I N S T I T U T D E S T A T I S T I Q U E

UNIVERSITÉ CATHOLIQUE DE LOUVAIN

D I S C U S S I O N P A P E R

0035

ON S-CONVEXITY AND RISK AVERSION

M. DENUIT, C. LEFEVRE and M. SCARSINI

http://www.stat.ucl.ac.be

ON S-CONVEXITY AND RISK AVERSION

MICHEL DENUIT Institut de Statistique Université Catholique de Louvain Voie du Roman Pays, 20 B-1348 Louvain-la-Neuve, Belgium

denuit@stat.ucl.ac.be

CLAUDE LEFÈVRE Institut de Statistique et de Recherche Opérationnelle Université Libre de Bruxelles CP 210, Boulevard du Triomphe B-1050 Bruxelles, Belgium

clefevre@ulb.ac.be

MARCO SCARSINI Dipartimento di Scienze Universita D’Annunzio Viale Pindaro 42 I-65 127 Pescara, Italy

scarsini@sci.unich.it

November 2000

Abstract

The present note first discusses the concept of s-convex pain functions in decision theory. Then, the economic behavior of an agent with such a pain function is represented through the comparison of some recursive lotteries.

Key words: Expected utility theory, Actuarial studies, s-convex pain functions, Stochastic s-convex orders, Recursive lotteries.

1 Introduction

In the expected utility theory (Von Neumann and Morgenstern (1947)), each decisionmaker is assumed to possess a utility function that expresses his preferences. To be specific, a utility function u assigns a value u(x) to a monetary amount of $ x; u describes “how much the decision-maker appreciates a fortune of $ x”. The decisionmaker is then said to base his preferences on the “expected utility hypothesis” if he acts in order to maximize his expected utility. This means that for all uncertain future fortunes X and Y , the decision-maker with utility u will prefer Y over X (denoted as X ⪯_u Y in the remainder of the paper) if, and only if, Eu(X) ≤ Eu(Y ), provided that the expectations exist. Since two random fortunes X and Y with the same distribution function have the same expected utility, the decision-maker will be indifferent between them. This means that the individual’s preferences structure is a weak order relation (reflexive, transitive, and total) on the set of the distribution functions of random fortunes; ⪯_u is not antisymmetric but it defines equivalence classes on which a total order exists. For more details about expected utility theory, the interested reader is referred e.g. to Fishburn (1982a) or Schmidt (1998).

All the reasonable utility functions share certain common properties. For instance, it seems natural that an individual always prefers more wealth to less wealth. Therefore, the utility function u is always assumed to be non-decreasing. If u is differentiable, the lure of gain is expressed by the condition u^{(1)} ≥ 0 (where u^{(s)} denotes the s-th derivative of the function u). Another important concept is the notion of risk aversion: a decision-maker is said to be risk averse when his utility function is concave on its domain. If u is assumed to be twice differentiable, this reduces to u^{(2)} ≤ 0. One way to justify the concavity assumption is to remark that, given any concave function u, E [u(X)] ≤ u (E[X]) holds by Jensen inequality for all random fortunes X. Therefore, a risk averse decision-maker always prefers a certain fortune to a random income with the same expected value. A detailed discussion of risk aversion can be found e.g. in Scarsini (1994).

Expected utility theory has greatly contributed to understanding the economics of risk and uncertainty for the past several decades. As Trowbridge (1989) pointed out, utility theory forms also the philosophical basis of actuarial sciences, and yet this has received moderate attention. We mention e.g. Borch (1974) and Bowers et al. (1996).

The framework of the present note is decision theory, especially in an actuarial context. A rather natural concept directly linked with a utility function is the socalled pain function that represents some kind of pain associated with a debt by a decision-maker. Our purpose hereafter will be twofold. Firstly, we will discuss the property of s-convexity for such pain functions, and the related s-convex stochastic orderings for comparing two risks. Then, to enlighten the economic meaning of these notions, we will construct recursively a lottery that generates two risks which can be ordered in the s-convex sense by a decision-maker with a s-convex pain function.

2 S-Convex Pain Functions

The central notion in actuarial mathematics is the notion of risk that can be described as an event solely due to the whims of fate that brings about some financial loss. The actuary models these risks with the aid of non-negative random variables. The latter represent the random amounts of money the insurance company will have to pay out in order to indemnify the policyholder and/or the third party for the consequences of the occurrence of the insured risk.

