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Abstract

Motivated by the characteristics of two educational datasets, we study the Bayesian

identification and consistency of semiparametric IRT-type models, where the uncertainty

on the abilities’ distribution is modeled using a prior distribution on the space of proba-

bility measures. We establish sufficient conditions for the identification and consistency in

the Bernoulli and Poisson versions of the Rasch model. For unbounded count (resp. bi-

nary) responses the parameters are identified when a finite (resp. infinite) number of probes
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are available and they are consistently estimated when the number of subjects tends (resp.

subjects and probes tend) to infinite. The validity of the findings as potential necessary

conditions are evaluated using simulated data.

Keywords: Bayesian identification, Bayesian consistency, Rasch model, Rasch Poisson

Count Model, Dirichlet processes, Polya Tree processes

1 Introduction

Item Response Theory (IRT) models are widely used in educational measurement (see e.g.,

De Boeck and Wilson, 2004, and references therein). Rasch-type models (Rasch, 1960) are

typical examples of this class and can be viewed as a particular case of Generalized Linear

Models (GLM). In the Rasch-type models, the linear predictor ηij depends on two parameters

in an additive way ηij = θi − βj, where θi ∈ R corresponds to the ability of subject i, and

βj ∈ R corresponds to the difficulty of probe/item j.

From a modeling point of view, these models are intended to analyze individual differences.

Because of that, the attention is focused on the ability parameter θi, considered as an incidental

parameter (see, Rasch, 1960; Andersen, 1980). Therefore, Rasch-type models are an example

of the Neyman-Scott phenomenon (Neyman and Scott, 1948), namely, that the maximum like-

lihood estimator of the difficulty parameters is inconsistent due to the presence of the incidental

parameters (see e.g., Andersen, 1980; Ghosh, 1995). By assuming that the ability parameters

are independent random variables with a common probability distribution G, Kiefer and Wol-

fowitz (1956) and Pfanzagl (1970; 1993) proved the classical consistency of both the difficulty

parameters β1:n = (β1, . . . , βn)T and the distribution G, provided their identification. Note that

in this case, the GLM representation of Rasch-type models are considered as conditional mod-
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els and the model is completed by specifying a marginal latent model describing the process

generating the abilities, G. In this way, Rasch-type models become a member of the Gener-

alized Linear Mixed Model (GLMM) class (see e.g., De Boeck and Wilson, 2004), where the

difficulty and ability parameters are interpreted as fixed and random effects, respectively.

Typically, the probability distribution G is assumed to be a member of a parametrized fam-

ily {Gϕ : ϕ ∈ Θ ⊂ Rp}, commonly a normal distribution, with unknown parameter vector

ϕ. In such a case, (β1:n, ϕ) are estimated using available software packages such as SAS,

Stata or BUGS. However, in applications there are almost inevitable concerns about the lack

of robustness of resulting inferences with respect to assumed forms of distributional compo-

nents (see e.g., Agresti et al., 2004; Heagerty and Kurland, 2001; Verbeke and Lesaffre, 1996).

Furthermore, the process generating the individual abilities is viewed as the responsible of the

generation of the observed phenomenon (Lord, 1969; Bartholomew, 1987; Borsboom et al.,

2003). Therefore, the assumption of a specific parametric distribution may be too restrictive

to represent the actual between-subject variation. This leads to consider both the items/probes

difficulties and a general probability distribution G as the parameters of interest.

In this paper we consider Bayesian semiparametric inference which replaces the traditional

normal assumption with Bayesian nonparametric models. Dirichlet process (DP) (Ferguson,

1973), Mixtures of DP (MDP) (Antoniak, 1974), Polya trees (PT) (Ferguson, 1974), and Mix-

tures of PT (MPT) (Lavine, 1992) have been used to define flexible nonparametric models for

random effects distributions in the GLMM context. We refer to Bush and MacEachern (1996),

Mukhopadhyay and Gelfand (1997) and Kleinman and Ibrahim (1998a, 1998b), for implemen-

tations based on DP and MDP priors, and Walker and Mallick (1997), Hanson (2006), and Jara

et al. (2007) for implementations based on PT and MPT priors.
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We argue that it is important to ask whether a Bayesian semiparametric formulation of Rasch-

type models has an empirical sense. In other words, since the statistical inference is only re-

lated to the characteristics of the distribution of the observed variables, it is of interest to know

whether different (β1:n, G) can be distinguished from the observations. Thus, it is important

to consider the corresponding identification problem. It must be stressed that the identification

problem we are dealing with is more general than the one of identifying the latent distribution

G in a mixture model. The latter problem has been considered in Teicher (1961) and Chandra

(1977). On the other hand, in a classical context, De Leeuw and Verhelst (1986) proved the

consistency of β1:n and G, when G is specified as a step-function probability distribution (see

also Lindsay et al., 1991). Therefore, this result cannot be used to imply identification for a

general G. Moreover, the authors explicitly leave open the case of a general probability distri-

bution (see De Leeuw and Verhelst, 1986, pp. 192-193). Overcoming these problems largely

motivates the developments presented in this paper.

It must be pointed out that identification issues present no formal difficulties to a Bayesian

analysis. Indeed, the remark of Lindley (1971, p. 46), “In passing it might be noted that uniden-

tifiability causes no real difficulty in the Bayesian approach”, recognizes the fact that a proper

prior is transformed into a proper posterior using the sampling model and the probability cal-

culus. However, if the interest is not related to predictions but focuses on inference about a

non identified parameter, then such formal assurances have little practical value. In fact iden-

tification problems describe some aspects of the Bayesian learning process from the data. For

instance, as more data become available, the posterior mass will not concentrate on a point

in the model, making asymptotic analysis difficult. Identification problems may also induce

computational problems as they could imply ill-behaved posterior surfaces and Markov chain

Monte Carlo (MCMC) methods can be difficult to implement in such cases.
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The motivation for this work comes from two education measurement applications. In the first

case, we consider data from the SIMCE Chilean national project. This project has developed

mandatory tests to assess regularly the educational progress at three levels: 4th and 8th grades

in primary school, and 2th grade in secondary school. We focus on data from the Math test, ap-

plied in 2006 to 243,834 second grader examinees in secondary school. The test consists of 45

multiple choice items with 4 alternatives, including a variety of questions ranging from problem

formulation, functions, simple algebra, geometry and probability. The response Yij ∈ {0, 1} is

a binary variable indicating whether the individual i answers in a correct manner the item j. In

the second case, we consider data from the Ministry of Education of the Flemish government

(Belgium). They developed a test to evaluate the curriculum for French as a foreign language

for pupils of the first stage of secondary school. Specifically, a written test was developed in

which the students had to copy six different texts of different lengths. We consider data from

a calibration study where 483 pupils were evaluated. The response variable of interest was the

number of spelling errors in each test Yij ∈ A ⊂ N. Standard analysis for this type of data con-

sider a Poisson conditional model viewed as a limiting case of binomial trials, Yij ∈ N (Rasch,

1960; Jansen and van Dujin, 1992; Jansen, 1994).

Two characteristics of our motivating examples are of interest for the present work. In the

SIMCE dataset, the data has a finite and small support points, but a large number of items were

considered. On the other hand, in the French Written dataset the data points can be considered

as realizations of random variables with an infinity support, but a small number of probes were

considered. In this paper we study whether this two extreme and different contexts provide

enough information to identify the model parameters (β1:n, G). Specifically, we establish suf-

ficient conditions for the identification and consistency of the Bayesian semiparametric binary

Rasch model and Rasch Poisson Count model.
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The rest of the paper is organized as follows. In Section 2, we begin with a discussion of the

identification concept, with an emphasis on the differences between the classical and Bayesian

versions. Although most of the material in this section is not original, the discussion is neces-

sary for the development of the semiparametric Rasch models. In particular, we build on the

concept of parameter minimal sufficiency. Section 3 develops the framework of the Bayesian

semiparametric modeling. In Sections 4 and 5 we provide sufficient conditions for identification

and consistency, respectively. In Section 6, we present simulated data examples and the analysis

of our motivating examples. The simulated datasets allow the comparison of various Bayesian

nonparametric approaches and the evaluation of the implications of the sufficient identification

restrictions. We conclude with a short discussion in Section 7.

2 The Identification Concept

Whereas the classical or sampling approach considers a statistical model as an indexed family

of distributions on the sample space, the Bayesian approach considers a unique probability mea-

sure on the product space “parameters × observations”. This produces two different approaches

to the identification, namely the injectivity of a mapping in a sampling theory approach and the

minimal sufficiency of the parameterization in a Bayesian approach. These approaches are dis-

cussed next. We refer to the Section 4.6.2 in (Florens et al., 1990), for the technical conditions

required for linking these approaches.

2.1 Classical Identification

A classical statistical model is defined as a family of sampling probability distributions indexed

by a parameter,

{
(Ω,X ) , P θ : θ ∈ Θ

}
(1)
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where (Ω,X ) is the sample space, P θ is a sampling probability on (Ω,X ) indexed by a pa-

rameter θ, and Θ is the parameter space. Note that expression (1) can be viewed either as a

family of probability distributions explaining a population of infinite size from which the data

are randomly drawn (in the point of view of Fischer, 1922), or as a model implied by a structural

formulation (in the point of view of Koopmans and Reiersøl, 1950). The identification of any

statistical model deals with the identification of a parametrization.

Definition 1 A parametrization θ is said to be globally identified by the data if the mapping

θ 7−→ P θ is injective.

From the definition, when a parametrization θ is not identified, the parameter space Θ can be

decomposed into a partition of subsets of the form [θ] = {θ
′

∈ Θ : P θ = P θ
′

}. The parameters

belonging to [θ] are said to be observationally equivalent. The identification of θ is intended to

avoid this parameter redundancy. An identified parametrization generates, therefore, a partition

into singletons of the parameter space. In the context of parametric models, the parametric

space is simply a subset of R
p, were p is the dimension of the real vector θ. In these models,

Rothenberg (1971) introduce the concept of local identification which occurs when there may

be a number of observationally equivalent structures but they are isolated from each other.

Definition 2 A parameter point θ is said to be locally identified if there exists an open neigh-

borhood of θ containing no other θ
′

∈ Θ which is observationally equivalent.

