf,e - Qo Rn:tv,,A,G
We have
(6.7) Vipa(0) < VE{3P, (ENZ,) - 2P (ENZ,)}

+VEEP (£ (NS \ Nay))
= Vb o(0) + rp2(9);
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similarly
(6.8) Vap2(0) = \/E{%Pn (%N&e) -l (%Nl,e)}

~ kP (% (Nz,e \ NS,&))
Vn_,p,2 (9) - rn,p,2(9)'

We first deal with 7, ,2(f) and next with Vnpz(ﬁ) Using (BED and Well—

known results on tail empirical and tail quantile processes

L(i&i M, L%_ﬂ ) we can show that, as n — oo,

(6.9) sup ‘rn,p,g(H) —VEA (NKG \ N&e)’ 0.
0e[0,m/4]

Now consider

sup \/_A(NAG\NAG)
0e[0,7/4]

Set ¢, = yp(1 4 (217 — 1)mA) V 2,,(0) and note that

yp(z) (1+W A, g/f)

VEA (NS \ Nay) < fz_j/ / Az, y) dy da.

Cm+1 JA+WI A, o/ Vk)

Setting y = y,(x)(1 + z/Vk), we can rewrite the right-hand side of the
previous display as

L1

[ e 2 o) e

- k
m—O m+1 m,A,0
iy p_ 1)1/p
= / / no — )\<(x 12) ,1) dzdx
Cm+1 1+ﬁ
——1
= / ’"AQ/ ((xp_l)l/p 1) drdz
m,A,0 Y Cmtl 1+ f 1+ﬁ

1
(Cm 71 /®

. 7 {0+ 2 TP
= / e /HW j)f//p ( vk > A(v,1)dvdz.
m,A,0 1+{(1+ )U}

1+W+VA’9/\/_
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The integrand is bounded by A(v, 1), whence

23
6.10) VEA (Nt ,\ Nx < max Wt ., - W=
(6:10) VEA(NEo\Nzp) < omax(Wilao=Won)
i_ ((‘77L71)1/p
A 7\/—
Z /HW A)Gl;p A(v,1) do.
— m+1
We have

1+W A9/\F

(6.11) sp(z) = !

(@) v {yp (w o

o) -]
+ ﬁmn <y,, <:c + wl"(x)))

VEk '
Now from the behavior of tail empirical and tail quantile processes it read-
ily follows that sup,c1/p o) [Sn(2)| =

Op(1). Hence the right-hand side of
(6I0) can be bounded, with probability tending to one, by
3 max

W aog— W /OO)\ v,1)dw.
me{0,1,...,+ -1} ( m,A,0 m,A,G) 0 ( )

As A has uniform marginals, necessarily |;

ily [5° A(v,1)dv <
we have for fixed A and with probability tending to one
(6.12)

sup \/_A(NAO\NAG)
0e[0,7/4]

1. So in summary

<3 sup max W+t
0e[0,r/4] me{o,1,..,L -1} ( m,A,0
From the behavior of s, it follows that for any § > 0

lim li P
le(l) im sup r{

m,A,G) :

n—~00

sup

max
oe[o,r/4] me{0,1,...x -1}

and hence, by ([6.9)

(W;g,A,e - ng,A,e) > 5} =0,

(6.13)

n—~0o0

sup

lim lim sup Pr Tnp2(0) = S —_—
Al0 0e[0,m/4] 2
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Next consider an’[pg(ﬁ), for either choice of sign. Since
. + 1
nh_)I{)lo Pr{Ny4 € A, forall 0 € [0,7/4]} =1,

we have, using (6.3)),

(6.14) S V20 = Wa (Nx )| 20, n—oo

But with similar calculations as for (€12 we obtain
3
A(NE, A C < — max w*
( A0 P7972) \/E me{0,1,., L1} ‘ m,A,é)’
with Cpgo = {(z,y) € Cpp: x> x,(0)} . Since

up max ’W;ELA@‘ = 0,(1), n — oo,
oe[o,r/4] me{0,1,....x -1} =

we have for any A € {1, %, %, 0

sup A (Nie A Cp,@g) 20, n — o0.
0e[0,m/4]