Let u be a non-decreasing utility function for a decision-maker. Obviously, the function v defined by v(x) = −u(−x), x ∈ IR, (2.1)

is also a non-decreasing utility function. According to Denuit, Dhaene and Van Wouwe (1999), v will be said to be the pain function of the decision-maker, because v(x) may be viewed as the pain associated with a debt of amount $ x. Moreover, it is easy to verify that u is convex if and only if v is concave. Hence, saying that a decision-maker with utility function u is risk averse is equivalent to saying that his pain function v is convex.

Let us now consider a risk X. We have that Eu(−X) = −Ev(X). Thus, we get the following equivalence for risks X and Y :

E [u(−X)] ≥ E [u(−Y )] ⇔ E [v(X)] ≤ E [v(Y )] . (2.2)

In terms of the pain functions, the expected utility hypothesis states that a risk X is preferred over a risk Y (denoted as X ⪯_v Y ) if, and only if, Ev(X) ≤ Ev(Y ) provided that the expectations exist, i.e.

−Y ⪯_u −X ⇔ X ⪯_v Y. (2.3)

A main criticism addressed to expected utility theory is that ordering of risks depends on a subjective utility function, unknown to an objective observer. In most practical situations, it is indeed extremely difficult to find an explicit expression for a decision-maker’s utility function u. Therefore, several authors suggested to focus on the common preferences shared by all the members of classes of reasonable decisionmakers, and this gave rise to the theory of the integral stochastic orderings (see e.g. Mosler and Scarsini (1991), as well as the references therein). Note that whereas each individual of the class totally orders the risk, albeit differently, their common preferences only generate a partial ordering. Such an order is useful because it gives information about the risk-preferences of an actuary based on the distribution of the risk alone, not on the actual utility function, except that it satisfies some general conditions. Henceforth, we say that a risk X is dominated by another risk Y in the stochastic ordering ⪯_F if

X ⪯_v Y for all the pain functions v in a class F. (2.4)

Let us point out that we implicitly assume that the amount of premium charged for X and Y are equal. In practical situations, this often comes down to suppose that X and Y have the same first few moments (since most premium calculation principles are based on such moments of the risk to be covered).

The reader interested in actuarial applications of stochastic orderings is referred e.g. to the books by Goovaerts et al. (1990), Kaas et al. (1994), De Vylder (1996) and Hürlimann (1998). For a general overview of this topic in probability and statistics, see Shaked and Shanthikumar (1994).

Now, for the definition of F above, a first possibility consists in taking the set of all the pain functions v such that v^{(1)} ≥ 0. The associated stochastic ordering is the well-known stochastic dominance (⪯_{st}). Note that X ⪯_{st} Y ⇔ −Y ⪯_{st} −X so that X ⪯_{st} Y means that the loss X is preferred over the loss Y by all the profit-seeking decision-makers. A second possibility consists in choosing for F the set of all the pain functions v such that v^{(1)} and v^{(2)} ≥ 0. This leads to the stochastic ordering which is usually named the stop-loss order (⪯_{sℓ}) in actuarial sciences. Obviously, X ⪯_{sℓ} Y ⇔ −Y ⪯_u −X for all the utility functions u such that u^{(1)} ≥ 0, u^{(2)} ≤ 0, so that, given two risks X and Y , X ⪯_{sℓ} Y means that the loss X is preferred over the loss Y by all the risk averse profit-seeking decision-makers.

In an attempt to generalize ⪯_{st} and ⪯_{sℓ}, Goovaerts et al. (1990) have introduced stop-loss orders of higher degrees. For s ∈ IN_0, the s-th degree stop-loss order (⪯_{s−sℓ}) is defined by means of (2.4) with for F the class of all the pain functions v such that v^{(1)}, v^{(2)}, . . . , v^{(s)} ≥ 0. Note that this order is sometimes referred to as the (s + 1)-th degree (e.g. by Kaas and Hesselager (1995)). We also have that X ⪯_{s−sℓ} Y ⇔ −Y ⪯_u −X for all the utility functions u such that u^{(1)} ≥ 0, u^{(2)} ≤ 0, . . ., (−1)^{s+1}u^{(s)} ≥ 0, so that X ⪯_{s−sℓ} Y means that the loss X is preferred over the loss Y by all the decision-makers with non-decreasing utility functions with first s derivatives of alternating signs.