It should be noted that global identification implies local identification (Rothenberg, 1971)

and that local identification everywhere in the parameter space Θ is a necessary but not suf-

ficient condition for global identification (see e.g., Bechger et al., 2001). Note also that local

identification at a point of Θ does not imply local identification everywhere in Θ. Rothen-

berg (1971) showed that, under weak regularity conditions, local identification is equivalent to

non-singularity of the theoretical or observed information matrix.
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2.2 Bayesian Identification

Bayesian identification is defined in terms of parameter minimal sufficiency. This formal anal-

ogy was first noted by Kadane (1974) and Picci (1977). We next discuss the concept of suffi-

ciency and minimal sufficiency at the parameter level, first introduced in Barankin (1961) and

Barankin et al. (1980).

2.2.1 Sufficient Parameter

A natural way to introduce the definition of sufficient parameter is by taking advantage of the

symmetric role between parameters and observations in a Bayesian context (see Mouchart and

Rolin, 1984; Florens et al., 1990). Thus, the definition of sufficient parameter is parallel to the

definition of sufficient statistic by replacing “observations” by “parameters”. In a sampling con-

text, a statistic S(Y ) is a sufficient statistic for θ if the conditional distribution of the sample Y

given S(Y ) does not depend on θ. When θ is a random variable such a definition is equivalent

to Y ⊥⊥ θ | S(Y ).

Definition 3 A function g(θ) of the parameter θ is a sufficient parameter for Y if the condi-

tional distribution of the sample Y given θ is the same that the distribution of the sample Y

given g(θ), that is,

Y ⊥⊥ θ | g(θ). (2)

Condition (2) implies that the distribution of Y is completely determined by g(θ), or in other

words, θ is redundant once g(θ) is known. By the symmetry of a conditional independence

relation, it can also be concluded that g(θ) is a sufficient parameter if the conditional distribution

of the redundant part θ given the sufficient parameter g(θ), it is not updated by the sample, i.e.,

p(θ | Y , g(θ)) = p(θ | g(θ)) (Dawid, 1979; Florens et al., 1990).
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2.2.2 Minimal Sufficiency and Bayesian Identification

In a Bayesian model defined by the joint distribution of (Y , θ), the basic question of parametric

sufficiency is whether the parameter (of interest) θ provides the minimal description of the

sampling process (Y | θ). In other words, whether the parameter (of interest) θ is a minimal

sufficient one, that is, if θ is a sufficient parameter and it is a function of any other sufficient

parameter. This is precisely the problem of Bayesian identification (see Florens and Rolin,

1984; Florens and Mouchart, 1986).

Definition 4 Consider the Bayesian model defined by the joint probability distribution on (Y , θ).

The parameter θ is said to be Bayesian identified or b-identified, if it is a minimal sufficient pa-

rameter.

In words, a parameter is said to be b-identified if it corresponds to the greatest possible pa-

rameter reduction for which the prior information is updated by the sample. Consequently, a

b-identified parameter fully characterizes the learning process underlying a Bayesian model.

Heuristically, a minimal sufficient parameter is generated by the family of all the sampling

expectations of (integrable) functions f defined on the sample space, namely E[f(Y ) | θ].

The parameter (of interest) θ need not be equal to the minimal sufficient parameter; when the

equality holds, θ is b-identified. This equality can precisely be formulated in σ-algebraic terms.

The identified σ-field (on the parameter space) may be constructed through the σ-algebraic

projection of the observation on the parameter space, i.e. the σ-field on Θ generated by the

sampling expectation of all integrable function defined on the sample space (Ω,X ). When the

identified σ-field coincides with the the σ-field of subsets of Θ, the parameter (of interest)

become b-identified; for details, see Florens et al. (1990). A formal characterization of the

minimal sufficient parameter is given in Section A of the Appendix.
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3 Bayesian Semiparametric Rasch-type models

Model identification strongly depends on the model specification. It is relevant, therefore, to

make explicit the hypotheses underlying semiparametric Rasch models. In this section, we de-

velop these aspects in two steps. We first deal with general stochastic dependencies between

observable variables, latent variables, and parameters, which are described by means of con-

ditional independence assumptions. In a second step, we specify the probability distributions

compatible with the underlying dependencies structures.

3.1 The General Class of Rasch Models

Assume that for each of m subjects the responses to n probes {Yij, i = 1, . . . , m, j = 1, . . . , n}

are recorded. Let Y i = (Yi1, . . . , Yin)′ be the response pattern for subject i, where Yij ∈

V ⊆ N. Let {θi : i = 1, . . . , m} and {βj : j = 1, . . . , n} be sets of real-valued random

variables where θi represents the ability of subject i and βj characterizes a property of the item

j (typically called difficulty parameter). Let G and Hn be two probability measures on (R,B)

and (Rn,Bn), representing the distribution of the θi’s and of β1:n = (β1, · · · , βn), respectively.

For all m, n ∈ N, denote Y 1:m = (Y 1, . . . , Y m) and θ1:m = (θ1, . . . , θm). The general class of

Rasch models is specified through the following structural properties:

H1. For all m and n, Y 1, . . . , Y m ⊥⊥ G, Hn | θ1:m, β1:n.

H2. The process generating (Y 1, . . . , Y m | θ1:m, β1:n) is characterized by the following prop-

erties:

(i) Y 1, . . . , Y m are mutually independent given (θ1:m, β1:n), i.e., ⊥⊥
1≤i≤m

Y i | θ1:m, β1:n.

(ii) For all i, Y i ⊥⊥ θ1:m, β1:n | θi, β1:n.

(iii) For all i, ⊥⊥
1≤j≤n

Yij | θi, β1:n (axiom of local independence).
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(iv) For all i, Yij ⊥⊥ β1:n | θi, βj for all 1 ≤ j ≤ n.

H3. The process generating θ1:m, β1:n | G, Hn is characterized by the following properties:

(i) θ1:m ⊥⊥ β1:n | Hn, G.

(ii) θ1:m ⊥⊥ Hn | G.

(iii) β1:n ⊥⊥ G | Hn and β1:n | Hn ∼ Hn.

(iv) ⊥⊥
1≤i≤m

θi | G and θi | G ∼ G for all i.

H4. G ⊥⊥ Hn.

Different prior distributions can be specified on G. This is discussed in Section 3.2.2. The

probability distribution Hn remains unspecified. It will have a role only later on when discussing

the identification of the semiparametric Rasch model. The structural properties H1 - H4, implies

an important characteristic of Rach-type models, namely, the observations {Y i : 1 ≤ i ≤ m}

form an iid process conditionally on (β1:n, G). The common distribution of Y i, for all i ∈ N,

is given by

P [Y i = yi | β1:n, G] = E {P [Y i = yi | θi, β1:n] | β1:n, G} ,

=

∫ { ∏

1≤j≤n

P [Yij = yij | θ, βj]

}
G(dθ), (3)

for yi ∈ V n. In this model we consider β1:n and G as the parameters of interest. It is important

to stress that the iid property of the statistical model is implied by the structural hypotheses

of the model rather than assumed. This property may be lost if some of these hypotheses are

changed.

3.2 Distributional Structure

The semiparametric model specification is completed by choosing the specific parametric forms

of (Yij | θi, βj) and the prior distribution for G.
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3.2.1 The Parametric Component

We concentrate the attention on two parametric specifications. Specifically, we consider the

Rasch Poisson Count model (RPCM) and the binary Rasch model (RM) (Rasch, 1960). In the

first case, the sampling distribution is given by,

(Yij | θi, βj) ∼ Poisson(exp(θi − βj)), (4)

where Yij is an unbounded count variable, typically representing the number of miss-reading/miss-

copying for the subject i in the text j. In the RM, Yij is a binary coding the correct answer of

individual i to the item j. In this case, it is assumed that

(Yij | θi, βj) ∼ Bernoulli (Ψ(θi − βj)), (5)

where Ψ(x) = exp(x)/(1 + exp(x)).

3.2.2 The Bayesian Nonparametric Component

The nonparametric component of model (3) corresponds to the probability distribution G ∈

P(R, B) generating the individual abilities, where P(R,B) denotes the set of the probability

measures defined on the Borel space (R,B). Accordingly, the uncertainty about the distribution

G is characterized by a nonparametric prior distribution. Here we focus on DP (Ferguson,

1973), MDP (Antoniak, 1974), PT (Ferguson, 1974), and MPT (Lavine, 1992) priors because

they robustify parametric models by embedding them in a larger encompassing nonparametric

model. In our context, DP and PT priors are centered on a normal N(µ, σ2) distribution while

MDP and MTP are center on the family of normal distributions by placing a prior distribution

on µ and σ2. In order to fix the notation, we introduce the nonparametric models next.
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3.2.3 Dirichlet Processes and Variations

The DP was introduced by Ferguson (1973) as a prior probability distribution on the space of

probability measures defined, for instance, on (R,B).

Definition 5 A random probability measure G follows a Dirichlet process with parameters

(M, G0), where M ∈ R
+
0 and G0 ∈ P(R,B), written as G | M, G0 ∼ DP (MG0), if for any

measurable nontrivial partition {Bl : 1 ≤ l ≤ k} of B, {G(Bl) : 1 ≤ l ≤ k} has a Dirichlet

distribution with parameters (MG0(B1), . . . , MG0(Bk)).

Some useful properties of the DP are that G(R) = 1 a.s. and that G(B) ∼Beta(MG0(B),MG0

(B)). Therefore, E[G(B)] = G0(B) and V ar[G(B)] = G0(B)G0(B)/(M + 1). These results

show the role of G0 and M , namely, that G is centered around G0 and that M is a precision

parameter.

The analysis under a DP prior distribution requires the specification of the base measure α =

MG0. Antoniak (1974) considers mixtures of Dirichlet processes (MDP) where the parameter

α of the DP is allowed to be random. By so doing, a hierarchical model of the following type is

defined: u | P ∼ P and G | u ∼ DP (αu). We used the notation

G | P ∼

∫
DP (αu)P (du). (6)

In practice, one may propose a parametric family as the base measure and put hyper-priors

on the parameters of that family and/or to allow the precision parameter M to be random.

In the applications considered in Section 6, αu is defined by a normal distribution such that

u = (µ, σ2, M).