Hence, since Wy is uniformly continuous on A with respect to the pseudo-
metric A(AA A') for A, A" € A,

(6.15) sup ‘WA (Nig) — Wa (Cp,972)’ 2o, n — 00.
0€[0,m/4]

Combining ([€7), (6.8), (€I3), (6.14) and (G.I5]), we now have proven

lim limsupPr¢ sup |V p2(0) = Wa (Cpp2)| =cp =0.
Al0 n—oo 0e[0,7/4]

This, in conjunction with the aforementioned result for CA’pvg,l, yields

(6.16) lim lim sup Pr{ sup |V p(0) — Wa (Cpp)| = 2&?} = 0.
A0 n—oo 0€[0,7 /4]

A.2. Next we consider Y, ,(0) = \/E{A(C’p,g) — A(Cpp)}. We will show
that

(6.17) sup |V, ,(0) — Z,(6)] % 0, n — oo.
0e[0,m/4]
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Again, we will only consider épﬂ,g. The other part, CA’p,gJ, can be handled
as in [Einmahl et all (IM), only minor modifications are needed.

So we will need to show that, as n — oo,

(6.18)  sup
0e[0,m/4]

\/E{A(épﬂﬂ) - A(Cp,972)}

_ /:09) )\(x,yp(x)){W1(x)y;,(a:) — Wa(yp(x))} dz 0.

P

Observe, with z, ¢ and s, as in ([6.5) and (G.I1]), respectively, that

(6~19) \/E{A(épﬂﬂ) - A(Cp,972)}
oo Yp(@){1+58n(z)/VE}
— vk /
y

k
zp(0) Jyp(v)

3 . Zn,9($) z tan § —
$n(x) = snf )/\{ (@) vk ( yp(x) 1) }

Since for fixed x > x,(6) the expression vk (% — 1) tends to infinity, it

follows that we can (and will) replace §,(x) by s,(x) in the integral on the
right-hand side of ([6.19). Write

Az, y) dy dz,

where

1

s(z) = m

{Wi(@)y, () — Walyp(2))}-

Now

sup
0e[0,7/4]

00 Yy (SC) 1+ sn(x)
\/E/ /p ( v ) ANz, y)dy dx
zp(0) Jyp(@)

p(@

[ @A @ y(e) sla) do

»(0)
o) y (:C) 1+Sn(90)

< s (VB[ [T ( “E)A(

6€(0,7/4] 25(60) yp<w>(1+s(””)

so  pyp(e) (1422 N
—H/E/xp(@) /y | )(1+ \/E) Ale,y)dy de - / )yp(x))‘ (z,yp()) s(x) dz

»(7) zp (0

x,y)dydx

N2

S
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s 6607r/4 /:c,,(e /S"(I (x,yp(a;) (1 + %)) dz dx
96[0 7r/4] /mp(e / [ (:L",yp(x) <1 + %)) - >\($7yp($)):| dzdx
=11 +Ts.

Since A(v,1) = v=1A\(1,1/v) and by continuity of A on [0,00)%\ {(0,0)},
we have lim, . A(v,1) =0 and thus sup,>o A(v,1) < co. For some (large)

M > 2
MVzp(0) rsn(x) P _ 1)1/p
/ ’ / 12A<(x D) ,1) dz dz
2p(0) sy 1+ 7 1+

0o rsn(x)
p_ 1\1/p 2
+‘/M /S(m) )\((az 1) ’1+\/E) dzdz

Ty < sup
0el0,m/4]

=T+ T

We first show

(6.20) sup  |sn(z) — s(z)| 2 0, n — oo.
21/P<a<M

Define

5u(z) = Zig;wln(:n) + ﬁvgn <yp (x N w%@)) .