Recently, Denuit et al. (1998) have reinforced the ⪯_{s−sℓ} orderings by requiring that, in addition, X and Y have the same first s − 1 moments. These orders, called s-convex (⪯_{s−cx}), are thus defined by

X ⪯_{s−cx} Y ⇔ � X ⪯_{s−sℓ} Y, EX^k = EY^k for k = 1, 2, . . . , s − 1.

It has been proved that X ⪯_{s−cx} Y if, and only if, X ⪯_v Y for all the pain functions v such that v^{(s)} ≥ 0. Moreover, an equivalent characterization is as follows: let U_{s−cx} be the family of functions

U_{s−cx} = {v : IR^+ → IR|v^{(s)} ≥ 0},

and let U_{s−cx} be the closure of U_{s−cx} in the topology of the pointwise convergence; then X ⪯_{s−cx} Y ⇔ X ⪯_v Y for all the pain functions v ∈ U_{s−cx}.

We recall that U_{s−cx} is the set of the convex functions of degree s such as defined e.g. in Pečarić et al. (1992), and Roberts and Varberg (1973).

Now, for our purposes, it is useful to derive an equivalent representation of U_{s−cx}. Specifically, given any function v : IR^+ → IR and for ϵ > 0, define recursively the usual forward differences as

Δ^k_ϵ u(x) = Δ^{k−1}_ϵ u(x + ϵ) − Δ^{k−1}_ϵ u(x), k ≥ 0,

with Δ^0_ϵ u ≡ u. According to Definition 1.45 in Pečarić et al. (1992), the function v is said to be Jensen-convex of order s if

Δ^s_ϵ u(x) ≥ 0 for all x ∈ IR^+, ϵ > 0.

Characterization 2.1 U_{s−cx} is the set of the functions that are Jensen-convex of order s.

Proof. Consider v ∈ U_{s−cx}. By definition of U_{s−cx}, there exists a sequence {v_n, n ∈ IN} of functions in U_{s−cx} such that v_n(x) → v(x) as n → +∞, for all x ∈ IR^+. Therefore, we also have that Δ^s_ϵ v_n(x) → Δ^s_ϵ v(x). Now, it is easily seen that

Δ^s_ϵ v_n(x) =

�_ϵ

t_1=0

�_ϵ

t_2=0

. . .

�_ϵ

t_n=0

v^{(s)}_n (x + t_1 + t_2 + . . . + t_n)dt_n . . . dt_2dt_1,

so that Δ^s_ϵ v_n(x) ≥ 0. Consequently, we deduce that Δ^s_ϵ v(x) ≥ 0 as announced.

Conversely, consider a function u which is Jensen-convex of order s, and let us prove that v then belongs to U_{s−cx}. The proof of this point is rather technical and is therefore omitted. The interested reader is referred to Lemma 1 of Fishburn (1982b), as well as to the references mentioned there. ⋄

3 Economic comparison through recursive lotter- ies As we said above, the meaning of a stochastic comparison in the sense of ⪯_{st} or ⪯_{sℓ} is quite speaking to the actuary. However, it is not clear which characteristics of rational behavior are shared by all the decision-makers with a s-convex pain function. To tackle the question, we are going to classify the behavior of economic agents by comparing recursive lotteries in the way discussed by Mosler and Scarsini (1991). The comparison will be performed recursively, each step refining the classification obtained at the previous step.

Specifically, let us consider a given pain function v. For any ϵ ∈ IR^+_0 , we put v_0(.|ϵ) ≡ v and we then define the sequence v_k(.|ϵ), k ∈ IN_0 as the successive forward differences of v, i.e.

v_k(x|ϵ) = Δ^k_ϵ v(x), k ≥ 1. (3.1)

Obviously, we have

v_k(x|ϵ) = k� j=0 � k j � (−1)^j v[x + (k − j)ϵ], k ∈ IN_0. (3.2)

We begin by observing that v_1(x|ϵ) ≥ 0 means that v(x) ≤ v(x + ϵ), that is, the risk X_1(x, ϵ) ≡ x (almost surely) is preferred to the risk Y_1(x, ϵ) ≡ x + ϵ (almost surely) by a decision-maker with pain function v. Furthermore, by Characterization 3.1, we know that v_1(x|ϵ) ≥ 0 for all x ∈ IR^+ and ϵ > 0 ⇔ v non-decreasing. Similarly, v_2(x|ϵ) ≥ 0 means that v(x + ϵ) ≤ [v(x) + v(x + 2ϵ)]/2, that is, the risk X_2(x, ϵ) ≡ x + ϵ (almost surely) is preferred over the risk

Y_2(x, ϵ) ≡ � x with the probability 1/2, x + 2ϵ with the probability 1/2, by a decision-maker with pain function v. Moreover, by Characterization 3.1, v_2(x|ϵ) ≥ 0 for all x ∈ IR^+ and ϵ > 0 ⇔ v convex.