Although DP and MDP are simple and computationally tractable priors for unknown distri-

butions, they produce distributions that are discrete with probability one, making it unsuitable
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for density modeling. This can be avoided by convolving the random distribution distribution

with some continuous kernel, or more generally, by using a DP or MDP to define a mixture

distribution with infinitely many components of some simple parametric form (see e.g., Fergu-

son, 1983; Lo, 1984; Escobar and West, 1995). An alternative approach are the Polya Trees

processes (PT), which under some sufficient conditions have, with probability one, trajectories

on the set of continuous or absolutely continuous probability distributions.

3.2.4 Polya Trees Priors and Variations

PT priors were originally considered by Ferguson (1974) and latter studied thoroughly by

Mauldin et al. (1992) and Lavine (1992; 1994). To define the PT processes, the following

notation is needed. Let E = {0, 1}, E0 = ∅, E l be the l-fold product E × · · · × E and

E∗ =
⋃∞

m=0 Em. Let Π = {πl : l ∈ N} be a separating binary tree of partitions of R; that is,

let π0, π1, . . . be a sequence of partitions such that
⋃∞

l=0 πl generates the Borel σ-field and such

that every B ∈ πl+1 is obtained by splitting some B ′ ∈ πl into two pieces. Thus, each partition

πl has 2l elements that can be represented in the form {Bε : ε ∈ El}, with B∅ = R and, for all

ε = ε1 · · · εl ∈ E∗, Bε0 and Bε1 correspond to the two pieces into which Bε is split.

Definition 6 Let Π be a separating binary tree of partitions and let A = {αε ∈ R+ : ε ∈

E∗}. A random probability measure G on (R,B) is said to have a Polya tree distribution with

parameters (Π,A), written G ∼ PT (Π,A), if there exist random variables Y = {Yε : ε ∈ E∗}

such that the following hold:

(i) The collection Y consists of mutually independent random variables.

(ii) For every ε ∈ E∗, Yε0 ∼ Beta (αε0, αε1).

(iii) For every l = 1, 2, . . . and every ε ∈ E l,
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G(Bε1···εl
) =




l∏

j=1,εj=0

Yε1...εj−1






l∏

j=1,εj=1

(1 − Yε1...εj−1
)


 ,

where the first term in the product is interpreted as Y∅ or 1 − Y∅.

In practical applications, it would be difficult to specify the family A and the partition Π.

This leads to consider a special class of PT, namely, a PT centered around a given probability

distribution G0 defined on (R,B). More specifically, let G0(t) be the cdf of G0. To center the

PT around G0, we let each level l of the partition Π = {πl : l ∈ N} to coincide with the

intervals (G−1
0 {k/2l}, G−1

0 {(k + 1)/2l}] for k = 0, 1, . . . , 2l − 1, and further taking αε0 = αε1

for all ε ∈ E∗. In this case, the (prior) expectation of G is equal to G0. Thus, G0 has a role

similar to that of the center measure of a DP. Once the PT is centered around a probability

measure G0, the family A further determines how much G can “deviate” from G0. Besides,

the PT will have infinitely many more parameters which may be used to describe one’s prior

belief. To simplify such a specification, a default method is adopted, where αε is chosen de-

pending on the length of the finite string ε only. This choice needs some careful thought, as

the parameters in A directly controls the type of trajectories generated by the process. Fergu-

son (1974) pointed out that αε = 1 yields a random probability G that is continuous singular

with probability one, whereas that αε1···εl = l2 yields a random probability G that is absolutely

continuous w.r.t. the Lebesgue measure with probability one. In general, any function ρ(l)

such that
∑∞

l=1 ρ(l)−1 < ∞ guarantees G to be absolutely continuous. An example of such

a specification is the family c l2 with c > 0 (Hanson and Johnson, 2002). In this paper, we

consider the family Ac = {αε1···εl
= c l2 : ε ∈ E∗, l ∈ N} to perform the Bayesian inference

of semiparametric IRT-type models.

As in the case of DP, it may be difficult in practice to specify a single centering distribution to

center the PT. Moreover, once it is specified, the inference can be unduly affected. One way to
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mitigate these problems is to specify a Mixture of Polya Trees (MPT) (see Lavine, 1992; Hanson

and Johnson, 2002). A MPT is induced for G by considering a PT where the partitioning set Π

is indexed by a specific parameter ζ . This additional parameter will average out jumps to yield

smooth densities. For details, see Hanson and Johnson (2002). For the MPT, the following

notation is used

G | P ∼

∫
PT (Πζ,Ac)P (dζ, dc). (7)

4 Identification of Bayesian semiparametric IRT-type mod-

els

4.1 Identification of the Semiparametric Rasch Poisson Count model

In this section we derive sufficient conditions for the identification of (β1:n, G) in the SRPCM.

The basic strategy is based on the Theorem 1 (p. 151) in Mouchart and San Martin (2003). The

usage of this theorem requires the concept of p-completeness of a random variable, which we

introduce next.

Definition 7 Let (Ω,M, P ) a probability space and, for i = 1, 2, 3, let Xi be a random variable

defined from (Ω,M) to a measurable space (Si,Si). Let p ∈ [1,∞]. X1 is said to be p-complete

w.r.t. X2, which is denoted as X1 �p X2, if for all Borel function h : (S1,S1) −→ (R,B)

such that E(|h(X1)|
p) < ∞ (when p = ∞, it is taken the essential supremum), the following

implication follows:

E[h(X1) | X2] = 0 P -a.s. =⇒ h(X1) = 0 P -a.s. (8)

Moreover, conditionally on X3, X1 is p-complete w.r.t X2, which is denoted as X1 �p X2 | X3,

if and only if (X1, X3) �p (X2, X3).
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Since E[· | X2] is a linear operator on the p-integrable functions, expression (8) means that

the null space of E[· | X2] reduces to {0}. This is equivalent to the injectivity of the condi-

tional expectation E[· | X2] (see Conway, 1985, pp. 376). In other words, the p-completeness

of X1 w.r.t. X2 means that the expectation conditional on X2 is an injective operator defined

on Lp(Ω,M1, P ). Thus, if X1 plays the role of a “statistic” and X2 of a “parameter”, then

X1 �p X2 corresponds to the Bayesian counterpart of the classical definition of a complete

statistic and can be viewed as the injectivity of the sampling expectation on the p-integrable

functions of the statistic. Similarly, if X1 plays the role of a “parameter” and X2 of a “statis-

tic”, X1 �p X2 corresponds to the injectivity of the posterior expectation on the p-integrable

functions of the parameter; for details and properties we refer to the Chapter 5 in Florens et al.

(1990). They refer to the concept of p-completeness of a parameter as “p-strong identification”

due to the fact that this corresponds to a sufficient condition for b-identification. For a compar-

ison between the classical and the Bayesian completeness, see also San Martı́n and Mouchart

(2007).

Mouchart and San Martin (2003) use the concept of p-completeness to show that the 2-strong

identification of (θ1:m, β1:n) by Y 1:m in the conditional model p(Y 1:m | θ1:m, β1:n), and the

b-identification of G by θ1:m in the marginal model p(θ1:m | G), imply the b-identification of

the parameters (β1:n, G) by Y 1:m in the statistical model p(Y 1:m | β1:n, G). This result is used

to obtain the following theorem.

Theorem 1 In the Bayesian semiparametric Rasch Poisson count model defined by the struc-

tural properties H1 - H4, and (4), the difficulty parameters β2:n and the distribution G generat-

ing the individual abilities are b-identified by Y 1 conditionally on β1, provided that at least two

probes are considered.
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The proof of Theorem 1, relies on the following arguments (see, Section B, Appendix, for a

complete proof):

(1) If Y | λ ∼ Poisson(λ), then λ �2 Y for any prior distribution m(λ) defined on

(R+,B(R+)).

(2) Since exp(·) is a bijective function and Yij | θi, βj ∼ Poisson(exp(θi − βj)), step (1)

implies that,

θi − βj �2 Yij ∀ 1 ≤ j ≤ n. (9)

For n ≥ 2, using assumptions H2.ii and H2.iii, condition (9) imply that (θi −β1, . . . , θi −

βn) �2 Y i | β1, which is equivalent to,

θi, β2:n �2 Y 1 | β1. (10)

(3) Since θi | G ∼ G, we have that G is b-identified by θi. Moreover, since θi ⊥⊥ β1 | G, a

property implied by both H3.i and H3.ii, it follows that G is b-identified by θi condition-

ally on β1.

Theorem 1 states the identification of (β2:n, G) for n ≥ 2 conditionally on β1. In practice, this

leads to fix the value of β1, for instance, at 0. Note that the identification restrictions established

in this theorem do not involve any particular form of the prior distribution Hn and of the prior

distribution on G, although the prior null sets of β1 play a important role in (10).

4.2 Identification of the semiparametric Rasch model

Because of the finite support of the Bernoulli distribution, the arguments used in the proof of

Theorem 1 cannot be applied to obtain identifying restrictions for the SRM. As a matter of

fact, the identification analysis of the SRPCM involves the 2-completeness of the parameter of
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a Poisson distribution, which can be established thanks to its countably infinite support.

For analyzing the identification of the SRM, it is useful to distinguish between the identi-

fied parametrization of the semiparametric Rasch model and the parametrization of interest

(β1:n, G). In the case of the SRM, the identified parameters are the probabilities of the 2n

different possible patterns responses

γy1

.
= P [Y 1 = y1 | β1:n, G] =

∫

R

n∏

j=1

Ψ(θ − βj)
y1j [1 − Ψ(θ − βj)]

1−y1j G(dθ),

where y1 ∈ {0, 1}n takes values among the 2n potential individual response patterns. Therefore,

the identification analysis of the SRM reduces to express the parameter of interest as functions

of the identified parametrization. For a particular y1, let J = {j : yij = 1}. Using hypothesis

H2.iii, γy1
can be written as

γy1
= P

[
⋂

j∈J

{Y1j = 1} ∩
⋂

j∈Jc

{Y1j = 0} | β1:n, G

]
=

=

∫

R

∏

j∈J

Ψ(θ − βj) ×
∏

j∈Jc

{1 − Ψ(θ − βj)}G(dθ)

= exp

{
−
∑

j∈J

βj

}
×

∫

R

exp{|J |θ}∏
1≤j≤n

{1 + exp{θ − βj}}
G(dθ), (11)

where |J | is the cardinality of set J . Expression (11) represents 2n − 1 independent relations

that can be used to identify the parameters in the model. By taking J = {j} in (11) and dividing

by the same relation evaluated at J = {1}, it follows that, for 2 ≤ j ≤ n, δj
.
= βj − β1 is a

function of the identified parametrization of the Rasch model and, therefore, identified by Y 1.