Then it follows from the mean-value theorem and the almost sure conver-
gence of wy, to Wy, uniformly on [0, M], that

sup lsn(x) - §n(‘r)’ 2 0, n — oQ.
21/P<La<M

It also follows easily that

sup  [§n(2) — s(x)] >0,  n— oo,
21/pLa<M

whence (6.20]). We have with probability tending to one,

Tiy <2M supA(v,1)  sup  |su() — s(a)],

v=0 21/P << M

which, because of ([6.20), tends to 0 in probability (for any M > 2). Let
k > 0 and set § = \/k/2. Using again (6.20) and the behavior of W; near
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infinity, we see that for large enough M and with probability tending to one,

war P — 1\V/P
T < / / 1)"7/P 14+ =) dzdx
. s 5)
Wa(1)+4d 00 p _ 1\1/p
= / ’ / 1Z /\<(x 12) ,1) drdz
~wa()-s Jm 142 I+ 7
~Wa(l)+6 oo {(1+ \/_)U}p 1-1/p
A(v,1)dvdz
% Mr—1)t/p \ 1+ {(1 + )U}p
Wz(l
< / =26% = K/2,
whence
(6.21) hm limsup Pr{T} > k} = 0.

M—oco n—oo

Now consider T5. Write [[s]| = supgyi/pc o0 |5(2)| and

D, = sup ’)\ ((mp—l)l/p,l—i-ﬁ) —)\((a:p—l)l/p,l)’.

m>21/17
—[Isll<z<llsll
For M > 21/»,
= D) 14 2) A (2P -1 1) dede
ee[o 7r/4] /mp(e / ) \/%) (( ) )}

lIsll
/ / D, dzdz
21/7 J—||s]|

ls ||
/ /II I 2= 1)1+ 2 2 (@ - 1))} dzde

Clearly, as n — o0,

M plsl
/ Dy dzde < 2M||s||D, 20,
21/e Jis)
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and also, with probability tending to one,
lIsll
P — 1)\l/p —_ /P
/ /”” D71+ 2) 4 (@ - )Y 1)} dzde
lIsll P _ 1)1/p
= / / ! ((az 12) ,1) dzdx
s 1+ \/— 1+ N/
IIs ||
/ / :Ep 1/p 1) dz dx
lIsll
lIsll sl poo
/ / A(v, 1) dvdz+/ / AMu, 1) dudz
lIsll /5 (MP—1)1/P lIsll /(MP—1)1/P

4||s||/ A(v, 1) dv.
%(Mp_l)l/p

As a result,

N

(6.22) hm lim sup Pr{T > k} = 0.

Combining (6.2I)) and (6.22)) yields (6.18]), which, in conjunction with
the aforementioned result for A(C) 1), yields (GIT).

A.3. We now consider 7, ,(6) in (34). From (64), (€.6), (3.6]), and the

behavior of tail empirical and tail quantile processes, it follows that

(6.23) sup | p(0)] 20 asn — oo,
0e[0,m/4]

Combining (61I0), (€I7) and (623]) yields (G1I). So actually we proved the
theorem for 6 € [0, 7/4].

B. Observe that, using a symmetry argument, it rather easily follows from
(61 with 0 = 7/4 that

hml1msupPrH\/_{<I> (7/2) — @p(m/2)}

n—~0o0

—{Wa(Cpry2) + Z (7T/2)}‘ 66} =0.

Observe in particular that the first term of Z. ,(mw/4) cancels out with the
similar term coming from the mirror image (with respect to the line y = )
of C, r/4- By a similar symmetry argument, observing that for 6 € (7/4,7/2)
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(the closure of) C’p,g \ Cp,¢ is the mirror image of C, Z—g, it follows that

(6.24) hmhmsupPr[ sup ‘f{@ ,(0)}
Al0 n—oo e(r/4,7/2]

—{Wa(Cpo) + Z,(0)}] > 9&:] = 0.

Combining (6.1]) and (6.24]) completes the proof. O

PROOF OF THEOREM 3.2l The proof of this theorem follows in the same
way as that of Theorem B.I} only small adaptations are needed, including
the obvious adaptation of the VC class A. The main difference between
both results is the weaker condition (B.8]) which allows A to put mass on
{o0} x [0,00) or [0,00) x {o0}; on the other hand # is bounded away from
0 and 7/2 in the present result. In the limit process, the term Wy (Cpyg)
stays the same as in Theorem B.J] but with weaker conditions on A; the term
Zp(0) = Zcp(0) + Z4(0) may now be different from that in Theorem [B.]
since there Z; = 0, which might not be the case here. Therefore, we confine
ourselves to explaining how condition (B.8]) is set to use and to the adaptation
of that part of the proof that deals with Z,.