Now, let us extend this construction by providing a sequence of risks [X_s(x, ϵ), Y_s(x, ϵ)], s ∈ IN_0, such that for all x ∈ IR^+ and ϵ > 0, the risk X_s(x, ϵ) is preferred to the risk Y_s(x, ϵ) by a decision-maker with pain function v that is s-convex.

For that, starting from X_1(x, ϵ) and Y_1(x, ϵ) given above, we define X_s(x, ϵ) and Y_s(x, ϵ), s ≥ 2, by

X_s(x, ϵ) ≡ � X_{s−1}(x, ϵ) + ϵ with probability 1/2, Y_{s−1}(x, ϵ) with probability 1/2, (3.3) and Y_s(x, ϵ) ≡ � X_{s−1}(x, ϵ) with probability 1/2, Y_{s−1}(x, ϵ) + ϵ with probability 1/2. (3.4) For s = 2, for instance, (3.3) and (3.4) yield precisely the risks X_2(x, ϵ) and Y_2(x, ϵ) built before.

Lemma 3.1 For s ∈ IN_0 and all x ∈ IR^+, ϵ > 0,

E[X_s(x, ϵ)]^k = E[Y_s(x, ϵ)]^k for k = 0, 1, . . . , s − 1. (3.5)

Proof. We proceed by induction on s. For s = 1, (3.5) is obviously true since

E[X_1(x, ϵ)]^0 = 1 = E[Y_1(x, ϵ)]^0.

Let us assume that (3.5) holds for s − 1 ∈ IN_0. ¿From (3.3), we get, for all k ∈ IN,

E[X_s(x, ϵ)]^k = 1 2 � E[X_{s−1}(x, ϵ) + ϵ]^k + E[Y_{s−1}(x, ϵ)]^k �

= 1 2 � � k� j=0 � k j � ϵ^jE[X_{s−1}(x, ϵ)]^{k−j} + E[Y_{s−1}(x, ϵ)]^k � � , and from (3.4),

E[Y_s(x, ϵ)]^k = 1 2 � E[X_{s−1}(x, ϵ)]^k + E[Y_{s−1}(x, ϵ) + ϵ]^k �

= 1 2 � �E[X_{s−1}(x, ϵ)]^k + k� j=0 � k j � ϵ^j E[Y_{s−1}(x, ϵ)]^{k−j} � � .

Since, by the recurrence hypothesis,

E[X_{s−1}(x, ϵ)]^j = E[Y_{s−1}(x, ϵ)]^j for j = 0, 1, . . . , s − 2,

we then deduce that (3.5) is also valid for s as announced. ⋄

We notice that a similar induction argument yields, for all x ∈ IR^+, ϵ, x > 0,

E[X_s(x, ϵ)]^k ≤ E[Y_s(x, ϵ)]^k for k ≥ s.

Proposition 3.2 For s ∈ IN_0 and all x ∈ IR^+, ϵ > 0,

X_s(x, ϵ) ⪯_{s−cx} Y_s(x, ϵ). (3.6)

Proof. By construction, X_s(x, ϵ) and Y_s(x, ϵ) are discrete random variables valued in [x, x + sϵ]. Lemma 3.1 states that they have the same first s − 1 moments, μ_1, μ_2, . . ., μ_{s−1}, say. Thus, both X_s(x, ϵ) and Y_s(x, ϵ) belong to a common moment space, denoted by B_s([x, x + sϵ]|μ_1, μ_2, . . . , μ_{s−1}).

Now, a careful examination of the support of these random variables shows that 1) X_s(x, ϵ) has, when s is even, s/2 support points inside [x, x + sϵ] and, when s is odd, (s − 1)/2 support points inside [x, x + sϵ] plus the initial point x; 2) Y_s(x, ϵ) has, when s is even, s/2 − 1 support points inside [x, x + sϵ] plus the extremal points x and x + sϵ, and when s is odd, (s − 1)/2 support points inside [x, x + sϵ] plus the final point x + sϵ.