Expression (11) can be re-parameterized in terms of {δj : j = 2, . . . , n} as follows

γy1
= exp

{
−
∑

j∈J

δj

}
×

∫

R

exp{|J |u}∏
1≤j≤n

{1 + exp{u − δj}}
Gβ1(du), (12)
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where Gβ1((−∞, x])
.
= G((−∞, x + β1]) for x ∈ R. This probability transformation is well

defined since, by hypotheses H3.i and H3.ii, θ1 ⊥⊥ β1 | G. The expression exp(−
∑

j∈J δj) is a

function of {δj : j = 2, . . . , n} and, therefore, of the identified parametrization. The integral at

the right hand side of expression (12) is a function of both {δj : j = 2, . . . , n} and Gβ1 . Taking

into account that {δj : j = 2, . . . , n} are identified, 2n − n − 2 equations remains to identify

some characteristic of Gβ1 .

Theorem 2 For the semiparametric Rasch model defined by the structural properties H1 - H4

and (5), the difficulty parameters β2:n and 2n − n− 2 characteristics of G are identified by Y 1

conditionally on β1.

Theorems 1 and 2 clearly show that the support of the data play an important role in the iden-

tification of the SRM and SRPCM. For the SRM, the quantity of characteristics of G that can

actually be identified depends on the number of items, whereas for the SRPCM the complete

distribution G is identified with at least two probes. It seems natural to ask wether the full latent

distribution G is identified with an infinite quantity of items in the SRM. In what follows we

establish sufficient conditions for the identification of the difficulty parameters and the latent

distribution G in the asymptotic experiment (when n → ∞).

Theorem 3 Consider an asymptotic Bayesian semiparametric Rasch model obtained when

n → ∞, with the structural properties H1 - H4 and (5). The difficulty parameters β1:∞ and the

latent distribution G generating the individual abilities are b-identified by Y 1 if the following

two conditions hold:

(i) The difficulty parameters β1:∞ form an iid process with common probability distribution

H .

(ii) At least one of the following identifying restrictions hold:
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(ii.1) β1 is fixed.

(ii.2) G is a.s. a probability distribution on R such that
∫

xG(dx) = µ, where µ ∈ R is a

known constant.

(ii.3) G is a.s. a probability distribution on R with a known q-quantile (i.e. there exists

(q, xq) such that G(xq) = q a.s.).

As pointed out in Section 2, a minimal sufficient parameter is generated by the family of all

sampling expectations of (integrable) functions defined on the sample space. In the case of

Theorem 3, these expectations are of the form E[f(Y 1) | β1:∞, G], where Y 1 = (Yij : 1 ≤

j < ∞). Since these expectations are measurable functions of (β1:∞, G), the proof of Theorem

3 consists in establishing that (β1:∞, G) is a measurable function of such sampling expectations.

Let us sketch the proof of Theorem 3 (see Section C of the Appendix for a complete proof):

(1) Denote by A∗ the minimal sufficient parameter of the asymptotic experiment described

by the random variables (Y 1, β1:∞, G). Using the same arguments as in Theorem 2, it

follows that δ2:∞
.
= {δj : j ≥ 2} are measurable functions of A∗.

(2) Using the fact that the difficulty parameters β1:∞ form an iid process with a common

probability distribution H , and using the Conditional Law of Strong Numbers and the

Conditional Dominated Convergence Theorem, it follows that Gβ1 is also a measurable

function of A∗.

(3) From steps (1) and (2) it follows that δ2:∞ and Gβ1 are measurable w.r.t. A∗. Since

β1:∞ and (δ2:∞, β1) are in a one-to-one relation, the theorem follows if a restriction is

imposed leading to establish a one-to-one relation between Gβ1 and (β1, G). By so doing,

(β1:∞, G) becomes measurable w.r.t. A∗. There are at least two ways to establish such a

relationship: (i) to establish the identification fixing β1 (i.e. in the conditional experiment

given β1), or (ii) to fix either the location of G thought its mean or a q-quantile.
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Theorem 3 establish the identification of the items parameters and the distribution G w.r.t. the

asymptotic Bayesian experiment characterized by the random variable (Y 1, β1:∞, G), jeopar-

dizing thus the empirical meaning of G under a finite number of items.

Remark 1 Since the response patterns {Y m : m ∈ N} form an iid process conditionally on

(β1:n, G), for all n ∈ N, the identification analysis is entirely equivalent if we consider either

the infinite sequence of individual patterns Y 1:∞, or only one individual pattern Y 1 (see Florens

et al., 1990, Theorem 9.3.12). In order words, in an iid process the sample size has no role for

the identification analysis.

5 Bayesian consistency

The main asymptotic issue in Bayesian nonparametric models is one of consistency. In a

Bayesian context, the analysis of consistency may be motivated by the “what if” principle in-

troduced by Diaconis and Freedman (1986). A prior or posterior distribution stands for the

current knowledge about a parameter. A perfect knowledge implies a degenerate prior. Thus

consistency means convergence, in some sense, of knowledge towards the perfect knowledge

with increasing amount of data. Two styles of asymptotics could be considered. Frequentist

style asymptotics studies the behavior of the posterior with respect to draws from a fixed sam-

pling distribution. Bayesian style asymptotics studies the behavior with respect to the marginal

distribution obtained by integrating the sampling distribution with respect to the prior. Here

we consider the convergence of posterior expectations w.r.t. the joint probability measure de-

fined on the product space “parameters × observations”. From this perspective, the almost sure

convergence is treated as a genuinely Bayesian concept for being an asymptotic feature of the

joint probability on the parameter space and on the sampling space. Moreover, using Doob’s

Martingale Theorem, a L1-convergence of posterior expectations can also be established, where

the L1-space is defined w.r.t. the unique probability measure defined on the product space “pa-
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rameters × observations”.

Let (Y 1:∞, ϑ) be defined on a common probability space (Ω,M, P ) and let φ
.
= f(ϑ) be the

parameter of interest. It is well known that, by the Martingale Theorem, E(φ | Y 1:m) always

converges P -almost surely and in L1(Ω,M, P ) to E[φ | Y 1:∞], the posterior expectation of φ

given the infinite sequence of observations, provided that φ is an integrable function. It seems

natural to say that the Bayesian estimator E[φ | Y 1:m] is consistent if E[φ | Y 1:∞] = φ a.s.

This fact motivates the following definition given by Florens and Rolin (1984).

Definition 8 Let {Y 1:m : m ∈ N} and ϑ be random variables defined on a common probability

space (Ω,M, P ), and let f ∈ L1(Ω,M, P ). The posterior expectation E[f(ϑ) | Y 1:m] is said

to be a Bayesian consistent estimator for f(ϑ) if it converge P -a.s. to f(ϑ).

Definition 8 is equivalent to say that φ is a.s. a function of Y 1:∞. This means that V ar(11A |

Y 1:∞) = 0 for all A ∈ σ(φ), the σ-field generated by φ. Therefore, Bayesian consistency

means that the posterior probability of an event in σ(φ) is a.s. 0 or 1, and it formalizes the fact

that φ is “perfectly known” after the observation of the (infinite) sample. We refer to Sections

7.4 and 7.5 in Florens et al. (1990) for more details and for a discussion about the relationships

between this concept of Bayesian consistency and the concepts defined with respect to a family

of sampling distributions.

The Bayesian consistency of (β1:n, G) for the SRM and SRPCM is based on a more general

result summarized in the following theorem proved by Florens and Rolin (1984) and Florens

et al. (1990).

Theorem 4 Let {Y 1:m : m ∈ N} and ϑ be random variables defined on a common probability

space (Ω,Y, P ). If {Y 1:m : m ∈ N} form an iid process conditionally on ϑ, then the b-

identified parameter ϑ∗ is consistently estimated by E(ϑ∗ | Y 1:m).
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5.1 Bayesian consistency of the Semiparametric Rasch Poisson Count model

Since the {Y m : m ∈ N} form an iid process given (β1:n, G) (see Section 3.1), it follows that,

conditionally on β1, {Y m : m ∈ N} are still iid given (β2:n, G). Therefore, conditionally on

β1, we have that, for all integrable measurable function h,

E[h(β2:n, G) | Y 1:m, β1] −→ h(β2:n, G) P β1-a.s.,

since, conditionally on β1, (β2:n, G) is b-identified by Y 1 (see Theorem 1). By taking expecta-

tion w.r.t. β1, we obtain the following corollary.

Corollary 1 For the semiparametric Rasch Poisson count model defined by the structural prop-

erties H1 - H4 and (4), along with the identification restriction stated in Theorem 1, we have

that, for all integrable measurable function h,

lim
m→∞

E[h(β1:n, G) | Y 1:m] = h(β1:n, G) P -a.s.

In particular, the difficulty parameters βj’s and the probability distribution G are consistently

estimated by their respective posterior expectations.

5.2 Bayesian consistency of the Semiparametric Rasch model

Note that when an infinite number of items is available, the iid property is valid in the Rasch

model, i.e., {Y m : m ∈ N} are iid conditionally on (β1:∞, G). Here Y m ∈ {0, 1}∞ because

of the infinite number of items. Now, for any finite and fixed number of items k, β1:k is a

function β1:∞. But (β1:∞, G) is identified by Y 1 conditionally on β1. Therefore, by Theorem

4, (β1:∞, G) is a.s. a function of (Y 1:∞, β1). It follows that, for all k fixed, β1:k is a.s. a

function of (Y 1:∞, β1). Finally, by the Martingale Convergence Theorem, it follows that, for all

integrable function h,

lim
m→∞

lim
n→∞

E[h(β1:k, G) | Y n
1,1, . . . , Y

n
m,1] = h(β1:k, G) P β1-a.s.
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where Y n
i,1 = (Yi1, . . . , Yin) ∈ {0, 1}n. By taking expectation w.r.t. β1, the following corollary

is obtained.

Corollary 2 In the Bayesian semiparametric Rasch model defined by the structural properties

H1 – H4 and (5), along with the identification restrictions stated in Theorem 3, for all integrable

measurable function h,

lim
m→∞

lim
n→∞

E[h(β1:k, G) | Y n
1,1, . . . , Y

n
m,1] = h(β1:k, G) P -a.s.