Condition ([B.8)) implies that for some sequence T,

(6.25) VkDr, (k/n) +VE/T, +1)TY? -0, n— .

We focus on the bias term suppey » 4 [7n,p(0)], see B.4). For 6 € [n,7/4],
write CA’pﬂ = (C71 UCyU (3, where

C, = Cp,gﬂ([O,Tn] X [0,00]),
Cy = Cppn ([Tn,00] x [0, 3Qan (£)]),
Cy = Cppn ([Tn,00] x [£Qan (£),00)).

By the triangle inequality the bias term can be split up into three terms,
based on 1, C9, and (', respectively. The first one of these terms converges
to zero in probability, because the first term in ([G25]) tends to 0. Using

np ([0, o] X [0, Q2n (%)D = Q2 (%) =A ([O’OO] X [0’ % @2n (%)D ’

the second one can be handled similarly. For the third term we replace the
difference in the definition of r,,(f) by a sum and deal with both terms
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obtained from this sum separately. Using the behavior of tail empirical and
tail quantile processes we obtain the convergence of both these terms from
the convergence to 0 of the second and third term in (6.25]).

Recall that Z4(8) = —®,({0})W2(1). We have to show the following ana-

logue of ([G.I8]):
(6.26) sup

0€n,m/4]

_ /:’09) )\(ZE,yp(ZE)){Wl (ﬂj)y;)(:p) — W2(yp($))} dz

P

\/E{A(épﬂﬂ) - A(Cp,9,2)}

+@,({0h)Wa(1)| & 0.

In view of the proof of (6I8]), the proof of ([€26]) is complete if we show
that, as n — oo,

o |2({0})v20 (1) + 2p({01)Wa (1)] = @,({0}) w2 (1) + Wa(L)] = 0.

But this immediately follows from (G.3]). O

ProOOF oF THEOREM [3.3l The proof of Theorem 3.3 goes along the same
lines of those of Theorems Observe that we only have to consider
the process VE(®, — ®,) on [1,,7/2 — 1,] and at 7/2, since on [0,7,) and
(m/2 — np,7/2) the process is constant and the limit process is continuous
on [0,7/2). Then we are in a similar situation as in Theorem [3.2] but now
the interval under consideration depends on n and converges to (0,7/2).

The essential difference lies in the VC class A. If we would adapt the
VC class in the proof of Theorem Bl in the obvious way, i.e. restrict 6 to
[nnEW §2 — nn], the VO class would depend on n and hence Theorem 3.1
in ) would not be applicable. We will, however, consider the
VC class that is obtained from A of our Theorem Bl by omitting 8 = 0. Of
course, (G.2]) does not necessarily hold for this new class, but it can be shown
to hold when we replace %P(% <) by Ig(n), the measure that is obtained from

%P(% -) by projecting the probability mass of

(6.27) %([Tn,n/kz] x ([0,1 — kYU + k714 3))
on the axis {00} x [0,00), and by projecting the probability mass of

(6.28) R (01— K U k8 < [T, m/R)
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on the axis [0,00) x {oo}; here T,, > 2/n, is a sequence of T's for which
(B.II) holds. The points 7 (Us1,Us2), i@ = 1,...,n, in the region (6.27) or
[E28) are projected on {oo} x [0,00) or [0,00) X {oo} in a similar way,
i.e. are replaced by (0o, 2Ui2) or (2U;1,00), respectively . It is easily seen
that, with probability tending to one, this projection does not change the
processes involved in the result. O

7. Proofs of Theorems [4.1H4.2l

PROOF OF THEOREM [Tl Equation (£9) is an immediate consequence

of ([£8), so we focus on ([L3).

Similarly it is immediate from Theorem B that, in D[0,7/2] and as
n — 0o,

KA Pp(7/2)ap — ap(m/2)P) -y
3(m/2) "

(7.1) VE(Qp = Qp) =

Recall the definition of f in (#2]) and observe that supgcg<r/2[f(0)] = 1.
Put A;, = f(O;y,) for i € I,,. By () and since Q,({w/4}) < 1, necessarily
Pr[Fiel,: Ay #0] — 1 asn — oc.