In the terminology of De Vylder (1996), this means that X_s(x, ϵ) has a narrow (resp. initial) distribution when s is even (resp. odd), while Y_s(x, ϵ) has a broad (resp. final) distribution when s is even (resp. odd). By Proposition 4.1 in Denuit, De Vylder and Lefèvre (1999), we then directly deduce that X_s(x, ϵ) and Y_s(x, ϵ) correspond to the minimal and maximal distributions on [x, x + sϵ] with respect to the s-convex stochastic ordering, respectively. In particular, this implies (3.6). ⋄

It is worth underlying that, as shown in the proof, the s-convexity of the pain function means that the decision-maker prefers the s-convex minimum X_s(x, ϵ) to the s-convex maximum Y_s(x, ϵ) among all the risks valued in [x, x + sϵ], for all x ∈ IR^+, ϵ > 0.

References

Borch, K. (1974), The Mathematical Theory of Insurance. Lexington: D.C. Heath & Company.

Bowers, N.L., Gerber, H.U., Hickman, J.C., Jones, O.A. and Nesbitt, C.J. (1996), Actuarial Mathematics. Itasca, Illinois: Society of Actuaries.

Denuit, M., De Vylder, E. and Lefèvre, Cl. (1999), Extremal generators and extremal distributions for the continuous s-convex stochastic orderings. Insurance: Mathematics and Economics 24: 201-217.

Denuit, M., Dhaene, J. and Van Wouwe, M. (1999), The economics of insurance:

a review and some recent develoments. Bulletin de l’Association Suisse des Actuaires: 137-175.

Denuit, M., Lefèvre, Cl. and Shaked, M. (1998), The s-convex orders among real random variables, with applications. Mathematical Inequalities and Their Applications 1: 585-613.

De Vylder, F.E. (1996), Advanced Risk Theory. A Self-Contained Introduction.

Bruxelles: Editions de l’Université Libre de Bruxelles - Swiss Association of Actuaries.

Fishburn, P.C. (1982a), The Foundations of Expected Utility. Dordrecht: Reidel Publishing Co.

Fishburn, P.C. (1982b), Moment-preserving shifts and stochastic dominance. Mathematics of Operations Research 7: 629-634.

Goovaerts, M.J., Kaas, R., Van Heerwaarden, A.E. and Bauwelinckx, T. (1990), Effective Actuarial Methods. Amsterdam: North-Holland.

Hürlimann, W. (1998), Extremal Moment Methods and Stochastic Orders. Application in Actuarial Sciences. Monograph manuscript.

Kaas, R. and Hesselager, O. (1995), Ordering claim size distributions and mixed Poisson probabilities. Insurance Mathematics and Economics 17: 193-201.

Kaas, R., Van Heerwaarden, A.E. and Goovaerts, M.J. (1994), Ordering of Actuarial Risks. Bruxelles: CAIRE Educations Series, vol.1.

Molser, K. and Scarsini, M. (1991), Some theory of stochastic dominance. In Stochastic Orders and Decision under Risk, Mosler, K. and Scarsini, M. ( Editors), IMS Lecture Note 19: 261-284.

Pečarić, J.E., Proschan, F. and Tong, Y.L. (1992), Convex Functions, Partial Orderings, and Statistical Applications. New York: Academic Press.

Roberts, A.W. and Varberg, D.E. (1973), Convex Functions. New York: Academic Press.

Scarsini, M. (1994), Comparing risk and risk aversion. In Stochastic Orders and their Applications, Shaked, M. and Shanthikumar, J.G., 351-378. New York: Academic Press.

Schmidt, U (1998), Axiomatic Utility Theory under Risk. Lecture Notes in Economics and Mathematical Systems 461. Berlin: Springer-Verlag.

Shaked, M. and Shanthikumar, J.G. (1994), Stochastic Orders and their Applications. Academic Press, New York.

Trowbridge, C.L. (1989), Fundamental Concepts of Actuarial Sciences. Itasca, Illinois: Actuarial Education and Research Fund.

Von Neumann, J. and Morgenstern, O. (1947), Theory of Games and Economic Behavior, Second edition. Princeton: Princeton University Press.