In particular, the difficulty parameters β1:k and the probability distribution G are consistently

estimated by their respective posterior expectations in the double asymptotic experiment.

Remark 2 The Martingale Theorem ensures that the convergence results established in Corol-

laries 1 and 2 are also valid in L1(Ω,M, P ), provided that h is an integrable measurable func-

tion.

6 Applications

In this section, the evaluation of the identification restrictions developed in sections 4.1 and 4.2,

are explored by means of both simulated and our motivating educational datasets. Specifi-

cally, using simulated data we illustrate the behavior of the Bayes estimators under small and

relatively large number of probes. The simulated datasets also allow the comparison of vari-

ous Bayesian nonparametric approaches. Individual abilities are generated from a distribution

much different from the usual normal parametric case. Moreover, the nonparametric prior dis-

tributions have been centered on the usual parametric specification. The first real life example

focuses on data from the SIMCE project developed to assess the educational progress in Chile.

The second example considers data from a writing test for the evaluation of the curriculum stan-

dards of French as a foreign language in Belgium. Functions implementing MCMC algorithms
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to fit the models were written in a compiled language and incorporated into the R (R Develop-

ment Core Team, 2006) library “DPpackage” (Jara, 2007). This library was used in the analyses

presented here.

6.1 Empirical evaluation of the identification restrictions

Two theoretical differences between SPCRM and SRM have been established in Sections 4 and

5, namely, (i) that the parameters of interest of the SPCRM are identified when a finite num-

ber of probes is available, whereas in the SRM the identification holds only when an infinite

number of items is considered; and (ii) that the parameters of interest of the SPCRM are con-

sistently estimated in the asymptotic experiment (i.e., when the number of examinees m tends

to infinite), whereas in the SRM the parameters are consistently estimated in the doubly asymp-

totic experiment (i.e., when m → ∞ and n → ∞). In agreement with these results, when

a test is composed of n items, Theorem 3 establishes that only 2n − n − 2 characteristics of

G can be identified. Nevertheless, G cannot be consistently estimated with a finite n number

of items. The objective of this section is to illustrate these differences by means of simula-

tions. More precisely, we compare the Bayesian semiparametric models under three different

number of items, n = 2, n = 4, and n = 40. The simulated data sets consists of m = 250

subjects and of abilities simulated from a mixture of normal distributions with two components

0.5N(−1, 0.25) + 0.5N(2, 0.125). The same simulated random effects were used to generated

the data set for the generation of the Rasch and Rasch Poisson data. The true density and a

histogram of the 250 abilities are shown in Figure 1.

[Figure 1 about here.]

We compare the models with respect to the estimation of the mixing distribution, G, by consid-

ering the Kolmogorov distance KD = maxy|Ĝ(b | Y ) − G(b)| between the true distribution
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function G(b) and the posterior predictive distribution function Ĝ(· | Y ) obtained from each

approach. As the PT priors were specified in order to assign the random distribution with proba-

bility one to the set of continuous distributions, the L1 distance L1(Y ) =
∫
|ĝ(b | Y )− g(b)|db

between the true density g(b) and the posterior predictive density ĝ(b | Y ), was also con-

sidered. Note that a more thorough comparison that accounts for sampling variability would

involve calculating the mean L1 distance ML1(Y ) = E[L1(Y )], where expectation is with

respect to the joint distribution of Y , but this is beyond the scope of this illustration. Fi-

nally, regarding formal model determination, a cross validation model comparison criteria was

adopted. The so-called log Pseudo Marginal Likelihood, LPML =
∑n

i=1

∑k
j=1 log CPOij ,

where CPOij = p(Yij | Y −ij), developed by Geisser and Eddy (1979), was considered.

When the baseline parameters were considered as random, the following priors were used

µ ∼ N(0, 100), σ−2 ∼ Γ(2.01/2, 0.01/2), M ∼ Γ(2.0, 0.2), and c ∼ Γ(2.0, 0.2), where

Γ(α0, α1) refers to a gamma distribution with scale and rate, α0 and α1, respectively. For the

prior distribution of the difficulty parameters, a Nn−1(0, 103×In−1) prior distribution was con-

sidered. A sensitivity analysis for the choice of these hyper-parameters revealed robustness of

the posterior results.

The probability distribution estimates are displays in Figure 2. The first two rows show the

behavior of the estimates for the SRM, whereas the second two rows show the behavior of

the corresponding estimates for the SPCRM. From left to right columns display the results for

m = 2, m = 4, and m = 40 items, respectively. For the SPCRM, the estimates of the distri-

bution G are quite good even for 2 probes. The situation is completely different for the SRM.

When m = 2 items are considered, the KD and L1 distance were approximately the double

of the corresponding values for the SPCRM (see Table 1). Moreover, the posterior estimates

strongly depend on the prior distribution of G. In agreement with Theorem 3, the situation
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seems to improve when the number of items increases. Table 1 shows that, for the SPCRM, the

eight semiparametric models outperform the normal parametric case. Furthermore, MPT priors

showed the best performance.

[Figure 2 about here.]

[Table 1 about here.]

We note that these results are for one random sample from one particular density, and conclu-

sions should be drawn with care. Nonetheless, this examples do show that although nonpara-

metric priors are flexible and can capture different behaviors of the ability distribution, marked

differences due to the identification restrictions of model parameters are observed depending on

whether the data has or not an infinite support.

6.2 The SIMCE dataset

The SIMCE project in Chile has developed mandatory tests to assess regularly the educational

quality in three levels: 4th and 8th grades in primary school, and 2th grade in secondary school.

All students in the country are expected to take the tests which are scheduled every 3 or 4 years.

For this application, data from a mathematics test (46 items with 4 alternatives) applied in 2004

to 8th graders in primary were considered. This test has a variety of binary questions ranging

from problem formulation, algebra and functions, geometry, and numbers.

A significant characteristic of the chilean elementary and secondary educational system is the

existence of a variety of different type of schools. They can grouped according to financing and

administration in: Public I, financed by the state and administered by county governments; Pub-

lic II, financed by the state and administered by county corporations; Private I, financed by the
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state and administered by the private sector; Private II, fee-paying schools that operate solely

on payments from parents and administered by the private sector. Table 2 summarizes general

information with respect to the observed total score (the total number of correct answers) in the

population.

[Table 2 about here.]

From the distribution of the examinees and the average of correct answers in Table 2, and

from substantive considerations concerning the type of schools, at least a non-symmetric dis-

tributions of the abilities is expected. Thus a parametric model assuming a symmetric random

effect distribution is inadequate. Although in SRM the structural parameters are not identified

by a finite number of items, Theorem 3 ensures that a substantial amount of characteristics of

G are identified when m is large enough. In this application, 246 − 46 − 2 = 7, 036.874× 1010

characteristics of G are identified by the data.

The original data set considers 109,981 students. For illustration purposes a random sub-

set of 1,000 students is considered. Two DP-type and two PT-type prior specifications were

considered for this data (see Table 3). For the prior distribution of the difficulty parameters,

a N45(0, 103 × I45) prior distribution was considered. A sensitivity analysis for the choice

of these hyper-parameters revealed robustness of the posterior results. The cross validation

model comparison criteria shows a clear preference toward the semiparametrics versions of

the model. For instance, Table 3 shows the Pseudo-Bayes factors (PBF) (see e.g., Geisser and

Eddy, 1979; Gelfand and Dey, 1994) for the model comparison of the semiparametric versions

of the model versus the normal case. The PBF for model M1 versus model M2 is defined as

PBFM1,M2 =
∏n

i=1

∏m

j=1

pM1
(Yij |Y

(−ij))

pM2
(Yij |Y

(−ij))
. The results indicated that the considered semipara-

metric models “predicted” approximately more than 33 times better the actual data points, in
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comparison to the normal case.

[Table 3 about here.]

Figure 3 compares the posterior estimates of the cumulative distribution and density of the

abilities, under the four SRM and with the results from a normal fit. Note that in the case of

the DP-type priors, the density estimates are not a formal component of the model. A kernel

smoothing approach, based on samples from the posterior predictive distribution of the abilities

was considered in this case. The predictive abilities distributions were skewed to the right. The

results supported the departure of the normality assumption of the distribution generating the

individual abilities.

[Figure 3 about here.]

Finally, Table 4 presents the posterior means for five randomly sampled difficulty parameter

for the SRMs, along with the results from an normal fit. The posterior means and the signifi-

cance of the difficulty parameters are consistent across the models, suggesting that, for this level

of disagreement between the latent variable distribution, the estimated difficulty parameters are

robust against the mis-specification of the abilities distribution.

[Table 4 about here.]

6.3 French Written Test Data

We consider data from a written test constructed to perform an assessment of the curriculum

standards of French as a foreign language in Flanders (Belgium). As part of a calibration study,

the test was administered at the beginning of the third academic of secondary education to a
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group of 483 students. The students were sampled according to a three-step design. In the

first step, the schools were drawn from the population of schools using a stratified sampling

scheme. In the second step, two classes were drawn at random from each school. In the final

step, different test booklets were distributed among the students according to a spiraling design.

The written test considered six texts, which the student had to copy. The response variable of

interest was the number of spelling errors in each test. Specifically, it was coded for each word

whether it was written correctly or not. Omitted words were considered as wrong. Because

of the different text lengths, and based on exploratory analysis of the data, we assume that the

number of spelling errors is directly proportional to the text’s number of words, i.e.

(Yij | λij) ∼ Poisson(νjλij), λij = exp(θi − βj) i = 1, . . . , m, j = 1, . . . , n, (13)

where νj corresponds to the length of the text j. This kind of correction is usually referred to as

an “offset” correction in the context of generalized linear models. Note that our identification

result for the SPCRM is entirely valid for this version of the model. In fact, the only step we

need to verify is the 2-completeness of λj w.r.t. Yij , which straightforward follows from the

2-completeness of the parameter of a Poisson distribution since νj is a fixed parameter.

The same two DP-type and two PT-type prior specifications considered for the SIMCE dataset

were used for this data. Again, a sensitivity analysis for the choice of the hyper-parameters re-

vealed robustness of the posterior results for each of the models. The cross validation model

comparison criteria showed a slight preference toward the semiparametric versions of the model

(see Table 5).

[Table 5 about here.]