Consider the random function

1 A;
U, (n) = — — -l<pu<l.
The derivative of ¥,, is
V() = ——
Ny, ZEZN 1+ IUAm)

Hence, on the event {3i € I,, : A;,, # 0}, the function ¥, is strictly decreas-
ing and there can be at most one fi,, € (—1,1) with ¥, (&,) = 0.

If g : [0,7/2] — R is absolutely continuous with Radon-Nikodym deriva-
tive ¢/, then by Fubini’s theorem,

NG Z g zn = /[0 /2] g(@)Qp(dH)

"zeln
— g(n/2) /OW/2 / 9)d O, (d6)

/2,

= 9(m/2)~ | Qp(0)g'(9) dv.
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Since similarly [¢dQ, = g(r/2) — i* Q,(¥)¢'(¥) dv, by (),

(7.2) ( N, ZEZI 9(Oin) — ~/[0,7r/2] ngp)
- /0”/2 VI{Qp(60) — Qp(0)}g' ()0

—/Olﬁp(e)g'(@)dﬁ, n— .

Here we used the fact that the linear functional sending x € D[0,7/2] to
07r/2 x(0)g'(6)d0 is bounded.
Since 1/(14+z) =1~ +2%/(1 + ) for x # —1, we have

v WA,
n(p) = —n Zez; Am( — pdin + m)
A3,
- _ZG%A”‘ ”_ZEZI;A N %1+uAm'
Define

:—ZAW/N S 42 /fde//f2de.

Ny i€l i€l,

Since [ fdQ, = 0 and [ f2dQ, > 0, by @2, jin = Op(k~'/?) as n — occ.

We have
= 37 Z Am
ZEI'!L

as well as

1 A3
U, (20,) = — Z Ain +4/‘% Z —
No it Nu i 1+ 2finAin

_ Zz nAzgn 1+2lanAin
S SP CRTR Z/( ),
i€l “Hin

" i€l,

Because fi, = op(1), |Ap| < 1 and NP Yo, A2, L [£2dQ, > 0, we
obtain
,}LI%OPY[|2:‘_‘”| <1,9,(0)0,(2i,) < 0] = 1.
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Since moreover, with probability tending to one, ¥, is continuous and de-
creasing,

lim Prthere exists a unique fi,, € (—1,1) such that ¥, (&,) = 0] = 1.

n—~0o0

Also, Pr(|jin| < 2|jin|) — 1 and thus fi,, = Op(k~/?) as n — oo. We have

1 1 1 A3
0="Up(fn) = Z Ain = fin— Z Azzn +ﬂ%_ Z —
No it Nu it Nn jo7 L+ finAin
whence
_ o A2 /(1 i Ay - _
Hn = [fin + ,ui 1€l m/( A2 - ZTL) = lUn + Op(k 1)7 n — oo.
Zieln in
Define

i = Ni S A / /[O 00,

nicl,

Since N7 ' S, Aj = Op(k™1/2) and N1 52, A2 = [ f2dQ, + O, (k~1/?), we
have fi, = jin, + Op(k~1) and thus

ﬂn:ﬂn+0p(k_l)7 n — 0.
Put

Pin Nin(l ;anAm)a 1€ Ip;
Qp(0) == > pinl(©@m<0), 0el0,7/2.
icl,
Then
&0 -0 = + X (1~ (1 A |10 <6)
p p - Nn 5 1+ ;anAzn Hn Ain m o
1 (Ian — [‘n)Am + Ian[‘nAz
Nn icl, 1 + NnAzn

Since both fi, — fin, and fin i, are Oy(k™1),

(7.3) sup ‘Qp(e) - Qp(e)‘ = Op(k_l)a n— 0.
0€(0,m/2]

Therefore, as n — oo and uniformly in 6 € [0, 7/2],

VE{Qp(6) = Qp(0)} = VE{Qp(8) — Qu(6)} + Op(k™1/?)
(7.4) = VE{Qp(0) — Qp(0)} — VkiinI(8) + Op(k~'/?),
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where 1
f - Am]- n < ) ) 2].
0) =% Z; (©in < 0) 0 €[0,7/2]
The function f is absolutely continuous; denote its Radon-Nikodym deriva-
tive by f’. By Fubini’s theorem, for 6 € [0, /2],

[0) = JouldQy = FO)Qp0) — J§ Qp(9)f'(¥)av,
10) = JouldQy = FO)Qp0) — J§ Qp(9)f'(9)av.