Figure 4 displays the posterior predictive abilities distribution under the four SRMs and under

the normal fit. Although the predictive cumulative distributions do not showed an important
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departure from the normal model, the predictive abilities density of the semiparametric models

suggested a multimodal distribution.

[Figure 4 about here.]

Table 6 presents the posterior means for the difficulty parameter for the SRPCMs, along with

the results from an normal fit. The posterior means and the significance of the difficulty param-

eters were consistent across the models, suggesting that for the Rasch Poisson Count model, the

estimated difficulty parameters are robust against the mis-specification of the abilities distribu-

tion.

[Table 6 about here.]

7 Concluding Remarks

Semiparametric IRT-type models deserve two questions: the first one deals with their empirical

meaning; the second question is related with the statistical properties of the relevant estimates.

In this paper, these questions were analyzed from a Bayesian point of view. The empirical

meaning of the models was studied by means of a Bayesian identification analysis of the pa-

rameters of interest. When a parameter is not identified, not only part of the prior information is

not revised by the observations, but also the corresponding posterior probability is always equal

to the posterior distribution of some function of the corresponding identified parameter. It is

important to remark that such a function is in general unknown. Although such identification

issues present no difficulties to a Bayesian analysis in the sense that a prior probability is trans-

formed into a posterior probability using the sampling model, if the interest focuses on a non

identified parameter then such formal assurances have little practical value. Furthermore, when
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identification is considered, structural modeling and Bayesian approach are mutually benefited

in the sense that the Bayesian learning process becomes fully characterized by the parameters

of interest, which in turn have a substantive meaning.

These considerations have been illustrated in both the SPCRM and SRM. The parameters of

interest of the SPCRM are identified by one observation under very simple conditions; see The-

orem 1. For the SRM the situation is rather different since the identification of the parameters of

interest is obtained when a test is composed by an infinite number of items. When considering

a test with a finite number of items, only for the SPRCM makes sense to learn about G from

the data, but not for the SRM. The simulation study from Section 6.1 show this practical aspect,

particularly when a test with two or four items are considered.

The statistical properties of the relevant estimates were analyzed through a genuinely Bayesian

concept of consistency, rather than studying the sampling behavior of posterior expectations.

We showed that the parameters of interest of the SPCRM are consistently estimated in the

asymptotic experiment obtained when the number of examinees goes to infinite. Nevertheless,

in agreement with the lack of identification of the SRM in a finite horizon, their parameters

of interest are consistently estimated in the doubly asymptotic experiment, that is, when the

number of items and the number of examinees go to infinite. Fortunately, Theorem 2 ensures

coherent practical uses for the SRM since only 2n−n−2 characteristics of G can be identified.

When n is “large”, as it is the case for the SIMCE data set analyzed in Section , the Bayesian

estimates of these characteristics can carefully be used to learn “something” about the probabil-

ity distribution G.

It is important to remark that our consistency results correspond to necessary conditions for

the corresponding sampling consistency. Nevertheless, the more relevant aspect is that these
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consistency results are straightforward consequences of the fact that the structural Rasch-type

models (which is obtained after integrating out the unobserved abilities) define an iid process.

More specifically, in an iid process only the Bayesian identified parameters are consistently es-

timated by the corresponding posterior expectations. This means that the parameters of interest

are a.s. measurable functions of the infinite sequence of observations. In other words, since the

parameters of interest are identified, the respective posterior expectations represent a genuinely

updating process, the “limit” being to observe the parameters of interest when observing the

totality of observations.

Finally, since Rasch models belong to the general class of Generalized Linear Mixed Models,

we argue that identification and Bayesian consistency need to be studied in such a class of

models. These extensions of our results are the subject of the current work.
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Appendix

A Characterization of the Minimal Sufficient Parameter

Let us consider a Bayesian model E = (Θ × Ω, A ∨ X , Π), where (Θ,A) and (Ω,X ) are

the parameter and sample space, respectively, and Π is a unique probability measure defined

on A ∨ X . Let ΣE be the class of sufficient parameters B ⊂ A for the process generating X ,

namely ΣE = {B ⊂ A : X ⊥⊥ A | B}. It follows that A ∈ ΣE , hence ΣE 6= ∅. Therefore,

if B1, B2 ∈ ΣE , then B1 ∩ B2 ∈ ΣE , where Bj (j = 1, 2) denotes the measurable completion

Bj = Bj ∨ {E ∈ A : µ(E)2 = µ(E)} and µ denotes the restriction of Π on A (that is, the

prior distribution). Consequently, the minimal sufficient parameter Bmin ∈ ΣE always exists

and it is given by

Bmin =
⋂

B∈ΣE

B. (14)

Using the properties of the measurable completion (see Section 2.2.3 in Florens et al., 1990),

it follows that Bmin = Bmin. Thus, the minimal sufficient parameter Bmin contains all the null

sets of the parameter space (Θ,A) defined with respect to the prior probability µ.

The minimal sufficient parameter Bmin can be expressed in more operational terms. Indeed,

the σ-field generated by every version of the sampling expectations, namely σ{E(f | A) : f ∈

[X ]+}, is the smallest sub-σ-field of A that makes the sampling expectations measurable; here,

[X ]+ denotes the set of non-negative X -measurable functions. This is equivalent to,

A ⊥⊥ X | σ{E(f | A) : f ∈ [X ]+}. (15)

Therefore, the minimal sufficient parameter Bmin is equal to σ{E(f | A) : f ∈ [X ]+}. We can

now introduce the concept of Bayesian identification.
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Definition 9 The parameterA is b-identified by X ifA is minimal sufficient (that is, A = Bmin).

More generally, let Mi ⊂ A ∨ X , for i = 1, 2, 3. It is said that M1 is b-identified by M2

conditionally on M3 if M1 ∨M3 is b-identified by M2 ∨M3, i.e.,

σ{E(f | M1 ∨M3) : f ∈ [M2 ∨M3]
+} = M1 ∨M3.

For details and properties, we refer to Chapter 4 in Florens et al. (1990).

B Proof of Theorem 1

As sketched in Section 4.1, the identification of the semiparametric Rasch Poisson model relies

on three steps:

STEP 1: If (Y | λ) ∼ Poisson (λ), then λ �2 Y for all prior distribution m(λ) defined on

(R+,BR+).

STEP 2: For n ≥ 2, (θi, β2:n) �2 Y i | β1, where Y i ∈ Nn.

STEP 3: G is identified by θi, it follows that

STEP 4: From Steps 2 and 3, by the Theorem 1 (p. 151) in Mouchart and San Martin (2003),

it follows that (β2:n, G) is identified by Y i conditionally on β1.

In what follows, we provide the details of each of these steps.

B.1 Proof of Step 1:

Let (Y | λ) ∼ Poisson(λ), with Y ∈ N, and let m(λ) be a probability measure on (R+,BR+).

We need to prove that λ �2 Y , which by definition means that, if ∀ h ∈ L2(R+,B(R+), µλ|Y ),
∫ ∞

0

h(t) dµλ|Y (t) = 0 =⇒ h = 0 µλ|Y − a.s. (16)
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where µλ|Y is the corresponding posterior probability measure on R+. The nullity of the integral

in equation (16) is equivalent to
∫ ∞

0

h(t)
ty

y!
e−t dµλ(t) = 0, ∀ y ∈ N. (17)

But L2(R+,B(R+), µλ|Y ) ⊂ L1(R+,B(R+), µλ|Y ). We next use the fact that

span
{

e−t
ty

y!
: y ∈ N, t ∈ R+

}L1(R+,B(R+),µλ|Y )

= L1(R+,B(R+), µλ|Y ),

where the upper-bar means the closeness w.r.t. the L1(R+,B(R+), µλ|Y )-norm; for a proof of

this last equality, see San Martı́n (2007). By a duality argument, it follows that expression (17)

implies that h = 0 µλ − a.s.

�

B.2 Proof of Step 2:

The underlying arguments are based on the following theorem established in Florens et al.

(1990).

Theorem 5 Let p ∈ [1,∞] and let X1, X2, X3 and X4 be random variables defined on a com-

mon probability space (Ω,M, P ). If X2 ⊥⊥ X4 | (X1, X3) then

(i) X1 �p X2 | X3 implies X1 �p X2 | (X3, X4) (Florens et al. 1990, Theorem 5.4.5).

(ii) If X4 �p X1 | X3 and X1 �p X2 | X3, then X4 �p X2 | X3 (Florens et al. 1990,

Theorem 5.4.10).

The following lemma is used in the next steps of the proof.
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Lemma 1 Let X1, X2, X3, X4, X5, be random variables defined on a common probability space

(Ω,M, P ). The following conditions (with p ∈ [1,∞])

(i) X1 �p X2 | X5, (ii) X3 �p X4 | X5

jointly imply that (X1, X3) �p (X2, X4) | X5 under the following two conditions:

(iii) X2 ⊥⊥ X3 | (X1, X5), (iv) X4 ⊥⊥ (X1, X2) | (X3, X5).

Proof of Lemma B.1: Let p ∈ [1,∞]. Since X1 �p X2 | X5 is equivalent to (X1, X5) �p

(X3, X5), it is sufficient to prove this lemma for X5 = E(X5) a.s. By Theorem 5.i, X1 �p X2

along with X2 ⊥⊥ X3 | X1 imply (v) (X1, X3) �p (X2, X3). Similarly, X3 �p X4 along with

X2 ⊥⊥ X4 | X3 (a property implied by condition (iv) above) imply (vi) (X2, X3) �p (X2, X4).

Since X1 ⊥⊥ X4 | (X2, X3) (a property implied by condition (iv) above), conditions (v) and (vi)

jointly imply that (X1, X3) �p (X2, X4) by Theorem 5.ii.

�

Remark 3 Conditions (iii) and (iv) of Lemma 1 are implied by the stronger condition (X1, X2) ⊥⊥ (X3,

X4) | X5. Moreover, under this condition, properties (i) and (ii) of Lemma 1 are jointly equiv-

alent to (X1, X3) �p (X2, X4) | X5.

Assumption (4) implies that Yij ⊥⊥ (θi, βj) | θi−βj for all i = 1, . . . , m and for all j = 1, . . . , n.

Since θi − βj is a function of (θi, βj), the latter condition, along with H2.iv, imply that

Yij ⊥⊥ (θi, β1:n) | θi − βj ∀ i = 1, . . . , m, j = 1, . . . , n. (18)

By Step 1, θi − βj �2 Yij for all j = 1, . . . , n. This condition, along with Yij ⊥⊥ β1 | θi − βj

(a property implied by (18)), imply by Theorem 5.i, that θi−βj �2 Yij | β1 for all j = 2, . . . , n.
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Let us now suppose that, for l < n,

(θi − β1, . . . , θi − βl) �2 (Yi1, . . . , Yil) | β1.

Using Lemma 1, this condition, along with θi − βl+1 �2 Yi,l+1 | β1, imply that

(θi − β1, . . . , θi − βl, θi − βl+1) �2 (Yi1, . . . , Yil, Yi,l+1) | β1,

provided that,

(Yi1, . . . , Yil) ⊥⊥ (θi − βl+1) | (θi − β1, . . . , θi − βl, β1),

Yi,l+1 ⊥⊥ (θi − β1, . . . , θi − βl, Yi1, . . . , Yil) | (θi − βl+1, β1).

It is straightforward to verify that these last conditions are implied by properties H2.iii, H2.iv

and H2.v. Consequently, by induction on l, it follows that

(θi − β1, . . . , θi − βn) �2 (Yi1, . . . , Yin) | β1. (19)

But


 1n −In

0 e′1







θi

β1

...

βn




=




θi − β1

...

θi − βn

β1




, (20)

where 1n = (1, . . . , 1)′ ∈ Rn and e1 is the first canonical vector of Rn. Since the matrix in (20)

is non-singular, condition (19) is equivalent to,

(θi, β2:n) �2 Y i | β1. (21)

�
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B.3 Proof of Step 3:

Since (θi | G) ∼ G, G is the minimal sufficient parameter for θi. Since θi ⊥⊥ β1 | G, a property

implied by H3.i and H3.ii, it follows that G is b-identified by θi conditionally on β1.

�

B.4 Proof of Step 4:

The proof is completed by using the Theorem 1 (p. 151) in Mouchart and San Martin (2003).

Theorem 6 (Mouchart and San Martin, 2003, Theorem 1) Consider the following statistical

model,

p(Y 1:m | η1, η2) =

∫
p(Y 1:m | η1, θ1:m)p(θ1:m | η2) dθ1:m,

where Y 1:m ⊥⊥ η2 | η1, θ1:m and θ1:m ⊥⊥ η1 | η2. If η2 is b-identified by θ1:m and if (η1, θ1:m)

is 2-strongly identified by Y 1:m, then (θ1, θ2) is b-identified by Y 1:m.

From steps 1-3, it follows that (β2:n, G) are b-identified by Y i conditionally on β1.

�

C Proof of Theorem 3

Let A∗ = σ{E[f | β1:∞, G] : f ∈ σ(Y 1)} be the minimal sufficient parameter of the

asymptotic Bayesian Rasch model obtained as the limit when n → ∞. As sketched in section

4.2, the identification of the SRM relies on the following steps:

STEP 1: For each n ∈ N and j = 2, . . . , n, σ(δ2:∞)
.
= σ{δj : j ≥ 2} ⊂ A∗.

STEP 2: Let Hβ1((−∞, x])
.
= H((−∞, x + β1]) for x ∈ R.
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2.A: Hβ1 is A∗-measurable, where the upper-bar denotes a σ-field completed with mea-

surable null sets; for a definition, see Section A (Appendix).

2.B: E[g{K(θ1, β1)} | β1:∞, G] is A∗-measurable, where K(θ1, β1)
.
=
∫

R
Ψ(θ1 − β1 −

δ) Hβ1(dδ).

2.C: Let Gβ1((−∞, x])
.
= G((−∞, x + β1]) for x ∈ R. It follows that σ(Gβ1) ⊂ A∗.

STEP 3: It can be concluded that σ(Gβ1) ∨ σ(δ2:∞) ⊂ A∗. Adding a restriction ensuring that

σ(Gβ1) = σ(G) ∨ σ(β1), it follows that σ(G) ∨ σ(β1:∞) ⊂ A∗.

Before providing the details of each of these steps, let us introduce the following assumption:

(i) ⊥⊥
1≤j<∞

βj | H, (ii) (βj | H) ∼ H ∀ j ≥ 1. (22)

It is also assumed that H satisfies properties H3 and H4 where H∞ ≡ H .

C.1 Proof of Step 1

By the same argument used to establish equality (11), hypothesis H2.iii implies ∀ J ⊂ n{j :

1 ≤ j ≤ n} that

P

[
⋂

j∈J

{Yij = 1} ∩
⋂

j∈Jc

{Yij = 0} | β1:∞, G

]
= e

−
�

j∈J

βj

×

∫

R

e|J |θ∏
1≤j≤m

{1 + eθ−βj}
G(dθ)

where |J | is the cardinality of set J . By taking the above relation with J = {j} divided by the

same relation with J = {1}, it follows that, for all 2 ≤ j ≤ n, δj
.
= βj − β1 is A∗-measurable.

Therefore, σ(δ2:∞)
.
= σ{δj : j ≥ 2} ⊂ A∗.

�
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C.2 Proof of Step 2.A

Condition (22.i) clearly implies that ⊥⊥
2≤j<∞

(βj, β1) | (H, β1). Since δj is a function of (β1, βj),

it follows that ⊥⊥
2≤j<∞

δj | (H, β1). Moreover, (22) implies that β1:∞ ⊥⊥ G | H , which in turn

implies that δ2:∞ ⊥⊥ G | (H, β1). Therefore, (δj | H, β1) ∼ (δ2 | H, β1) for all j > 2. Finally,

for all x ∈ R,

P{δj ∈ (−∞, x] | H, β1} = P{βj ∈ (−∞, x + β1] | H, β1}

= H((−∞, x + β1]) (23)
.
= Hβ1((−∞, x]). (24)

Thus, {δj : j ≥ 2} forms an iid process conditionally on Hβ1 . Using Theorem 4, it follows

that the corresponding minimal sufficient parameter, namely σ{E(d | H, β1) : d ∈ [σ(δ2)]
+},

is a.s. a function of the infinite sequence (δ2, δ3 . . . ). But (δ2 | H, β1) ∼ Hβ1 , which implies

that Hβ1 is b-identified by δ2. Therefore, Hβ1 is σ(δ2:∞)-measurable. Using Step 1, the Step 2

is proved.

�

C.3 Proof of Step 2.B

Let S1n =
∑

1≤j≤n

Y1j. Then

E
(

S1n

n
| β1:∞, G, θ1

)
= 1

n

∑
1≤j≤n

Ψ(θ1 − β1 − δj),

V
(

S1n

n
| β1:∞, G, θ1

)
= 1

n2

∑
1≤j≤n

Ψ(θ1 − β1 − δj) {1 − Ψ(θ1 − β1 − δj)}.

Therefore, conditionally on (θ1, β1, H), by the Strong Law of Large Numbers it follows that

P

{
lim

n→∞
E

(
S1n

n
| β1:∞, G, θ1

)
= K(θ1, β1)

∣∣∣∣ θ1, β1, H

}
= 0,
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where K(θ1, β1)
.
=
∫

R
Ψ(θ1 − β1 − δ)Hβ1(dδ). By taking expectation w.r.t. (θ1, β1, H), this

convergence is also marginally almost sure, and therefore, as n → ∞,

E

({
S1n

n
− K(θ1, β1)

}2

| β1:∞, G, θ1

)
−→ 0 a.s.

Now, for every g bounded continuous function on (0, 1), we also have

E

[{
g

(
S1n

n

)
− g[K(θ1, β1)]

}2

| β1:∞, G, θ1

]
−→ 0 a.s. as n → ∞.

By the Dominated Conditional Convergence Theorem, we obtain that

E

[{
g

(
S1n

n

)
− g[K(θ1, β1)]

}2

| G, β∞
1

]
−→ 0 a.s. a.s. as n → ∞.

This implies that, as n → ∞,

E

[
g

(
S1n

n

)
| β1:∞, G

]
−→ E[g{K(θ1, β1) | β1:∞, G}] a.s.

Therefore, E[g{K(θ1, β1) | β1:∞, G}] is A∗-measurable for every g bounded continuous func-

tion on (0, 1).

�

C.4 Proof of Step 2.C

For x ∈ R, let Gβ1((−∞, x])
.
= G((−∞, x + β1]), which is well defined since, by H3.i and

H3.ii, θ1 ⊥⊥ β1 | G. Then

E[g{K(θ1, β1) | β1:∞, G}] =

∫

R

g[K(θ1, β1)] G(dθ)

=

∫

R

g

[∫

R

Ψ(θ − β1 − δ)Hβ1(dδ)

]
G(dθ)

=

∫

R

g [L(x)] Gβ1(dx),
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where L(x)
.
=
∫

R
Ψ(x − δ)Hβ1(dδ) is a strictly increasing function that is known because it is

measurable with respect to σ(Hβ1).

Using Step 2.A, it follows that σ(Hβ1) ⊂ σ(δ2:∞) ⊂ A∗. Hence, for every f bounded

continuous function on R, by taking g(y) = f
[
L̄(y)

]
where L̄(y)

.
= inf{x : L(x) > y}, we

obtain that
∫

R
f(x)Gβ1(dx) is A∗-measurable. Considering

fn(y) = 11(−∞,x](y) + [1 − n(y − x)]11(x,x+ 1
n

)(y) ↓ 11(−∞,x](y) ∀ y ∈ R,

as n → ∞, the Monotone Convergence Theorem implies that, for all x ∈ R, Gβ1((−∞, x]) is

A∗-measurable. Therefore, σ(Gβ1) ⊂ A∗.

�

C.5 Proof of Step 3

From Steps 1 and 2.C, it follows that σ(Gβ1) ∨ σ(δ2:∞) ⊂ A∗. Finally, it is sufficient to find

a condition to ensure that σ(Gβ1) = σ(G) ∨ σ(β1). For instance, if G have a.s. a fix location,

either a p-quantile, i.e. xp for p ∈ (0, 1) such that

G(p) = inf{x : G(x) > p} = inf{x : G(x) ≥ p} = xp,

or mean µ. Taking into account that {β1, δj : j ≥ 2} is in a one to one correspondence with

β1:∞, we get

σ(Gβ1) ∨ σ(δ2:∞) = σ(G) ∨ σ(β1) ∨ σ(δ2:∞) = σ(G) ∨ σ(β1:∞) ⊂ A∗.