As a result,

(7.5) sup |1(0) — I(0)] = O,(k™Y?),  n — .
0e[0,m/2]
Moreover, by (2] with f =g,
1 w/2 R ,
(16 VEin =g [ VEQ0) - @O @)@
Write 3,, = Vk(Q, — Q). Combine (Z), (ZH), and (Z8) to see that
- d -
& VR(@y = Q) = By + 5T+ 0,071
as n — oo. Since the linear operator
df
D[0,7/2] — D[0,7/2] : x — x + ffzi%[
is bounded, (7)) and (7)) imply (£S). O

PROOF OF THEOREM [2] It is immediate from Theorem that, in
DI[0,7/2] and as n — oo,

VEQp — Qp) om0 % By

Now the proof of Theorem F1] applies here as well, except for one change:
we have to check that (Z2]) still holds. But this follows from the fact that

/2

. ™/ A
[ VE@Q, - @)@ @0 [ VR~ @) @) 018

is bounded by
2vkny sup l9'(0)],
0€[0,nn]U[T/2—1n, /2]
which by assumption tends to zero as n — oo provided that ¢’ is bounded
in the neighborhood of 0 and 7/2. This is the case for g = f and g = f2,
the only functions to which (7.2)) is to be applied. O
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Fi1a 2. Trajectories of the empirical spectral measure (dashed) and the MELE (solid) for
a single sample of size n = 1000 and at k = 30 from the bivariate Cauchy distribution on
(0,00)% and for p € {1,2,3, c0}.
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Fic 3. MISE of the empirical spectral measure (dashed) and the MELE (solid) for 1000
samples of size n = 1000 from the logistic model with r = 2 and p € {1, 2,3, c0}.
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Fic 4. MISE of the empirical spectral measure (dashed) and the MELE (solid) for 1000
samples of size n = 1000 from the bivariate Cauchy distribution on the positive quadrant
and p € {1,2,3,00}.



J.H.J. EINMAHL AND J. SEGERS/TAIL DEPENDENCE ESTIMATION 40
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Fic 5. MISE of the empirical spectral measure (dashed) and the MELE (solid) for 1000
samples of size n = 1000 from the mixture distribution with » = 0.5 and p € {1, 2,3, co}.



J.H.J. EINMAHL AND J. SEGERS/TAIL DEPENDENCE ESTIMATION 41

Loss—ALAE: data bivariate lognormal data (rho = 0.44)

1e+05
I

1e+05
L

ALAE
o

le+03
1e+03
L

1e+01
L

le+01
L

1e+01 1e+03 1e+05 1e+07 1e+01 1e+03 1e+05 1e+07

Loss

F1c 6. Left: Scatterplot of the Loss-ALAE data (axes on log-scale). Right: Scatterplot of
a bivariate lognormal sample of the same size and which on a log-scale has the same mean
vector and covariance matrix as the Loss-ALAE data.

Loss—ALAE v. bivariate lognormal data Loss—ALAE: spectral measures

2.0
20

tail independence | — tail independence

--- lognormal — MELE
— Loss-ALAE ---- asymmetric logistic
logistic

15

«(6)
10

05

Fic 7. Left: MELE (p = 1, k = 40) of the spectral measure of the Loss-ALAE data and
MELE of the bivariate lognormal data of Figure[6l Right: MELE of the spectral measure
(p = 1, k = 40) of the Loss-ALAE data compared to the spectral measures of the fitted
logistic and the fitted asymmetric logistic models.
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NHANES 2005-2006 Females: data NHANES 2005-2006 Females: spectral measure (p = 1)
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F1G 8. Scatterplot (left) and spectral measure estimates for p = 1 (right) of the variables
‘standing height’ and ‘weight’ in the NHANES 2005-2006 body measurement data for
females.
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