Alternatively, if β1 is known, that is, conditionally on β1, it follows that (β1:∞, G) is b-identified

by Y 1.

�
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Figure 3: SIMCE Dataset: Posterior predictive abilities distribution and density, resulting from
a
∫

DP (N(µ, σ2)) P (dµ, dσ2) (panels (a) and (b)),
∫

DP (MN(µ, σ2))P (dM, dµ, dσ2)

(panels (c) and (d)),
∫

PT (Πµ,σ2
, A1)P (dµ, dσ2) (panels (e) and (f)), and∫

PT (Πµ,σ2
, Ac)P (dc, dµ, dσ2) (panels (g) and (h)) prior. The nonparametric posterior

predictive distributions are presented in solid lines. The parametric normal estimation is
presented in the short-dashed line for comparison purposes.53
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Figure 4: French Written Test Dataset: Posterior predictive abilities distribution
and density, resulting from a

∫
DP (N(µ, σ2))P (dµ, dσ2) (panels (a) and (b)),∫

DP (MN(µ, σ2))P (dM, dµ, dσ2) (panels (c) and (d)),
∫

PT (Πµ,σ2
, Ac)P (dµ, dσ2)

(panels (e) and (f)), and
∫

PT (Πµ,σ2
, Ac)P (dc, dµ, dσ2) (panels (g) and (h)) prior. The

nonparametric posterior predictive distributions are presented in solid lines. The parametric
normal estimation is presented in the short-dashed line for comparison purposes.54



Table 1: Simulated Datasets: Comparison of L1 and Kolmogorov distance (KD), and log-
Pseudo Marginal Likelihood (LPML) for different semiparametric Rasch and Poisson count
Rasch models, under three different number n of items/probes.

Rasch Model Rasch Poisson Model
Prior n L1 KD LPML L1 KD LPML
N(µ, σ2) 2 0.100 0.305 -253.13 0.090 0.222 -692.75

4 0.056 0.176 -447.75 0.087 0.227 -1902.64
40 0.131 0.208 -4668.54 0.053 0.218 -15768.31

DP (M = 1, N(0, 1)) 2 - 0.213 -254.42 - 0.130 -632.92
4 - 0.099 -451.57 - 0.061 -1882.02

40 - 0.077 -4598.84 - 0.092 -15779.34
MDP (M, N(0, 1)) 2 - 0.194 -256.30 - 0.120 -631.93

4 - 0.149 -450.79 - 0.060 -1882.75
40 - 0.076 -4599.94 - 0.067 -15773.97

MDP (M = 1, N(µ, σ2) 2 - 0.300 -258.33 - 0.142 -633.50
4 - 0.139 -451.22 - 0.056 -1886.89

40 - 0.079 -4599.62 - 0.103 -15775.09
MDP (M, N(µ, σ2) 2 - 0.260 -251.50 - 0.124 -636.87

4 - 0.158 -450.16 - 0.051 -1879.94
40 - 0.070 -4601.25 - 0.077 -15769.48

PT (Π0,1,A1) 2 0.101 0.355 -264.61 0.052 0.178 -653.88
4 0.049 0.329 -457.88 0.036 0.131 -1876.93

40 0.102 0.294 -4619.35 0.020 0.118 -15763.77
MPT (Π0,1,Ac) 2 0.102 0.391 -265.97 0.031 0.062 -624.70

4 0.046 0.291 -457.83 0.026 0.041 -1873.00
40 0.066 0.172 -4603.15 0.013 0.053 -15760.62

MPT (Πµ,σ2
,A1) 2 0.099 0.306 -252.19 0.049 0.113 -628.56

4 0.055 0.169 -449.57 0.024 0.042 -1872.41
40 0.053 0.074 -4615.76 0.014 0.064 -15759.87

MPT (Πµ,σ2
,Ac) 2 0.101 0.309 -253.18 0.032 0.068 -626.07

4 0.057 0.171 -448.85 0.020 0.038 -1876.51
40 0.026 0.066 -4602.19 0.015 0.062 -15761.02
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Table 2: SIMCE Dataset: Mean and standard deviation of the total number of correct answers
(total score) by type of school in the SIMCE test.

Type of school Number of examinees Percentage Mean Standard Deviation
Public I (PUI) 16,200 14.7 20.48 7.51
Public II (PUII) 42,430 38.6 20.50 7.54
Private I (MI) 42,717 38.8 23.66 8.29
Private II (PR) 8,634 7.9 32.50 8.36
Full population 109,981 100.0 22.59 8.45
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Table 3: SIMCE Dataset: Logarithm of the the Pseudo-Marginal Likelihood (LPML) and
Pseudo-Bayes Factors (PBF) for the comparison of semiparametric versions of the model versus
the parametric normal case.

Prior LPML 2 logPBF
N(µ, σ2) -26551.1 0.0
MDP (M = 1, N(µ, σ2)) -26534.6 33.1
MDP (M, N(µ, σ2)) -26526.1 49.9
MPT (Πµ,σ2

,A1) -26521.6 59.1
MPT (Πµ,σ2

,Ac) -26521.8 58.7
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Table 4: SIMCE Dataset: Bayesian posterior estimates for 5 randomly selected difficulty pa-
rameters under different nonparametric priors. The parametric normal case is also presented for
comparison purposes.

Prior Difficulty Mean Median Std Dev 95% HPD Interval
N(µ, σ2) β2 -1.507 -1.502 0.302 (-2.106 ;-0.929)

β10 0.681 0.684 0.240 ( 0.207 ; 1.170)
β12 2.579 2.581 0.272 ( 2.032 ; 3.103)
β29 -0.203 -0.197 0.248 (-0.714 ; 0.256)
β44 2.612 2.615 0.263 ( 2.112 ; 3.146)

MDP (M = 1, N(µ, σ2)) β2 -1.497 -1.493 0.298 (-2.082 ;-0.928)
β10 0.655 0.666 0.240 ( 0.167 ; 1.108)
β12 2.549 2.553 0.270 ( 2.017 ; 3.071)
β29 -0.219 -0.211 0.249 (-0.713 ; 0.260)
β44 2.594 2.598 0.267 ( 2.073 ; 3.107)

MDP (M, N(µ, σ2)) β2 -1.512 -1.502 0.286 (-2.090 ;-0.977)
β10 0.645 0.643 0.215 ( 0.210 ; 1.055)
β12 2.538 2.533 0.245 ( 2.078 ; 3.027)
β29 -0.231 -0.229 0.225 (-0.676 ; 0.203)
β44 2.569 2.564 0.241 ( 2.105 ; 3.048)

MPT (Πµ,σ2
,A1) β2 -1.582 -1.580 0.284 (-2.154 ;-1.041)

β3 0.595 0.599 0.219 ( 0.159 ; 1.001)
β4 2.492 2.491 0.243 ( 2.026 ; 2.969)
β5 -0.289 -0.285 0.227 (-0.729 ; 0.156)
β6 2.520 2.516 0.246 ( 2.042 ; 3.001)

MPT (Πµ,σ2
,Ac) β2 -1.551 -1.545 0.299 (-2.107 ;-0.944)

β3 0.618 0.616 0.227 ( 0.171 ; 1.048)
β4 2.519 2.517 0.255 ( 2.026 ; 3.010)
β5 -0.266 -0.270 0.238 (-0.721 ; 0.209)
β6 2.553 2.547 0.257 ( 2.059 ; 3.073)
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Table 5: French Written Test Dataset: Logarithm of the the Pseudo-Marginal Likelihood
(LPML) and Pseudo-Bayes Factors (PBF) for the comparison of semiparametric versions of
the model versus the parametric normal case.

Prior LPML 2 logPBF
N(µ, σ2) -6610.300 0.0
MDP (M = 1, N(µ, σ2)) -6608.472 3.655
MDP (M, N(µ, σ2)) -6610.086 0.427
MPT (Πµ,σ2

,A1) -6613.796 -4.989
MPT (Πµ,σ2

,Ac) -6599.572 21.455
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Table 6: French Written Test Dataset: Bayesian posterior estimates for difficulty parameters
under different nonparametric priors.

Prior Difficulty Mean Median Std Dev 95% HPD Interval
N(µ, σ2) β2 0.369 0.368 0.078 ( 0.216 ; 0.521)

β3 -0.574 -0.574 0.036 (-0.644 ;-0.502)
β4 0.325 0.325 0.042 ( 0.242 ; 0.407)
β5 0.677 0.677 0.034 ( 0.609 ; 0.742)
β6 0.065 0.066 0.035 (-0.005 ; 0.135)

MDP (M = 1, N(µ, σ2)) β2 0.369 0.369 0.078 ( 0.223 ; 0.532)
β3 -0.574 -0.574 0.036 (-0.644 ;-0.502)
β4 0.325 0.325 0.043 ( 0.241 ; 0.409)
β5 0.677 0.677 0.034 ( 0.612 ; 0.744)
β6 0.065 0.064 0.036 (-0.005 ; 0.134)

MDP (M, N(µ, σ2)) β2 0.370 0.369 0.077 ( 0.221 ; 0.522)
β3 -0.574 -0.573 0.036 (-0.646 ;-0.504)
β4 0.324 0.324 0.043 ( 0.240 ; 0.406)
β5 0.677 0.678 0.034 ( 0.609 ; 0.742)
β6 0.065 0.065 0.035 (-0.002 ; 0.133)

MPT (Πµ,σ2
,A1) β2 0.368 0.367 0.077 ( 0.218 ; 0.520)

β3 -0.574 -0.575 0.036 (-0.646 ;-0.503)
β4 0.325 0.324 0.042 ( 0.246 ; 0.410)
β5 0.677 0.677 0.034 ( 0.609 ; 0.742)
β6 0.065 0.065 0.035 (-0.004 ; 0.132)

MPT (Πµ,σ2
,Ac) β2 0.372 0.371 0.078 ( 0.226 ; 0.531)

β3 -0.571 -0.571 0.037 (-0.643 ;-0.496)
β4 0.327 0.327 0.044 ( 0.243 ; 0.413)
β5 0.680 0.679 0.035 ( 0.610 ; 0.745)
β6 0.067 0.067 0.036 (-0.005 ; 0.136)
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